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1. In t roduc t ion . Le t JJL* be an ou te r m e a s u r e on (X, S) 
with cr- a l g e b r a S and let JJL be the inne r m e a s u r e induced 

by JJL* . A se t M i s a m e a s u r a b l e cover of a se t A C X if 
A C M, M is m e a s u r a b l e , and fi, (M-A) = 0. We a s s u m e that 

e v e r y s u b s e t of X has a m e a s u r a b l e cover ; this holds , for 
e x a m p l e , if JJL* i s the ou te r m e a s u r e induced by a m e a s u r e 
which i s or- f ini te on X [2, t h e o r e m C, p . 50]. F o r each 
x e X and each A C X, D(x, A) is a non -nega t i ve r e a l n u m b e r 
with the p r o p e r t i e s : 

(i) if A C B C X and x e X, then D(x, A) < D(x, B); 

(ii) if A is a m e a s u r a b l e subse t of X, then D(x, A) > 0 
for a l m o s t a l l x e A and D(x, A) = 0 for a l m o s t a l l x 4 A; 

(iii) if M is a m e a s u r a b l e cover of A C X and x € X, 
then D(x, A) = D(x, M) . 

It is e a s i l y seen [1 , t h e o r e m 11] that, for each A C X, the s e t 
A ( J { x I D(x, A) > 0} i s a m e a s u r a b l e cover of A. 

2. M e a s u r a b l e Cover F u n c t i o n s . Let f be a r e a l - v a l u e d 
funct ion with doma in X and, for each r e a l n u m b e r a, le t M(a) 
be the m e a s u r a b l e cover of {x | f(x) > a} as above . F o r each 
x e X, let f(x) be the s u p r e m u m of {a | x e M(a)} . The 
funct ion f wi l l be cal led the cover function of f. 

THEOREM 1. If f is a bounded r e a l - v a l u e d function, 
then f i s a m e a s u r a b l e funct ion and f(x) >_ f(x) for a l l x e X. 

P roof . The s e t {a | x e M(a)} is not empty , s ince 
X e M(a) if a < f(x) and is bounded above by any uppe r bound 
for f. Thus , f(x) i s defined for al l x, and b e c a u s e 
x e M(a) if a < f(x), f(x) < f(x) for a l l x . F o r each r e a l n u m b e r y, 
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00 

{x ( f(x) > y} = U H M(a), 
n=l 

w h e r e the i n t e r s e c t i o n is t aken ove r a l l r a t i o n a l n u m b e r s a 
such tha t a < y + 1/n. T h u s , f i s m e a s u r a b l e . 

T H E O R E M 2. Le t f be a bounded r e a l - v a l u e d funct ion . 
If h i s a m e a s u r a b l e funct ion such tha t h(x) _> f(x) for a l l x, 
then h(x) _> f (x) for a l m o s t a l l x . Thus , if f i s m e a s u r a b l e , 
then f(x) = f(x) for a l m o s t a l l x. 

P roo f . F o r each r e a l n u m b e r r , 

{x | h(x) < r < f(x)} C M(r ) - {x | f(x) > r} . 

so the r e s u l t fol lows f r o m the def ini t ion of ' m e a s u r a b l e c o v e r ' . 

T H E O R E M 3. Le t f be a bounded r e a l - v a l u e d funct ion 
and le t e > 0 be a r e a l n u m b e r . Then 

H# ({x | f(x) + £ < f(x)} ) = 0. 

P roo f . Suppose that t h e r e is a m e a s u r a b l e s e t E such 
that |JL* (E) > 0 and f(x) + e < f(x) for a l l x e E . Then a 
c o n t r a d i c t i o n to T h e o r e m 2 can be obtained by c o n s i d e r i n g 
the funct ion h defined by: 

e 

h(x) =1 
f(x) - e if x e E; 

f (x) if x 4 E . 

3- E x a m p l e s . In the following t h r e e e x a m p l e s , 
X = [0, l ] , JJI* i s L e b e s g u e o u t e r m e a s u r e , and A i s a 
n o n - m e a s u r a b l e s u b s e t of [0, l ] c o n s t r u c t e d by p a r t i t i o n i n g 
[0, 1] wi th the r e l a t i o n 'a i s r e l a t e d to b if a - b i s 
r a t i o n a l ' and then choos ing one and only one m e m b e r f r o m 
each of the r e s u l t i n g equ iva l ence c l a s s e s . F o r each pos i t i ve 
i n t e g e r n, the se t A i s A + r , the add i t ion being modu lo 1 „ s n n & • 

w h e r e (r ) i s s o m e e n u m e r a t i o n of the r a t i o n a l n u m b e r s in 
n 

[0, 1] wi th r = 0 . The s e t s {A } a r e d i s jo in t , e a c h of t h e m 

h a s i n n e r m e a s u r e 0, t he i r union i s [0, 1], and, for each 
n, Li*(A ) = u .*(A ) > 0 . 

n 1 
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E x a m p l e 1: We give an example of a function f such that 

u^ ({x | f(x) < f(x)} ) > 0. F o r each x € [0, 1] let f(x) = 1 - 1/n 

if x € A . Since {x I f(x) > 1 - 1/n) = U A , we have 
n r=n+ l r 

00 

LL*(M(1 - 1/n) > L L * ( A J so that u.*( O M( l - 1 /n) > u*(A J . 
— 1 n - 1 — 1 

oo 
If x e 0 M( l - l / n ) then x e M(a) for a l l a < 1, so that 

n=l 
oo 

{x I f(x) > 1}2 0 1
 M ( * - 1 / n ) - F r o m th is ^ ( { x | f(x) > f(x)} ) 

E x a m p l e 2: This e x a m p l e shows the difficulty in 
g e n e r a l i z i n g the concep t of cove r function to non-bounded 
func t ions : we c o n s t r u c t a f in i t e -va lued function f such that 
|d*({x | x e M(a) for eve ry a} ) > 0. Define f by f(x) = n 

00 

if x 6 A . Then {x I f(x) > n) = U t A so that 
n J r=n+l r 

jjL^(M(n)) > | j * (A ) for a l l n, and the s ta ted condi t ion follows 

i m m e d i a t e l y f r o m t h i s . 

