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Abstract. We study the ring theory of the multi-parameter deformations of the
quantum Schubert cell algebras obtained from 2-cocycle twists. This is a large family,
which extends the Artin—Schelter-Tate algebras of twisted quantum matrices. We
classify set theoretically the spectra of all such multi-parameter quantum Schubert
cell algebras, construct each of their prime ideals by contracting from explicit normal
localizations and prove formulas for the dimensions of their Goodearl-Letzter strata
for base fields of arbitrary characteristic and all deformation parameters that are not
roots of unity. Furthermore, we prove that the spectra of these algebras are normally
separated and that all such algebras are catenary.
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1. Introduction. The quantum Schubert cell algebras (or the quantum nilpotent
algebras) form a large family of iterated Ore extensions defined by De Concini et al. [9]
and Lusztig [30]. These are subalgebras of the negative part of a quantized universal
enveloping algebra U,(g) defined over an arbitrary base field K and are indexed by the
elements of the Weyl group W of g. The algebra correspondingto w € W, to be denoted
by U™, is a deformation of the universal enveloping algebra of the nilpotent Lie algebra
n_ Nw(n,), where ny are the niradicals of a pair of opposite Borel subalgebras of g.
Furthermore, the algebras /" are isomorphic [37] to certain localization of quotients of
homogeneous coordinate rings of quantum partial flag varieties, similar to the classical
case of Schubert cells. They specialize [39] to the coordinate rings of Schubert cells
equipped with the standard Poisson structure [5, 19].

There has been a great interest in the ring theoretic study of these algebras in
an attempt to develop a somewhat general theory for iterated Ore extensions. The
algebra /" admits a natural rational action of the torus TS| = (I*)*ISW)l by algebra
automorphisms, where S(w) is the support of w, see Section 2.4. The T'S™)l-prime
spectrum of U* was described in [33, 38], and the dimensions of the corresponding
Goodearl-Letzter strata were computed in [3, 39]. The Goodearl-Lenagan conjecture
[16] on polynormality of the torus invariant prime ideals of quantum matrices and more
generally the algebras U were proved in [40], where catenarity and normal separation
of the spectra of U was established too. The algebras U play an important role
in various other contexts: Heckenberger—Schneider classified [22] the homogeneous
coideal subalgebras of quantized universal enveloping algebras of Borel subalgebras
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in terms of U, and Geill—Leclerc-Schroer proved [12] that &/ are quantum cluster
algebras for simply laced g, char K = 0, and ¢ € K transcendental over Q.

Artin et al. proved [1] that multi-parameter versions of the algebras of quantum
matrices and the quantum linear groups can be obtained from the single parameter
case by 2-cocycle twists. After this a number of authors investigated the effect of such
twists on the spectra of graded algebras. The spectra of multi-parameter quantum
groups were studied by Hodges—Levasseur—Toro [21] and Costantini—Varagnolo [10].
The spectra of special cases of multi-parameter quantum Schubert cell algebras were
investigated by many authors: [15, 23, 35, 36], to name a few. Nowlin and Johnson
[25, 34] proved that certain interesting classes of algebras defined in a completely
independent way turn out to be isomorphic to special twists of quantum Schubert cell
algebras for affine Kac—-Moody algebras.

In this paper we carry out a general study of the ring theory of twisted quantum
Schubert cell algebras when ¢ is not a root of unity (without any assumptions on the
base field ). The algebra U/* is graded by the subgroup Qs of the root lattice of
g, generated by the simple roots in the support S(w) of w € W, see Section 3. For
P € Z*(Qsw), K*), denote by U, the algebra obtained by a cocycle twist from /"
using p. Firstly, we give an exp11c1t cla331ﬁcat1on of Speci/™ . This is stated in Theorem
3.1. As in [37, 40], we use results of Joseph [26, 27] and Gorelik [20]. Most of those
results were formulated in [27, 20] for K = k(g), char k = 0. We show that the proofs of
all such needed results work for an arbitrary ¢ € K*, which is not a root of unity and
without restrictions on the characteristic of K. At some steps we take shortcuts using
results of Goodearl and Letzter [18] and [4, Section I1.6]. Furthermore, Theorem 3.1
expresses each prime ideal of 1  as a contraction from an explicit normal localization
of a quotient of ™ by a T!S@I_prime. These localizations are smaller than the ones
obtained via the Cauchon method of deleting derivations [7, 33].

The spectra Specl{ ; are partitioned [18] into a union of Goodearl-Letzter strata,
which are isomorphic to the spectra of Laurent polynomial rings. We prove an explicit
formula for the dimensions of the latter in Theorem 4.5, which works for all 2-cocycles
p, ¢ € IK* not a root of unity, and arbitrary base fields K. In the special one-parameter
case this formula was obtained by Bell et al. [3] and Yakimov [39] when char K = 0
and ¢ is transcendental over Q. We give a (very short!) new proof of the one-parameter
case in Proposition 4.1.

Furthermore, using results of [40] we prove in an explicit way that the TSI
invariant prime ideals of the algebras U”  are equivariantly polynormal. In the
special case of multi-parameter quantum matrices this gives a constructive proof of
a conjecture of Brown and Goodearl [4, Conjecture I1.10.9]. Moreover, we show that
Specd” , are normally separated and that all algebras ¢ , are catenary. This provides
a very large class of iterated Ore extensions for which Gabber’s theorem on catenarity
of universal enveloping algebras of solvable Lie algebras can be extended. In a related
direction, in a forthcoming publication we will prove another conjecture of Brown
and Goodearl [4, Conjecture 11.10.7] that all prime ideals of multi-parameter quantum
groups are completely prime under mild conditions of the cocycle twist.

2. Quantum groups, quantum Schubert cells and their twists.

2.1. Quantized universal enveloping algebras. Denote N=1{0,1,...} and Z, =
{1,2,...}. Form < n € Zset[m,n] = {m, ..., n}. Throughout the paper, K will denote
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a base field (of arbitrary characteristic), and ¢ € KK* will denote an element which is
not a root of unity. We fix a simple Lie algebra g of rank r with Cartan matrix (c;).
Let U,(g) be the quantized universal enveloping algebra of g over K with deformation
parameter ¢. Recall [24] that U4,(g) is the K-algebra with generators

XE K, ie(l,r]
and relations

K'Ki = KiK' = 1, KiK; = KK, KXK' = 79X,

1—c¢;
_ _ K;— K . 1 —¢j e ..
NI XN = = ) :(—1>k[ k ’} (GEF XX 0 =0, i),
i qi k=0 qi

where g; = ¢% and {d;}i_, is the collection of positive relatively prime integers such that
(dicy) is symmetric. Moreover, U,(g) is a Hopf algebra with co-multiplication, antipode
and co-unit given by

AK)=K K, AN =X'®1+K X", AX)=X, 9K ' +1® X
and
SK) =K', S(XH=-K'X" SX7)=—-X K, e(K)=1, e(X7)=0.

The subalgebras of U, (g) generated by { X D¢ *} will be denoted by U.. The sets of
simple roots, simple co-roots and fundamental weights of g will be denoted by {o;}/_,,
{a)},_, and {w;},_,. The root and weight lattices of g will be denoted by Q and P.
Let 9t =Naj +...+No,, P" =Now; +... +No,,and P =Z, 01 +... + Z, 0.
Recall the standard partial order on P: for vj, v; € P set vy > vy if vy = v; — y for
somey € QF. Letv; > vy ifvy > vyand vy # v IfA =Y, mw; € PT,n; > 0,Viel
we will say that the support of A is 1. Denote by (., .) the symmetric bilinear form
on Spang{e;};_, such that («;, ;) = dicy, Vi, j € [1, r]. The g-weight spaces of a U/,(g)-
module V are defined by

V,={veV|Kv=qg"%v, Vie[l,r]}, veP.

