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Abstract We study the classical limit of a family of irreducible representations of the quantum affine
algebra associated to sl 1. After a suitable twist, the limit is a module for sl 1[¢], i.e., for the maximal
standard parabolic subalgebra of the affine Lie algebra. Our first result is about the family of prime
representations introduced in Hernandez and Leclerc (Duke Math. J. 154 (2010), 265-341; Symmetries,
Integrable Systems and Representations, Springer Proceedings in Mathematics € Statitics, Volume 40,
pp. 175-193 (2013)), in the context of a monoidal categorification of cluster algebras. We show that
these representations specialize (after twisting) to sl,41[f]-stable prime Demazure modules in level-two
integrable highest-weight representations of the classical affine Lie algebra. It was proved in Chari et al.
(arXiv:1408.4090) that a stable Demazure module is isomorphic to the fusion product of stable prime
Demazure modules. Our next result proves that such a fusion product is the limit of the tensor product
of the corresponding irreducible prime representations of quantum affine sl 1.
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Introduction

The classification of finite-dimensional irreducible representations of quantum affine
algebras was given in [10, 13]. Since that time, many different and deep approaches
have been developed to study these modules. However, outside the simplest case of the
quantum affine algebra associated to sly, even the answer to a basic question such as
a dimension formula is not known for an arbitrary irreducible representation. Thus,
the focus of the study has been on particular families of modules: amongst the best
known are the standard or local Weyl modules, Kirillov—Reshetikhin modules, and their
generalizations: the minimal affinizations (see [26, 27, 41, 42| for instance). More recently,
motivated by categorification of cluster algebras, Hernandez and Leclerc identified in
[28, 30] an interesting class of ‘prime’ irreducible modules for quantum affine algebras.
(Recall that a representation is said to be prime if it is not isomorphic to a tensor product
of non-trivial representations.) This class includes some of the known and well-studied
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prime representations, but also included new families of examples. One of the goals of our
paper is to explore the structure of these prime representations by studying their ¢ — 1
specialization and to show that the character of these modules is given by the Demazure
character formula.

The systematic study of the classical limit of finite-dimensional representations of a
quantum affine algebra was begun in [17], where a necessary and sufficient condition
for the existence of the limit was proved. All the interesting representations mentioned
earlier admit classical limits. The limit, when it exists, is a finite-dimensional module for
the corresponding affine Lie algebra. Hence it is also a module for the current algebra
glt] of polynomial maps C — g, which is naturally a subalgebra of the affine algebra.
(Here g is the underlying simple Lie algebra of the affine Lie algebra.) Equivalently
the current algebra is the commutator subalgebra of the standard maximal parabolic
subalgebra of the affine Lie algebra. The scaling element d of the affine Lie algebra
defines an integer grading on the affine Lie algebra, and the current algebra is a graded
subalgebra. The notion of the graded limit of a representation of the quantum affine
algebra was developed in [4, 8]. It was shown in these papers that, when g is of classical
type, the Kirillov-Reshetikhin modules could be regarded (after pulling back by a suitable
automorphism) as graded representations of the current algebra. The result is now known
in all types, and we refer the reader to [33] for a detailed discussion. In [39], it was shown in
some cases and conjectured in general that minimal affinizations could also be regarded as
a graded representation of the current algebra. The conjecture was established in [45, 46|
when g is of classical type.

There is a well-known family of graded modules for the current algebra which arises as
follows. Consider a highest-weight irreducible integrable representation V(A) of level m
for the affine Lie algebra. Fix a Borel subalgebra of the affine Lie algebra. A Demazure
module of level m is the module for the Borel subalgebra generated by an extremal element
of V(A). Under natural conditions on the extremal vector, the Demazure module admits
an action of the standard maximal parabolic subalgebra containing the chosen Borel
subalgebra. Since d is an element of the Borel subalgebra, it follows that such Demazure
modules, which we call stable, are graded modules for g[z].

The relation between graded limits and Demazure modules was made in [7]. In that
paper, it was shown, using results in [17], that any stable level one Demazure module is
the graded limit of an irreducible local Weyl module (or an irreducible standard module)
for the quantum affine algebra. The results of [24] imply that this remains true for simply
laced Lie algebras. In the non-simply laced case, this is no longer true; however, it was
shown in [44] that the graded limit admits a flag by level-one Demazure modules. The
work of [4, 8] shows that the graded limit of Kirillov—Reshetikhin modules, in the case
when g is classical, is a higher-level stable Demazure module. Finally, the work of [45, 46]
shows that Demazure modules and generalized Demazure modules appear as graded
limits of minimal affinizations.

We turn now to the new family of prime representations identified by Hernandez
and Leclerc. The highest weight of such a representation satisfies a condition, which
is best described as minimal affinization by parts (see the next section for details). In
this paper we establish, in the case of sl,41, that the classical limit of such a prime
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representation is a stable level-two prime Demazure module. The first hint of this
connection comes from the work of [19], which gives a refined presentation of the stable
Demazure modules.

We also answer in the affirmative the following question: does any level-two Demazure
module associated with affine sl,, 4| appear as a classical limit of a (not necessarily prime)
representation of the quantum affine algebra? This is a delicate question since the classical
limit of a tensor product is not the tensor product of the classical limits. The notion of
a fusion product of g[t]-modules was introduced in [22], and there are many examples
which suggest that it is closely related to this question. In this paper we prove that
certain fusion products of prime level-two Demazure modules are the graded limits of the
tensor products of the corresponding representations of the quantum affine algebra.

A detailed overview of the results of this paper, a discussion of the natural questions
arising from our work, and a description of the overall organization of the paper are given
in §1.

1. The main results

We describe the main results of our paper and discuss the connections with those of
[18, 28, 30]. Throughout the paper, we denote by C the field of complex numbers, by
Z the set of integers, and by Z; and N the set of non-negative and positive integers,
respectively.

1.1. Simple, affine, and current algebras

We shall only be interested in the Lie algebra sl,4; (denoted from now on as g) of
(n+1) x (n+ 1) complex matrices of trace zero. Let I = {1, ..., n} be the set of vertices
of the Dynkin diagram of g, and let {o; : i € I} and {w; : i € I} be a set of simple roots
and the corresponding set of fundamental weights, respectively. The Z (respectively, Z )
span of the simple roots will be denoted by Q (respectively, Q1), and the Z (respectively,
Z) span of the fundamental weights is denoted by P (respectively, P™). Define a partial
order on P by A < u iff w — A € QF. The positive roots are

R*:{ai,jza,'+a,~+1+~-~+0lj:1<i<j<n}~

Given o j =a;+---+aj € R, let xl.j; be the corresponding root vector of g, and set

)cijE = xlil and h; = [xi+, x;]. The elements xl.i, hi, 1 <i < n, generate g as Lie algebra.
Let g be the untwisted affine Lie algebra associated to g which can be realized as follows.

Let ¢ be an indeterminate, and let C[z,7~!] be the corresponding algebra of Laurent

polynomials. Define a Lie algebra structure on the vector space g® C[t,1~'1@® Cc @ Cd

by requiring ¢ to be central and setting
kRt y@t' ] =[x, ]t +tr(xy)e, [d,x®@t"1=r(xQt"),x,yecg,rs el

The commutator subalgebra is g ® C[t,#~!]@® Cc, and we shall denote it by §. We shall
frequently regard the action of d as defining a Z-grading on g.

The current algebra is the Z,-graded subalgebra g ® C[] of g, and it will be denoted
as g[t]. We shall be interested in graded representations of the current algebra: namely,
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Z-graded vector spaces V = @;c7V[s] which admit an action of g[¢] which is compatible
with the grading, (g®1")V[s] C V[r +s], for all r,s € Z. A map of graded modules is a
grade-preserving map of g[f]-modules.

1.2. Quantized enveloping algebras and their A-forms

Let C(g) be the field of rational functions in an indeterminate ¢, and set A = Z[q, ¢~ 1.
Let Uy (g) and U, (g) be the quantized enveloping algebras (defined over C(g)) associated
to g and g, respectively. The algebra U,(g) is isomorphic to a subalgebra of U, (g).
Let Ua(g) and Us(g) be the A-forms of U, (g) and U, (g) defined in [37]; these are free
A-submodules such that

Ug(@) = Ua(9) ®a C(g),  Uq(@) = Ua(@ ®a C(9).

