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On the Regularity of the s-Differential
Metric

Javad Mashreghi and Mohamad R. Pouryayevali

Abstract. We show that the injective Kobayashi–Royden differential metric, as defined by Hahn, is

upper semicontinous.

1 Introduction

Let M be a connected complex manifold and TM its holomorphic tangent bundle. A

differential metric on M is a function fM : TM → R satisfying the following condi-

tions:

(i) fM(Xp) ≥ 0,
(ii) fM(aXp) = |a| fM(Xp), ∀Xp ∈ TpM, ∀a ∈ C.

If in addition fM is upper semicontinuous on TM, then we call fM a Finsler-type

metric. A Finsler-type metric is called a Finsler metric if it satisfies the convexity

condition

(iii) fM(Xp + YP) ≤ fM(Xp) + fM(Y p), ∀Xp,Y p ∈ TpM.

For example, if h is a Hermitian metric on a complex manifold M, then the function

h̃ : TM → R≥0 given by

h̃(Xx) := h(Xx,Xx)1/2, ∀Xx ∈ TxM,

is a Finsler metric.

The indicatrix (at p) of a differential metric fM is the set

I fM
(p) = {Xp ∈ TpM : fM(Xp) < 1}.

If we consider the integrated form of a Finsler-type metric f , i.e., the function F : M×
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M → R≥0 defined by

F(x, y) = inf
γ

{
∫ 1

0

f (γ ′(t)) dt

}

,

where the infimum is taken with respect to set of piecewise differentiable curves

γ : [0, 1] → X with γ(0) = x and γ(1) = y, then F is a pseudo-distance.

On a complex manifold M the Kobayashi–Royden metric is defined by

kM(Xp) := inf{a > 0 : ∃ϕ ∈ H(D,M) ∋ ϕ(0) = p and ϕ ′(a(∂/∂z)0) = Xp},

where H(D,M) is the set of holomorphic mappings of the unit disc D to M. Royden

showed that this metric is a Finsler-type metric [6]. A complex manifold M is called

K-hyperbolic if the pseudo-distance K induced by kM is a distance. Equivalently, M

is K-hyperbolic if for every Hermitian metric h on TM and for every p ∈ M there is

a neighbourhood U of p and a constant C > 0, such that kM(Xq) ≥ Ch(Xq), for all

Xq ∈ TqM with q ∈ U . Kobayashi [4] originally defined the pseudo-distance K by

considering the analytic chains of holomorphic mappings from the unit disc D to M.

K-hyperbolic manifolds form a large class, e.g., every compact Riemann surface of

genus ≥ 2 and every bounded domain in C
n is K-hyperbolic.

Let M and N be complex manifolds and let f : M → N be holomorphic. Then,

for each Xp ∈ TM, we have

kN ( f ′(p)Xp) ≤ kM(Xp).

In particular, if f is biholomorphic, then kN( f ′(p)Xp) = kM(Xp).

K. T. Hahn considered the family I(D,M) of injective holomorphic mappings of

the unit disk D into M and, analogous to kM , he defined the differential metric sM

on a complex manifold M [1]; S-hyperbolicity is defined similarly. This differential

metric is invariant under biholomorphic maps, and

kM(Xp) ≤ sM(Xp), ∀Xp ∈ TpM.

Vesentini showed that the domain C
∗ × Ω is not S-hyperbolic if Ω is a domain of

dimension two or larger [8]. Moreover, Vigué proved that G1 × G2 (G1,G2 ⊂ C) is

S-hyperbolic if and only if G1 and G2 are K-hyperbolic [9]. Finally, Overholt showed

that sG = kG on every domain G ⊂ C
n, n ≥ 3 [5].

Despite many similarities between sM and kM , they behave differently on certain

domains. For example C
∗ is not K-hyperbolic, but Hahn proved that it is S-hyper-

bolic [1], which means SC∗ 6= kC∗ .

The validity of sG = kG on domains G ⊂ C
2 is still an open problem. If equality

holds sG would be upper semicontinuous. In this paper we show that sG is upper

semicontinuous on the tangent bundle of each domain G in C
n, n ≥ 1. This is a

positive answer to the question raised in [7].
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2 Regularity

The following result is a step forward toward proving that sG = kG on domains

G ⊂ C
2.

Theorem 2.1 Let n ≥ 1 and G ⊂ C
n be a domain. Then the differential metric sG on

G is upper semicontinuous.

Proof Without loss of generality, instead of I(D,M) in the definition of sG-diffe-

rential metric, we will consider I(D,M). For n = 1, by applying condition (i) we

can ignore the tangent vector ξ. In this case it is sufficient to prove the function

sG : G → R≥0, defined by

sG(z) = inf
{ 1

|ϕ ′(0)|
: ϕ ∈ I(D,G), ϕ(0) = z

}

,

is upper semicontinuous. For z0 ∈ G, let sG(z0) < A, then there exists ϕ ∈ I(D,G)

with ϕ(0) = z0 and 1/|ϕ ′(0)| < A. Since ϕ ∈ I(D,G), an ǫ-neighbourhood of ϕ(D)

remains inside G. For z ∈ G such that |z − z0| < ǫ/2, we consider the function

ψ : D → C, defined by

ψ(ξ) := ϕ(ξ) + (z − z0).

The function ψ is injective, its image is inside G, ψ(0) = z and ψ ′(0) = ϕ ′(0), which

implies that

sG(z) ≤
1

|ψ ′(0)|
< A,

and shows that sG is upper semicontinuous at z0.

