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IDEALS WITH TRIVIAL CONORMAL BUNDLE

A. V. GERAMITA AND C. A. WEIBEL

Throughout this paper all rings considered will be commutative, noetherian
with identity. If R is such a ring and M is a finitely generated R-module, we
shall use »(M) to denote that non-negative integer with the property that M
can be generated by v (M) elements but not by fewer.

1. Introduction. Since every ideal in a noetherian ring is finitely generated,
it is a natural question to ask what v([) is for a given ideal I. Hilbert’s Null-
stellensatz may be viewed as the first general theorem dealing with this
question, answering it when [ is a maximal ideal in a polynomial ring over an
algebraically closed field.

More recently, it has been noticed that the properties of an R-ideal I are
intertwined with those of the R-module I/I?. In particular, the following
folklore theorem shows that this is the case for the number of generators:

THEOREM A. If I C R and the images of a,, . . . , a, € I generate the R-module
I/ then I = (ay,...,ay,e)forsomee = e2mod (ay, ..., a,). Thus

v(I/I?) = v(I) £ v(I/I?) + 1.

Which of these inequalities is an equality then becomes the question of
interest.
Several years ago Vasconcelos [14] and Ferrand [7] independently proved:

TraEOREM B. Let R be a local ring and I an ideal of R. The following are
equivalent:

1) I is generaled by a regular sequence of length n.

2) pdrl < © and I/I%is a free R/I-module of rank n.

Seeking a globalization of this result, Vasconcelos proposed in [14] that one
attempt to prove 2) = 1) for any ring R which has all its projective modules
free. Recently M. Boratyriski showed [4] that this condition on R is not enough
to give 2) = 1).

M. P. Murthy has offered another possible globalization, namely: does
2) = 1) when R = k[xy, ..., x,], ka field? Recent work of N. Mohan Kumar
[9] has shown this to be the case when » < 4 and in some cases when n > 4
(we shall see this below). In fact, Mohan Kumar’s work has directly inspired
this note and led us to consider the following:
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Problem 1. Suppose R is a regular domain and 4 = R[x,, ..., x,]. Let I be
an ideal of 4 with ht I > dim R. If I/I?is a free A/I-module is I generated by
a regular sequence?

In the next section we consider this problem. By reorganizing the proof of
Mohan Kumar’s theorem (referred to above) and using some recent results of
Suslin and Quillen, it is possible to generalize Mohan Kumar’s result to obtain
evidence which affirms Problem 1. We also collect some results from the litera-
ture which pertain to this problem.

In the last section we return to a discussion of the inequalities of Theorem A
for general noetherian rings. There are two related situations where the equality
v(I) = v(I/I?) is valid. However, neither implies the other except in special
cases. Two possible ‘“‘ancestors’’ for these two known results are discussed. We
prove a theorem about real maximal ideals in rings of functions on smooth
compact manifolds which gives conditions under which the equality »(I) =
v(I/I*) + 1 is valid and use it to provide a counter-example to one of our
proposed ‘‘ancestors’’. Problem 2 is stated in this section and refers to the other
possible ancestor. As a further application of the main theorem of this section
we give another proof for Boratyriski’'s counter-example to Vasconcelos’
conjecture.

The ideas of this last section use results from differential topology and we
would like to thank J. Milnor for focusing our attention in this direction. Also,
we would like to thank the Institute for Advanced Study in Princeton for its
hospitality during the preparation of this work.

2. We begin with a simple observation.

LEMMA 1. Let R be a ring, I C R with pdg [ < oo. If I/1? is a projective
R/I-module of rank t then:

1) I is locally generated by a regular sequence of length t;

2) If R 1s C-M then I is unmixed of height (.

Proof. 1) Follows immediately from Theorem B in § 1, and 2) is a direct
consequence of 1) and the definition of Cohen-Macaulay (C-M) ring.

The following proposition is due to Mohan Kumar (see [9, Lemma 4] for
a more general formulation).

ProrosiTioN 2. Let I C R with v(I/1*) = n. Let m be an integer such that
dim R/P £ mif PP Z I, P prime in K.

ThenJa,,...,a, € I where

1) ay, ..., a, generate 1/1?

2)if P D (a4, ..., a,) (P prime) and P D I then dim R/P < m — n.
In particular, if n > dim R then v(I) = v(1/1?).

In trying to decide if an ideal can be generated by n elements a key tech-
nique, first used successfully by Serre, is to find a projective module of rank
n to map onto the ideal in question and somehow prove this projective is free.
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Boratynski [3] has found a very general method to get a projective module
to map onto an ideal.

ProrositioN 3. (Boratyniski) Let I be an ideal of A withv(I1/1?) = n. Suppose
there are elements ay, . . . , a,, s.s' € A such that

Doay,...,ua,s €1

2) sI C (ay, ..., a)

3) (s, 8") = 4.

