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Abstract Given an embedded hypersurface M in R* we consider families of projections H of M to lines
and families of projections P of M to 3-spaces. We characterize generically the singularities of these
projections. We also show that there is a duality relation between some strata of the bifurcation sets of
H and P, and deduce geometric properties about these sets.
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1. Introduction

The contact of smooth varieties with degenerate objects (lines, planes, hyperplanes, cir-
cles, spheres, etc.) is measured locally by the K-classes of the singularities of some map
germs [11]. In practice (right—left) A equivalence classes are sought as they yield a finer
classification and more geometric information. This approach allowed the discovery of
beautiful geometric results on surfaces in R? that are being extended to surfaces and
hypersurfaces in R?* (see [3] and [12] for references).

In this paper we study the local flat geometry of a generic hypersurface M embedded in
R* using singularity theory. In [13] we considered the contact of M with two-dimensional
planes. Here we deal with the contact with lines and hyperplanes, so we study the A-
classes of the singularities of projections to lines and to 3-spaces. These projections are
parametrized by the 3-sphere S2 C R*. It follows from the transversality theorem of
Looijenga [8] that we can expect, in general, (local) singularities of A.-codimension less
than or equal to 3 to occur. (In the presence of moduli, the generic cases are when the
union of the orbits along the moduli parameters form a set of A.-codimension less than
or equal to 3.)

In §2 we deal with the contact of M with hyperplanes. We obtain necessary and suffi-
cient conditions for the height function in a normal direction to have a generic singularity
and for these to be versally unfolded by the family of height functions. We adapt the
techniques of Bruce in [1] to describe the sets in M with a given singularity type of the
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height function. Finally, we give the geometric characterization of the singularities of the
height function.

In §3 we study the contact of M with lines and give a geometric characterization of
the generic singularities of the projection to 3-spaces.

We prove in §4 a duality result between the families H and P, analogous to that in [4],
and study the behaviour of the projections P around a flat partial umbilic point.

2. Contact with hyperplanes

Given an embedded hypersurface M in R?, the family of height functions (projections to
lines) is given by H : M x §3 — R, where H(p,u) = (p,u) and S? is the unit sphere in
R%. For a fixed u € S3, the height function H, measures the contact of the surface M
with the hyperplane normal to u.

We write M in Monge form in a neighbourhood of a point p, that is, we consider M
given locally by the graph of a function w = f(z,y, z) near the origin, with w = 0 as the
tangent hyperplane at the origin. If we parametrize locally the sphere S% by (a,b,c, 1)
near the normal to the surface at the origin, we obtain the following expression for the
family of height functions

H(I7yﬂz7a’b’c) = ax+by+cz+f(x7y7z)'

In particular, Ho(x,y,2) = f(z,y, 2).
In the rest of the paper we will write the Taylor expansion of f of order 5 at the origin
as follows (we choose the principal directions as the coordinate axes):

3°f = a12% + agy?® + a3z + bia® + box?y + baxy® + bay® + bsy?z + beyz>
+ b723 + bg2?x + bgza? + broxyz + ezt + czx?’y + 03x2y2 + C4xy3 + c5y4
+ 06y32 + C7y222 + ngz3 + 09z4 + clozsx + 611z2x2 + clgz:v3 + Cl3$2y2’
+ crazy’z + cisxyz® 4+ dix® + doxty + dsaPy? + dux?y? + dszy® + dey®
+ d7y4z + d8y322 + dgy2z3 + d10z4y +d112° + digztz + dizx2® + dyga®2?
+ disztz + digz®yz + dira®y? 2 + disa®yz? + dioxy?2? + dooxy®z + dorxy2®.

We recall some concepts on the geometry of the hypersurfaces in R"™. Let M be an
embedded manifold of dimension n in R with a unit normal vector field N, and
consider p € M. The Weingarten function L, : T,M — T,,M, given by L,(v) = —d,N(v),
measures how M is curved in R™*! in the direction v. When |[v]| = 1, the number
k(v) = (Ly(v),v) is called the normal curvature of M at p in the direction v. The
eigenvalues k1(p), ..., kn(p) of L, are called the principal curvatures of M at p and the
unit eigenvectors of L, are the principal directions.

