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NEWTON POLYGONS AND GEVREY INDICES FOR
LINEAR PARTIAL DIFFERENTIAL OPERATORS

MASATAKE MIYAKE anp YOSHIAKI HASHIMOTO

0. Introduction

This paper is a continuation of Miyake [7] by the first named author. We
shall study the unique solvability of an integro-differential equation in the cate-
gory of formal or convergent power series with Gevrey estimate for the coeffi-
cients, and our results give some analogue in partial differential equations to
Ramis [10, 11] in ordinary differential equations.

In the study of analytic ordinary differential equations, the notion of irregu-
larity was first introduced by Malgrange [3] as a difference of indices of a
differential operator in the categories of formal power series and convergent
power series. After that, Ramis extended his theory to the category of formal or
convergent power series with Gevrey estimate for the coefficients. In these studies,
Ramis revealed a significant meaning of a Newton polygon associated with a
differential operator.

We define a Newton polygon of a partial differential operator following an
idea of Yonemura [13] which is an extension of Ramis’ one. Let
(0.1) P=3 X T aue@)t’DiDE (jl+lal <+ o)

geN? jeN? aeNY
be a partial differential operator of finite order with holomorphic coefficients in a
neighbourhood of the origin, where t = (t;,- - ,) €EC* (p =2 1), x = (x1," " *,,)
€C'(q=0), D;= (8/04, - -,0/0t), etc.

For (0,7, @) € N* X N* X NY we define a left half line @(o, j, @) in a
plane R? by

(0.2) Qo,j, ) ={, ol —ljheR;u<l|jl+|al.

Now a Newton polygon N(P) of the operator P is defined by
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(0.3) N(P) := Ch{Q (o, j, a) ; (0, j, @) with as.(x) # 0},

where Ch{-} denotes the convex hull of sets in {-}. By the definition, Newton
polygon N(P) looks like as follows.
(1) The case of polynomial coefficients in £

i ; Ly (k=1/(s—1))
N (P)
//

(i) The case of non polynomial coefficients in £
A
N (P)

: Ly (k=1/(s—1))

Ramis made clear the meaning of sides and vertices of N(P) in the case of
ordinary differential operator (i.e., (p, ¢) = (1,0)) from a view point of index

theorems of the mappings,

¥

(0.4) P: G*— G,
(0.5) P:G®— G® (s €R),

as follows. For the definitions of G* and G, see § 1.2.

Fors € R, weput k=1/(s —1) € R U {} We draw a line Ly with slope
k such that Ly contacts with N(P) at a vertex or on a side of N(P). Then the in-
dex x(P; G%) (resp. x(P; G*)) of the mapping (0.4) (resp. (0.5)) is given by
x(P; G%) = —min{v; (u, v) € N(P) N L} (resp. x(P; G*®) = — max {v;
(#, v) € N(P) N L;}) (see Ramis [10, 11] for the detailed descriptions).
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The aim of this paper is to give some analogue of these results. For a partial
differential operator, dimensions of kernel and cokernel, however, are infinite in
general. Therefore, we shall study the unique solvability of the Cauchy-Goursat
problem,

0.6) {Pu(t, x) = f(t,x),

u(t,x) —w(t,z) = 0W'x?) (€N, €N,

in the category G* or G (s € R U {% oo}). For this purpose, it is convenient to
convert the problem to the bijectivity of the mapping for an integro-differential
operator L := PD;' D;®,

(0.7) L:G°—G* or L:G®—GY,

by replacing the unknown function u (¢, x) to U(¢, ) by u = D' D;? U + w.
In Chapter 1 (§1—84), we shall study an integro-differential operator of the
form,

08  L=I— % 4@t DiDf (GEN,jEL, acl,
0,7,

where I denotes the identity map. We call this operator of standard type, because
such an operator is derived from the Cauchy-Goursat problem of usual type (see,
for exampe, §1.6 and Wagschal [12]). Under an assumption that the origin is a
vertex or is in a side of the Newton polygon N(L), which will be defined in §1.4,
we shall study the bijectivity of the mapping (0.7) (Theorems A and B).

In Chapter 2 (§5—87), we shall study an integro-differential operator of the
form,

0.9) L=Py0)— 3 @t DiDE (GEN,jED, a€ L),
ar

where P, (0,) is a multi-dimensional Euler type operator of order #. Such an
operator was called of Cauchy-Goursat-Fuchs type in Miyake [7], because such an
operator is derived from the characteristic Cauchy problem of Fuchs type or a
multi-dimensional singular operator of Fuchs type. Under an assumption that a
point (m, 0) is a vertex of the Newton polygon N(L), we shall study the bijectiv-
ity of the mapping (0.7) (Theorem C), and also we shall characterize such number
s € R that the mapping,

(0.10) L:G*™/G*— G*™/G*,

is bijective (Theorem D), which is known as Maillet’s type theorem in ordinary
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differential equations (see Malgrange [4], Gérard and Tahara [1] and references
cited there).

We note that in Yonemura [13] and Miyake {7] only the first positive slope
among the sides of N(L) was analyzed, and hence only the case s = 1 was stu-
died. We also note that the case 0 < s < 1 was essentially studied in Miyake [6).
Therefore, the most interesting part in this paper is in the treatment of the spaces
G® and G for s < 0, and we shall see that this case is completely different from
the case s > 0 (see Theorem B and Miyake [8]).

For the simplicity of descriptions, we restrict ourselves to the operator with
polynomial coefficients in the variables f, but the results obtained in the case
s 2 1 hold under the assumption that the coefficients belong to G* or G accord-
ing to the mapping (see Miyake {7] and Remark 3.2).

At the end of the introduction, we wish to mention that we can see another
analogy between the studies of ordinary and partial differential equations in the
problems of characterization of regular singular points for systems of ordinary
differential equations and that of Kowalevskian systems for partial differential
equations (compare Miyake [5] with Moser [9] and Kitagawa [2]).

Chapter 1. Operators of standard type

1. Statement of results
1.1. Integro-differential operators of standard type
Lett= (t,...,tp) EC*(Pp =21y andx = (11,...,2,) € C? (¢ = 1). We shall

study the following integro-differential operator with holomorphic coefficients in a
neighbourhood of the origin:

finite
(1) L=T1—"3 @) t°DID: (6 EN?, jE 2, a0 € T,

0,1,

where I denotes the identity map and N (resp. Z) denotes the set of non negative
integers (resp. integers).
For j = (1, *.j») € Z?, we define D} = Dfi+--D}? as follows:

tr
D, := 0/0t, and D3} := j; (integration in the variable ¢ from O to ).

We define |jl:i=ji+ o+ -+ +j, € Z for j € Z* as usually. It is the same for
Df for o € Z°.
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1.2. Gevrey spaces G° and G
We denote by G* the set of formal power series of the form,

Ui o) = T U@ b,

ieN?

where U, (x) are holomorphic in a common neighbourhood of x = 0 for all [ € N?.