Further suppose

4) the unmimodular row [aq, . . ., «,] over Ay defines « free module.

Then there is « projective A-module P of rank n mapping onto I.

We now extract the main ideas of a theorem of Mohan Kumar [9, Theorem
5] to obtain the following generalization of his result.

THEOREM 4. Let I be an ideal in A = R[T] containing ¢ monic polynomial.
Supposen = v(I/1?) = dim A/ + 2. Then there is an A-projective P, of rank n,
mapping onto I.

Proof. We assemble a collection of elements as in Proposition 3.

Let «; € I be part of a minimal generating set for I/I%. Since I* contains
monic polynomials of arbitrarily high degree, we may as well assume that «, is
monic of degree = 1. Then («1) M R = (0) and the natural map R — 4/ (a;) =
B is a finite injection. Hence dim R = dim B.

Set J = I M R. We intend to pass to the B/J2-module I** = I/(a;, J*) and
apply Mohan Kumar's result (Proposition 2). We first show that dim B/J?B =
dim A/I. Since a; € A = R[T] is monic, the inclusions

R/J—A/I and R/J*— (R/J)[T]/(a,) = B/J*B

are finite maps. This gives dim B/J:B = dim R/J?* = dim R/J = dim A/I.
Now I**/[*** = [/(a,, I*) is an A-module by restriction of scalars. This
yields

y(I**/I**) = »(I/I*) — 1 > dim B/J?B.

By Proposition 2, I** is generated as B/J?B-module by some by, ..., b,.
Let as*, ..., «,* be a lifting of the b; to the ideal I* = I/(a;) of B.
Observe that «»*, ..., «,* generate I*/I*2. This follows since I*/I** =

I/ (ay, I?) = I**/I[**? as A-modules. In fact I** = [*/J2B so that [* =
(a*, ..., a,*) + J*B and, a fortiori, I* = (as*, ..., «,*) + JB.

Let S denote the multiplicative set 1 + J in R (or A) and also denote its
image in B by S. As J lies in the Jacobson radicals of S7'R and S—'B we have,
by Nakayama, that I* = (a2*, ..., «,*) in S7'B. Thus sI* C (ay*,...,a,*)B
for some s € S. Lifting back to 4 we get sI C (¢, ...,a,)4d and
ss=s—-1¢J CL

Finally, we observe that the unimodular row [ay, ..., «,] defines a free

https://doi.org/10.4153/CJM-1980-016-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1980-016-4

IDEALS 213

module over 4, = R[] because «; is monic [11]. All ingredients have now
been assembled to use Proposition 3 and hence complete the proof.

COROLLARY. Let A = R[xy, ..., x,], where R s regular and Ko(R) = Z.
If Iis antdeal of A and

ht 7 > max {dim R, (1 + dim 4)/2}

then v(I) = v(I/1?).
If in addition 1/1* is a free A/I-module, then I is generated by a regular
sequence.

Proof. Let t = v(I/I?) so t 2 ht I. Since ht I > dim R a result of Suslin
(see [2]) states that [ contains a monic polynomial. We claim that the corol-
lary will be proven if we can show that there is a projective module of rank ¢
mapping onto I. To see this recall that, by [11], any projective 4-module of
rank > dim R is extended from R. However, since K((R) = Z and ¢t > dim R,
the projective mapping onto I must be extended from a free module and hence
be free. Thus I can be generated by ¢ elements. If I/1? is free then v(I/I?) =
ht I. In this case, I can be generated by ht I elements which form a regular
sequence.

We use Theorem 4 to get a projective module of rank ¢ mapping onto 1.
We have already mentioned that I contains a monic polynomial. We also
deduce that 2 4+ dim 4/I < v(I/I?) from the computation

1+dmd/I £ (1 +4+dmd) —htI <htl £1
This completes the proof.

Remarks. 1) By the corollary we obtain an affirmative answer to Problem 1
when K¢(R) =Z, 4 = R[xy,...,x,] and n £ dim R.

2) It is easy to proliferate examples of regular rings, R, for which K¢(R) =
Z. Regular local rings have this property as do polynomial extensions of them.

Also, if

D)

R = C‘[Xu, Ce 'xz”]/<22‘"=0xi2 —1
then Ko(R) = Z. ([5]).

3) We now consider Problem 1 for 4 = R[xy, ..., x,], R a regular local ring
of dimension d. 4 isa U.F.D. so if ht I = 1 then v(I) = 1 also (recall that we
are assuming I/I?is free as an 4/I-module). If ht I = 2 then, by a lemma of
Serre [12], there is a projective of rank two mapping onto I. If d = 2 it is
known that A-projectives are all free and so »(I) = 2 in this case. Coupling
these statements with the Corollary to Theorem 4 we obtain an affirmative
solution to Problem 1 whenever n + d < 4. (This was observed in [9] for the
case d = 0.)
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Thus, in this context, the first unsettled cases arise when d = 0, 1 or 2,
htI =3andn +d = 5.