The second fundamental form of M at p, L,, is the quadratic form associated with the
function L, defined by

Ly(v) = (Lyp(v),v) = (@(to), N (p)),
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where o : I — M is any parametrized curve in M with «a(tg) = p and &(tg) =v. In
particular, when |[v|| = 1, £,(v) is equal to the normal curvature of M at p in the
direction v.

A point p in M is an umbilic point if all principal curvatures at p are equal. If they are
all 0, then p is a flat umbilic point. If at least two principal curvatures at p are 0, then p
is called a partial flat umbilic point.

Consider the particular case where M is a hypersurface in R* and let p € M. As before,
we take M in Monge form

w= f(zx,y,2) with j2f(z,y,2) = a12? + asy® + a3z,
where a; = k;/2 (the k; being the principal curvatures). Then p is a parabolic point if
ki(p) = 0 for some i. Away from the parabolic set, if the three principal curvatures at p
have the same sign, then p is an elliptic point, otherwise it is a hyperbolic point.

A direction u € T, M is an asymptotic direction at p if the normal curvature along u
is 0. Since j2f(z,y, z) = a12% + asy? + a32? the vector (uy,us,us,0) of the tangent space
is an asymptotic direction if and only if aju? + agu3 + azu? = 0. At a hyperbolic point
the set of asymptotic directions form a cone. At an elliptic point there is no asymptotic
direction. At a parabolic point when only one a; is 0 (we can always rearrange variables
and assume a3 = 0) the asymptotic directions are given by two planes whose intersection
is the u;-axis or consists of the wu;-axis. In both cases we call the direction of the wu;-axis
the principal asymptotic direction.

As pointed out in the introduction, the generic local singularities of Hy = f(z,vy, 2)
are those of A.-codimension less than or equal to 3. So, locally at the origin, we expect
Hy to have a singularity of type Ay, 1 < k < 4, or Dy (using Arnold’s notation). We
identify these singularities in the following result.

Proposition 2.1. The height function Hy has one of the following singularities.

(i) Away from partial flat umbilic points:
Ay & ajagaz # 0
A2<:>a1a27é0, az =0, b77é0;
Ag & a1a2 7é 0, a3 =0, b7 =0, dayazcy — bgaq — bgal 75 0;

A4 & aras 75 0, ag =0, by = 0, 4da1ascqg — b§a2 — b%al =0,
4a1a2d11 — 4&2010b8 — 2a168b6 + b@bsblo 7é 0.

(ii) At a partial flat umbilic point:

D4<$CL17£0, a2:a/3:Oa b77é07 b57é07
4b3by + 27b2b2 — 18bybrbsbs — b2bZ + 4b3by # 0.
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These singularities are versally unfolding by the family of height functions if and only if
Ago: always,

A3<:>b67$00rb87£0,
Ay & p(ag, bi, ¢, d;) # 0, where o is a polynomial of degree 13 in a;, b;, ¢;, d; (see [12]),
Dy < 6bzbsby — 2b3bs — 9bybioby 4 6bybgbs + bsbigbs — 2bgbz # 0.

Proof. The proof follows by relatively straightforward calculations. O

We now describe the sets in M where the height function has one of the singularity
types in Proposition 2.1. We follow Bruce’s method in [1].

Let p be a point on M and choose three smooth orthogonal tangent vector fields in a
neighbourhood U of p, so that together with the normal vector field, they form a system
of coordinates at each point in U. The surface can then be given locally at ¢ € U in
Monge form (z,y, z, fq(x,y, 2)). We denote f, by f.

Let Vi, denote the set of polynomials in x,y, z of degree greater than or equal to 2 and
less than or equal to k. We obtain a smooth map, the Monge—Taylor map 6 : U — Vi,
where (p) = j* f,, which associates with each point ¢ in U the k-jet of the functions
fq at the point ¢. The set Vj has a natural GL(3,R)-action given by a linear change of
coordinates. It is shown in [5] that the flat geometry of smooth manifolds in a Euclidean
space is affine invariant. A subset Z (say, representing one of the singularity types in
Proposition 2.1) of V}, which is of any geometric significance will be GL(3, R)-invariant.
Moreover, if Z is furnished with a Whitney regular stratification, then for any generic M
the map germ M,p — V. will be transverse to the strata of Z (see [1] for details). We
then determine the diffeomorphism type of #71(Z) at p.