A type one U,(g)-module is a U/,(g)-module such that V' = @,cp V). The category of
(left) finite dimensional type one U,(g)-modules is semi-simple (see [24, Theorem 5.17
and Remark on p. 85] for the validity of this for general base fields KK and ¢ € [K* not
a root of unity). Furthermore, this category is closed under taking tensor products
and duals, where the latter are defined as left /,(g)-modules using the antipode of
U,(g). The irreducible modules in this category are parametrized [24, Theorem 5.10]
by the set of dominant integral weights P*. Let V(A1) denote the irreducible type one
U,(g)-module of the highest weight A € P™.

Let W and B, be the Weyl and braid groups of g, and let sy, ..., s.and T, ..., T
be their standard generating sets corresponding to the simple roots «y, .. ., .. Denote
by ¢£: W — N the standard length function. The braid group By acts on U,(g)
by algebra automorphisms by [24, equations 8.14(2), (3), (7) and (8)] and on the
finite dimensional type one U,(g)-modules by [24, equation 8.6(2)]. These actions are
compatible: T, (x.v) = (T,yx).(T,v) forallw € W, x € Uy(g), v € V(X), A € PT.
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2.2. Quantum function algebras. If K is an algebraically closed field of
characteristic 0, we will denote by G the connected simply connected algebraic group
with the Lie algebra g. For all base fields K and deformation parameters ¢ € IK* which
are not roots of unity, one defines the quantum group R,[G] as the Hopf subalgebra of
the restricted dual (I4,(g))° equal to the span of the matrix coefficients of the modules
VL), » e PT:

Cé,v € (U,(9)), cé.’u(x) =&(xv), veV(QR),Ee V), xelly). (2.1)

Since we work with arbitrary base fields, G is merely a symbol. The canonical left and
right actions of U,(g) on U,(g)°

X —Cc= Z C(z)(X)C(]), C“—X= Z C(l)(x)C(z), X € Z/{q(g), (GRS Rq[G] (22)

preserve R,[G], where A(c) = )" ¢y ® c().
For each A € P* we fix the highest weight vector v; of V(A) and denote

cg = cg\ . € R/[G].

The subspace
R* =Span{c} | 1 € P*.§ € V(M)'} C Ry[G]

is a subalgebra of R,[G]. We will need the R-matrix commutation relations in R*.
Denote the canonical Q-grading of U,(g):

Wt X = 4o, wtK; =0, iell,r]. (2.3)

For y € QF, y #0 set m(y) = dim(l), = dim(U/_)_,. Denote by {uy,i}:';(f) and
{u_y,,»};.’;(i’) a pair of dual bases of (i/1.),, and (U_)_, with respect to the Rosso—Tanisaki

form (see [24, Chap. 6] for a discussion of the properties of this form for arbitrary base
fields K). Then we have:

m(y)
A hy (A h)—(v) LA A (A,h2)=(vi=y,m+y) A2 Al
€ G =4 R D DD €81y )82 C5 sy )
yeQt,y#0 i=1

(2.4)
forall »; € P*, v; € P and & € (V(A)*),,, see e.g. [4, Theorem 1.8.15].
For A € PT and w € W, let &, € (V(A)*)_y such that (&,;, T,vy) = 1. (Since
Tw(V()\))») = V()")w)u dim V()\)w}» = 1) Define
et = cg\ka, rePtwe W. (2.5)

w

Then

Moh gt ) +
ele=el"™ =¢2e;l, VALl ePT,wel, (2.6)

see [40, equation (2.18)]. Denote the multiplicative subsets E,, = {¢} | A € PT} C R".
LEMMA 2.1. ([27, Lemma 9.1.10)). For all w € W, E,, is an Ore subset in R*.

In [27] this result was stated for fields IK of characteristic 0 (see [27, Section A.2.9]),
but Joseph’s proof [27] works for all base fields KK, ¢ € IK* not a root of unity as we see
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below. By (2.4) the set E,,, consists of normal elements of R*. Therefore, {¢" | n € N}
is an Ore subset of R* for all e € E,,, in particular E,, is an Ore subset of R*. Joseph
proved iteratively that

{¢" | n € N} are Ore subsets of R* forall ec E,,we W 2.7

using the following procedure. Let o be an automorphism of a ring 4, and 9 be a
locally nilpotent (right skew) o-derivation of 4 (i.e. foralla, b € A, d(ab) = d(a)o (b) +
ad(b)) such that 0do~! is a scalar multiple of 3. The degree deg, a of an element
a € A\{0} is defined as the minimal positive integer m such that 3”*!(a) = 0. Such a
skew derivation 9 is called right regular if for all o-eigenvectors a, b € 4 of 3-degree m
and n, respectively, and k € [n, m + n]

m+n—k

by = Y si(3*"a)(@"'b)

i=0

for some sy, . . ., Spank € K, 5o # 0. It is straightforward to check thatif cdo~! = ¢d
for some ¢’ € [K*, which is not a root of unity, then 9 is right regular, since in that case
all coefficients s are products of ¢’-binomial coefficients and o -eigenvalues. Joseph’s
iterative proof of Lemma 2.1 relies on the following fact [27, Lemma A.2.9]:

If{e" | n € N}isan Ore subset of Aande € Aisao-eigenvector of degree deg, e = m,
then {(3"e)" | n € N} is an Ore subset of A.

This is applied to 4 = R* and 0; = (<~ K1), 8; = (< X)), i € [1, ], recall (2.2).
The skew derivations 9; are regular because aiaia,-*I =q7%9,,Vie[l,r]. Let WS, ... 8, =
wo, where k = £(wg) — £(w). Denote w; = ws;, ...s;, j € [0, k]. It is easy to show by

~whal) .
W " (ey,) for some 7; € I,

and that {(e’\w/_)” | n € N} is an Ore subset of R™. This implies (2.7) and Lemma 2.1.
Denote the algebras

induction on j that degail ekwj = —(wjA, 01,-7), e =10,

R = RY[E,'], weW
and their invariant subalgebras with respect to the action of — K;, i € [1, ], (cf. (2.2)):
RY = {ci(e) " | A e Pt E e V(). (2.8)

One does not need to take span on the right-hand side of the above formula, see [20,
equation (2)]. For u = A1 — Ay € P, Ay, Ay € P set

et =eh(er)! e RT[E,". (2.9)

It follows from (2.6) that this does not depend on the choice of A, A, and that /! /> =
e‘i‘*“z for all 1, y € P. For y € W, define the quantum Schubert cell ideals of R

Q)" =Span(c} | A € P 6 € V()" § LUTv,)
and the ideals
QW) = {cke,! | A e PF.E € V(M & LUT v} = Q) (R'E, DN R (2.10)

of Ry Similar to (2.8), one does not need to take a span in (2.10), see [20, 38].
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2.3. Quantum Schubert cell algebras. The algebras U}, w € W were defined by
De Concini et al. [9], and Lusztig [30, Section 40.2] as follows. Let

w=S...5 (2.11)
be a reduced expression of w (thus / = £(w)). Consider the roots

/31 = ail ) 132 = Sil (aig)ﬂ sy /31 = Sil L Sl'/fl(al}) (212)
and the Lusztig root vectors