DerviTion 1.1, Lets € R U {# oo} and U (¢, ) € G*™.
(i) U, x) € G* (s € R) if there are positive constants X and T such that

1s
(1.2) max | Ui(z) | < c'—l% (1N
Heli<x T
holds for some non negative constant C. Here, | x| 1= 2t-1 | 2 |.

(i) U(t, x) € G® (s € R) if there is a positive constant X such that

(1.3) max | Ulx) | < C(T) Ll (I N

el <x T
holds for any 7 > 0 and some non negative constant C(T") depending on T.

(i) G™™:= N G5, G :1= N G, G*:= U G¥.

seR seR seR

By the definition, G! is the set of holomorphic functions in a neighbourhood
of the origin and G® (s < 1) is the set of locally holomorphic functions in the
variables x and entire functions of exponential order 1/(1 — s) in the variable f.
The other function spaces are now easily understood.

1.3. Problem

We shall study the following mappings,
(L)s L: G — G,
(L)(s) LZ G(S)—"G(S),

for s € R U {£ oo},

The purpose of this chapter is to characterize the number s such that the
above mapping will be bijective. In conclusion, we shall see that such a number is
characterized from the slopes of sides of a Newton polygon N(L) of the operator L
defined below.
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1.4. Newton polygon N (L)

For (o, j, @) € N? X Z? X Z¢ we define a left half line Q(o, j, @) in a
plane R? by

Qo,j, ):={l,|ol—[j) €R;u<]jl +]al.

Then a Newton polygon N(L) of L is defined by
(1.4) N() := Ch{Q(o, j, ) ; (0, j, @) with asa(x) Z 0}.
Here Ch{-} denotes the convex hull of sets in {-}. We note that @ (o, 0, 0) (which
corresponds to the identity map I) is included in this set.

1.5. Results

First of all, we assume the following fundamental assumption.
(A) The origin is a vertex or is in a side with non zero slope of N(L).

v v
N«gy// e ko # 0
7 L / U 7 u
% N (L)

First, we study the case where the origin is a vertex of N(L).

Let ky € R U {+ o} (resp. k- € R U {— o0}) be the slope of the side of
N(L) with the origin as an end point which is lying in an upper (resp. a lower)
half plane.

We define two numbers s; €E R U {£ o} (= %, s, < s_) by
(1.5) s=1+4

i

Here we make the following rule:
(i) If k- =0, then s_:=lim; o1 + (1/k) = + oo,
(11) If k+ =+ oo, then Sy = 1.
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(iit) If k- = — oo, then s_ = 1.
(iv) If ky = 0, then sy = limg 1,1 + (1/k) = — oo,

Now our first result is stated as follows.

THEOREM A, We assume the following additional condition,

(1.6) > | ane(0)] <1 (Spectral condition),

i7l=la1=0

where 0 = (0, -,0) € N?. Then we have:
) Ifsy <s <s_, then (L)s and (L) ave bijective.
(i) (L)s, is bijective.
(i) (L) is bijective.
(iv) If s- = 4 0, then (L) 1w is bijective.

Remark 1.2. The assumption (1.6) can be weakened as follows.

(1.6Y There are 7 € R4 and £ € RY (R, = (0, + ©0)) such that

> ane(0) |T7Ee < 1.

lit=1a1=0

Indeed, if we transform the variables (¢, x) to (s, ¥) by t = (718, " *,TpSp) and X
= (&uh, -+, &,), then the condition (1.6) is reduced to (1.6).

Next, we study the case where the origin is in a side of N(L). Let ko (¥ 0) be
the slope of this side and put

(1.7) si=1+1 R
0
Then we can prove the following,

THEOREM B. (i) Let So > 0. Then under the condition,

(1.8) > 1 ane(0)] <1 (Spectral condition),

solzi+lal=0

the mapping (L) s, is bijective.
(ii) Let so = 0 and assume the following condition,

(1.9) k= 20 gr+a]g (0]

jitiai =0

+ 2@ gmlnrad) g (0)] <1 (Spectral condition),

7i+lai<o
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where the swmmations are taken over (j, @) such that So|j| + | a| = 0. Then the
mapping (L) s is injective and the mapping, L : G — G°, is surjective.

Remark 1.3. (i) The conditions (1.8) and (1.9) can be weakened as the same
manner as Remark 1.2.

(i) The condition (1.8) seems to be best in the general framework, but the
possibility of improvement of the condition (1.9) will be a problem leaving in the
future.

The following proposition is an immediate consequence of the definitions $:
and So, but it will play an important role in the proofs of the theorems.

ProrosiTioN 1.4. Let s; (1 = £, 0) be as above, and sy < s < s_ or § = S,
Then it holds that

(1.10) 5|jf+(1*5)f0|+|a|55(|jl-|a|)+l0|+|a|;—5£0,

for any (0, J, &) with agae(x) # 0.

Ifse <s<s_, thend=0ifand only if (a+ 1], [al=1jh) = (0,0). Ifs =
s;(i==,0), thend =0 ifand only if (. + 17|, | ol =171 is on a side of N(L)
with the slope ki. Therefore, if s = sy (resp. s =5s_), then 0 =0 only if |o| =
L1 (esp. [ ol < |7)).

1.6. A simple application and a remark

(A) Let P= P(t, x; D, D,) be a partial differential operator given by (0.1)
and N(P) be its Newton polygon defined by (0.3). We study the surjectivity of

mappings,
(P)s P:G°— G°,
(P)(s) P . G(s) — G(s)

for s € R U {£ oo},
We draw a line L, with slope k:= 1/(s — 1) which contacts to N(P) as in
introduction. We define two vertices Vs = (o, vy) and Vg = (uy, vy) of N(P) by

vo = minfv; (4, v) € N(P) N L},

(L.11) »1 = maxiv; (u, v) € NP) N L.

We put
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Ve=10,7, @) €N X N X N aa0) # 0, (5] + [ al, = [i]) = Vi,
Vo = (0,7, @) EN? X N* X N*; 0,6(0) # 0, (|7 +|al, =17 = Vil

Then Theorem A implies:
o
(i) If Vs # ¢ then the mapping (P); is surjective.

0
(i) If Vis) # ¢ then the mapping (P) is surjective.

Indeed, go prove the statement (i) it is sufficient to show the existence of
(0, I, B) € V; such that the Goursat problem,

Pu(t,z) =f(t,x) € G5, u(t, x) = O('z?)

is uniquely solvable in G®. Theorem A shows that it is sufficient if we can take
(I, B) such that

(1.12) | @015(0) | > ; | @0ja(0) | /7185
04 EV\(0,1,8)

holds for some (7, &) € R4 X R4, Now the existence of such (4, B is_easily
proved as follows: if #{j; (0, j, a) € Vi} = 2, then we take (o0, [, ) € V; such
that { is a vertex of Ch{j € N?; (o, 7, a) € Vsh, where #{-} denotes the cardin-
al number of {-}. If #{j; (0,7, @) € Vi = 1, then we take (o, /, B) € V; such
that B is a vertex of Chia € N*; (o, 7, a) € V).