To carry out the calculations explicitly in Vj, we need to compute the tangent space to
the GL(3,R)-orbit of f and the generators of the image of d6.

Lemma 2.2. The generators of the tangent space to the GL(3,R)-orbit of f in Vi, at
f, are

3% ::waa u2:yf:1:7 u?):zfm U4=yfy, U5:$fy,

’LLGZny, u7:-75fzu USny27 ’U,9:Zfz.

Proof. To obtain the generators, we calculate
C F(Ary,2)
1. z, Y,z =0
ar (T, Y t=0
where A; is a path in GL(3,R) with Ay being the identity. O

Proposition 2 in [1] can be extended to cover the case of hypersurfaces in R* and give
the generators of the image of df (see [12] for the proof).
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Proposition 2.3. The image of df(p) is generated by vy, ve, v3 such that

(2
= jk(fl‘(w’yvz) - fw(x,y,z)fm(o,0,0)f(x,y,z)
- fy(xvyvZ)f(x7yvz)f$y(07070) - fz(x,y,z)f(x,y,z)fm((),0,0)

— f22(0,0,0)x — £2,(0,0,0)y — f2.(0,0,0)z),
= ((35)

= jk(fy(xvyv Z) - fx(xa yaz)fxy(oa Ovo)f(x»yv Z)
- fy(xaya z)f(amy, Z)fyy(070a O) - fZ(xa Y, z)f(x,y, Z)fu2(07 070)

- fxy(ov 0,0)x — fyy(07 0,0)y — fy= (0,0,0)z),
" 0
()

= jk(fZ(zzyvz) - fw(:z:,y,z)fo(0,0,0)f(a:,y,z)
- fy(xvya Z)f(xayv Z)fyz(ovoa 0) - fz(xvyv Z)f(xayvz)fzz(0,070)
- fwz(0707 O)l‘ - fyz(oa Oa 0)y - fzz(07070)z)'

U3

Proposition 2.4.

(1) The parabolic set (i.e. the set of points in M where the height function along the
normal has an As-singularity) is locally a smooth two-dimensional surface.

(2) The As-singularities of the height function H occur generically on a smooth curve
on the parabolic set, labelled the As-curve.

(3) The Ay-singularities of H occur generically at isolated points on the Asz-curve.

Proof. (1) Suppose that f has an As-singularity at the origin and write, without loss
of generality, j2f = a12? + agy? with ajag # 0. Then a transversal to this orbit is given
by the elements j2f + a3z2, where az € R. Therefore, on this transversal the A,-stratum
is given by as = 0 (see Proposition 2.1). So it is a smooth manifold of codimension 1 in
V5. It is not hard to show that the tangent space of the As-stratum in V5 is given by
the kernel of the differential form & = das. On the other hand, the generators vy, va, v3
of the tangent space to the image of 6 in V5 are given by Proposition 2.3. The image of
0 fails to be transverse to the As-stratum if and only if vy, ve, v3 belong to the kernel
of £. Since £(v3) = by # 0 at an As-singularity, we conclude that the image of 6 is always
transversal to the Ap-stratum. Hence the parabolic set, 71(A5), is a smooth manifold
of codimension 1 in M.

For (2) and (3) we proceed as above. The only difference here is that the tangent
space to the Az (respectively, A4) stratum is given by the intersection of the kernels of 2
(respectively, 3) 1-differential forms. O
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Remark 2.5.

(i) The fold/cusp/swallowtail singularities of the Gauss map M — S® correspond,
respectively, to As /A3 /A4 singularities of the height function. However the Monge—
Taylor approach yields more information. For instance, it follows from the proof of
Proposition 2.4 that the parabolic set is singular if and only if the Monge—Taylor
map fails to be transverse to the As-stratum in V5, if and only if the height function
has an As-singularity not versally unfolded by the family of height functions.

(ii) Following the same labelling as for a surface in R?, we call the Az-curve on M the
cuspidal edge curve and the A4-points swallowtail points.