As we mentioned, Overholt [5] proved that for n ≥ 3 the Kobayashi–Royden

differential metric kG coincides with sG and since kG is upper semicontinuous [6]. It

remains to consider n = 2. However our proof is different from Royden’s proof and

works for n ≥ 2.

Let z0 ∈ G, 0 6= X0 ∈ C
n, α > 0 and let ϕ : D → G be an injective holo-

morphic mapping with ϕ(0) = z0, αϕ ′(0) = X0. Also, let (zn,Xn) be a sequence

in G × C
n which converges to (z0,X0). We can choose v2, . . . , vn ∈ C

n such that

{X0, v2, . . . , vn} is a basis of C
n. For sufficiently large m so that {Xm, v2, . . . , vn} is

still a basis of C
n, we define the mapping Φ(zm,Xm) : C

n → C
n by,

Φ(zm,Xm)(z0 + ζ1X0 + ζ2v2 + · · · + ζnvn) := zm + ζ1Xm + ζ2v2 + · · · + ζnvn.

The mapping Φ(zm,Xm) is biholomorphic and converges uniformly to idCn when

m → ∞. Moreover,

Φ(zm,Xm)(z0) = zm and Φ
′
(zm,Xm)(z0)(X0) = Xm.

If we define ϕ(zm,Xm) := Φ(zm,Xm) ◦ ϕ, then ϕ(zm,Xm) is an injective holomorphic map-

ping,

ϕ(zm,Xm)(0) = Φ(zm,Xm)(z0) = zm,
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and

αϕ ′
(zm,Xm)(0) = αΦ

′
(zm,Xm)(z0)ϕ ′(0) = Xm.

Since Φ(zm,Xm) converges uniformly to idCn , for sufficiently large m, the mapping

ϕ(zm,Xm) maps D to G. This shows that

lim sup
n→∞

sG(zn,Xn) ≤ sG(z0,X0).

Hence, sG is upper semicontinouos on G ×
(

C
n \ {0}

)

.

Let Br(z0) ⊂ G where Br(z0) denotes the Euclidean ball with center z0 and radius

r, and let

K := max
Br(z0)×∂B1(0)

sG.

Since sG is upper semicontinuous on G ×
(

C
n \ {0}

)

, K is finite. It follows that

sG(z,X) ≤ εK for (z,X) ∈ Br(z0) × Bε(0), which shows that SG is continuous at

(z0, 0).

3 The Metric ŝM

Let M be a complex manifold and let

ŝM(ζ) := inf{t > 0 : t−1ζ ∈ ÎsM
(p)}, ∀ζ ∈ TpM,

where ÎsM
(p) is the convex hull of IsM

(p). The following result shows that ŝM behaves

better than sM on a complex manifold M.

Theorem 3.1 Let M be a complex manifold. Then ŝM is a differential metric and sat-

isfies the convexity condition (iii). In particular, when M ⊂ C
n is a domain, then ŝM is

a Finsler metric on TM.

Proof Following Kobayashi [3], we define a function s∗M on the cotangent space

T∗
p M. We set

s∗M(λ) := sup ‖ f ∗λ‖, ∀λ ∈ T∗
p M,

where supremum is taken over all f ∈ I(D,M) with f (0) = p and

‖ f ∗λ‖ = sup{|( f ∗λ)(ζ)| : ζ ∈ T0D, ‖ζ‖ < 1},

and where ‖ζ‖ denotes the Poincaré norm of ζ ∈ T0D. We have

s∗M(aλ) = |a|s∗M(a) ∀λ ∈ T∗
p M, ∀a ∈ C,

s∗M(λ + µ) ≤ s∗M(λ) + s∗M(µ), ∀λ, µ ∈ T∗
p M.

This means that s∗M is a semi-norm on T∗
p M. Dual to s∗M , we consider

ŝM(ζ) = sup
λ∈Is∗

M
(p)

|λ(ζ)|, ∀ζ ∈ TpM,
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where,

Is∗M (p) = {λ ∈ T∗
p M : s∗M(λ) < 1}.

Let Ip(D,M) denote the subset of I(D,M) consisting of mappings f with f (0) = p,

then we have,

IsM
(p) = { f∗ζ : ζ ∈ T0D, ‖ζ‖ < 1, f ∈ Ip(D,M)}.

Therefore, for each λ ∈ T∗
p M,

s∗M(λ) = sup
f

‖ f ∗λ‖ = sup
f , ‖ζ‖<1

|λ( f∗(ζ))| = sup
sM (ξ)<1

|λ(ξ)|.

Hence the first part of the proof is complete. By Theorem 2.1, when M ⊂ C
n is

a domain, sM is upper semicontinuous, and by the same technique as [2, Proposi-

tion 3.6.2] we can complete the proof of second part.

Now, the two pseudo-distances SG and ŜG induced by sG and ŝG, respectively, can

be considered on G. Since sG is upper semicontinuous, for any compact subset K and

any domain G of C
n, there exists a constant C > 0 such that

sG(z,X) ≤ C||X|| ∀z ∈ K, ∀X ∈ C
n.

Thus by the same argument as [2, Theorem 3.6.4], the following theorem can be

proved.

Theorem 3.2 Let G ⊂ C
n be a domain. The pseudo-distance SG coincides with ŜG.
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Québec, QC

G1K 7P4

e-mail: Javad.Mashreghi@mat.ulaval.ca

Department of Mathematics

University of Isfahan

P.O. Box 81745-163

Isfahan, Iran

e-mail: pourya@sci.ui.ac.ir

https://doi.org/10.4153/CMB-2005-055-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-2005-055-5