E x a m p l e 3 : It i s e a s i l y s een that if {f } i s an 

i n c r e a s i n g sequence of bounded funct ions which c o n v e r g e s 
to a bounded funct ion f, then {f } c o n v e r g e s a l m o s t 

nJ 

e v e r y w h e r e to f. We now show that ' i n c r e a s i n g ' cannot be 
r e p l a c e d by ' d e c r e a s i n g ' in th is s t a t e m e n t . F o r each 
p o s i t i v e i n t e g e r n and x e [0, l ] we let 

/ oo 

1 if x e U A 
m=n m 

f (x) = 
n 

0 o t h e r w i s e . 

The sequence {f } i s obviously d e c r e a s i n g and c o n v e r g e s 

to 0 for a l l x. We show that f (x) = 1 for a l l n and x. 
n - l 

F i r s t , i t i s easy to see that the d i f fe rence se t of ^ A 
m = l m 

con ta ins j u s t a f ini te n u m b e r of r a t i o n a l n u m b e r s , so that 
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n- 1 
[2, p . 68J the i nne r m e a s u r e of \J A is 0. T h e r e f o r e 

m = l m 

00 

[0, l l i s a m e a s u r a b l e cove r for U A and so L J m 
m = n l l i 

oo — 
D(x, (J A ) = 1 for a l l x . F r o m th is f (x) = 1 for 

m=n m n 

a l l n and x. 

4 . App l i ca t i ons to Loca l M e a s u r a b i l i t y : In th i s s e c t i o n 
we c o n s i d e r the c a s e in which X i s the se t of r e a l n u m b e r s , 
[JL* i s L e b e s g u e o u t e r m e a s u r e , and D(x, A) i s the s t r o n g 
uppe r dens i ty of A at x . Thus , in addi t ion to the condi t ions 
of § 1, D s a t i s f i e s : 

(iv) if A, B a r e s e t s of r e a l n u m b e r s and x is a 
r e a l n u m b e r , then D(x, AUB) < D(x, A) + D(x, B ). 

Le t f, g be r e a l - v a l u e d funct ions of a r e a l v a r i a b l e and 
le t x be a r e a l n u m b e r . We def ine d(f, g) to be 
d(f, g) = D(x, {y | f(y) i g(y)} ) and let C be the c l a s s of 

those funct ions s u c h that t h e r e i s a m e a s u r a b l e funct ion g 
with the p r o p e r t y d(f, g) = 0. The c l a s s C i s d i s c u s s e d 

x 
e x t e n s i v e l y in [3 ] ,where it i s r e f e r r e d to as the c l a s s of 
loca l ly m e a s u r a b l e func t ions . 

T H E O R E M 4. A bounded r e a l - v a l u e d funct ion f i s in 
C if and only if d(f,7) = 0. 

x 

P roo f . Le t f € C and le t g be a m e a s u r a b l e funct ion 
x 6 

such that d(f, g) = 0. Le t M be a m e a s u r a b l e c o v e r of 
{y I f(y) i g (y)} • Then D(x, M) = 0. Le t h be the funct ion: 

f(y) if y € M; 
My) =•; 

g(y) if y ft M . 

Then h is m e a s u r a b l e and h(y) >_ f(y) for a l l y, so that 

d(f, f) = D(x, {y | f(y) < f(y) } ) 

< D(x, {y | f(y) < h(y) } ) 

< D(x, {y | f ( y )< h(y) } O M ) + 

D(x, {y | f ( y ) < h(y) } O M ) 

= 0. 
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If d(f,f) - 0, then f e C b e c a u s e f is m e a s u r a b l e . 
x 

THEOREM 5. Le t f be a bounded r e a l - v a l u e d funct ion. 
Then {x f e C ) i s a m e a s u r a b l e se t . 

x/ 

P roof . Le t F = {y | f (y) + 7(y) } , let A = {x [ f € C } 

and let M be a m e a s u r a b l e cover of F By the p r e c e d i n g 
t h e o r e m , A = {x | D(x, M) = 0} , so that, by (ii) of § 1, 
A = M, modulo a null se t . 

REFERENCES 

1. W. E a m e s , A Loca l P r o p e r t y of M e a s u r a b l e Se ts , 
Can. J . M a t h e m a t i c s , 12, (1960), 63Z-640. 

2. P . R. H a l m o s , M e a s u r e Theory , New York, (1950). 

3 . L. E . May, Loca l ly M e a s u r a b l e Sets and F u n c t i o n s , 
accep ted for pub l i ca t ion in the P r o c e e d i n g s of the London 
M a t h e m a t i c a l Socie ty . 

Sir John Cas s Col lege 

523 

https://doi.org/10.4153/CMB-1967-051-4 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-051-4