+ =+ + + +
Xﬁl _‘Xl’l’Xﬁz_T“il(‘Xiz ""’XﬁI_TSf]"

Ty, (X)), (2.13)

see [30, Section 39.3]. By [9, Proposition 2.2] and [30, Proposition 40.2.1] the
subalgebras U} of U, generated by X;, j€[l,]] do not depend on the choice of
the reduced decomposition of w and have the Poincare-Birkhoff-Witt bases

X3 . ..(Xp)", m.....meN. (2.14)

The grading (2.3) induces Q-gradings on the subalgebras /). The corresponding
graded components will be denoted by (UY),, ¥ € Q. The algebra R" is P-graded by

wtet =v, AeP L veP.gec (V). (2.15)

This induces P-gradings on the algebras R* and Q-gradings on the algebras Rj. The
latter are given by

wtceie,” =v+w), AePrveP.&e (V). (2.16)

For a given y € Q"\{0}, let m,(y) = dimU?), = dim@*)_, and {uy,,-}:iwl(y),
{u_%,»}:'g'l(”) be dual bases of ("), and (U")_, with respect to the Rosso-Tanisaki
form, see [24, Chap. 6]. The quantum R matrix corresponding to w is given by

my(y)
RY=1®1+ Y > wi®@u ;U U.,
yeQt,y#0 i=1

where U, ®U_ is the completion of U/, ® U_ with respect to the descending filtration
[30, Section 4.1.1]. Recall that there is a unique algebra anti-automorphism t of U,(g)
given by

X5 =X «(K)=K", i=1,....r, (2.17)
see [24, Lemma 4.6(b)]. It is graded with respect to (2.3) and satisfies

t(Tyx) =T, (t(x)), Yw € W, x € Uyg). (2.18)
see [24, equation 8.18(6)].

PrOPOSITION 2.2. ([40, Theorem 2.6]). Assume that K is an arbitrary base field,
q € K* is not a root of unity and g is a simple Lie algebra. For all Weyl group elements
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w € W the maps
o) Ry - U”, o) (cte,) = (¢t g, ®id)(z @ IDRY and
R T, 0 () = (48 ¢ )R

w w
where A€ Pt, &e V(A are well-defined surjective-graded algebra anti-
homomorphisms in the plus case and well-defined surjective-graded algebra
homomorphisms in the minus case (with respect to the Q-gradings (2.3) and (2.16)),
recall (2.1). Their kernels are ker = = Q(w)E.

The plus case of this proposition was proved in [40, Theorem 2.6]. The minus case
is analogous. In another form the plus case was obtained in [38, Theorem 3.7] for a
version of U,(g) equpped with the opposite co-multiplication, and different braid group
action and Lustig’s root vectors. We note that in the plus and minus cases the term
e,,* appears on different sides. This is because of the difference in the formulas for the
co-products of X;=. Moreover, the plus case requires the use of the anti-automorphism
7, while the minus case does not. This is due to the fact that one constructs dual bases
of Uy with respect to the Rosso—Tanisaki form by multiplying Lusztig’s root vectors
in the opposite order, see e.g. [24, equations 8.30(1) and (2)].

2.4. Two-cocycle twists. Let C be an (additive) abelian group and R be a
C-graded [K-algebra. Following Artin et al. [1], for a 2-cocycle p € Z*(C, [K*), define a
new algebra structure on R by twisting the multiplication of R by

bl * bz = p(Oll, az)blbz, o; € C, b,— € Rai, i= 1, 2.

This algebra will be denoted by R,. Up to an isomorphism R, depends only on
the cohomology class of p, see [1, Section 3]. Thus, we can assume that the 2-
cocycle p is normalized by p(0, 0) = 1. The group of such cocycles will be denoted
by Z*(C, [K*),. The normalization p(0,0) = 1 implies that for all « € C, p(a, 0) =
p(0, @) = 1. Therefore, the multiplications Ry x R, — Ry, Ry X Ry — R, remain
undeformed for all & € C and the multiplicative identity in R is an identity of R,.
Define

r(a, B) = pla, B)p(B. @), «, B e C. (2.19)
By [1, Proposition 1], if C is a free abelian group, then
r: C x C — K* isa bi-character, (2.20)

which is clearly multiplicatively skew symmetric in the sense that r(8, ) = r(a, )7,
Vo, B € C.
For w € W, denote the support of w:

Sw)y={ie[l,r]]s;i<w}={iel,r]|s; appearsin areduced expression of w}.

For I C[1,r], denote Q; = Pic;Zw;, Pr = BiciZw;, Q;r =Q;NQ" and 'P;L =PrnN
P*. Then

[1rN\S(w) = {i € [1, 7] | w(w) = wi}, (2.21)

see [40, Lemma 3.2 and equation (3.2)]. We have the following.
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LEMMA 2.3. ([40, Lemma 3.2(ii), equation (2.43)]). The subgroup of Q generated by
all y such that (UY), # 0 is equal to Qsw).

For p € Z?(Qs(w), K*), define the multi-parameter quantum Schubert cell algebra
Uy, = ULy
For y € Qs), define the character of TS

t> = H 1790 1= (t)iesw) € TP 2.22)
ieS(w)

and consider the rational T'*™®)l-action on U¥ by algebra automorphisms
tx=1"x, teTF® xeU),,y € Qsw): (2.23)

Since the twists UY , are graded, for all p € Z*(Qsw), I*),, (2.23) induces a rational

TIS®l-action on UY , by algebra automorphisms.
For the simplicity of the notation, define

b, . =¢s(cte,’), d, =¢i(ee, ) eU”, y<we W, hePHEecV() (224)

and denote by xy := x*y the multiplication in UY ,. Equation (2.21) implies that
w(p) = y(rn) = p for all u € P psw), ¥ < w € W, and from (2.6) we obtain that
P — gt W= Ps(w), Az e P[J{,r]\s(w),y <weW, (2.25)

yow yw?

for some s € KK*. Recall Proposition 2.2 and (2.24). Equation (2.4) implies the following
commutation relation in L{_’”’p:

p(wiy + vy, wAy 4+ vy)~ Ipt2 ph, = = p(wi; + vy, why + Uz)ilq whi—viwiatv) pht - pha

w,6 7w, & w,& P w, &
m(y)
+ Z Z p(w)"l + v — Y, U))\Q + vy + y)*lq(lU)tl*Vl+Vawxz+vz+}’>*<%wx2>
yeQt,y#0 i=1
*a
x bwl N 1(” yt)gl bw N 1(”7 )& (226)
for all A; € P*, v; € —wA; + Qsw) and & € (V(X;)*)y,. The elements uy, ; € Us )+,
are as in (2.4). For the values of y € QF, for which wi, +v, +y ¢ O(S(w)) or
w)q + v — 4 ¢ Q(S(w)), i.e. p(wry + vy + y, whi + v; — y) is not defined, the term
bw‘S l(u,y,)glbw 512 vanishes by Proposition 2.2 and Lemma 2.3. The related
product in (2.26) is set to be equal to 0.
The Levendorskii—Soibelman straightening law (see, for instance, [4, Proposition
1.6.10] and [40, equation (2.38)]) is the following straightening law in {/” :

X5 X5 —x(B;. B~ PP X Xy
= > k(X ) (X ) s e K (2.27)

k=(kit1,..., k/;l)GNX(/_i_z'

foralli < j, recall (2.19). Fix a reduced expression of w asin (2.11). Forj € [0, /] denote
wj = Sj, ...s; (thus wo = 1 and w; = w). By abuse of notation we will denote by the
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same symbols the restrictions of p and r to Qs x Qsa;)- Because of (2.20), for all
Jj € [1, 1], there exists a unique #; € T¥®)! such that

i = (B, Bg P, Vi<, (2.28)
recall (2.22). The following lemma is a direct consequence of (2.14), (2.27) and (2.28).