Proposition 2.6. The D,-singularities of H occur generically at isolated points on M.
The parabolic set is locally a cone at these singularities. At a DI the Ag-set is a single
line through the cone and at a D, it consists of three lines through this cone.

Proof. Without loss of generality we set as = az = 0 at a D, singularity. Then an
element of a transversal to the orbit of f in V4 is given by ai12? + @oy? + asz? + agyz,
where as, as, ag € R and the Dy-stratum on this transversal is given by as = 0, az =0
and ag = 0. We show that the tangent space of the Dy-stratum in V5 is given by the
intersection of the kernel of the differential forms & = das, {&; = das and &3 = dag.
The generators of the tangent space to the image of 6 in V5 are vy, v and v3 with
as = az = ag = 0, given by Proposition 2.3. Since ker £ Nker & Nker &3 has codimension 3,
the image of 6 fails to be transverse to the Dy-stratum if and only if there is a non-zero
vector v = Avy + pvg + PBus such that & (v) =0, &2(v) = 0 and &3(v) = 0. It means that
the family of height functions fails to versally unfold the D4-singularity at the origin (see
Proposition 2.1). However, for generic embedding of M, the Dy-set consists generically
of isolated points on M.

The As-stratum is given by a2 — 4a2as = 0 in the above transversal, which is a cone
in Va. Since 6 is generically transverse to the Dy-stratum, §(R3) N Ay is a cone in Vs, and
therefore ~1(Ay) is also a cone in M.

We shall now study the Asz-set on this cone. We need to work in V3. At a D, singularity
we can write j3f = 22 4+ C(z,y, 2), where the cubic C(z,y, 2) = 2> £ y*2 + za(x,y,2). A
transversal to the orbit of f in V3, after a change of coordinates, can be written as

Pf = X2+ a0y® + a3z + agyz + 2° + 322

The singularity is Az if and only if asy? + az2? + agyz = L? (that is, L = ay + ($2) and
L | (23 £ y22). Therefore, j3f = X2 + L2 + LW, where W = (2® £ y%2)/L. With the
change of variable L = [ — %W, we have j2f = X? +12. Therefore we have the following.

(i) If L | (23 +922), then L | z or L | (22 +y?). The last case does not hold because L
is of degree 1, hence L = \z. Now L? = apy? + G322 + agyz; therefore ay = ag = 0.
This is a manifold of codimension 2 in V3, which intersects the cone EL% —4dasas =0
in a line. So on M we have a smooth As-curve on the parabolic set.
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(ii) If L | (2% —y?2), then L | z = L? = X222, L | (z —y) = L* = \2(z —y)?, or
L|(z+y) = L? = \2(z + y)2. Since L? = asy® + azz® + agyz, in the first case
we have ay = ag = 0, in the second case we have az — ax = 0 and ag + 2as = 0,
and in the third case we have ag — 2a9 = 0 and az — as = 0. That is, we have three
manifolds of codimension 2 (which intersect the cone a2 — 4asdz = 0 in V3 in a
line). Then the As-set on M consists of three smooth curves on the parabolic set
passing through the cone point.

O

We give geometric characterizations of the generic singularities of the height function
below.

Proposition 2.7. The generic singularities of the height function in the normal direc-
tion u at p € M occur when

(A1) p is not a parabolic point;

(A2) p is a parabolic point, the principal asymptotic direction is transverse to the
parabolic set;

(A3) p is a parabolic point, the principal asymptotic direction is tangent to the parabolic
set but transverse to the As-curve;

(A4) p is a parabolic point, the principal asymptotic direction is tangent to the As-curve;

(D4) the parabolic set is a cone—at a DZ, the As-set is a line on the cone and at a D, ,
it consists of three lines on this cone.

Proof. We write M in Monge form w = f(z,y, z). We choose the principal directions
as a coordinate system in the tangent plane so j2f = a12? + asy® + azz2. Note that
a; = ki/2 (i = 1,...,3), where k; is the principal curvature along the corresponding
principal direction. It follows that A; singularities occur at non-parabolic points and
A>o and D singularities occur at parabolic points. The parabolic set is also the set of
points where the determinant of the Hessian matrix of f vanishes. Assuming that ag = 0
and ajas # 0, the 1-jet of this equation (after scaling) is given by bgx + bgy + 3brz.
The principal asymptotic direction is along (0,0,1). Therefore, it is transverse to the
parabolic set if and only if b7 # 0, that is, if and only if the singularity is As but not As.
At an As-singularity this direction is tangent to the parabolic set.