It is the same for the statement (ii).

In a special case of an operator P with constant coefficients, the mappings
(P)s and (P) are surjective for all s € RU{+£ oo},

(B) We consider the following Goursat problem,

Pu(t, x) := {aD!DE — D}~/ DEv*te — D+ DE-=2y = f (¢, x),

(L.13) {u(t, z) —w(t,x) = 0(tzH),

where t, 1 €C,1 <7<, —B—j<a<B—jand a € C\{0}. In this oper-
ator, — B/7 < so =1+ (a/j) < /). Theorem B implies:

(i) Let @ > —j. Then so > 0 and the problem (1.13) is uniquely solvable in
G% if | @| > 2. The condition | @| > 2 is the well known spectral condition in the
case @ = 0 (ie. so = 1).

(i) If @ < —j, then sy £ 0. Therefore, the problem (1.13) is solvable in G®
for any f, w € G if | a| > exp(sex) + exp(— a).

In Miyake [8], we shall study this operator and discuss more precisely the
spectral condition on @, where we shall find that the circumstances are completely
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different between the cases $o > 0 and s < 0.

2. Gevrey spaces G°(T', X; k) (s > 0) and G;(T, X; k) (s £0)

We denote by @(Hx“ < X) (X > 0) the set of holomorphic functions in a do-
main || z]|:= 2%, |2, ] < X and by @(| x|l £ X) the set of holomorphic functions
in | 2| < X and continuous on | 2| < X.

DerintTION 2.1, Let U (¢, x) be a formal power series written by
txh
(2.1) U(t,x)=ZUzslTBT (Us e C, 1N, BEN).
T 15!

Then we define Banach spaces as follows.
(i) Lets, T, X>0and k€ N.Then U(t, x) € G(T, X; k) if

T\Hxl/ﬂ

(s) Py
(2.2) VU5 = sup | U |G g7 07 < >
(ii) LetsSO, T,X>0,keNandn21.Then U(t,x)EGﬁ(T,X,k)
if
{(n — Il n|B|+ k!
s 1y 18t
23) | Ulr s —suplUw!T’Xﬁ{ 7 | TOIRI TR

Herey!:=I'(y+ 1) fory = 0.

From the above definition, it is easily proved that:

(i) Ifs>0,then for any Kk €N, 0 <X’ < X and 0 < T” < T it holds that
(2.4) G{(T,X):=G(T,X;0) CcG(T, X; k) CG(T", X").

(ity If s<0, then for any k€EN, 0 < X' < X and 0 < T’ < T it holds
that

(2.5) Gi(T, X) = Gi(T, X; 0) = Gu(T, X; k) < Ga(T", X).

Indeed, it is sufficient to check the following inequalities,

( 7 ) {n|ll+(n+1)|BJ+k}'{(n—s)|l[+n|§l}!<<n+1>’f
n—s {(m=—s) 1l +nlBl+ BRI+ ®+DIBD — n :

For U(t, x) = X Upt'z?/11B!, we set
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(2.6) Wﬂ=2l%§(MNW

peN?
Then we have the following,
Lemva 2.2, (i) Let U(t,x) € G(T, X) (s >0). Then Ulx) € 0(|z| < X)

(1 € N?) and for any Y with 0 < Y < X, there is a positive constant R depending
only on s and Y/X (< 1) such that

}l\!s
=7 max [ Ui@) < C oy

holds for some non negative C.

(i) Let U(t,z) € GI(T, X) (s <0). Then U(x) € O(| x| < X/e (0 + 1))
(1€ NP, and for any Y with 0 < Y < X/e(n + 1) there is a positive constant R de-
pending only on n and S such that the inequality (2.7) holds.

Proof. (i) Let s > 0. Then we have immediately,

U ({1 +1{8D! 5
o < LULs GLLELBD! (2)

_lul (sli]!

T (1 —|zl/X)siH+ lzli=a+ -+ x).

Here | U| = | U|#x and U (x) € V (z) means that U () is majorized by V ().
This, together with the Stirling formula, implies (2.7).
(i) Lets<0and U(t, x) € Gi(T, X). Then
1ul

Ui@) <t 1 2 = TiT+ n 817 TBIT B!

||+ @+ DIBP! I |8 <JX>B

By employing the Stirling formula, we have

|+ w+1D|BN! I
{n—s)[Il+nlpP! B!

< ((227;”2)“-://22 (n :l_ 1>n(\11+1ﬁl) (n —1— s)—sm (1’!1 1+ ](%I.*_ 1) | ‘B|>16i’

for some positive constant C. Since

<1 +%>”<e and <n|”+ }(73?_1)|B|>W < (n+1)\mem’
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we get
, n— s\ [ 1]1F Bl fe(n+ 1) \5
Uie) « ¢ Ul (SO 5) 1] 2 B! (<5t )
o e?(n — s)S\M | 1] 1 ,
= cpul (<) 21— e+ Dzl/X
for some non negative constant C’. This shows Uj(z) € O(lx| < X/e(n + 1))
and hence the inequality (2.7) follows immediately. O

Now we shall prove the following,

LemMA 2.3. Let s € R. Then it holds that:

(2.8) G'= U GXT,X),G®=U N GT,X) whens>0.

T.X>0 X>0 T>0

(2.9) Gi= U GUT,X),G®=U N GT,X) whens=<0.

T,X>0 X>0 T>0
Proof. Lemma 2.2, (2.4) and (2.5) imply
G'D U G(T,X), GO>D> U N GT, X) (s>0),

T.X>0 X>0 T>0
and the same relations for G3(T, X) (s < 0).
In order to prove the converse, let Ujx) € O(|lz| < X)( € N?) and
assume

(2.10) max | Ui(z) | < cM (1€ N?),

leh<x T
for a positive constant T and a non negative constant C. Let U;(x) = 2 Usx?/B).
Then by employing Cauchy's integral formula on a polycircle II{-; {| x,~| = £X)
(5:>0,&+--+ & =1), we have

L7]ts B!

| Usl<C TWX8 g8

(gﬁ = gfx. . .izésq)_
Since &# takes its maximum on the above mentioned domain at a point &=
B/ BB, /1 BI), we have

1] 181 !
|Usl < C T|’”A'X‘B‘ ,B‘[LB‘B .
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By the Stirling formula, we have |8 |%'8!/B% < C'Q2r| BN V2| B|! for some
positive constant C’. Hence we have

o1 ala-ve LI LB
(2.11) | Ul < C7 Il lmﬁg
for some non negative constant C”.
(A) Consider the case s = 1. From (2.11) and the Stirling formula, we get

s _ sil|+ !
| Uss l < Ci li /2 i B |uz /2 (~1T1wl\)/([6&)7’
for some non negative constant C, and hence U(t,z) = X Ux)t /Il €
GS(T', X)) forany 0 < T'"< Tand 0 < X’ < X
(B) Constder the case 0 < s < 1. In this case we have

. Cun (s A 1BD!