LEMMA 2.4. For all base fields K, q € IK* not a root of unity, Weyl group elements
w € W, reduced expressions (2.11), and 2-cocycles p € Z*(Qs(w), "), we have:

(a) The subalgebra of U , generated by X , ..., Xﬁj is isomorphic to Uffp,j e[l 1]

(b) The algebra Z/lf)fp is isomorphic to the Ore extension Z/lff;,l[x, (t+), 8] for some
(left) (t;-)-skew derivation §; ofL{f)‘f;,] satisfying (1;-)8; = ¢~ ‘#-#)8,(¢;-), j € [1,1]. Here
(#j-) denotes the restriction to L{f}f;l of the automorphism ofu,wfp induced from the action
(2.23), andU! , = K.

(c) The eigenvalues t;. X, = q‘(ﬁ/*ﬂf)Xg/ are not roots of unity.

Since the algebras U ; are iterated Ore extensions, they are noetherian, and the

Brown-Goodearl theorem [4, Proposition 11.2.9] implies that each T!S®)l-prime ideal
of U™ , with respect to the action (2.23) is prime.

3. A description of the spectra of 1/ .

3.1. Statement of the main result. In this section we describe an explicit
stratification of Spec//” , by the spectra of commutative Laurent polynomial rings

over K and the structure of the poset of T®)l-invariant prime ideals of U , for the
action (2.23). For y € W=, define the ideals

1,(y) = ¢,(Q(w);, + O),) = ¢,,(Q(),,)

of Uﬁ’,p and denote
Ay,w — K*{ai‘,’w | = 7)+} — K*{aj;,w | AE P:S"_(w)}’

cf. (2.24)-(2.25). By (2.6) and (2.26), 4,,,, is a multiplicative subset of U* ; consisting
of elements which are normal modulo 7,,(y):

@ ,x =r((w =y, y)g O xd - mod I,(y), 3.1)

Viae P,y e Qsw), X € (U-p),. The following theorem describes SpecL{E’,p set
theoretically and provides some information for its Zariski topology.

THEOREM 3.1. Assume that K is an arbitrary field, q € IK* is not a root of unity,
g is a simple Lie algebra, w is an element of the corresponding Weyl group W and
p € ZX(Qsw), K*), is @ normalized cocycle. Then:

(a) The T-invariant prime ideals of U" , are the ideals I,,(y) for ally € W=". The
mapy € W=* 1 IL,(y) € "I]"S('”N-Speclxﬁ)’p is an isomorphism of posets with respect to
the Bruhat order and the inclusion order on ideals. In particular, ideals I,(y) are distinct.

(b) For all ye W=*, L,()NAy,=90 and the quotient ring R,, =
U” ,/ L)A;,,] is a TS -simple domain.
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(c) For every prime ideal J of U  there exists a unique y € W=" such that
JOI,(y) and JNA,, =0

Denote the corresponding subset of Specid” , by Spec; U . so

Specd”, = | | Specs, (", 3.2)
yew=w

(d) The centre Z(R, ) is a Laurent polynomial ring over KK and we have a
homeomorphism

ty: SpecZ(Ry, ) — Specy, ( U

where for Jy € SpecZ(R, ), t,(Jo) is the ideal of U, containing I,(y) such that
(J0)/1w(¥) = JoRyw N (UL ,/1()). The Zariski closures of the strata Specy U™
are given by

Specy, U2, = || Spec;, o U”,. 3.3)

yewsy

Gorelik described in [20] the torus invariant prime ideals of the algebras Ry and
the resulting stratification of SpecRj as in Theorem 3.1 under the condition that
KK = k(g) for a field k of characteristic 0. Via the homomorphism from Proposition
2.2, this establishes Theorem 3.1 in the untwisted case under those assumptions on K
and ¢g. We show that Gorelik’s arguments work under the weaker assumptions on K
and ¢, taking shortcuts at some steps using different arguments based on the results
of Goodearl and Letzter [18] and Proposition 2.2. The untwisted case of Theorem
3.1(a) was stated in [41, Theorem 3.1] but the proof was not given there. The proof of
Theorem 3.1 is given in Section 4 and Sections 4-4 contain some preparatory results.

Consider a [K-algebra R equipped with a rational action of a IK-torus T" by algebra
automorphisms. It gives rise to a Z"-grading of R. Then for each p € Z*(Z", K*) the sets
of T"-prime ideals of R and R, coincide. (This is similar to the observation of Goodearl
and Lenagan for twists of completely prime ideals in the proof of [15, Theorem 4.1].)
In particular, Ris T"-simple if and only if Ry, is T"-simple. Using [18, Lemma 6.3(c) and
Corollary 6.5] and [4, Theorem I1.6.4] one can show that the twisted case of Theorem
3.1 can be deduced from the untwisted case. For most of our proofs of Theorem 3.1 we
directly work with the twisted case, since it does not make a difference in the proofs.

It follows from Theorem 3.1(c)—(d) that Spec, ,,\U" , are precisely the Goodearl-
Letzter strata [18] of Spec//™ ;. Namely, we have that

Spec,w(y)u_’”.p ={Je SpecZ/lﬁ),p | Nemisent.J = L,(»)}. 3.9

REMARK 3.2. For I C[1,r]
Rf =Span{c; |» € P& € V())*} C R"

is a subalgebra of R™ (called the quantum partial flag variety associated to I), see [37].
Joseph’s argument for the proof of Lemma 2.1 shows that Eg,)., = {¢}, | A € P;(w)} is
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an Ore subset of RE

S(w)- Define the subalgebra

R0 ={ct(e) " 1 e Péwyp £ €V C Rjg(w)[Eg(lw)!w]
and its ideals

OWsiuyw = {ch e (@)™ 11 € Pl € € VIV, & LULT,v;). (3.5)

The argument of the proof of [40, Theorem 2.6] gives that the restriction
PRy, 0 Rsuyo = UZ

is a surjective algebra anti-homomorphism with kernel Q(w);f(w)’w, see also [37,
Theorem 3.6]. The proof of Theorem 3.1 works in the same way if the map ¢ is

w
substituted with its restriction ¢ gy~ and the T®)\-primes of ¢/* are also given by

Lo(») = ¢X(OW)5( ) Yy € W, (3.6)

We finish with noting that [17, Theorem 2.3] of Goodearl and Letzter, and Lemma
2.4 imply at once the following.

PROPOSITION 3.3. Every prime ideal of UY , is completely prime for all base
fields K, q € K* not a root of unity, Weyl group elements w € W and 2-cocycles
p € ZX(Qsw), "), such that the subgroup of K* generated by

(B, Ba P = (x(B), B~ PP 1 <i<j<t(w)

is torsion free, recall (2.12).