Regard C as an A-module by letting g act as 1. Then, Ua(g) ® C and Ua(g) ®4 C are
algebras over C which have the universal enveloping algebra U(g) and U(g) as canonical
quotients. Finally, recall that U, (g) is a Hopf algebra and that U, (g), Ua (@), and Ua(g)
are all Hopf subalgebras.

Throughout the paper, we shall, as is usual, only be working with type-one
representations of quantized enveloping algebras, and we will make no further mention of
this fact.

1.3. Finite-dimensional representations of g, U,(g), and their A-forms

It is well known that the isomorphism classes of irreducible finite-dimensional
representations of g and U, (g) are indexed by elements of P*: given A € P, we denote
by V(&) and V, (1) an element of the corresponding isomorphism class.

It is also known that the category of finite-dimensional representations of these algebras
is semisimple. Further, the U,(g)-module V,; (1) admits an A-form VA(A) which is a
representation of Ua (g). The space Vi (LX) ®4a C is an irreducible module for U(g), and we
have

VAW ®AC=,V(), rePt.

1.4. The sets P*, P}, P} (1), and the weight function

Let PT be the monoid consisting of n-tuples of polynomials with coefficients in C(g)[u]
with constant term one and with coordinate-wise multiplication. For 1 <i <n and a €
C(q), we take w; , to be the n-tuple of polynomials where the only non-constant entry is
the element (1 —au) in the ith coordinate. Let Pg be the submonoid of P+ generated by
the elements @; 4, | <i < nanda € ¢g”. Definewt: P+ — PT by wtn = Y I, (deg m)w;.

Definition. Let 73% (1) be the subset of Pg consisting of the constant n-tuple and elements
of the form wj; 4, - - @iy g, Where 1 <iy <iz <---<iy <n,a; €C(g), 1 <k <n,such
that

-1 (i 41— 42
i, =4 Un=iF2 k> 2, (1.1)
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and, if j < k-2,

aijai;il — qi(i_j+1—ij+2) — aij+lai;1r2 — q¥(ij+2—ij+|+2). (1.2)
O

Note that
wtPF () =Pt)={re PT:a(h) <1, 1<i<n} (1.3)

1.5. Prime representations and prime factors

It was shown in [10, 13, 15] that the isomorphism classes of irreducible finite-dimensional
representations of Uy (g) are indexed by P*; for m € P, let V(x) be an element of
the corresponding isomorphism class. Note that the trivial representation corresponds to
the constant n-tuple. Given m, ®’ € P, the tensor product V(i) ® V(1) is generically
irreducible and isomorphic to V(xn’). However, necessary and sufficient conditions for
this to hold are not known outside the case n = 1, and this motivated the interest in
understanding the prime irreducible representations.

Definition. We say that V(1) is a prime irreducible representation if it cannot be written
in a non-trivial way as a tensor product of irreducible Uy, (§) representations. We shall say
that wy, ..., my form a multiset of prime factors of =, if V(x;) is prime and non-trivial,
for all 1 < j <, and we have an isomorphism of Uy (g)-modules

V() = V(@) Q- Q@ V(my). [

Since V(1) is finite dimensional, it is clear that it is either prime or can be written as a
tensor product of two or more non-trivial prime representations. It is, however, not clear
that the set of prime factors of V() is unique: even in the case of simple Lie algebras,
a unique factorization theorem for the tensor product of finite-dimensional irreducible
modules was proved relatively recently in [48].

1.6. Some examples of prime representations

Regarding V (1) as a finite-dimensional U, (g)-module, we can write

V(x) =y, (g Vg(wtm) @ (dim Homy,, (g) (Vg (1), V(1)) Vg (10). (1.4)
n<wtJT

The best-known examples of prime representations are the evaluation representations,
namely an irreducible representation V(m) of U,(g) which is also irreducible as a
U, (g9)-module, i.e., V() =y, (g) Vg(Wtm). It is important to recall here that we are in
the case when g is isomorphic to sl 1, since our next assertion is false in the other
types. For every A € PT, there exist elements ® € P, a € C(g), with wt x = A such that
V(n) = V, (1) as Uy (g)-modules. An explicit formula for such elements was given in [12]
in complete generality. For the purposes of this paper, we will only need the following
special cases.
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Lemma. Let m € PT.
(i) If wt® = w;, for some 1 <i < n, then T = w; 4, for some a € C(q), and we have
an isomorphism of Uy (sl,11)-modules,
V(n) = V(w;).
(ii) If wtn = w; +wj, for 1 <i < j<n, then
Vi) = V(o +wj) & n = 0j,aW; qg+G-i+D, a € Cg).

In both cases, the module V(1) is prime. O

Remark. This lemma is what motivates the definition of the set 772' (1). Moreover, we shall
see later that the module corresponding to an element of V (), nt € P%' (1), is ‘minimal’
when restricted to suitable subalgebras of g.

1.7. Further examples of prime representations

Using Lemma 1.6, it is easy to generate further examples of prime representations as
follows. The next result was proved in [28]; another proof can be found in [9].

Lemma. The module V(1) is prime for all m € Pg(l). O

Our main goal in this paper is to understand the U, (g)-character of the modules V (1),
| A ”Pz' (1), and, more generally, to relate it to other well-known modules for affine Lie
algebras.

1.8. The A-form Vj(w) and the representation L(wx) of g[t]

It is in general not true that an arbitrary irreducible finite-dimensional module for Uy (g)
admits an A-form. In the special case, when 1t € 732', the results of [4, 17] show that V(1)
does admit an A-form and that V(1) ®4 C is an indecomposable and usually reducible
module for the enveloping algebra U(g) and hence also for the current algebra g[f].
Consider the automorphism of g[t] — g[t] defined by mapping a ®t" - a® (t —1)",a €
g,r € Z4. Let L(x) be the representation of g[¢] obtained by pulling back the g[#]-module,
Va (1) ®a C, via this automorphism. Then, one can prove (see §2) that

(@®NCltDL(x) =0, N> 0.

Let 8,5 be the usual Kronecker delta symbol. The following is not hard to prove (see [39]
for instance).

Lemma. Let © € P be such that V(w) = Vy(wtn). Then
L(m) =y V(wtn) and (g®tC[t])L(w) =0.

In particular, L(wt) is the graded g[t]-module generated by an element vy of grade zero
and the following defining relations:

(x;n+] ®I)UWI'I[ = Ov
(xi+®(c[t])thn =0, (h @t )vwn = 80(degm) vy, (xi—)degn,-+1thn =0,
forall1 <i < n. O
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1.9. The main result: a presentation of L(n), t € 7?%(1)

Given ve PT and A = wj;, +---+w;, € PT(1), 1 <ij <--- < iy <n, let M(v, 1) be the
graded g[t]-module generated by an element v, ; of grade zero with the following defining
relations: for all 1 <i < n,and s € Z,

;T ®Clthvya =0, (h @1 )vyp = 80Qv+ 1) (h)vya,  (x)ZHHEITy, =0

(1.5)
(] @Bty =0, 1<i<n (1.6)
(xi;’iﬁ—] v(hi_/+]1ij+l+»..+hij+1)+1)vv,)\ =0, 1<j<k—1 (1.7)

In this paper, we shall prove the following.

Theorem 1. Let m € PT be such that V(x) has at most one prime factor in 772’(1) and
all its other prime factors are of the form @;aw; 2, 1 <i<n, ac g%. Then wtn =
2v+ A, for a unique choice of v € PT and A € P*(1), and we have an isomorphism of
glt]-modules

L) = M, 2).

In particular, L(x) acquires the structure of a graded g[t]-module.

1.10. Demazure modules as fusion products

We assume for the moment that the reader is familiar with the notion of g-stable
Demazure modules D (£, A) of level £, which are indexed by pairs (¢, 1) € Nx P*. They
are graded modules for g[¢] and are generated by a vector vg : a detailed development can
be found in § 3, where we shall also see that we have an isomorphism of sl,, 4 ;-modules,

D, tw;) = V(lw;), 1<i<n,teN.

The tensor product of level-£ Demazure modules is not a level-£ module. In [22],
the authors introduced a new g[t]-structure on the tensor product of cyclic graded
g[t]-modules; the resulting g[¢]-module (unlike the tensor product) is a cyclic g[t]-module.
This structure, called the fusion product, depends on a choice of complex numbers, a
distinct one for each factor in the tensor product. The underlying g-module structure is
unchanged, and in many cases it is known that the fusion product is independent of this
choice of parameters; the case of interest to us is the following special case of a result
proved in [18].