U ﬁ C l $/2 {g—1)/2 !:S_‘IW,,,,,,\.,,, -

Uil < clupeigpene CLLELSL

for some non negative constant C. Let E =exp( —1/). Then U(t, x) €
GS(T', X)) for any O0<T'<ET and 0< X <X since E = min {s%
0 <s <1}

(C) Consider the case s < 0. By employing the Stirling formula, we have

1s {m—=s)11l+n|B
e BT T D 8

L (= S (A

[}
D

] ll-s/z n
< cliﬁ‘li [ —$)=e™) Hn + 1) e} o,

Now in view of (2.11), we have

SBlE L et D[AD!
Ul = O (= e T+ Ve 00 (=5 L1+l BT

Hence for any 77 and X' and 0 < T" < (n — s)¥e’T and 0 < X' < (n + 1)e* X,
we have U (¢, x) € Gy(T’, X). ]

The reader may feel to be curious for the definition of Gi(T, X : k) (s < 0),
but its validity will be found by the following example.
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ExampLE 2.4, Let L =1 — atD;!, where {, x € C and a € C. In this oper-
ator, k, = — 1 and hence s, = 0. Therefore, the mapping, L: G°— G° is bijec-
tive by Theorem A. This is proved as follows. We consider the equation,
LU, z) =F(t,x) in GXT,X). Let U(t,x) =2 Ugt'x?/I11B! and
tDFY U (¢, x) = 2 Vigt'x®/1!B!. Then we have Vig = IU,_145-,. Hence the oper-
ator norm of £tD;! in the space G(T', X) is estimated by

1+28—3)! (+8)! _
I+p—2! (+2p7 - X

1Dt < TX sup 1<

LB=1

By this estimate, we can employ the principle of contraction map in GY{(T, X)
if|la|TX < 1.
On the other hand, suppose we employ the following norm,

IUI®x:=inf{C ;| Ug| < CB!/T'X?).

This norm seems to be natural than that of G¥(T', X) according to the definition
of G° (see (1.2)), but we can not estimate the operator norm of tD;! since

I8
Vil TG < XN Ul = oo a5 f— o

3. Lemmas
Let a(x) = Zasx?/Bl € 0(lx| < pX) (o > 0) and put

(3.1) lalox:= max |a(x)].
!l <ox

Then from the proof of (2.11), we have

(3.2) las] < C(g) | e LBLELE/2DY
(pX)w

for some positive constant C(g) depending only on the dimension ¢ of x. Here
[q/2] denotes the integral part of ¢/2.
Now we prove the following,

LemMa 3.1. Let a(x) be as above.

(i) Let Ult,x) € G5(T,X; k) (s> 0). Then foranmy o > 1, a(x)U (¢, x) €
G (T, X; k) and
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(3.3 lavl < c@ 42l Ul

(i) La U, x) € Ga(T, X; k) (s<0) and k = n — 1. Then for any p >
e/nt 1), alx)U, x) € Gi(T, X; k) and

[q/2]!

<
(3.4) laU] < C(g) (1 — e=5/(n + 1)p} /2

lalox ] Ul

Hence, for any holomorphic function a(x) in a meighbourhood of * = 0 and
Ut,x) € G(T, X; k) or Gi(T, X; k) there is a positive constant Xo( < X) such
that a(x)U (¢, x) € G(T, Y; k) ov G3(T,Y; k) for any 0 < Y < Xy, and

(3.5) taUl < {la) |+ 0N UI
where O(Y) 2 0 and O(Y)/Y is bounded as Y | 0.
Proof. We put alx) U (t, x) = 2. Vigt'x?/1!8!. Then

Vo= 3 Uiyt
B i a;Uip-r ’}’?(ﬁ -

(i} The case § > 0. We have

LU]

‘ Vlﬁ1 < C(g Hdnpx Titlx 18

> Arl+lg2Did Bl —1rit sl + k! B!
0<r<p p‘ﬂ T'(B - T)Y

Since Ziy-BYy1(B— ! =181 BI =) and (Bl —i+ sl + BB
A8l =!I < (Bl +slil+ k!, we have

laU = C@) lal | U] & LD o

_ 7
C@lalxll U] (1 — 1/p) 9+

(i) The case s < 0. We have

Visl < C@ lala il
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i(l+[q/2])' i+ @ +D(Bl— ) + k! LBl
her S =91l +n(pl -+ BB =D

We consider the following inequality.

i+ @+D(Bl =) +K! Bl {m—=9|1l +n|B|+ k)
{(m=—s)11+n(Bl =0+ (Bl =) ]I+ ®+ 1B+ i

|8l —j+1
L+ DABI—j+1D +ulll+k

ﬁ

Bl D = [t k—pt1
s 0 FDTBI=7+D +alll 4%~

i 2 n(Bl— i+ D+ w9l +Ek—p+1
s D D 0 (B =+ D +nll[+k—p

Since 1 <j<i<|B,1<p<m k=n—1ands <0, we have

n(Bl—j+ D+ m—s)ll+k—p+1
m+DBI =7+ D) +nll[+k—p

n(Bl—j+ D+ m—s)[Il+k—p+1
n(Bl—j+1) +ulll+k—p+1

IN

n(Bl—j+D+m—9)ll ~n—s
w(Bl=j+0 +alll = u

IA

This implies

i+ w+D(Bl =D +Ek! |8 {(m—9 1l +n|Bl+Ek
{n=—9)TI+n(Bl =)+ JRI =D W[+ e+ DB+ &

< (n+ 1) (ﬂ—;i> <A+ e},

Hence we have

U n|l|+m+1 + i}
Vis| < C(@) llallox Tqu”iai {?n|—| s) |114] + 12|[%|[ + k}!

&G+ Ig/2D)! [ e\
% ((n ¥ 1)p>’

1=0 l!

and this implies the desired inequality (3.4). O
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Remark 3.2. When s 2 1, if a(t, x) € G*(oT, oX)(p>1) and U, x)
€ GNT, X; k), thena(t, x) U, x) € GS(T, X; k) and

2
(3.6) laU s < (527) Nalma U1k

(see Miyake [7, Lemma 2.4]). By using this inequality and (3.5), the results in
Theorems A and B hold by assuming the coefficients belong to G° or G in the
case s = 1.

Next, we shall estimate the operator norm of an integro-differential operator
t’DID(c EN, j€EZ, o €7 acting on G(T, X;k) (s>0) or Gi(T,
X; k) (s£0).