3.2. Complete primeness of certain ideals. We start with a couple of auxiliary
results for the proof of Theorem 3.1. The following lemma was proved by Joseph for
K = C, g € C* notaroot of unity [27, Proposition 10.1.8] and for I = k(g), chark = 0,
[26, Proposition 7.3]. It is easy to verify that Joseph’s proof works in the general case.
We provide the second proof based on Proposition 2.2.

LEMMA 3.4. Let K be an arbitrary field, g € K* not a root of unity. The ideals Q(w)*
and Q(y)E of R and RY are completely prime for all w € W,y € W=""in the plus case
andy € W=" in the minus case.

Proof. By Lemma 2.4(b) U} is a domain, Vw € W. Proposition 2.2 implies that
O(w)E = ker ¢ is a completely prime ideal of RY. It is straightforward to verify that
the map

(RY | Q) #K[P] — (RY[E,'1/(Q(w)*RY[E,']),
(cte, + Qw)p#u > che, ™ + Qw)*RY[E,"], nweP.rePt eV

is (a well-defined) algebra isomorphism, where the smash product is defined via the
action

- (r+ Q) = T+ Qw)y),  weP,re(RY),, v €Q,
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cf. (2.4) and (2.16). Therefore, Q(w)iR+[El; ]is a completely prime ideal of RT[E;!]. It
follows that Q(w)* = Q(w)*RT[E;']N R' is a completely prime ideal of R*,Yw € W.

We have T,,v; € Uy Tyv,, for all 2 € P and y € W= in the plus case, y € W=V
in the minus case, see [27, Lemma 4.4.3]. Therefore, in those cases Q(y)* N E, =
¢ and thus Q(y)*R*[E,'] is a completely prime ideal of RY[E,!]. So QO(y)t =
O()*RT[E, "IN RY is a completely prime ideal of RY.

LEMMA 3.5. For all base fields K, q € K* not a root of unity, Weyl group elements
y < w and 2-cocycles p € Z*(Qswy, K*)n:
(@) Q(w): + Q(),, is a completely prime ideal of Ry and

(O(w)y, + 0, N{ele, [ 1 e Piwn) =9, (3.7)
(b) 1,(») = ¢ (Qw), + Q()y,) is a completely prime ideal of U™, and I,(y) N
Ay =1,

Assume in the setting of Section 3 that C is a finite rank free abelian group. Then
for a graded subspace I of R, I is a completely prime ideal of R, if and only if / is a
completely prime ideal of R, see the proof of [15, Theorem 4.1]. Therefore, it is sufficient
to prove only the untwisted case of Lemma 3.5(a). Taking into account Proposition
2.2, we see that part (b) of Lemma 3.5 follows from the first part of the lemma.

Gorelik [20, Lemma 6.6] stated the untwisted case of Lemma 3.5(a) for K = k(g),
char k = 0. Her proof works under the above more general assumptions on K and
q. We review the key steps of her proof below to show this. For € P denote the
automorphism

yhry=clrctl, reR”

of R¥. It is obvious that Ry is stable under it. Recall the skew derivations 9; = (< X;")
of R from Section 2. By a direct commutation argument, one shows that forallw € W,
i €[1,r] such that sw <w, A € PT, u,v e P, € € (V(1)*), and ¢ in the algebraic
closure of K:

3k € Z suchthat (¥ — rid)'c; =0 =
3k € Z, such that (y/ — tq—(v,w/4>+<v—ma,-,wau>id)k(aimcg) =0, (3.9)
where m € N denotes the 9;-degree of cg}. For r € RY set
wt,(r) =y € Q if (Y5 — ¢""Widy*r = 0 forsome k € Z, andall u € P.

We say that & € V(1)* is homogeneous if & € (V(1)*), for some v € P. For a reduced
expression v = s;, ...s;, € W and a homogeneous element & € V(1)*, denote

95 (ck) = 9" ... 9 (c}), (3.9)

mjiy

where for j=k,..., 1, m; is the 0;-degree of 9;/ " . ,:n K (cg) see Section 2. By
induction (3.8) implies that for all homogeneous £ e V(A) if Wtw(cé e;*) exists, then

Wtw(cge”\) —w! wt(cge;’\)
=wti (51 (ch)er™) — w31 (c))er™) = —2wi((0) i (c)))e ™), (3.10)
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recall (2.6) and (2.16). The last equality follows from e, “ctel = ¢~ ¢}, VA € PT,
w,v e P, & e (V(r)), whichis a special case of (2.4). The automorphisms %, u € P
of Ry commute, because of (2.6) and act locally finitely, since they preserve the grading
(2.16). Therefore, Ry is a direct sum of the common generalized /% -eigenspaces, i € P.
Equations (3.8) and (3.10), and the fact that for each y € Q there exists A € P+ such
that (RY), = {cte,” | € € (V(1)*), w2} imply that

R = P RiIvl. 3.11)

ye=20%

where Rj[y] is the span of all homogeneous elements r € Ry for which wt,,(r) exists
and

wt,(r) —w lwt(r) =y, y € —20%.
It follows from (2.4) that
Vi) =q""""r mod Qw)f, V¥ € Q.r e (RY)y.

Thus, @, c_20+\iy Ry [¥] S O(w);. Assume that Rf'[0] N Q(w), # 0. Then there exist
A € Pt and a homogeneous element & € V' (L)*, & # 0 such that cge;A € Ry[0] and
E(UTT,v;) = 0. Because of (3.10), wt((9,,-1 (¢}))e; ™) = 0,50 9,,-1(c}) = se} for some s €
I<*. Thus, &((X;)™ ... (X;)™v;) # 0 for some my, ..., m; € N, where iy, ..., ij are the
indices of the reduced decomposition (2.11) of w. Yet, (X; )™ ... (X; )"v; € UT T,
by [27, Lemma 4.4.3 (v)], s0 §((X; )™ ... (X;)"™v;) = 0 because & (U Tyyv;) = 0. Thus,
the assumption is not correct and

O(w)) = Bye20n\ Ry [¥]- (3.12)
“_stable and

Moreover, R{[0] is a subalgebra of Rf. The ideal O(y), is ¥k
homogeneous with respect to the grading (2.16), thus Q(y);, = (Q(»), N Ry[0]) ©

(Q0),, N (Bye-20n0)Rg [¥]) and

Ry /(Q(),, + Q(w)y,) = Ry[01/(Q(»),, N Ry[0])
= (00, + Ry [0D)/ Q) = Ry'/Q0),,-

Therefore, Q(y);, + Q(w)} is a completely prime ideal of Ry, since Ry /Q(y), is a
domain by Lemma 3.4.

Next, we go over the key steps of Gorelik’s proof of (3.7) to show that it works
for all base fields [, ¢ € K* not a root of unity. We have that ete,* € Q(w);, + O(»),,
if and only if eﬁeﬁ; € Q(w)" + Q(y)~ for some A" € P*. (For some of the arguments
below, A’ should be chosen sufficiently large.) Define s; * w = max(s;w, w). Let s;y > y
and y < w. Then s;y < s; * w, [27, Proposition A.1.7]. Gorelik proves that

diel € Qw)T + 00" = ¢ e, € Olsixw)t + Osiy)” (3.13)

as described below. Since (3.7) is obvious for y = w = wy, (3.7) follows from (3.13) by
induction.