Proposition. Let v =" riw; € PT and A € P*(1). Then
D2,2v+1) = D2, 2w1)"" %% D2, 2w,)"" % D(2, 1).
Moreover, the module D(2, A) is prime in the sense that it is not isomorphic to a tensor

product of non-trivial g-modules. [

1.11. The connection with Demazure modules

The connection between Theorem 1 and Demazure modules is made via the following
proposition, proved in §4 of this paper.
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Proposition. For v e PT and A € PT(1), we have an isomorphism

M, A) Zg1) D2, 20 + ).

1.12. The connection with the category C,

We discuss the relationship of our work with that of [28, 30]. Let « : {1,2,...,n} — Z be
a function satisfying [k (i + 1) —x(i)| = 1, for 1 <i < n — 1. Let C; be the full subcategory
of finite-dimensional representations of U, (g) defined as follows: an object of C, has all
its Jordan-Holder components of the form V(m), where m € P* is a product of terms
of the form w; 4, a € {q"(i), q"(i)+2}, 1 < i < n. The following is a slight reformulation of
results proved in [28-30].

Theorem 2. The category Cy is closed under taking tensor products. An irreducible object
of C¢ is a tensor product of prime irreducible objects of C,. An irreducible object V (1)
of C¢ is prime only if ™ € 73%(1) or if m= O; k() O ()42 5 for 1 <i < n. Moreover,
given T € Pg(l), there exists a height function « such that V(xt) is a prime object of

C. O

We make some comments about our reformulation. In [30], the authors define a quiver
Q. whose vertices are the elements of the set {I,...,n}, and whose edges are the set
i—>i+1,if k(@) <k(@+1), and i +1 — i, otherwise. Given any subset J = (1 <i| <
ip < -+ < iy <n)of I, consider the connected subquiver determined by this subset, and
let J. and J- be the set of sinks and sources, respectively, of this subquiver. According
to [30], the representation V (x) associated to

n= [l ojgpue [T om0

jeJ< jelts

is prime and, moreover, any prime object in C, is either of this form or is isomorphic
to V(®; v ®; geir+2), for 1 <i <n. It is straightforward to check that the element
€ 73%(1). Conversely, given T = wj, 4, -+ Wi, 4 € ’P%(l), consider the height function
k given by requiring the elements i, i3, ... to be the sinks of Q,, and is, i, ... to be the
sources of the quiver. Then V(m) is a prime object of C,.

Very little has been known so far about prime objects V() in C,, except in the
case when T = ;@) k() OF T = O k() O k()42 for 1 <i < n, where we can use
Lemma 1.6. As a consequence of Lemma 1.8 and Theorem 1, our results show that if
V(m) is a prime object of C, then one knows a presentation of L(1) and that it is a graded
g[t]-module. Moreover, since the U, (g)-character of V() is the same as the g-character
of L(mw), Proposition 1.11 shows that their character is given by the Demazure character
formula. Taking this together with Proposition 1.10, we see that V(x), m € 73%(1), is
strongly prime, in the sense that V (1) is not isomorphic to a tensor product of non-trivial
U, (9)-modules. To the best of our knowledge all known examples of prime representations

are strongly prime. But, it is far from clear that the two notions are equivalent.
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1.13. An outline of the proof

We outline the main steps of the proof of Theorem 1. It generalizes ideas in [39] (see
also [45]), where a similar question was studied for a different family of irreducible
representations.

Suppose that wty, Ty € ’P% are such that we have an injective map of Uy (g)-modules
V(riny) — V() @ V(my). Since Ua(g) is a Hopf subalgebra of U,(g), we get
an injective map Va(mim2) — Va(m)) ® Va(wy). It was shown in [39, Lemma 2.20,
Proposition 3.21] that tensoring with ®4C, and pulling back by the automorphism of g[¢]
induced by t — t — 1, gives rise to a map of g[t]-modules L(x) — L(x) ® L(w,). This
map is neither injective nor surjective even when V(x) = V(i) ® V(1m,), but it plays a
big role in this paper. The main steps in the proof of Theorem 1 are the following. Let
n e PS(D).

(i) There exists a surjective map of g[¢t]-modules ¢; : M(0, wtx) — L(x) — 0.

(i) There exist %, ¢ € ’PZ“(I) with T = t°x¢ such that we have an injective map of
U, (§)-modules V() — V(%) ® V(n®). Moreover,

L(n?) =411 D1, wtn®), L(n°) =41, D(1, wtn®).
The induced map
¢ :L(n) —> L(n°) @ L(n®) = D1, wtnt®) ® D(1, wt t°)

satisfies
©2(01(Vwiw)) = V1, wime @ V1 weee-

(iii) There exists an injective map of g[¢]-modules
D2,wtn) - D(1,wtn?) @ D(1, wtwt®), with v2wim = Vi.wime ® V1 wime-
Consider the composite map
001 : M0, wtw) — D(1,wtn?) ® D(1, wt t°).

The preceding steps show that the image of this map is D(2, wt t). Proposition 1.11
proves that go@; must be injective, and hence it follows that ¢; is an isomorphism,
proving Theorem 1 when wt € 732' (1.

(iv) The next step is to prove Proposition 1.11.

(v) The final step is to prove the following. Suppose that V is a cyclic g[t]-module
generated by a vector v satisfying (1.5). Assume that V = D(2,2v+ 1) as g-modules.
Then, V = D(2,2v + A) as g[t]-modules.

We now deduce Theorem 1 in full generality. We prove in Lemma 2.1 that L(x) is a
cyclic g[t]-module. The assumptions on 1 in Theorem 1 imply that V() is isomorphic,
as Uy (g)-modules, to a tensor product of modules of the form V(0i,a®; 442), 1<i<n,
along with a single module V(mx), with ;| € P%‘(l). Hence, we can write wtt = 2v +
wtmy, with v = Z?:l riw; € PT and wtmy € PT(1). Since this is an isomorphism also of
U, (g)-modules, it follows that we have an isomorphism of g (but not of g[¢])) modules,

L(m) Z5 L2oDN®" @+ ® L2w)®™ ® L(11).
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Using Lemma 1.6, the fact that D(2,2w;) =4 V(2w;), and Theorem 1 for ny, we get
L(m) =4 D(2, 20N @+ @ D(2,2w,)®" ® D(2, wtmy).

Using Proposition 1.10 gives
L(m) =4 D(2, wtm).
Using step (v) now proves that L() is isomorphic to D(2, wt t) as g[¢]-modules, and the
proof is complete.
The proof of steps (i) and (ii) are in §2, the proof of step (iii) is in §3, the proof of
step (iv) is in §4, and the proof of step (v) is in § 5.

1.14. Further questions

As we have remarked, the isomorphism
V(i) = V(m) ® V(o)

does not imply that L(mmy) is isomorphic to L(w) ® L(w2). However, in the case when
the L(m;) are graded g[z]-modules, it is true in many known examples that

L(mymy) = L(my) * L(my).

Theorem 1, and Proposition 1.10 and Proposition 1.11 add to these growing number of
examples which support the conjecture that such a statement might be true in general.

We now discuss some natural questions arising from our work. The Demazure character
formula is not easy to compute, and an interesting question would be to determine
the g-module decomposition of the prime level-two Demazure modules. Preliminary
calculations show that there could be some interesting combinatorics associated with it,
along the lines of the formulae given for the well-known Kirillov—Reshetikhin modules.

Another direction is the following: there exist irreducible (but not prime) objects of
C, which are not level-two Demazure modules. In fact any tensor product of modules
which has more than one prime factor of the form V(m), nt € 732' (1), does not usually
specialize to a level-two Demazure module. It is natural to speculate that they too have
graded limits which are also related in some way to other known representations for the
current algebra. In simple cases, it appears that these are quotients of a family modules
for sl,41[#] defined and studied in [19]; they also appear to be related to the generalized
Demazure modules studied in [36, 45].

There are two more very obvious questions: can one formulate and prove analogous
results for Demazure modules of level at least three for sl,41[t], and are there analogous
results for the other simple Lie algebras? It is most convenient to address these two
questions together. Assume therefore that g is an arbitrary simple Lie algebra. If g is
simply laced, then one uses results in [7, 17, 24] to prove that any level-one Demazure
module is isomorphic to the graded limit of a module for the quantum affine algebra.
However, in the non-simply laced case this is false; the level-one Demazure modules
are too small. It was shown in [44] that the graded limit usually admits only a flag by
Demazure modules.