We now give an example which shows that the hypothesis on Ky(R) in the
Corollary to Theorem 4 may sometimes be weakened.

Let A = D[xy,...,x,], Da Dedekind domain nota P.I.D. (so K¢(4) #= Z)
and let I C A4 be an ideal with /1% a free A/I-module. If ht I = n 4 1 then
we know by Lemma 1 that [ is locally generated by a regular sequence. Mohan
Kumar’s solution of the Eisenbud-Evans conjecture [9, Theorem 2] gives
v(I) =n+ 1.

Now suppose ht I = 2. In this case pd I = 1 and, since [ is locally generated
by 2 elements,

Ext'(I, 4) >~ Hom 4, ,(A2(I/I?), A/I) (see [1, Theorem 4.5]).

Hence Ext! (I, 4) is cyclic. Using Serre’s lemma we obtain an exact sequence

*) 0—>A—>Pi>l—>0

with P projective. On the other hand, the Koszul complex over f, being locally
exact, gives a resolution of [

(**) 0— A2P——>PI—> I—0.

From (*) and (**) we conclude that A*P ~ A. It is a consequence of [11]
that P ~ 4 @ J, where rk J = 1. Hence A?2P ~ J. Thus P ~ 4?2 and so
v(I) = 2. We have thus shown:

PRrOPOSITION 5. Problem 1 has an affirmative solution for D[x1, x2], D a Dede-
kind domain.

Here is another special case where we can settle Problem 1.

ProrosritioN 6. If M is a maximal ideal in A = R[xy, ..., x,] and ht M >
dim R (R regular), then M 1s generated by a regular sequence.

Proof. This is a special case of results in [6], for if # = 2 the conclusion is
valid with no restrictions on ht M. If = 1 and ht M > dim R then M M R
is maximal in R and the result follows from [6, Theorem 2]. Note that M /M? is

always a free 4/M-module.

3. This section is devoted to a study of the inequalities of Theorem A for
an ideal in a noetherian R-algebra.

Before stating the main result of this section we recall some terminology and
notation from differential topology. The reader is referred to [8] for any un-
explained terms.

Let M denote a smooth, compact (boundaryless) manifold of dimension /.
The R-algebra of smooth functions M — R is denoted C*(M). If F: M — R!
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is a smooth map, the pointsx € M for whichdF, : (T'M), — R'is non-singular
are called regular points of F; y € R'is a regular value if F~1(y) contains only
regular points. We denote the number of points in F~1(y) by #F~'(y). If yisa
regular value then #F~!(y) is a finite number and this number, modulo 2, is
independent of the regular value y. (See [8] for proofs.) This number (mod 2)
is called the mod 2 degree of F.

THEOREM 7. Let M be « compact smooth bounduaryless manifold, smoothly
embedded in RY. Let A be a noetherian R-algebra with an R-algebra homomor-
phism ¢ : A — C°(M). Suppose also that there are x1, ..., x, ¢ A such that
the ¢(x;) are the coordinate functions of R, restricted to M. Finally, let p =
(a1y . .. ,ay) bea point on M.

If M is a maximal ideal of A contuining (x\ — a1, . .., ¥y — ay) for which
A is regular of dimension = dim (M), then

vl) =1+ v/ M?) =1+ dim (M).

Proof. As A , is regular, v(# /M?) = | = dim (M). We know that »(#) = I
orl + 1, so assume.# is generated by fi, . . ., f,.

Now the (d¢(x; — a;)), are R-linear combinations of the (d¢(f;)), and span
the [-dimensional cotangent bundle of M at p. This shows that the (d¢(f;)),are
linearly independent, i.e., $ is a regular point of the smooth map

F=(o(f)), ..., e(f): M—R.

As F-1(0) = {p} we find that 0 is a regular value of F and that the mod 2 degree
of F'is 1. Since M is compact, there is some y € R\ F(M). Such a y is a regular
value of F, yet #F~'(y) = 0 (mod 2). This contradiction yields the result
v(H) =1+ 1.

Our main applications of Theorem 7 involve the following case. Let 4 be an
affine R-algebra, so that we can embed the real points X of Max spec (4) in R¥
with the classical topology. If some component M of X is a smooth compact
manifold, dim(M) = dim(4), we are in the situation described by the
Theorem.

When 4 is a domain, the requirement dim (M) = dim (A4) is equivalent to
the injectivity of the natural map ¢ : 4 — C*(M).