LemMa 3.3. (i) Lets € R and (0,7, a) € N? X Z? X Z7 satisfy
37 slilta=-9lol+lal=sjl—1lo)t|ol+lal=—a<0.
Then the mapping, t° D} D& : GS(T, X; k) — G5(T, X; k) (s > 0) or t D{ D? :

Gi(T, X; k)= Gi(T, X; k) (s <0), is bounded and its operator norm is estimated
by
(3.8) lt°DiDg | < Clo, j, o, s, ) T'oI-VIX~lalf=0,
Heve C(0, J, a, s, n) is a positie constant depending only on 0, §, &, s and 7.
(ii) Let (o, j, @) satisfy (3.7) with 6 = 0. Then the operator novm of DI DE is

estimated as follows:
(A) Ifs >0, then

(3.9)s I Di Dl < T~V X',
(B) Ifs <0, then

a+ e(n))eummT-mX—tat if |]‘ + | a| >0,

1 DE|| < _
§ ” Di Dz “ {(1 + g(n))eslitlab =l x-lal ¢ ’]l + | a,| <0,

(3.9

—

where 0 < e(n) = 0 as n— + 00,

Proof. Let U(t,x) = 2 Upt'z?/1'B! and DI DU (t,x) = 2 Viet'x? /115!,
Then

! .
VIB:([—I_'O')!‘U1+J—0,B+a ([—U,l-{—]—UENp;‘B‘f—aENq).
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(i) First, we consider the case s > 0. In this case we have

T X 18]
Vil T+ BT+ B!
| U 1 s+l =]ah + {8l +|al+ kM
T Thl-leixlel (I 0)! GTIT+TBT+ k!
< Ul | ]! sl +]Bl+k—al— )
= pul-leixter (I —[a! GHT+TBT+ k! .

In the case s = 1, this implies immediately

(3.10) |t Di Dg| < CT'o\-WIX-lalf=9,

for some positive constant C. In the case 0 < s < 1, there is a positive constant C
such that

(3.11) 4" Di Dg|| < Cs~lo'TloI-lI X ~lalge,

Next, we consider the case s < 0. In this case we have

! Vm ITIIIXIB\
< Ul I i+l =loh+ e+ DB+ ]a]) + K}
= pueixial (= o) {n— )1+ 1l =Tl +ndBl+Ta + K}
. _C Ul
= lil-lal xlal
it + m+ D) [Bl+aljl=]loh)+ @+ Dlial+]|a]+ k!
{n—)I[+nlBl+u(j]—]oD+ @+ D]al+c]+6+ K}
By the Stirling formula we have
||+ w+D |8l +nljl—|loD+ m+Dlal+]|c]+ k!
(=l +nlBl+u(jl—lo) +w+D]al+]al+d+ k!
< o il + e+ D Bl + (il —]o) + n+ Dla|+]o| + k!
- {n=9[T+alBl+a(jl—ToD+@+Dlal+Ta]+ k!

sl +m+1D |8+ k!
{m—s)Il+nlBl+ K1

<Clo,j,a,s,nk”

and hence we obtain (3.8) for s < 0.
(ii) The inequality (3.9)s (s > 0) is obvious from the above proof. To prove
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3.9)s (s <0), we first consider the case #|j|+ m+ D |al=n(j|+]al)
+]al =0.

U+ +a+D(Bl+a) + 8! =9I +n|B8]+ k!
(=501 +17D) +ndBl+Ta) + & W]+ &+ DB+ i

_ nlil+m+1 al n| l| + (n+ 1)‘ l B n + 1\rUil+lah+lal
- Bl m— s +nlpl+ "( n )

<{e'”+fa'(1+1/n)*af it 1jl+1lal>o0,
T lA+ 1/ if |jl+|al=0.

Next, in the case #|j| + (n + 1)| @] < 0 we have

{n(|l|+|j|)+(%+1)(|B|+’al)+k}! {n— )| Il +n|B|+ k]!
{(m—s)(IT+1/D) +ndBl+lah) + 1! ]I+ &+ DB+ i)

_ —nm—ﬁﬂﬂm n—s) (l l| +§ J) i ‘ I D + k4
i1 n($l[+i1|)+n 1 (Bl+la) +k+i
n—s —n(il+laD~lal
< ()
< {esdi\ﬂal)(l — s/n)—\a\ if |]‘ + | a| <0,
1 — s/n)~« it |jl+lal=0.
These imply the inequality (3.9)s (s < 0). O

4. Proofs of Theorems A and B

Proof of Theovem A. 1In the case s < 0 we fix # =1, and we write Gi(T,
X; k) by G°(T, X; k). Let
finite X
A= 2 aga(x)t° DI DS.

0.5,0

Then Theorem A is obtained by showing that A defines a contraction map in
G*(T, X; k) by a suitable choice of T, X and k.
By Proposition 1.4, we know that the condition s; < s < s_ is equivalent to

stil+ @A =s)lol+lal=sdjl=1oh +lol+]al=-0d<0,

for (o, j, @) € N? X Z? X Z% such that @, (x) Z 0. We also notice the following
facts.
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(i) sy <s<s_ thend=0onlyiflj|=]0cl
(i) If s = s, then d =0 onlyif|o| =17l
(iii) If s = s_, then 6 = Q only if | o| < |J|.
First, we estimate the operator norm of @gju(x)t’ Di DZ acting on G*(T,
X: k) in the case d = 0.
(A) Thecase|o|=1jl=|al=0.

(42) ” aoja(x) Dt] Dza ”(Ts,)X;k g ’ aoja(o) | + O(X)
(B) Thecase|ol=1jl>0and|jl+]al=0"
(4.3) | oo (@)t® DI D¢ 7y < AgjasX ™' =0 as X | 0.

Here and in what follows Agses denote various positive constants independent of
T, X and k.
(C) Thecases=s, €Rand|ao|>]j].

(44) “ aaja(-r)ta Dt] Dg H(TS,)X;I( < AajasT‘o‘_‘j‘X_m‘ —0 a T l 0

for any fixed X.
(D) Thecase s =s- € Rand|o| <|jl.

(45) ” aaja(x)tg Dt] Dg |(TS,)X;k < AajasTw\_mX_m‘ —0 as T T + oo

for any fixed X.
Next, in the case § > 0 we have

4.6) [ aosa@)t" DI DE |7y < Aoyas TP VX"14, >0 as k— + o

for any fixed X and T.

Now by using the assumption (1.6), 221, i=(ai=o0 | @oe(0) | < 1, we can prove (i),
(i1) and (iii) in Theorem A, except the cases sy = — ©0 in (ii) and s = + ©° in
(iii).

Consider the case s = — © in (ii). Since the Newton polygon N(L) lies in
the lower half plane, we can take § such that < 0 in (4.1) for any s < § except
the cases (ol —17], 7] +1al) = (0,0). Then A becomes a contraction map in
G(T, X; k) for any fixed T > 0 by taking small X depending on s and next
taking large k depending on s, X and T. This implies the bijectivity of the map-
ping (L) .

In the case s- = + oo in (iii), the proof of the bijectivity of the
mapping (L) 4+ is essentially the same as the above, so we omit it.

(iv) The proof is somewhat different from the above. Since | ¢| = |7] in this

case, we set
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A= Z‘ + > + 2 )a(na(x)let] Dy

o= =0 ol=iji =0 o>
lai<0

=A; + A, + As.

put

Let U(t, ) = 2 U(x)t' /1! and F (¢, x) = 2. Fi(x)t'/1!. Then the equation,
LU((t, x) = F(t, x), implies the following relations.