This phenomenon persists as we move to higher levels. Thus for types D and E, the
level-two Demazure modules are again too small; one sees this already in the case of
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most of the Kirillov—Reshetikhin modules. Similarly for type A beyond level two, some
of the Demazure modules appear to be too small. In all these cases there is evidence to
suggest that the generalized Demazure modules and the modules defined in [19] might
be the correct objects. In particular, in work in progress (see also [2]) we show that
the minimal affinizations, which are known through the work of [44] to specialize to
generalized Demazure module, are isomorphic to the modules defined in [19].

2. Prime representations and graded limits

In this section we recall the necessary results from the theory of finite-dimensional
representation of quantum affine sl ;. The results can be stated without introducing, in
too much detail, the extensive notation of the quantum affine algebras. We refer the reader
to [11] for the basic definitions, and to [45, § 3] for an excellent exposition with detailed
references, for the results discussed here, on graded limits and minimal affinizations.

2.1. The modules L(x) for © € 772'

We begin the section by elaborating on the definition of the g[t]-modules L(x), ®t € 73%.
Special cases of what we are going to say are in the literature [4, 39, 44] but not in the
generality we need.

For m e PT, let ®® = (m (), ..., m,(u)) € Clu] be the n-tuple of polynomials with
complex coefficients obtained from 1 by setting g = 1. If w € 772' , then it follows that
7i(u) = (1 —u)%e™i for all 1 <i < n. It was shown in [17, §4] that the module V (1),
€ ’P%', has an A-form Va(m) which gives an action of § on V(m) := Va(m) ®a C.
Moreover, it was proved that V() is generated, as a g-module, by an element vy which
satisfies the following relations:

(& @CIH 1 D =0, (h @y = (degmvg, ( @ D ug =0,

for all 1 <i < n. Since V(1) is a finite-dimensional module for g, it follows that the
central element acts as zero; i.e., V(n) is a module for g® C[t, #~!]. Hence, there must
exist f € C[t,17!] of minimal degree such that

(g® fClt, "DV (m) = 0.

Proposition 2.7 of [16] shows that f must be of the form (¢t — 1)V for some N > 0. This
means that the module V(m) is a module for the quotient Lie algebra g® C[z, 1~ ']/
(t — V. Using the isomorphism

g®Clr, 1711/t — DN = g@Clrl/(t — DY,

we see that we can regard V(;) as a module for g[t] generated by the element v such
that

(g® (- DNCI)V () = 0.

Pulling back V(=) via the automorphism x ® " — x ® (¢ — 1)" of g[¢], we get the module
which we have called L(mx). Summarizing, we have the following.
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Lemma. The g[t]-module L(x) is generated by an element vy satisfying
(F ®Clhvg =0, (hi @ v = bro(degmvge,  (x; ® N*E™ o =0,
for all 1 <i < n. In particular, we have

L(m)win ={veLm): (h®1)v =wtn(h)v, h € b} = Cog. O

2.2. Restrictions to subalgebras
Suppose that J is a connected subset of I of cardinality m. Then the subalgebra of g
generated by the elements x]j-t, j € J, is isomorphic to sl,;;+1, and will be denoted by g;.
We }iave canonical inclusions of the quantized enveloping algebras, U, (gs) < U, (g) and
U, (g7) = Uy ().

The Z -span of the weights w;, j € J, is denoted by PJ+; the subsets Q'}' of QT and 73;'
of PT are defined in the obvious way. Define surjective maps P+ — PJ+ and P+ — 777
by

n

)\.:Zriwi—))\.jzzrja)j, n=(T,...,7) > Ny =(T})jeJ.
i=1 jeJ
The set P;' (respectively, ’P}") indexes the isomorphism classes of finite-dimensional
irreducible representations of g; and U,(gy) (respectively, U,(g7)). Given A € Pf, let
V7 (1) be a finite-dimensional irreducible representation of gy; the modules Vq/ (A) and
v/(n), e ’Pf, are defined in the obvious way. The following result is proved by standard
methods (see [14] for details in the quantum case).

Proposition. Let A € P* and m € PT.

(i) We have an inclusion of gj-modules VI (n;) = V(1). Analogous statements hold
for qu(k]) and for V7’ (my).

(ii) Suppose that u € P is such that . —u € Q‘;. Then

Homu, (g) (Vg (1), V (30)) # 0 = Homuy,(g,)(V, (us), V' (1)) #0. O

2.3. Existence of ¢

Suppose now that m| € 732'(1), and let A :=wtn =w;; +---+w;, for some 1 <k <n
such that 1 < i} < --- < iy < n. In view of the definition of M (0, wt ) given in §1.9 and
Lemma 2.1, the existence of the surjective map ¢ : M(0, wtxt) — L(x) follows, if we
prove that

o7 @M hiyuE =0, 1<i<n, @i, ®@Dvg =0, 1< j<k—L
If A(h;) =0 then the first equality is clear from Lemma 2.1. If A(h;) =1, i.e., i =i; for
some 1 < j < k, then Lemma 2.1 gives

(7 ® Do = 0.

Applying (xi+ ®1t), taking commutators, and using the relations in Lemma 2.1 again
proves that (x;” @ Hvg = 0.
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Suppose for a contradiction that v := (xl-; i ®t)vg # 0, forsome 1 < j <k —1. Then,
we claim that x;fv = 0, 1 <s < n. This is obviously true except when s = ijors=iji,

when we have to prove that

O 1, @D =0=(x; ;. 1 ®DUR

x;, this was established in the

If ijyr=ij+1, ie, Xl = Ky OF X1 =
previous paragraph.

Ifij41 >i;+1, we can write

(x;+l,i_/+1 ®t) = [xl.;_H’in_l, xi:ﬂ 1]
i1V
we have proved (xij . ®t)vg =0, it follows that (x
(xijvij+1
follows that we have

Since degm; =01if i; <i <ij41, we have x 7 = 0. Together with the fact that

® t)vg = 0. The proof that

i;+1’ij+1
_1 ® vy =0 is similar, and we omit the details. This proves the claim, and it

Ljr1—ij

dimHomg(V (1), L(1)) > 0, pw=A— Y dis
s=0

and hence also

{j+1—j
dim Homy, (g) (Vg (1), V(1)) > 0, p=r— Y a4 (2.1)
s=0
Setting J = {i;,ij+1,...,ij41}, we have
nwy=0, mny :((.\)ij,aj, 1,..., l’wij+1,a_j+l)’ ai l_/-el—l zqi(ij+1*ij+2).
Using Proposition 2.2 and equation (2.1), we have
dim Homy, (g, (V,/ (0), V7 () > 0. (2.2)

On the other hand, Lemma 1.6 applies to the representation V7 (n ;) of U,(3/), and hence
we have V/ (r;) & VqJ (ry) as Uy (gy)-modules. This contradicts equation (2.2), and hence
we must have v = 0. The existence of the surjective map ¢; : M(0, wtx) = L(w) — 0 is
established.

2.4. Tensor products and defining relations

The relations given in Lemma 2.1 are not necessarily the defining relations of L(m).
However, we have the following result, which is a special case of [17, §4] and the main
result of [7].

Theorem 3. Let &t € 732' be such that the prime factors of V(m) are

V(wjp):1<s<m, 1< j,<nbse q%
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i.e.,
V('ﬂ:) EUq(a) V(('ojl,bl) ® T ® V(a)stbm)'
Then L(m) is generated by the element v with the following defining relations:
;" @Clthvg =0,  (hi ® ")z = Sro(degmvg,  (x] ® DT+ v =0,

forall1 <i < n. O

2.5. Simple socle in a tensor product

The hypothesis in Theorem 3 that V(x) has all its prime factors of the form w;,, 1 <
i <n,aeq”, is generically true. This is seen from the next result, the dual of which is
proved in [5, Theorem 4.4 and Corollary 6.2].