Define the automorphisms &; = («— K;) of R" and the (left skew) derivations
3; = (=~ X7, i e[l,r], cf. Section 2. For a homogeneous element r € R* with respect
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to the grading (2.15) in an analogy to (3.9), define 5?(r) = 5;1(r), where n = degj, r.
Since K[X; U_T, v, CU-Tyv;, YA € P,

3100 C Q). VneN. (3.14)

If s;w < w, then degg, ¢4 = 0 and eﬁi},e;}; = tgf(e;eﬁ;) € O(w)* + O(s;y)~ for some ¢ €

[<*, because Q(w)* is 8;-invariant. This proves (3.13) in the case s;w < w. The case
s;w > w of (3.13) is more complicated. First one decomposes according to (3.11):

e;el;A =by+...+ by for by e O(), NRY[0], b;
€ Ry[-2y], v € Q7\{0},j € [1,m],
v; # yy forj # j. Then
wt(b)) = wt(e;e;x) =(w—yX, Yjel[0,m]. (3.15)

Denote n := degy- (¢*¢"). Since the elements by, ..., by, are linearly independent, cf.
(3.11),

degy (bt ) <n, Vje[0,m] and
ek e, = 10;(€pel) =Y 19, (b)), 1€ I, (3.16)

Siysiw
jeM

where M = {j € [0, m] | degz+(b;e’;) = n}. Analogously to (3.8) one shows that for
siw > w, if r € RT is homogeneous and wt,,(r) exists, then Wts,w(ﬁ,»r) exists and

wty, (r) + w™ wt(r) = Wiy, (9;7) + (s;w) ™! wt(9;r). (3.17)

Equations (3.15) and (3.16) imply that wt(d, (b)) = wt(e;,ye?i'w) for all j e M. It
follows from this, (3.17) and (3.12) that 3/, o) 3, (bjel) € O(s;w)*. Equation (3.14)
implies that 5f(boe*w+’v) € QO(s;y)~, which completes the proof of (3.13) in the case
S > w.

3.3. Strata of prime ideals. For J € Spec!/” , and A € P+t denote
C)=1{veP|IecVR))Nb,, ¢J)

For all A € P*, we have —wA € C;(A) since aﬁ)’w =1 ¢ J. Denote by D;(i) the set of
minimal elements of the set C;(1).

LEMMA 3.6. For all base fields K, g € K* not a root of unity, we W, pe€
Z2(Qs(wy, Ky and 1 € Specid” , there exists a unique y € W=* such that D;(\) =
{—yA} for all ). € P*.

Gorelik’s analogous result [20, Section 5.2.1] was formulated under the assumption
K = k(g) for afield k, char k = 0. This proof works under the more general assumptions
on K and ¢. We sketch this below.
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Proof of Lemma 3.6. Fix J € Specid” . Let ) € P*,v € D;(1),& € (V(A)*),, b, . ¢
J. Applying (2.26), we obtain that bﬁ)’g defines a non-zero normal element of U ,/J:

bkw’éx =r(v+ wl, y)q“’"“’y)xb?v’s mod J, Vx e (Z/lf)’p)y, Y € Qsw)-

Applying this twice and using that r(., .) is multiplicatively skew symmetric (see Section
2), we obtain that for all A; € PT, v; € Dy(X), & € (V). bﬁjii ¢J,i=1,2,

Ay A2 {(vi—wA, vt wA)+{va—wha, v +wAL) LAL A2
bw,élbwfz =4 bwflbwfz

mod J.

Since J is prime and the images of b)l;)i,é,' in Y ,/J are non-zero normal elements, they
are regular. Using the fact that ¢ € K* is not a root of unity, we obtain

(v — WAL, Vo + W) + (V2 — WAy, V] + W) = 0, so (vi, v2) = (A1, A2).

By [27, Lemma A.1.17], if Ay, A € P, then v; = —yA;, i = 1,2, for some y € W.
Therefore, there exists y € W such that D;(A) = {—yA}, VA € PT+. Let A € P**. Since
bﬁvqé # 0 for some & € (V(1)*)_), and ker ¢ = O(w); (see Proposition 2.2), we have
(UL Tyvy)ym # 0. By [27, Proposition 4.4.5], y < w. Analogous to the proof of [27,
Proposition 9.3.8] one shows that D;(A) = {—yA}, YA € PT for the same Weyl group
element y. (]

3.4. Proof of the main result. We proceed with the proof of Theorem 3.1. For
y € W=" denote

Spec,U” , = {J € Specld” , | D;(») = {—yr}, VA € P*}.
The definition of the sets D;(1) and Lemma 3.6 imply

Specd” , = |_| Spec,U” . (3.18)
yew=n
Proof of Theorem 3.1. By Lemma 3.5(b), 1,,(y) € Spec,U” ,, ¥y € W=". Since
dim(V (1), = 1, Vi € P*, y € W, each stratum Spec,” , contains a unique T/
invariant prime ideal, which would have to be precisely the ideal 7,,()). This implies
part (a) of the theorem except the statement for the poset structure of TI-Spect/™ .
It also implies

I,(y) = Niemswn t.J, VJ € Specybl_w,p, (3.19)

recall (2.23). Furthermore, we have
Spec,U” , ={J € Specld” ;| J 2 I,,(y) and J N 4,, =@} (3.20)

The left inclusion in (3.20) follows from (3.19) and the definition of the sets D;(1). The
equality follows from (3.18).

To complete the proof of part (a), note that y; <y, € W=" implies U_T),v; 2
U_T),v;,see[27, Lemma 4.4.3], therefore Q(y1);, € O(»2);, and I,,(y1) = ¢ (1)) S
&5 (00n),) = Ly(y2). Now assume that 1,,(y1) € I,(y2) for some y;, y» € W=¥. Since
aj,z,w ¢ I,(3») by Lemma 3.5, aﬁzyw ¢ I,(y1), VA € PT. Therefore, Ty,v; € U_T),v;

(because otherwise we would get ¢} e,* € Q(y1),, and d}, , € I, (y1)). Applying this
toany A € Pt gives y; < y, by [27, Proposition 4.4.5].
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Part (c) follows from (3.18) and (3.20). The rings R, are T'5®)-simple, since
otherwise a T¥®l-invariant maximal ideal of R, ,, will contract to a Tl invariant
prime ideal in the stratum Spec /", which properly contains 7, (y). This will
contradict with the fact that I,,(y) is the only T¥®l-invariant prime ideal in Spec, U" ,
This and Lemma 3.5(b) prove part (b) of the theorem.

It follows from Lemma 2.4 that Goodearl’s result [4, Theorem I1.6.4] is applicable
to the algebras &*, and as a consequence of this all of their T1*)l-prime ideals
are strongly rational. This means that the zero components of the centres R, ,, with
respect to the grading (2.3) reduce to scalars: (Z(R,,»))o = K, Yy < w. Next, we apply
two results of Goodearl and Letzter: [18, Lemma 6.3 (c)] implies that

dim(Z(Ry,,)), =0or 1, forall y € Qsw) (3.21)

and that Z(R, ,,) are Laurent polynomial rings over K. Furthermore, [18, Corollary
6.5] gives that contraction and extension provide mutually inverse homeomorphisms
between SpecZ(R,, ) and SpecR, ., for all y < w. Finally, because of (3.20) and
general localization facts J +— (J/1,,(y)) Ry, is a homeomorphism between Spec, U™ |
and SpecR, ,,. Equation (3.3) follows from part (a) and (3.19). This completes the
proof of part (d). [l

4. Dimensions of the Goodearl-Letzter strata of /" »

4.1. The untwisted case. The spectra of the algebras Z/lwp are partitioned (3.2)
into disjoint unions of the Goodearl-Letzter strata Spec;, ,,\U" » cf. (3.4). Each of
them is homeomorphic to the spectrum of a Laurent polynomial ring over [, namely
Z(Ry,w) (see Theorem 3.1 (d)). To determine Specl{™ ; set theoretically, one needs to
solve the problem for computing the dimensions of these Laurent polynomial rings.
In this section we obtain an explicit formula for these dimensions. This is done in
Theorem 4.5, and Sections 5-5 contain some preparatory results. We note that unlike
Theorem 3.1, the twisted case of Theorem 4.5 is more difficult than the untwisted case
and cannot be deduced from the latter.