Example 8. Let ¢ = x> + ... + x,2 — 1, M = S” the graph of ¢ = 0 in
R*t1 and 4 = Rlxo,...,x,]/(¢). A isaregulardomainandif p = (ao,...,a,)
€ S" the maximal ideal #, = (xy — aq, . . . , %, — a,) requires # -+ 1 generators
in 4 although v(A,/ M) = n.

This example was first stated in [5], but the proof given there has a gap.
M. R. Gabel gave a proof for S* and S? and E. D. Davis extended his proof to
S”. Gabel’s idea relies on the contractibility of S* — {p}.

Example 9. (Boratyriski). Let 4, M be as in Example 8 and let B = S™4
where S is either {1 + f2|f € A} or the set of all s ¢ A4 for which ¢(s) never
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vanishes on M. The maximal ideal m, = (x¢ — ay,...,x, — a,) of B, p
(ag, ..., a, € S" cannot be n-generated either. The same is true for B =
the ring of convergent power series on S”.

4,

We can now give the example of Boratynski mentioned in § 1. Let B be as
above with n = 3,i.e., M = S% Itis well-known that all (real) vector bundles
on S* are trivial and thus, by [13, Theorem 11.1] it follows that all projective
B-modules are free. But, for m, as above, m,/m,? is free of rank 3 over B/m, =
R, yet v(m,) = 4. Thus m, cannot be generated by a regular sequence.

Remarks. 1) To obtain his example Boratyriski used a result of Eisenbud-
Levine on the degree of an analytic map germ. This is based on M\lilnor’s
notion of degree for a map of oriented manifolds. Our approach is somewhat
simpler and does not require orientability.

2) C. Giffen has informed us that S? is unique in the following sense: Let
be a closed topological manifold. All vector bundles on M are trivial if and only
if M is a point or a homology 3-sphere. This means that the trick of Exampie 9
is very limited in its applicability.

Example 10. Consider the ring 4 = Rlx, v]/(f), where
F=N 4+ 1)y + @+ 1) —2¢3, N =2 — 1.

It is a simple matter to check that f is irreducible (even in Clx, y]) and that f
defines a smooth 1-dimensional manifold X with one bounded component and
three unbounded components. (See Fig. 1.) In fact, the projective completion
Cof f = 0in P?(C) isan elliptic curve.

The proof of Theorem 7 shows that any maximal ideal of 4 corresponding to
a point on the bounded component of X requires two generators. However, the
maximal ideal corresponding to Q = (1/4/2, 0) is generated by either of

Ly=y+ C+V2)x—1/4/2).

In fact, Q is the only real point of X corresponding to a principal maximal ideal
of A. This follows from the fact that Q is the only point of Max spec (4 ® Q)
corresponding to a principal maximal ideal of 4 ® C.

To see this, let g € 4 generate the ideal corresponding to P € X C C.
This means that (¢g) — P is a divisor with support at infinity. Fix (0 : 1 : 0) as
the identity of C, and let T" be the subgroup generated by the points at infinity.
I' is cyclic of order 4 and Q is the only finite point of T'. As we have seen that
P € T we must have P = Q.

This example raises the following interesting question. Suppose A4 is the
coordinate ring of a smooth affine curve, defined over R. What can we say
about the points of this curve corresponding to principal maximal ideals? We
intend to deal with this question in a future paper.
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Example 11. Proposition 2 gives one general instance where v(I) = v([/1?).
In [6] the authors proved: If I is a maximal ideal in a noetherian ring R and
v(I/1?) > ht I thenv(I) = v(I/I?). This is a special case of Proposition 2 only
when ht I = dim R.

However, the proofs for both facts are very similar; one builds a generating
set by prime avoidance. We would like a common ancestor to both facts. We
give an example to show that one conjectured antecedent (at least for prime
ideals) is false, namely:

If 'is primein A and v(I/1%) > ht I 4 dim (A/I) thenv(I) = v(I/I?).

To see this, consider 4 = R[x, ¥, 2, w] with the relations wx = wy = wz = 0,
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x? 4+ (y — 1)? + 2? = 1. (The picture of this is an S? attached to a line.) It is
easy to check that 4 has two minimal primes: wA and I = (x, y, 3). Now
A/I ~ Rlw] so ht I 4+ dim (4/I) = 1, while dim 4 = 2 as 4/wA is the
coordinate ring of a 2-sphere. Asy = (x2 4+ y* 4+ 22)/2 € I? we havev([/I?) =
2. However, v(I) = 3 because in 4/wA the ideal I 4+ wA /w4 = (x, vy, z) re-
quires three generators, by Example 8.

We leave as a problem another possible ancestor.

Problem 2. Let I be an ideal of 4 for which
v(I/I?) > ht () 4+ dim (4/2), V& D I.
Then, isv(I) = v(I/1?)?
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