Proposition. Letm > 1, 1 < ji,..., jm <n, and by, ..., b, € qZ, be such that

s >r = by/by ¢ (q7PTFFT0 imax{je, js} < p4+1 <minfj + js.n+ 1}, (23)

Then V(wj b -+ @), p,) 15 the unique irreducible submodule of V(wj p)® - -®
V(wj, b,). Moreover, if equation (2.3) holds for all 1 <r,s <m, then we have an
isomorphism of Uy (§)-modules,

V(wjp)® - @ V(®j,,) = V(n). O

2.6. The elements n° and n°

Let t € P%(l), in which case we can write

=W Wi, 1<ip<---<igp<n,
where either
ai = g™, ayjazj_| = inj—i2_/—1+2’ arj1/azj = inj—i2j+1—2’
or
ar=q", ajlazj1=q T ayiayy =qT TN,

for some m € Z. We shall always assume that we are in the first case. The proof in the
other case is identical.
Define

Wjj,a;Wiz,az * Dig,aps k odd Oiy,a,Wigay Wiy, k odd
O ,q Diya3 Di_y.q_;5 Kk even, Wis,a, Wig,ay ** Dig,aps k even,

and note that m°n’ = &.

Proposition. Assume that k is even. We have an isomorphism of Uy (g)-modules,
V(no) = V((‘)i1,a1) R - ® V(wikfl,akfl)a V(ne) = Vq (wiz,az) R--® V(wik,ak)-
Moreover, V(1) is a submodule of V(%) ® V(n®). Analogous statements hold if k is odd.
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Proof. The first assertion of the proposition is immediate from Theorem 2. However, it
is easy to give a proof using Proposition 2.5, and we include it for completeness since it
is crucial for this paper.
Define integers r;, 1 < j <k, by
ri=0, rm=iy—i1+2,

’

ras+1 = —i1+ 202 — iz + -+ - — i1 +i25) —i2e41, S =1
s>1,

ros42 = —i1 + 202 —iz 4+ +izg —ios41) Fizg42+2,

and note that a; = ¢"/™™, for 1 < j <k.
We prove that V(x?) is irreducible. Using Proposition 2.5, it suffices to prove that, for
all s > j and p € Z4 with p+1 > izy1,

ros41 —r2j+1 7 £Q2p+2—izjr1 —izs+1),
or equivalently that
—igj1 +2(2j12 —i2j43 + - —iog—1 +iog) —logp1 #F TQRp+2—izjr1 —izg41).
This amounts to proving that
p+1#Fiy—iy1+-—izjt3+izji2

and
pH1F#is1 —ing+---+izjy3—injro+izjt1.

If equality were to hold, then in the first case we would get p 4+ 1 < iss < izg+1 and in the
second case we get p + 1 < izs41, which contradicts our assumptions on p. The proof of
the irreducibility of V(:?) is complete. A similar argument proves the result for V(x¢).
To prove that V() ® V(1) contain V(m) as its unique submodule, we again use
Proposition 2.5, and note that it is enough to check that, for all s and j, we have

rpj—1—r2 € {242p—iz —izj :max{izj_1, iz} < p+1 < minfin; | + iz, n+1}}.
(2.4)
For clarity, we prove this by breaking up the checking into several cases. If s > j > 1 and
i +izj—1 <n+1, we have

ros —12j—1 =log +i2j_1 +2—2(i2j—1 —izj + - —iz—2+iz—_1);
i.e.,
r2j—1 — 12 = —izg —i2j_1 +2(=1+ (izj_1 —i2j) + -+ (i2s—1 —i25) +i25).

Since (=14 (igj—1 —izj) + -+ (iog—1 —i2g) +i25) < i2s, We see that equation (2.4) is
satisfied. On the other hand, if j > s > 1 and iys +iz;_1 < n+1, we have

ras —T2j—1 = iog +i2j—1 — 2(=1+ (iog —izs41) + - -+ (i2j—2 —i2j—1) +i2j—1).

Since the expression in parentheses is less than i2;_1, we see that equation (2.4) is again
satisfied. The other two cases are similar, and we omit the details. O
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2.7. Existence of ¢;

Using Proposition 2.6 and the discussion in §1.13, we see that there exists a map ¢; :
L(mt) > L(n°) ® L(x®). Moreover, since wtnt = wtt’ +wt ¢, and

L)y =Cvg, L(n)wne =Cugs, L(n)wine = Coge,

we see that

P2(vyp) = V37 ® Ve
Moreover, V(1?) and V (xt°) satisfy the conditions of Theorem 3, and hence we have the
defining relations of L(m?) and L(m¢). We have now established the second step of the
proof of Theorem 1, modulo the identification of L(m?) and L(m¢) with the level-one
Demazure module. This will be done in §4.1.

3. Level-two Demazure modules in the tensor product of level-one Demazure
modules

We establish the third step in the proof of Theorem 1.

3.1. Extended and affine Weyl groups

We use freely the notation established in §1.1. Let n* be the subalgebra spanned by
the elements xiij, 1<i<j<n,andset b=hPnT. Set hij = [)cl."'j,xl._j]7 and note that
hi; = h;. Define elements xOi and hg of g by

+ +1
x; =xfn®t . ho=c—hin,

and set

h=hdCcdCd, n" =g:Clt]®&n", b=n"@h.
We shall regard an element of h* as an element of H* by setting it to be zero on ¢ and d.
Define elements A; € h*, 0 <i < n, by

Ag(h®Cd) =0, Aglc)=1, Aj=wi+Ao, 1<i<n,

and let & ea* be given by d(h @ Cc) =0, §(d) = 1. Let P be the Z-span of {8} and
{A; :0<i <n}, and let P be the direct sum of the Z-span of {8} with the Z_-span of
{A; :0<i<n}.

Let s;, 0 < i < n be the simple reflection of the affine Weyl group W; recall that it acts
on E* and H by

si(w) = p—plhpey,  si(h) = h—a;(Whi, heb, pebh*
Note that
weW — w()=c and w(d) =34.

The Weyl group W of g is the subgroup of w generated by the elements s;, 1 <i < n,
and is isomorphic to the symmetric group on n+ 1 letters. Let wg € W be the unique
element of maximal length. The action of W on E* preserves P and Q, and we have an
isomorphism of groups

W=WxQ.
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The extended affine Weyl group W is the semidirect product W x P. The affine Weyl
group is a normal subgroup of W, and, if 7 is the cyclic subgroup of the diagram
automorphisms of g, we have
W=TxW.
Here T is just 1somorph1c to the cyclic group of order n + 1. Since T preserves P and P+
we see that W preserves P. The following formulae make explicit the action of u € P on
b*:
(W) =A— (s, Aeb*®CS,  1,(Ao) = Ao+p— 3. w8,

where (, ) is the symmetric bilinear form defined by (a;, w;) =8, j, for all 1 < i, j < n.

3.2. Integrable highest-weight modules

Recall that a weight module V for /h\ is one where /b\ acts diagonally. Let wtV C/h\* be
the set of eigenvalues for this action, and, given u € wtV, let V,, be the corresponding
eigenspace. For A € P, let V(A) be the irreducible highest-weight integrable g-module,

which is generated by an element vy with defining relations
oy =0, hoa = A(wa,  @)HNH, =0,

where h € Hand 0 <i < n.Notethat wtV(A) C A — Q+. (Here Q+ is the Z-span of the
elements o, 0 < i < n, and §). It is easily seen that, for all r € Z, we have an isomorphism

of g-modules,
V(A —r8) = V(A). (3.1)

The following proposition is well known (see [32, Chapters 10 and 11], for instance).
Proposition. (i) Let A € P*. We have
dimV(A), =dim V(A)yy, forallwe W, u GE*.
In particular, dim V(A)ya = 1 for all w € Ww.
(i) Given A', A" € P*, we have

VIAhQV(A") = EB dim(Homg(V (A), V(A @ V(A))V(A).
AeP+

Moreover,

. , , 1, A=AN+A,
dim Homg(V (A), V(A) @ V(A")) = R (3.2)
0, A¢AN+A"—QF.

O

Corollary. Suppose that A', A" € PT, and that A = A'+ A”. For allw € W, we have
(V(A)® V(A )wa = V(A)uya. (3.3)
where we have identified V (A) with its image in V(A) @ V(A").
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Proof. Since the right-hand side is of dimension one by part (i) of the proposition and
is clearly contained in the left-hand side, it suffices to prove that

dim(V(A)® V(A" ))wa = 1.
If not, we get by using part (ii) of the proposition with the first case of equation (3.2)
that there exists A; € P with A; # A, such that
dim Homg(V (A1), V(A @ V(A") #0, V(ADwa #0.

Using part (i) of the proposition, this means that V(Aj)a # 0. But this is impossible,
since Aj C A — QT and A; # A, thus proving the corollary. O

3.3. Stable Demazure modules
GiV(iEl A€ Pt and wr € VT’, where w € W and 7 € T, the Demazure module V,,(tA) is
the b-submodule of V(rA) given by

Va(tA) = U®)vwra, 0% vura € V(TA)wra.