A calculation shows that the tangent direction to the As-curve is along the vector
(Ul, Uug, Ug) with

Uy = —bﬁ(bgag + b%al — 40,1&209)7
U2 = bg(bgag + bgal - 4(11(1209)
and

ug = bg(bsboaz + 3bsaibro — arazcip — arbsbs) + bs(arazcs — Fazbsbio).
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Table 1. Singularities of Ae-codimension less than or equal to 3

name normal form A.-codimension
II (z,y,2 ) 0
3 (22" + h(z,9)2) p(h)
4k (z,y, 2" +axz£y"2%) k> 1 k—1
4k (z,y,2* + (* £ ")z + 222),k > 2 k
51 (z,y, 2" +$z+yz) 1
59 (x,y,2° + zz + y22% + y2°) 2
53 (z,y, 2° —|—xz+yz) 3
54 (my,z +yz+xz + 28 +a2") 3
61 (z, y,z +yz+x2t £25 +a2%) 2
( 3

62 z,y, 25 Fyz + a2’ + 2%

*h is one of £a? & yFT1(Ay), 2%y + ¥ (Dy), 2* £ y*(Es), 2° + zy®(Er) or 2° 4+ y°(Es); p
denotes the Milnor number.

From the proof of Proposition 2.4 (2) the parabolic set is smooth at an As-singularity
(by = 0) if and only if bg # 0 or bg # 0. Then the principal asymptotic direction
(0,0,1) is tangent to the Az-curve if and only if b3as + bZa; — 4ajazco = 0 (i.e. f has an
Ay-singularity).

The characterization of the Dy-singularity follows from Proposition 2.6. (]

3. Contact with lines

The family of projections to 3-spaces is given by P : M x S® — B with P(p,u) =
(u, p— (u, p)u), where B = {(u,y) € S* x R*; (u,y) = 0}, that is, B is the tangent bundle
of S3. We take M in Monge form w = f(z,y, z) and assume that we are projecting along
u = (a,b,1,c), where (a,b,c) is close to the origin. Then it is not hard to show that the
above family of projections can locally be written in the following form: P,(z,y,z) =
(x — az,y — bz, f(x,y,2) — ¢z). In particular, Py(z,y,2) = (x,y, f(z,y,2)), which is a
corank 1 germ. As pointed out in the introduction, the A-classes of the singularities of
Py that can occur generically are those of A4.-codimension less than or equal to 3.

Theorem 3.1 (see [6] and [9]). The A-classes of singularities of map germs R?,
0 — R3, 0 of corank 1 and of A.-codimension less than or equal to 3 are given in Table 1.

We now seek to identify geometrically the generic singularities of the projection. The
critical set of P, is denoted by X' and its image, the discriminant of P,, by A. The curve
on X' whose image is the self-intersection curve of A(P,) is called the double point curve.
The curve on X' that is mapped to the singular set of A(P,) is called the cuspidal edge
curve. We say that a line through a point p along a direction u has a k-point contact
with M at p if the projection of M along the direction uw has an Ag-singularity.

Theorem 3.2. The generic singularities of the projection P, at p € M occur when
the following conditions hold.
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(II) w € T,,M but is not an asymptotic direction. In particular, only singularities of this
type occur at elliptic points.

(34,) p is a hyperbolic or a parabolic point; u has 2-point contact with M at p; u is an
asymptotic direction in the hyperbolic case and not a principal asymptotic direction
in the parabolic case; X (P) is a smooth surface.

(34,) (1 < k < 3) p is a parabolic point; u has 2-point contact with M at p; u is a
principal asymptotic direction and is transverse to the parabolic set; X (P) is a
surface with an Ag-singularity at p.

(4%) (1 < k < 4) p is a hyperbolic point; u has 3-point contact with M at p; u is an
asymptotic direction; X(P) is a smooth surface; the cuspidal-edge curve has an
Ay 1-singularity.