Let u € P. If w = Ay — A, for some Ay, A, € PT with disjoint support, define

al, =, @,)" €Ry,. (4.1)
Since r(., .) is a bi-character, see (2.20), equation (3.1) implies that
a,x =r((w =y, y)q’“w”)"’”xaﬁw, Vi € P,y € Qswys X € (Ryw)y.  (4.2)
Recall (3.21). For y € W=" denote the sublattice of Qg
Zyw =1y € Qsw) | (Z(Ryw)), # 0}. (4.3)
By Theorem 3.1(d),
Z(R, ) is a Laurent polynomial ring over [ of dimension equal to rankZ, ,,. (4.4)

The special case for untwisted quantum Schubert cell algebras of the general
dimension result in the below-stated Theorem 4.5 was previously obtained by Bell
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et al. in [3] and Yakimov in [39] under the additional condition that char i = 0 and ¢
is transcendental over (2. We give a very simple new derivation of this formula.

PRrOPOSITION 4.1. ([3, 39]). For all base fields K, g € K* not a root of unity, and Weyl
group elements y < w, the Goodearl-Letzter strata Spec; ,U" are homeomorphic to
the spectra Laurent polynomial rings over K of dimension equal to dim Ker(w + y).

Proof. If pweKerp(w+y)={neP|(w+yu=0}, then by (4.2), ay, €
(Z(Ry,0))w—yu\0}. Therefore, Z,,, 2 (w —y)Kerp(w + y) = 2w Kerp(w + ). So
rankZ, ,, > dim ker(w + y).

Let z € (Z(R),4)),\{0}, y € Qsqw)- The central property of z and (4.2) imply

af,wz — q7<(w+y)u,y>zaﬁw — q7<(w+y)u,y>a§iwz
for all pweP. Since gel<* is not a root of unity, y € (w+y)P)*nN
9, ie Z,, C(w+yP)rNQ. Because rank((w+y)P)* N Q = dimker(w +
y), rankZ,, <dimker(w + y). Therefore, rankZ,, = dimker(w +y), and the
proposition follows from Theorem 3.1(d), cf. (4.4). ]

4.2. Supports of prime factors. Fix a reduced expression
Sip oSy (45)

of w e W and recall (2.12). We will identify the subexpressions of (4.5) with the
subsets D C [1,/]. For D C [1, []set sy = s, ifj € Dand s = 1 otherwise. Define w, =
Siy -+ - Sips w([i’) :sf...s{?, w? = w([,’) and Eg) :sf+l .
D C[1,1] is called a Cauchon diagram if for all j € [1,/— 1], s;w(), > w(). Taking
inverses establishes a bijection between the set of those and the set of the positive
subexpressions of Marsh and Rietsch [32] of the reverse expression of (4.5). By [32,
Lemma 3.5] for each y € W=" there exists a unique Cauchon diagram D C [1, /] such

that w? = y. Using it, define the lattice

D .
..5;, j € [1,1]. A subexpression

Quw= Y Zwl (@) (4.6)

Jjell,IND

We will see shortly that this does not depend on the choice of a reduced expression of
w. The following lemma provides a second characterization of Q,, ,,.

LEMMA 4.2. Let y < w € W. For a reduced expression (4.5) of w, let D C [1, ] be
the Cauchon diagram such that wP = y. In the notation from (2.12):

Qy,w: Z Z:Bi/-~

JelLLIND
By [39, Lemma 3.2(ii)], Qsw) = Zp1 + ...+ Zp;. Thus, Q, ,, is a sub-lattice of
Qsw)- Lemma 4.2 follows at once form the fact that

Siy - - .Sij(Olin) =S ‘gij—l(aif+l) mod (ZS,'I Ce Si,,l(aij))’ V] S [2, [ — 1]
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For y € W=" denote by Supp/” ,/1,(y)) the subgroup of Qs generated by y €
Qg(w) such that (U ,/1,,(y)), # 0, which is the same as the subgroup generated by
v € Qs such that (R, ), # 0. Obviously, these supports do not depend on p. The
next result describes them. (As a side result it also implies that Q,, ,, is independent of
the choice of a reduced expression of w.)

THEOREM 4.3. For all base fields K, q € IK* not a root of unity, Weyl group elements
y < w and 2-cocycles p € ZZ(QS(,U), K,

Supp(uf,p/lw(y)) = Qy,w~

Proof. We will first show that

SuppU?/1,(») 2 Qy - 4.7)

We will use the fact that if )/, y” € W and i € [1, r] are such that y's; > )’ and
s;y" > y”, then y's;y” > y'y”. In terms of the reduced expression (4.5), let D C [1, /]
be the Cauchon diagram such that y = w”. Denote [1, /\D = {ji < ... <ji_p}. For
m € [0, [ — | D|], define

D, =Du{j,...ju}=DU [l»jm], Ym = me-

Then yo =y, yi_ipj=w and y, = w(;,,7)w(l/?/17) = u)(,-m,l)s,-lmwan), Vvm=1,...,1—|D|.
Moreover, y,,—1 = w(,-,,,_l)wg”), Vm=1,...,1—|D|. Since (4.5) is a reduced expression
W, ~1)Si,, > WG,—1). Because D is a Cauchon diagram, s;, w( > W, By the
above mentioned fact, y=ypp<y; <...< y; ip =w. By Theorem 3. l(a) (b),

o & Lw(y), Vm € [1,1—|D]]. Therefore, a} w € U2 /Ly(Y))w—y,). and ay” w €
(U‘“ /1, (y))(w_}m .- By an easy computation one obtains that y,A = y,_1A —
(@ \», @} )Bj, in terms of notation (2.12). Thus,

(@( \hs ) VB, € SuppU” /L, (»)), Vr e P mel[l,l—|D|].
Since gcd{(ﬂgn)k, oeiz”) [AePT)=1,

B; € SuppU?/1,(y)), jell,I\ND

Now (4.7) follows from Lemma 4.2.

Meériaux and Cauchon [33] gave another classification of TIS)I-Spectf®,
associating to each y € W=", an ideal J,(y) € T¥®I_-Spect/”. It is based on the
Cauchon method of deleting derivations [7], which is very different from the one
given in [38]. It is not known yet whether J,(y) = I,(y), Vy € W=¥. Mériaux and
Cauchon [33] proved that a certain localization of U¥/J,(y) by an Ore subset of
homogeneous elements is isomorphic to a quantum torus with generators of weight
{Bi, | n € [1, []\D}, where D is the Cauchon diagram such that y = w”. Combining this
with Lemma 4.2 implies that SuppU” /J,(»)) = Qy.w, Yy € W=. Since {[,(y) | y €
W=} = {J,(») | y € W=} and SuppU” /I,(»)) 2 Q,.w, Yy € W=" we have

Supp(Uf/]w(y)) = Qy,u)a Vy € Ww=v
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4.3. Normal elements. Assume that R is a K-algebra graded by a group C. We
will say that u € R is a diagonal normal element if u € R,, for some yy € C, and for all
y € C thereexists f, € K* such that ur = 1, ru, Vr € R,. If Ris a prime ring and u # 0,
then 7: C — K* is a character.