The Demazure modules are necessarily finite dimensional since wt V(A) C A — Q. We
say that V,,(tA) is a level-£ Demazure module if A(c) = £. The following is immediate
from Corollary 3.2.

Lemma. Let wt € W and A', A" € P+. We have an isomorphism of/b\—modules,
Vi (T(A 4+ A") ZU®) (Vyra @ vyear) C V(TA)® V(TA”). O

In this paper we are only interested in the Demazure modules Vy, (A) satisfying the
condition wA (h;) <0, for all 1 <i < n. In this case, we have n" vy =0, and V,(A) is
a module for the parabolic subalgebra b&n~; i.e.,

Vi (A) = U @0 )vuwa = Uglihvua = UGalDv,, 1, .

where the last equality follows from the fact that V,(A) is a finite-dimensional
g-module. Writing wA = wok + A(c)Ag +r8, for a unique A € PT and r € Z, we see from
equation (3.1) that
Vi (A) Zg11) Vi (A —18).

Hence, we denote these modules as t*D(¢, A), where £ = A(c), r € Z. Notice that the
action of d on these modules defines a Z-grading on them which is compatible with the
grading on g[r]; i.e., the modules tD(¢, 1) are graded g[t]-modules; for a fixed ¢ and
A, these modules are just grade shifts, and we set tyD(¢, A) = D(£, 1). The eigenspace
D, 1), for the h-action is one dimensional, and we shall frequently denote a non-zero
element of this space by vg ;.

3.4. The main result on tensor products of level-one Demazure modules

The main result of this section is the following.

Theorem 4. Given o € P, there exist u°, ué € P with p = u° + u® such that we have
an injective map of graded g[t]-modules

D@, 1) = D(1L, pu) @ D(, 1), 2 — V1o ® v e
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3.5. The key proposition
Recall that
Pt()y={re P :x(h;) <1forall <i<n).

Given A = Zl;zl wi; € PT(1), with 1 <ij <ip <--- < ig <n, define 2, 1° € PT(1) by

i, + iy o, k odd,

Al = A =Ar—2°

wi; + i + -+ w;,_,, keven,

We shall prove the following.

Proposition. Given » € PT(1) and v € P, there exists w € W such that

wW+A°+Ag) € PT, ww+Ar°+Ag) e PT.

3.6. Proof of Theorem 4 and the third step of the proof of Theorem 1
Assuming Proposition 3.5, the proof of Theorem 4 is completed as follows. Write u =
2v+ XA, wherev € Pt and A € PT(1), and set u° = v+ A% and u® = v+ 1. Choose w € W
as in Proposition 3.5, and take

A=wp+2Ay), A°=w@W+A°+Ag), A°=w@+A°+Ap).
Then A%, A¢ € Pt and A = A + A° € ﬁ+7 and

D2, 1) = Vyyu 1 (D), DL, 1®) = Vi 1 (M%), D1, 1) = Vi1 (A).

Theorem 4 is now immediate from Lemma 3.3.

The third step of the proof of Theorem 1 now follows. Given m € PT (1), observe
that wtt? = (wt)? and wtn® = (wt )¢, and hence using Theorem 4 we have a map
of g[t]-modules D2, wtt) — D(1, wtt°) ® D(1, wt ).

3.7. Proof of Proposition 3.5; reduction to v =0

In the rest of this section we prove Proposition 3.5. The first step is to show that, for
a fixed A, it suffices to prove the result when v = 0. Thus, suppose that we have chosen
w € W such that w(A? + Ag) and w(A¢ + Ag) are in PT. Since (A° + Ag)(c) = 1 = (A€ +
Ag)(c), we may write

wA’ 4+ Ag) = A; +p%8, wr®+ Ag) = Aj+ p°s,

for some p°, p® € Z and 0 < i, j < n. Using the formulae in § 3.1, and the fact that A, =
wp + Ag for 0 < p < n, where wp = 0, we get

w4+ Ao+ V) = (A + (p° + 10, v) + (@i, wv))8) € PT,
W+ Ag+v) = (A + (p° + 10, 0) + (@), wr))8) € PT,

and the claim is established.
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3.8. Proof of Proposition 3.5; the case v =0

Consider the partial order on P (1) given by u < viff v —u € QF. The minimal elements
of this order are 0 and w;, 1 <i < n. If A =0, the result is clear: we just take A =
A¢ = Ag and w = id. If A = w;, we take A = w; and A¢ = 0. Since w; + Ag € ﬁ*, we take
A% = w; + Ag, A® = Ag,and w = id. If L = w; +w; with i < j then we again take w = id,
since w, +Ag = A, for all 0 < p < n.

For the inductive step, let A € P*T(1) with A = Z";:la)ij, i1 <---<i; and k > 2.
Suppose that we have proved the result for all elements u € PT(1) with u < A. To prove
the result for A, it clearly suffices to show that there exist w € W and we Pt with u < A,
and p?, p® € Z, such that

w4+ Ag) = u’+ Ao+ p°8, and wA’+ Ag) = u®+ Ag+ p°s. (3.4)
This is done as follows. Take

SizSiz41 - SuS0, k=3,i1 =1,
w =
SisSist1 " SnSip_y—18ip_o—2 8150, k>3, or k=3, ii > 1,
and

Wi —1 + Wi, + w1, k=3,
I,L =
Wi —1 +(l)i271 +0)i3 +--- +wik72 +wik,1+l +wik+1’ k> 3.

Note that u < A, since
o+, k=23,

A—p =
aj, + 20, +- -+ 204, +oy, k>3

We now establish that equation (3.4) is satisfied. For this, it is most convenient to deal
with the cases k = 3, 4 separately. If k =3 and i; > 1, or if k =4, a simple calculation
gives
i|—1 n
w4+ Ao) = w(Aj, + Aiy — Ao) = Ajy +Aiy — Ao+ D aj+ D aj=u’+Ag+8.
j=0 Jj=iz+l
Moreover, if k = 3, we have

W+ Ao) = w(Ay,) = Aj, = 1€ + Ao,

while, if k = 4, we have

i2—l n
WO+ Ag) = w(Apy +Aiy —Ao) = A+ Aiy — Ao+ Y aj+ Y aj=p‘+Ag+8.
=0 j=ig+l
The case k =3 and i1 = 1 is identical, and we omit the details. For k > 5, we write

w4 Ag) = wh’ + Ao)(d)S + ) (WG + Ao), @A,
j=0
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and similarly for A¢ 4+ Ag. We have
WA’ + Ao)(d) = 7+ Ag)(w™'d) = (A + Ag)(d — ho) = % (hg) — 1.
To prove that (w(A? + Ao), aj) = (1’ + Ao, ), it is enough to prove that
A7+ A (w ™ hy) = (1 + Ao)(h)),
and this is done by using the following easily established formulae:

w ) =ap+ar ta,, wl@) =), i3<j<iroa,
1 . . -1 . .
wo (o) =ajy1, O0<j<iz—1, w (aj)=oaj_1, Jj>iro2+]1,
—1 —1
W (di—1) =+ oy tag, W (@, r1) =, +- -y +ap,

w Ny ,) = —(a0+a1+--+ay 1),

and

1 —(diy41 +- -+ ay+ag), k>3,
w” (o) =

—(1+ - +an+2a0), k=5

The case of w(A® + Ag) is identical, and the proof of Proposition 3.5 is complete.

4. A presentation of level-two g-stable Demazure modules

An infinite set of defining relations of the Demazure module V,,(A) was given in [31, 38]
forallw € W and A € P*. In the case when wA(h;) <0, forall 1 <i < n, these relations
can be used (see [24, 44]) to give (a still infinite set of) the defining relations of V,,(A)
(or equivalently of t*D(£, 1)) as g ® C[¢]-modules. In the case of the level-one Demazure
modules, it was shown in [7] for sl,4; that the relations could be reduced to a finite
number of relations. This was later extended for arbitrary levels in [19]. In this section
we show that, in the case of A, and £ =2, one can further whittle down the set of
defining relations, and as a consequence we prove Proposition 1.11. Along the way, we
shall see that, if m € P*(1), then L(n°) and L(w®) are level-one Demazure modules,
which establishes the missing piece (see §2.7) of the second step of Theorem 1.