Ux) — 2 @pax) DEUL(x) — 2 (llo.)T Aoa(2) D' Uiy -a ()

= F/(x) + R (x, D& Uyx) ;| p| <1 finite number of ).

Let UM (x) = (U (x); | I] = N) be a column vector with length d(N) 1 =
(P+FN—-—DV(p—DIN!(=#1{lN ;|| =N}). Then the above relations

imply a sequence of systems of integro-differential equations of the form,

(4.7 {I—d™(x, D%

al <0UN (x)
=FN(x) + R (x, Dg U/(x); ' ll < N) (N € N).

Let G(X; k) (X>0, ke N) be a Banach space of holomorphic functions
with norm

L X‘ﬁ‘ . Iﬁ
(4.8) Ul = Sl;pf U | TBl+ ! < 4o for Ulx) = z? Us B

Then D¢ (| o] < 0) defines a bounded operator in G (X; k) with norm estimated
by

Ipel= (%)

Let 4™ (X; k) = I G(X; k) be a Banach space with norm
(4.9 1U™ e 2= max | Un(z) llew, Ulz) = "(Ui(x)) € 4V (X; k).
{i'=N
The following lemma is a special case of Lemma 4.4 in Miyake [7].
Levvia 4.1, Let the condition (1.6) be satisfied. Then there is a positive constant

Xo such that 4™ (x, D& | al < 0) becomes a contraction map in 9™ (X ; k) for any
X £ Xy and any N € N by taking lavge k depending only on X, and N.
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The bijectivity of the mapping (L) +» is now easily proved.
This completes the proof of Theorem A. ]
Proof of Theorem B. (i) Let s, > 0. By Proposition 1.4,
4.10)  soljl+ A —=s)lal+]al=s(jl—lch+lol+lal=—=0d<0
for any (o, j, @) with @ge(x) £ 0. We set

(4.11) A=( X + 2 + 2)age(x)t°Di DF

Sol7l+lal=0 4=0,10]>0 >0
=0

= A+ A, + A,

We shall estimate the operator norm of the mapping,
(4.12) A: G (X%, X)— Go(X*%, X).

Since Xso(\a\—!j\)x—)a\ — X\o\+a, we have:

(4.13) A4, < ‘.HE‘J » | @052 (0) | + O(X),
(4.14) A l—=0 as X1 0@G=223).

Hence the assumption (1.8) implies the existence of a positive constant X, such
that A becomes a contraction map in G*(X%, X) for any 0 < X < X,. This
proves the bijectivity of (L)s. Indeed, it is sufficient to notice that G*(T, X)
C G%(X%, X) for any T with 0 < T < X% and conversely G*(T, X) D
G*(Y*, Y) if we choose sufficiently small Y.

If we employ the space G* (X%, X; k) instead of G*(X*%, X), we can see
that the existence domain of solutions in (T, X)-plane depends only on operators
oja(x)t’ D! DY such that § = 0 by letting k— + oo as in the proof of Theorem
A.

(i) Let $o < 0. From (3.9)s (s £ 0) and the assumption (1.9), the operator
norm of the mapping

(4.15) A:GPX*, X;n—1)—GrX®, X;n—1)
is estimated by
(4.16) Al < &+ en) + en, X),

where £ <1, e(n) —» 0 as n— oo, and e(n, X) -0 as X | 0 for any fixed #.
Hence the mapping (4.15) becomes a contraction map by a suitable choice of # and
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X. This implies the injectivity of the mapping (L),. The above proof shows that
an equation,

L(t, z; D, D)) U(t, z) = F(t, ) € G,

has a unique solution U (¢, x) € Gio(X%, X; n — 1) for sufficiently small X and
large #n. This proves the surjectivity of the mapping L: G%— G0 but not the
surjectivity of (L), because so < 0. |

Chapter 2. Operators with Euler type principal part
5. Statement of results

The reasonings in the preceding sections go well for more general operators
of the following form which we called of Cauchy-Goursat-Fuchs type in Miyake
{7]:

finite

(51) Lm = Pm(ét) + Z boja(x)tJDfJ g;

a,7.a
where m > 1, 0, = (4D, *,t,D;,) and

(5.2) P, (0 = 2 a,0f (a, € C, ] = Np),

0= 71 <m

where 01 = (£,D,)" - (1,D,,)"” for j € N2,
Let N(L,,) be the Newton polygon of L,. We assume the following condition.

(B.1) A point (m, 0) is a vertex of N(L,.).

Let k. (resp. k-) be the slope of a side of N(L,,) with an end point (m, 0)
which is in the upper (resp. lower) half plane. Let s+ be the numbers defined by
(1.5).

We shall study the bijectivity of the mappings,

(Ln)s Ly:G — G,
(Lm) (s) Lm : G(S) — G(s)’
for s, < s < s,

We assume the following additional condition.

B.2) Iflol+mol—1jl—1) <0 then|al+ m+s)(jl—lo) <0
for (o, 7, @) with bgae(x) #= 0.
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Now we can prove the following theorem corresponding to Theorem A.

THEOREM C. Let (B.1) and (B.2) be satisfied, and further assume that theve is a
positive constant & such that
(5.3) | P,(1) | > eIl + 1)™ (Poincaré condition),

holds for any | € N?, and

(5.4) 2 | boya(0) | 77796« < g (Spectral condition),

lol=ljl<m
lal=0

holds for some T € R4 and £ € RYL. Then we have:

(i) Let s4+ < s < s_. Then (Lw)s is bijective. Furthermore if m + s > 0, then
(Lm)s is bijective.

(it) (Lm) s 1s bijective.

(iti) Let s = s4 and m + sy > 0. If one of the following conditions is satisfied,
then (Lm)s, is bijective:

(5.5) boja(0) =0 forljl=—T1and si ljl +1al =m

(5.6) boja(0) = 0 for (0, 7, @) such that | o| <|jl,
lol+m(o| =1/l =D <O0and|al+ m+s)(jl—1al)=0.

We remark that we may assume 7= (1,-+-,1) and £= (1, --,1) in (5.4)
without loss of generality (see Remark 1.2).

Remark 5.1. (i) From the proof, we see that if boe(x) =0 when | ol +
m (| o|—17] —1) <0, then the same results as in Theorem A hold.

(ii) In the above theorem, some conditions can be weakend. For example, in (i)
if bsie(0) = 0 as in (5.6), then the condition m + s > 0 can be replaced by
another one (see also an example in §7). But we do not discuss such a problem in

this paper.

Combining the arguments in Miyake [7] with the proof of Theorem C, we can
prove the following,

THEOREM D. Let k- = 0 and asswme that therve is a positive constant & such
that

(5.7) inf | = a7 >e Ry:=1[0, ),

reR2,[zl=1 lit=m
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(5.8) 2 | boa(0) | 7778 < e,

lol= J\ m
lal=

for some T € RY and € € RYL. Then the mapping,
Ly:G™/G°— G*™/G*,

is bijective for every s with 4 < § < =+ 0,
We omit the proof of this theorem, since it is the same as [7, Theorem 1.1}
which studied the case ky > 0.