(42,43) p is a parabolic point; u has 3-point contact with M at p; u is a principal asymp-
totic direction and is tangent to the parabolic set; X' (P) is a surface with an A;-
singularity at p.

(51) p is a hyperbolic point; u has 4-point contact with M at p; u is an asymptotic
direction; X(P) is a smooth surface; the double point curve has an As-singularity;
the cuspidal edge curve is smooth.

(5%) (2 < k < 4) p is a hyperbolic point; u has 4-point contact with M at p; u is an
asymptotic direction; X(P) is a smooth surface; the cuspidal edge curve has an Ay
(k=2,3) or an Ay (k = 4) singularity at p.

(61,62) p is a hyperbolic point; uw has 5-point contact with M at p; u is an asymptotic
direction; X (P) is a smooth surface; the cuspidal edge curve is smooth at p.

The proof is straightforward once we write M in Monge form with p the origin and
Py = (2,9, f(x,y,2)). We observe that the singularities 43 and 43 (respectively, 5, and 53)
can be distinguished by some algebraic invariants [7,9].

4. The duality result

A duality relation between the family of height functions and projections of surfaces in
R3 has been established in [4] and extended later in [2] and [5]. In this section we prove
a similar result for hypersurfaces in R%.

We have, as in [4], the following duality for surfaces in S®. Given a smooth surface N
in S and a point a € N there is an unique equatorial 2-sphere in S3 tangent to N at a,
and a corresponding pair of poles a*. As a varies in N the poles trace out a surface N,
which is the dual of N. In S we have two copies of the dual of N, but if we consider N
in P23, we have only one copy of the dual surface.

It follows by Thom’s Transversality Theorem that, for most points u € S3, the height
function H, and the projection P, are stable. The bifurcation set of each family is given
by Bif(F) = {u € S3 : F, is not stable}, where F is the family H or P.
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The bifurcation set of the family of height functions H consists of the directions u € S3
where the function H, has a local singularity of type As (or worse), or a multi-local
singularity of type 2A4; (or worse). So the bifurcation set of H is given by two strata
where one is given by normal directions at parabolic points and the other by normal
directions to bi-tangent hyperplanes. We denote by Bif(H, As) the regular part of the
local stratum of Bif(H) and by Bif(H,2A;) the regular part of the multi-local strata.

The bifurcation set of the family of projections P consists of the directions u € S3
where the projection P, has a local singularity of type 34, or worse (i.e. 34,, 34, 43
or 43), of type 4% or worse (i.e. 43 or 41), or has a multi-local singularity of type 2II
(or worse). We denote by Bif(P,34,), Bif(P,42) and Bif(P, 2II) the regular parts of the
respective strata in Bif(P). We observe that the subset Bif(H,42) does not correspond
to parabolic points, therefore it bears no relation to the strata of Bif (H).

We establish below the duality relation between the regular strata of Bif(H) and
Bif(P). (The relation between the local strata is also proved in [10] using a different
approach.)

Theorem 4.1. Let M be a generic embedded hypersurface in R*. Then
Bif (H, Ay) = Bif(P,34,) and Bif(H,2A,) = Bif(P, 2II).

Similarly, 5 §
Bif(H, Ay) = Bif(P,34,) and Bif(H,2A4,) = Bif(P, 21I).

Proof. We work as before with M given in Monge form at the origin. If Hy has a
singularity more degenerate than A1, then the origin is a parabolic point. The degenerated
hyperplane at the origin is then given by w = 0 with (0, 0,0, 1) the unit normal. We write,
without loss of generality, j2f = aoy? + az2z?, with asas # 0.

We need to identify the dual direction of ug = (0,0,0,1), that is, we need to find
the tangent plane to the As-stratum in S3. We can parametrize normals near ug by
u=(R,S,T,1), The surface M has a singular contact with the hyperplane normal to u
if R+ f, =0,S+ f, =0and T+ f, = 0. Furthermore, this contact is degenerated when
the determinant of the Hessian of H vanishes, and the 1-jet of this equation is given
by 8ajasbsx + 8ajasbey + 24ajazbrz. Since by # 0 (we have a genuine As-singularity,
Proposition 2.1), we can write z as a function of (z,y), and thus R, S, T are also
functions of z, y: R = —2a12 + Oz(z,y), S = —2asy + Os(x,y) and T = O3(2). Hence
the stratum As is a smooth surface (ajas # 0). The tangent hyperplane to this stratum
is given by T = 0, therefore the dual direction of ug = (0,0,0,1) is uf = (0,0, 1,0).