4.1. A refined presentation of Demazure modules

We recall the presentation of D(¢, ), u € P, given in [19, Theorem 2].

Proposition. For £ € N, u € P, the glt]-module D(¢, w) is generated by an element w,,
satisfying the following defining relations:
GFeDw, =0, (i @tDwy = uh)srow,, (x; @ DIy, =0,
(@ Dw, =0, 1<i<j<n,

(xiTj ®tsi,j—l)ml',j+lwu — 07
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where r€Zy, 1<i<j<n, and s;j,m;; € Zy are uniquely defined by requiring
whi ) = (i j— DEl+m;; with 0 < m;; < L. Moreover, if m; j = £, the final relation is
a consequence of the preceding relations. O

Corollary. For all £ € N and pn € PT, the assignment w, — w, defines a canonical
surjective map D, u) — DU+ 1, u) — 0 of glt]-modules. O

Remark. It is clear from Lemma 2.1 that, for all T € 732' , the module L(x) is a quotient
of D(1, wtm). If = € P*(1), it follows from Theorem 3 and Proposition 2.6 that

L(n° =D, wtn?), L(x° = D(1,wtn®),
which establishes the missing piece (see § 2.7) of the proof of the second step of Theorem 1.

4.2. Evaluation modules

Let evg : g[t] — g be the map of Lie algebras given by setting t =0, i.e., a® f — f(0)a,
for all a € g and f € C[t]. Given a g-module V, let evjV denote the corresponding
glt]-module. The following is straightforward.

Lemma. For all € € Z, and u € P*, we have wt D, u) C u— QF. Moreover,
dim Homg(V (1), D(£, ) = dim Homg1(D(€, ), evy V() =1,

and

D(0. ) Zgpy evi VD), if A1) < L. O

4.3. The sl case

In the case of n =1, i.e., when g is of type slp, we identify P with Z, freely, and let
x* be the root vectors xli. Given a partition, E = (& > - > &, > 0), r € N, define a
slp[t]-module V(&) as follows: it is the cyclic module generated by an element ve with

defining relations

@r@nv: =0, (h@t e =El8,0v:. (- @DETo = 0,151 = &, (41)
k>1

and
TR (x”®1) v =0, (4.2)

for all s,r satisfying the condition that there exists k € Z, with s+r > 14+rk+

2 pokr €k

In this paper, we shall only be interested in the case when the maximum value of a
part is 2, i.e., & is of the form 271° for some a, b € Z,. We summarize for this special
case, the results of [19, Theorem 2, Theorem 5| that we shall need.
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Proposition. Let & =2%1°, a, b € Z, be a partition.
(i) We have V(1°) = D(1, b) as sl[t]-modules.
(ii) If b € {0, 1}, then V(291°) = D(2,2a +b) as sl [t]-modules.
(iii) If b > 2, then we have a short exact sequence of graded g[t]-modules,

00— V@1’ 5 veilh) 5 veetb-2) 5o, (4.3)

such that
l(Uzalh—Z) = (x ®ta+b_l)vza1b, 7T(U2a1b) = Vpa+l11b-2. O

Corollary. The module V(2¢1°) is generated by the element vyay» with the relations given
in (4.1) and the single additional relation (x~ ®ta+b)l]2a1b =0.

Proof. If a =0, then the corollary follows from Proposition 4.1 and part (i) of
Proposition 4.3. A straightforward induction on a together with the short exact sequence
in (4.3) establishes the corollary. O

4.4. A further refinement of the presentation of level-two Demazure
modules

Proposition. Assume that g is of type sl,11, and let p € PT. For 1 <i < j <n, write
w(hi ) =2(si,; — 1) +m; j with m; ; € {1,2}. The relation

(e @y, = 0
in D2, n) is redundant. O

Proof. It follows from Proposition 4.1 that it suffices to prove the proposition when
mjj = 1. If n =1, then the result follows from Proposition 4.3(ii) and Corollary 4.3.
Otherwise, set o = «;, ;, and consider the subalgebra s,[¢] of g[¢] spanned by the elements
xj@@[t]. Clearly s4[t] is isomorphic to slp[f] with the element xo[i mapping to x.
Moreover, if we denote by Dgy,11(2, t(he)) the level-two Demazure module for sh|[¢],
then we have a non-zero map of sly[¢]-modules,

Dsiy111(2, u(he)) — Ulse[tDwy C D2, ).

The proposition is now immediate from the n = 1 case. O

4.5. Proof of Proposition 1.11

We prove Proposition 1.11. Let A = w;, +---+w;, € PT(1), where 1 <ij <--- <ix <n
and v € PT.For o € RT, write Qv 4+ 1) (he) = 2(s¢ — 1) +my with s4 > 1 and mq € {1, 2}.
Note that

v(hi) +1(hi) =si, 1 <i<n, v, )+1=si,,, I<p<k—-L

It is clear from the definition of M (v, A) (see §1.9) and Proposition 4.1 that there exists
a surjective morphism
Mw,A) — D2,2v+i) - 0
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of g[t]-modules. The proposition follows if we prove that the preceding map is an
isomorphism. By Corollary 4.4, it suffices to show that

(x; Q' Pirtiyy,; =0, 1<p<k—1 = (x; ®ts’f)v 2=0,1<i<j<n
(4.4)
We proceed by induction on j — i, with induction beginning at i = j by hypothesis (see
(1.6)). Assume that we have proved the result for all ; +---4+«; with j—i <s, and
consider the case when j =i +s. Suppose first that there does not exist 1 < p < k such
that i <i, <i+s. In this case, we have u(h; ;) =2v(h; ;) =2v(h;) +2v(hit1,j). The

induction hypothesis implies that

ipsip+1

(x ®tv(h ))v 2=0=(x_ ®tv(hi+1.j))vv’)“

i+1,j

Since [x,, X ,] = Xg; ;» We get (4.4) in this case. We consider the other case, when we
can choose 1 < p < k minimal and 1 < r < k maximal so that i <i, <i, <j. Ifi <i,

we have again by the inductive hypothesis that

(x ®tl)(/’l ))U 5 =0=(x t(”+)\)(hi+l,j))vv’k7

i+1,j
and the inductive step is completed as before. If j > i, then the proof is similar: we
write «; ; = o; j—1 +oj. Finally, suppose that i =i, and j =i,. If r = p+1, then the
inductive step is the hypothesis in equation (1.7). If r > p+2, then we write o; ; =
Qi ipy T iy +1i, This time, the induction hypothesis gives,

(W+2) (h;

®tv(/’lip.ip+1)+l)vv L=0=(x~ tp+1+l,ir))vv N

ip+l+lyir ®t

(xipvip+l

and the inductive step is completed as before.

5. A characterization of g-stable level-two Demazure modules

We establish the final step of the proof of Theorem 1.

5.1.

We shall prove the following result in the rest of the section.

Proposition. Let u € Pt, and let V be a (not necessarily graded) glt]-module which is
isomorphic to D(2, ) as a g-module. Assume that ¢ : D(1, u) — V — 0 is a surjective
map of glt]-modules. Then V is isomorphic to D(2, u) as g[t]-modules.

Let ve Pt and A =w;, + - +wj € PT(1), 1<ij <---<iy <n, be the unique
elements such that pu =2v+4+A. Setting ¢(wy) =v, € V, we see that v, satisfies
the relations in (1.5). Since dimV =dim D(2, u) by hypothesis, it follows from
Proposition 1.11 that it suffices to prove that the element v, satisfies (1.6) and (1.7).

5.2.
Lemma. For 1 <i <n, with (v+pu)(h;) >0, we have dimV,_y, < (v +21)(h;).
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Proof. Since

V=gD2p) = Vi, = D2, Wp—q;,
it suffices to prove that dimD(2, u)u—o; < (v+21)(h;). A simple application of the
Poincare-Birkhoff-Witt (PBW) theorem, along with the fact that (x;” ® R i ))wu =0
in D(2, u), shows that D(2, u),—q; is spanned by the elements {(x;” @ " )w, : 0 <r <
(v+X)(h;)}, and hence proves the lemma. O

5.3.