6. Proof of Theorem C

The proof is essentially the same as that of Theorem A, so we omit the detail
except different points.

We introduce a Banach space G*(T, X; k; m) instead of G*(T, X; k)
(s >0)or G{(T, X; k) (s <0) as follows.

Let U(t, x) = 2 Upt'z?/1'B' € G*. Then U(t, x) € G(T, X; k; m) if
I U||(TS‘)X;k;m < + oo which is defined below

_ T\HX{B» ‘ l“m
(6.1) “ iTX"”I'“SE;plU"ﬁI{(s+m)|ll+|5[+k}! (s > 0),
- (s) —_ 1 S)lll+1ﬁi k}'l”’m
(6.2) ]|U|Tka-—sEﬂp|U,,B1TXB {<1+m)IlI+2l T G0,

Then it can be proved that

(6.3) Gs= U GT,X; k;m), G®¥=U N GNT, X; k;, m),

T,X>0 X>0 T>0

for any fixed k and m (see Lemma 2.3 and Miyake [7, §2]).
Corresponding to Lemma 3.1 we can prove the following,

Leava 6.1, Let U, x) € G(T, X; k;m) and a(x) € 0( | x| £ pX)
(o > 0). Then we have

(i) If s >0, then a(x)U(t, x) € G(T, X; k; m) for any p > 1 and it holds
that

. _lgr2)t
(6.4) laUl < C(g) A =1/ g lalox | U

Here C(q) is the same constant appeared in Lemma 3.1.
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(i) If s <0, then a(x)U(t, x) € G(T, X; k; m) for any p > (1 — 5)/2
and 1t holds that

[g/2]!
1—-—QaQ-—s)/2

(6.5) laUl < C(g) Y lallxll UI.

Hence for any holomorphic function a(x) in a neighbourhood of the ovigin, there is
a positive constant Xo such that a(x) defines a bounded operator on G*(T, X; k; m)
Jor any O < X < X, and we have

(6.6) laU Sy m < 1@ | + 0COY U2k
where O(X)/X is bounded as X | 0.

The proof is similar to that of Lemma 3.1, and it is sufficient to notice the fol-
lowing inequality. Let § < 0. Then for any 7 with 0 < ¢ < | 8] we have

Q=91 +]8]+ k! 1Bl (A +mlll+208l—0 + k!
{(A+mlIT+2[Bl+K (BT =0 (A—=—9IT+IBI—i+ k]!

_ Bl+1-j
o AtmlIl+20B81+1—5) +k

W A=+ Bl —j+1+k
2 AEmlif 20— +1+k

j
< ()

We remark that P, (8:) defines an invertible operator in both spaces G° and
G under the assumption (5.3) and its inverse operator Py!(8,) is given by

(6.7) Pul () Ut 2) = 2 Ui(z) m‘

Therefore our problem is reduced to prove the bijectivity of the mapping,
([:m)s LmPr;l(5t) :G°—G° or
L) s LnPi (0 : G¥ — G9,

Since LuPrt(6,) = I — 2 boye(x)t° Di D P;1(0) = I — B, it is sufficient
to prove that B becomes a contraction map in a suitable space G*(T, X; k; m)
under the assumptions of the theorem as in the proof of Theorem A. For that pur-

pose, we have to estimate the operator norm of the mapping,
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(6.8) t? D! D¢ P*(0y) : GS(T, X; k; m) — G5(T, X; k; m).
We note that the assumption (B.1) and the condition that sy < s < s_ imply that

(6.9) s{jl+(1—s)|a(+|a{—m$—6£0,
for any (o, j, &) with bs,(x) £ 0. We note also

If s, <s<s_ thend=0onlyif|c|=]j]
(6.10) If s=s,, then 0 =0onlyif |o| =>|j]|
If s=s_ then d =0onlyif|a| <|j]

Now we can prove the following,

LEMMA 6.2. Let Pu(0:) be as above and (o,j, a) € N* X Z? X 77 satisfy
(6.9) and (B.2). Then the operator novm of t° DI D& Pn*(0,) of the mapping (6.8) is
estimated as follows:

W) Iflel +m(al =171 —1) =20, then

(6.11) It D] Dg P16 | < C(m, &, s, 0, ], a) T17I71iIX~aif=0,
(i) Iflol +m(a| =171 —1) <O, then

(6.12) | t* D! D& P71 (6) | < C(m, &, s, 0,7, @) T7I-VIX~Ial,
(i) If ol =17l <mand | a| =0, then

(6.13) I #* Di D¢ P5!(8) | < &5

Proof. Put t° DI D P2 (0) U (t, x) = 22 Vigt'x?/1!B). Then we have

I 1

(6-14) VIB (l_ O')‘ P, (l +] — O') UI+J g.Bta-

From this expression, the inequality (6.13) is obvious.
(A) The case s > 0. In this case, we have

111y 18] ;
e E A 1 < Com, <0, 0,4, TV | U

a+m.‘a—ja—1){(S+m)|”+‘ﬁ|+k+(S+m)(‘]|—|0|)+|a|}'
X | pjieremto (FmlIl T8 + K

In the case | 6| + m( o] —|j| — 1) = 0, we easily obtain (6.11) since

s+m(jl—1loh+lal=mdjl—lol+1) —|o|—34.
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In the case |o| +m(Ja| —]j1 —1) <0, the condition (B.2) implies (6.12) im-
mediately.
(B) The case s < 0. In this case, we have

| Vigl THX P 11" < Cm, eo, 0, j, ) TVX1| U

X | [ |lo-miiai=lii-n {A+m|i]+2|B|+k+ A +m(jl—]o) +2]|al}!
(=9l +Ipl+E+a—=s)0j1—=TeD) +Tal}t

Iflol+m(o|l—1j] —1) =0, then

[ Vig | TVX ] 11" < C(m, e, 0,7, )T 7VIX-1| U]

{(A+m|i]+2 | |+k+|j[—m+2(a[}!
XTA =91+ k+ A =901 —Toh +]all

Now by the relation (6.9), we have
| Vigl THX B 11" < C(m, €0, s, 0,7, )T VX1 [ U]

SAa+mlil+ 28l +k+jl—m+ 2] al!
{A—=9I+[Bl+k+1jl—m+2]al}!

X k-
which implies (6.11) immediately.
If|lol+m(ao|—1]j] —1) <0, then by (B.2) we have

| Vig| TUX ] []1m < C(m, &, 0,7, ) T7VX12 | U]

(A+m|ll+2|Bl+k+A—9(jl=]oD) +]al}!
{A=9l+1l+rk+aA =507l =Tch +1al!

X
and this implies (6.12). ]

Proof of Theovem C. First of all, we have to make clear the meaning of
assumption (B.2). It is a condition for (o, j, @) with [o| <|j|. Let o] =17l
Then | o] < m implies | a| <0, and also | 6| = m implies | o] + | al < m by
(B.1). Hence if | o] = |j| > m, we have |a| <m — | g <0.