We now consider the projection in the dual direction ug that belongs to the tan-
gent hyperplane, so P,: is singular. We have the 3-jet of Py:(x,y,z2) equivalent to
(2,9, bsy? 2+ beyz2 +br23 +bgw2? +box? 2+ bigwy2). As by # 0, we change coordinates and
set Pus = (X,Y,(AX? + BXY + CY?)Z + b;Z%). This is equivalent to (X,Y, (£X? +
Y?2)Z+23) if and only if B2—4AC +# 0, that is 3b%,by —4b10bsbg+4b3bg—12b5b7bg+4bsb3 #
0, and this means that P, has a singularity of the type 34, .

We now consider the set Bif (P, 2IT) (multi-local case). Let u(z,y) be a parametrization
of this stratum. Let p; = a(x,y) and ps = (z,y) denote the points in M where the height
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function has an Aj-singularity at the same level. Projecting M locally at p; and ps in a
direction u(z,y) € T, M = T,, M, which is along p; —pa, yields tangential surfaces in R3.
Since a(z,y) — B(x,y) is a multiple of u(x,y) we have (a(z,y) — B(x,y), N(a(z,y))) =0,
where N(a(z,y)) is the normal vector to M at a(z,y). We also have N(a(z,y)) =
+N(B(x,y)). The tangent space to the stratum Bif(P, 2II) is generated by a — 3, ay — Bz
and o, — (. These vectors generate the same space as u(z,y), uz(z,y) and uy(z,y), as
alz,y) — B(z,y) = Mz, y)u(z,y) with Mz,y) # 0. Now ag, B, ay and §, belong to
Tp,M,i=1,2,so

(a(z,y) = Bz,y), N(a(z,y))) = 0,
(0w (2, y) = Ba(2,y), N(a(z,y))) =0,
<Oéy(f£, y) - 6@/(17734)’ N(a(x, y))> =0.

Therefore, the normal vector N (a(x,y)) is dual to u(z,y), so Bif(P,21I) = Bif(H,2A,).
The other two equalities in the theorem follow in the same way as above. O

We have the following consequences of the main duality result.

Proposition 4.2. Let u € Bif(H, A3) and let u* be its dual direction that determines
a projection P : M,p — R3. Suppose that the parabolic set is smooth. Then H, has

(i) an As-singularity if and only if P,~ has a singularity 34,, k > 1;

(ii) an Ag-singularity (k > 3) if and only if P, has a singularity 4% at p.

We now study the projection in the dual direction at a partial flat umbilic point p,
that is, where H, has a singularity Ds. Then j3f(z,y, 2) = a12? + C(z,y) with a; # 0
and

C(x,y,2) = bia® + box?y + bgzy® + bgxz? 4 box’z + bigxyz + y° + y22.
Hence (0, 3,7, 0) in the tangent hyperplane to M are asymptotic directions and they are

parametrized by the unit circle C in the (y, z)-plane. If v # 0, the 3-jet of the projection
P along (0,4,1,0) is A-equivalent to

(X,Y, (8> £ B)Z° + (bg + baB) X Z + (bro + 2b3B) XY Z
+ (bs + b1oB + b3B*) X Z% + (33)Y2Z + (33> £ 1)Y Z?).

In the case where 3% £ 3 = C(0,3,1) # 0, we have j2P A-equivalent to (X,Y, (£X? &
Y?2)Z + Z3) (a 3a,-singularity) if and only if A\g + A8 + X232 + A\36% = 0. If v = 0,
then projecting along (0,1,0,0) yields generically a singularity of type 34,. Therefore,
we have the following result.

Proposition 4.3. Let p be a partial flat umbilic point on M. There is a circle of
directions in T,,M where the projection has generically a singularity of type 3 4,. There
are three (at a D} ) or one (at a D} ) directions on this circle where the singularity is of
type 34, and three or one directions where it is of the type 43.
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