We now prove that v, satisfies equation (1.6). Proposition 4.1 implies that the element
wy € D(1, p) satisfies (x;” ®t“(hi))wu =0, 1 <i < n, and hence we also have

(; @My, =0, 1<i<n, (5.1)

If W+2A)(h;) € {0, 1}, then w(h;) = (v+ A)(h;), and there is nothing to prove.
Suppose that w(h;) > 2, or equivalently that v(h;) > 0. Using the second relation in

(1.5), we get

(hi @) (x] ®@1*)v, = —2(x; ®@1° T,
and hence

O @Y, =0 = (7 ® v, =0.
We now proceed by contradiction to prove that v, satisfies (1.6). Thus, if (x; ®
t(”“)(h"))vu # 0, then the elements of the set {(x; ® *)v, : 0 <s < (v+A1)(hy)) are all
non-zero, and, by Lemma 5.2, they must be linearly dependent. It follows that there
exists 0 < m < (v+A)(h;) such that we have a non-trivial linear combination,

(W+2)(hi)
Y nGr @M =0, z,eCom<s <O+, m #0. (5.2)
sS=m
Since u(hj) —m —1 > v(h;) > 0, we apply (h; ® t*hi)=m=1y to the preceding equation and
use (1.5), (5.1), along with the fact that z,, # 0, to get

(7 @)=y, = 0.

If w(h;) € {2,3}, then we have v(h;) =1 and (v+A)(h;) = u(h;) — 1, and we have the
desired contradiction. Otherwise, we have u(h;) >4, i.e., v(h;) > 2, and hence we
get w(hj)—m—2>v(h;)—1> 0. Hence, applying (h; ® t*h)="=2) to the expression
in equation (5.2), we now get (x; ®@ """y, = 0. If u(h;) € {4,5}, we would have
w4+ 1) (hi) = u(h;) — 2, which would again contradict our assumptions. Further iterations
of this argument give a contradiction for all values of w(h;). Hence, we have (x; ®
1My = 0, as required.

5.4.

We need some additional notation to complete the proof that v, satisfies (1.7). Recall
that o j = at; +---+o;. Let

U(n_[t]),),i‘u.ip+1 ={ueUm [t]):[h,u]l = — Wi, i, (h)u, for all h € b}.
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The elements

(xp, ®19) - (x5 ®1), s> 1,6 €Ly,
and B; € RT, {; € Z, satisfying B = o, + i, 41+ +dp, for somem =i, fi+---+
Bre RV, forall 1<r<s, B+ +8 = @i,y are a basis for U(”_[I])ai,,,,-pﬁ- Let
S C U(n~[z]) be the subset of this basis with the additional restriction that 0 < £; < Ng;,
where

v(hi, i)+l s=1,
Ng; = v(hg), jefl.s}), s>1, (5.3)
v(hﬂj)—l, 1<j<s.
Then § is a finite linearly independent subset of this space, and we let S be the span

of S. Notice also that S is graded, and that

— hi i 1
Slpl =0, p>vlhi,i,.)+1 and S, )+11=Cl, @t Pipipr )Tl
(5.4)
Moreover, if h € h and r € Z4, then

mec $pEZ+S[p] :> [h®trv m] S @[)EZ+S[p+r]'

5.5.

We turn to the proof that v, satisfies (1.7). Denote by V the graded quotient of D(1, )
by the g[¢]-submodule generated by the set

(7 @iy, 1 <i <n),

and let v, be the image of w, in V. The results in § 5.3 show that V is a g[t]-quotient
of V; the definition of D(2, u) given in Proposition 4.1 shows that D(2, u) is a graded
glt]-quotient of V. Since

a7 @t" NG, =0, ip<i<ipr, ( @MITHG, =0, i€ lip,ipl,
taking repeated commutators gives
O, @ 5, =0 and

ip,ier]
_ o - _ hji 1\~ _ A
(xi,,,i ®tu(h,p,,)+l)vu _ (xj,ipﬂ ®tv(1/,p+,)+ )i, = (xi,j ®t”(h"f))vﬂ =0, (5.5)
foralli, <i<j<ips.
The following is a straightforward consequence of the relations in equation (5.5) and
the PBW theorem.

Lemma. The space ‘N/;\_aipj is spanned by the elements {xv, : x € S}, and hence

p+1

dim Vl_a,.p,,.p < ISl O

+
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5.6.

We now prove the following.

Lemma. We have dim VA—ai,,i 0 < |S|; i.e., there exists a non-zero element m € S such
P
that my, = 0.

Proof. Assume for a contradiction that dim Vk—aip.fp“ = |S|. Then we have

dim Vy—q,, =18 = dim D2, sy,
where the first equality follows because V is a quotient of V, and the second equality
follows because V = D(2, u) as g-modules. Since D(2, u) is a quotient of V, this means
that, using Lemma 5.5, the elements {xv, : x € S}, and hence the elements {xw, : x € S}
are linearly independent subsets of V and D(2, u), respectively. But the latter is
impossible, since

_ hi, i +1
(xip,l'p+1 ®tv( 7 pH) ) €S,
and (x,.; i1 ®tv(hi”’ip+1)+l)wu =0 is a defining relation in D(2,u). The lemma
is proved. O
5.7.

Proposition. Let 0 Zm € S be such that mv, =0, and assume that the minimal graded
component of m is k, for some k < v(hi, i, )+ 1. There exists 0 #m’ € S with m'v, =0
whose minimal graded component is at least k + 1. In particular, we have

S[])(hl'p’ip_*_l) —+ l]vM = (C(xf ®tv(hip.ip+l)+l)vu =0,

ipip+
and hence v, satisfies (1.7).

Proof. For 1 <i < n, let h,,; € b be the unique element such that «;(h,;) = §; ;, for all
1 <j<n Write m=),_¢zX, zx € C, and note that [h ®¢", m]v, =0, for all & € b,
r € Z4. Moreover, we have

o, ®1.X] = (x5 ®1%) - (x5 @11F), x €58
Suppose that the set
Sim) = {x = (x5 ®1%) -+ (x 1) €S :2x #0, €1 < Np,} # 0.

Then, the elements {[A,, ®1,X] : X € S;(m)} are all distinct elements of S, and, by (5.5)
and the definition of Ng,, we have

x¢ Sim) = [hy, ®1,X]v, =0.

Set
mi= Y o ®19) - (xp @107,

xe S| (m)
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and note that m; € S is non-zero. Moreover,
[he, ®t, m]v, =myv, =0.
Since the minimal grade of my is at least k + 1, the proposition is proved when S;(m) # @.
Suppose now that S;(m) = @; i.e.,
aFE0 = x=(x5 1) (x5, @12) (x5 @ ™).

If m=x_ ® tv(h”17~"p+1)"'17 there is nothing to prove. Otherwise, there exists i, < j <

ipdp+l
ip+1 minimal so that the set

Sr(m) = {x = (x5, ®1b)... (xg, ®t52)(xg1 @) e Sz £0, 1 =i, -1} # 0.
Then,
lhe, ® 1, X1 = (x5 ®15) - (x5 @12 (xy @), x € SH(m),
and, using (5.5), we have
he, ®1,XJv, =0, x¢& S@m), zx#0.

Let
= - - No.
m) = Z ZX(xﬂs ® tea.) A (xﬁz ® t£2+1)(xip,j—1 Rt ip.j—1 )
Xe S, (m)
The preceding discussion proves that

[hw_,- ®t, mjv, = mpv, =0,

and that my has minimal grade at least k + 1. However, it need not be true that my € S:
an instance is if x € Sp(m) is such that £, = Ng,. To address this issue, we define a further
subset Sé(m) of S>(m) consisting of elements x with €5 +1 < Ng,. Let m’ € S be defined
by

_ _ _ Ny. .
m/ — Z ZX(‘xﬂS ® tzs) e (xﬂz ® t£2+1) (‘xip,.j—] ®t ip,j—1 )

xeS) (m)

Setting §)(m) = S>(m) \ S2(m’), we note that

my—m)v, = | D zxly @) (xp @) (g, s @M | vy,
xeS) (m)

The expression in parentheses on the right-hand side is an element of S, and we denote
it by m”. Moreover, the elements m’ and m” are clearly linearly independent elements
of S assuming that at least one of them is non-zero. To see that this is in fact the case,
assume that m’ = 0; i.e., S, (m) = ¢ and §)(m) = S>(m). This means that the elements

(x5, ®110) - (x5, @17) (g, @E1H72), - x € Sy(m),

are all distinct, and thus linearly independent (vecall that B = «;, j—1), and, hence,
m” #£ 0. Therefore
0O#m:=m'+m” €S, v, =0,

and the minimal graded component of m is at least k + 1. The proposition is proved. [
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