(i) Let us consider the case sy < s < s-. In this case, d =0 only if | o]
= l]| We rewrite the operator [:m ‘= L, Pu' as follows.

~ 4
(6.15) L,=1— 2 B/, z; D, Dy).
i=1
Here,
Bi= X bo(x)t° Di DF P;*(0,).
lol=1jl<m
la|=0
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By = 3 bya(@)t” DI DE Pi}(3).
Bi= 3" bya(x)t* Di D& Pi*(5),

ag,7,a
where the summation is taken over (g, 7, @) such that (B.2) is satisfied with
jl> 1ol
B/l = Z @ b(f/a(x)t(f Dt] Dfrx Przl((jt),
0.,
where the summation is taken over (o, 7, @) which is excluded in B, (1 = 1,2,3),
and hence in this summation § > 0, because s4 < s < s_.
Let us estimate the operator norm of each B; acting on G*(T', X; k; m).

(6.16) 1B, ] < &t {g‘ ;\ | boya (O] + O(X)}.
al=o

(6.17) | B, < CX* for some a > 0.

(6.18) [Bs| < CX)T" for some b > 0.

(6.19) | B < C(T, X)k= for some ¢ > 0.

By the condition (5.4), we can take small positive constant X so that H B || +
| Bl < 1. Next we take large T so that | By + | Bzl + | Bs| < 1. and finally
we take large k so that 2'_, | B; | < 1. This proves the bijectivity of (L) .

In order to prove the bijectivity of (Ly)s, we need more careful estimate for
Bs. Let (o, 7/, @) satisfy the condition (B.2) with |j]| > ]o]and let 0 <d <
m + s. Then the operator norm of the mapping,

1 DI DEPEO) : GS(XY, X by m) — GS(XY, X; k; m)
is estimated by
| t? D! D& Pyt < CXétol-in=ia

Here d(la]l =17 — @l > 0 by the above choice of d. Hence the operator norm
of

By: GS(XY X k; m)— GS(X4, X; k; m)

tends to 0 as X | 0. This implies the bijectivity of (L)
(it) The bijectivity of (Ly)s.) is obvious from the above proof, since in this
case 0 > 0 for any (o, j, @) with | o| > 1]7].

(ii1) Let us consider the case s = s,. We rewrite the operator L, as follows.
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- 5
i=1
Here,
Ci= 2 boalx)t’ DI DY P;'(0) (= By).
lol=1jl<m
lal=0

C = ‘ ;H boja(x)t° DI DE Py'(0:) (= By).
ol=1j
la<0

C3 = Z w baja(-r) ta Dtj Dg Prﬁl(@),
o,j,a
where the summation is taken over (o, §, @) such that |o| +m(J o] —]j] — 1)
>0 and 6 = 0.
Ci = 2P boa(x)t° Di DE P (3)) (= By).
0,1,
Cs = 2 ® boja(x)t° DI DE Py(0),
g.f.a

where the summation is taken over (0,7, @) which is excluded in
C, (1=1,2,3,4), and hence 0 > 0 in this summation.

Let || C, || denote the operator norm of C; acting on G*(T, X; k; m). As in (i)
we can choose small positive constant X, such that || Cil| + || C.ll <1 for any
0<X<X, and any T> 0. Since | Cs| < C(T, X)k¢ for some ¢ > 0, this
term does not play any role in the proof of the bijectivity by letting k — oco.

First, consider the case where the condition (5.5) is satisfied, that is,

(5.5) b)) =0for|j| = —1and sy 7] + | al = m.

This implies | boja lox = O(X) as X | 0. Therefore the operator norm of
Cs: G+ (X4, X; k; m) — G(X? X; k; m) is estimated by

“ Cs “ < C(g I Coja ” boa “pXXd(]al—];y)_\a\
< Clg) 2 ChaXdsemmit
+ C(g) 2% CyppX @sntlol=lil-m

where the summation 2. is taken over (0, j, &) which satisfies (5.5), and 242
is taken over (g, §, @) such that | a| > | 7| except | 6| =0 and | 5| = — 1. Here
we used the relation, —|a| =s,(|j| —|o|) +|0|— m. In the summation
2% if | g| — || = 1, then | | = 1. Therefore,
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m— ol

W; {0, j, @) in the summation Z“’”] <m

u1=max{

Hence for any d with s+ + max{m — 1, p} < d < s, + m, the operator norm of
C; tends to zero as X | 0. As in (i), the operator norm of C¢: G (X%, X; k; m)
— GS(X4 X; k; m) tends to zero as X | 0, since d < s, + m. This proves the
bijectivity of (Ly)s,.

Next, we consider the case where the condition (5.6) is satisfied. Note that the
operator norm of

Cs: G(X4, X; k; m)— G+(X% X; k; m)

tends to zero as X | 0 if d > sy + m. The condition (5.6) assures that we can
choose d > sy + m so that the operator norm of Cy: G+(X¢ X; k; m) — G*+
(X4 X; k; m) tends to zero as X | 0, as the above.

This completes the proof. ]

7. Example
We consider the following partial differential operator,
(7.1)  P={tD, + 1)D} + altD, + 13D, D} + bD} (a, b € C\{0}).

The Newton polygon N{P) is given as follows.

W

3, —2)

(i) By Theorem C, the Cauchy problem,

{Pu(t, x) =f(t, x) € G,

(7.2) wt, z) — wt, z) = 0D (we G,

is uniquely solvable in G* for any s = 2.
(ii) Theorem A implies that the Cauchy problem,

{Pu(t, x)=f(, x) € G,

(7.3) ult,z) —w(t, ) = 0 (we Gf),

is uniquely solvable in G* for any s < 1.
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(iii) Looking at the vertex (4, —1) of N(P), we consider the Goursat

problem,
(74 {Pu(t, x) = f(t, x) € G,

4) w(t, ) — wt, 2) = 0(tz?) (w € GY).
Let

L= @0+ 1) +a'{tD} D;*+ D D;* + a~'bD; ' D
= (6. +1) — A

Then the unique solvability of the Goursat problem (7.4) is equivalent to the bijec-
tivity of the mapping

(7.5) L :G°—G".

Since $+ =1 and s- = 2, let 1 < s < 2. The condition (B.2) is satisfied only if
s = 1. In this case, the conditions (5.5) and (5.6) are not satisfied, since ab # 0.
So we have to take care to estimate the operator norms for

tD2 D733, + 1), D, D;7%3(d, + 1)~! and D/ D2(6, + 1) ¢
acting on the space G'(T, X), and we have:

| tD? D726, + D7 < T7 X2,
| D, D725, + DM < T  X¥2,

<
| Dt D2, + 1)1 < TX 2,

Now the operator norm of A(d; + 1)7!: G1{(X? X) — GY(X? X) is estimated by
1A@G, + D' <|al™™(3/2 4+ |bl). Therefore the problem (7.4) is uniquely
solvable in G'if |al| > | b| + (3/2).
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