Forally < w € W thereexists n,,,, € Z4 such that all homomorphisms Q,, ,, — Z
have the form y € 9, , = (A, y) for some A € (1/n,,,,)P.

PROPOSITION 4.4. For all base fields K, q € K* not a root of unity, Weyl group
elements y < w, 2-cocycles p € Zz(QS(w), K*),, and non-zero diagonal normal elements
u€R,,, there exits we (1/2n,,)P such that (w—y)u € Qsw) U € (Ryw)w—y)u
(w+yu, Qyuw) S Z and

ux =r((w — Y. y)g P xu, Yy € Qpy x € (Ryw),
in terms of the integers n,, ., € Z defined above.

Proof. The set of diagonal normal elements of an algebra graded by an abelian
group is invariant under twisting. Because of this, one only needs to prove the
proposition for the algebras &/*, i.e. when p is trivial.

Let u € U*/1,(y) be such that u(a = R, ., is a non-zero diagonal normal
element for some A € PT. Then (4.2) 1mphes that u is a non-zero diagonal normal
element of U™ /1,,(y). By the same reasoning, if we establish the proposition for u, then
its validity for u(a;\uw)‘l will follow. Recall (4.5) and (2.12). By Cauchon’s method of
deleting derivations [7] and the nature of the iterated Ore extension " given by Lemma
2.4 (see [33]), it follows that there exists a localization of 4" /I,,(y) by an Ore set of
homogeneous elements, which is graded isomorphic to the K-quantum torus 7 with
generators zjEl (of weights B;), j € D’ for some subset D’ C [1, /] and relations z;z; =

—{Bi;.Biy)

q 7'zpz;, Vj > j € D'. Since T is obtained from /" /I, (y) by the localization by
homogeneous elements, u is a diagonal normal element of 7. Let D' = {j; < ... < ji}.
Write u as a sum of monomials lzm‘ }f", telK, my,...,meZ. Let lz]”l“ .. .Z]’:lk be

one such monomial that occurs 1n u. By Theorem 4.3 the lattlce generated by B, j € D’
is equal to Q,, ,,. Since u is a diagonal normal element,

Uz, = q(mlﬁi/-l et By~ By —~~.—mk,5ijksl3i/-n>znu’ vn e [1, k]

and

Bi, € Quw > By + ...+ mu By —maiBi | — ... — P Bi) €L,
e [l, k]

defines a group homomorphism. Therefore, there exists wo € (1/n,,,,)P such that
ux = g™ xu, ¥xeT,,y € Qyw- (4.8)

This implies that (4.8) holds for all x € (U4*/1,(y)), and thus for all x € (R, ,,),. Let
ue U /1,(»)y vo € Qyw. Using (4.2) we obtain that for all & € P,

”a:w = qWOv(w—y)k)a;’wu — q<uo,(w—y)?»>q—<(w+y)/\yyo>ua;\va.

Since ¢ € IK* is not a root of unity (ug, (w — Y)A) — ((w + V)&, yo) =0, i.e.

(,w o — 1)) = (4, ¥y (o + 1)), VreP.
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Thus, w™" (o — y0) =y~ (o + y) and
(wy™ = D(—po) = (wy™" + Dy

By the standard linear algebra for Cayley transforms there exits i € Spang{a;};_, such
that

vo=@wy " —Dyn=@w-pu and —po= Wy + Dyu = (w+y)u

(see e.g. the proof of [40, Theorem 3.6]). We have wu = (Yo — no)/2 € (1/2n,,,)P,
so that u € (1/2n,,,,)P. Furthermore, (w — y)iu = ¥ € Qsw) and (w + Y)u, Q) ) =
(—po, Q@yw) S Z, so u satisfies all the required properties. This completes the proof of
the proposition. [

By developing further the arguments of the proof of Proposition 4.4 we will classify
all normal elements of the localizations R, ,, in a forthcoming publication.

4.4. The main result. Denote the lattice

Lywp=1{w—u|pneP, r((w—pu,y)g @ =1, vy eQ,,}, (49)

recall (4.6). One can equivalently use only it € Psq) in (4.9) because of (2.21).

The following theorem provides an explicit formula for the dimensions of the
Goodearl-Letzter strata Spec; (/" , and completes the set theoretic description of
the spectra of all multi-parameter quantum Schubert cell algebras U" .

THEOREM 4.5. For all base fields I, g € K* not a root of unity, Weyl group elements
y < wand 2-cocycles p € ZZ(QS(,U), K*),., the Goodearl-Letzter strata Spec,w(y)lzﬂ”’p are
homeomorphic to the spectra of Laurent polynomial rings over K of dimension equal to
the rank of the lattice L see (4.9).

u
y,w,p’

Proof. Recall the definition of n,, ,, € Z, from Section 5 and define the lattice

L, ={w=yplpne1/2n,,)P, (w—y)u € Qsw, {(w+yr, Q) €7,
r(w — Y, g~ W =1, Wy € Q).

It follows from (4.2) that @}, € (2,1 )w—y). \{0} for all 1 € P that satisfy the equation
in (4.9). Therefore, 2, , 2 L, 4 p. Since every central element of a graded ring is a
diagonal normal element, Proposition 4.4 implies that Z, ,, € £;7w.p. Therefore,

/
ﬁy,w»P g Z}’sw g Ey,w.p'

One easily shows that the index [£
(1/2n,,4,)P] < oo. Therefore,

vwp - Lywpl 18 finite, starting from [P :

_ _ /
rankL, ., p = rankZ, ,, = rankC, , ..

The theorem follows from fact (4.4) that Z(R, ) is a Laurent polynomial ring of
dimension rank 2, ,, and Theorem 3.1(d). O

REMARK 4.6. Cauchon [7] proved that for a Cauchon-Goodearl-Letzter (CGL)
extensions R and a torus invariant prime ideal / of R, R/I admits a localization, which
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is isomorphic to a quantum torus. Computing the dimension of the corresponding
Goodearl-Letzter stratum amounts to computing the dimension of its centre. Bell
and Launois applied this to obtain a formula in [2, Proposition 3.3] for uniparameter
CGL extensions, which correspond to cases when the Cauchon localization is a special
kind of quantum torus with exchange relations involving powers of ¢. For cocycles p
taking values in the cyclic subgroup of K* generated by ¢, this leads to a formula for
the Goodearl-Letzter strata of {* ; in terms of the dimensions of the kernels of large
square matrices of size £(w) — £(y), which is less efficient than Theorem 4.5.

5. Equivariant polynormality, normal separation and catenarity of /" .

5.1. Polynormality. In this section, using results of our previous paper [41], we
prove that all TS®)l.prime ideals of U, are equivariantly polynormal, the spectra
Speci” , are normally separated and all algebras U ; are catenary.

We start with a brief review of equivariant polynormality. Assume that a ring R is
equipped with an action of a group I" by algebra automorphism. We say that an element
u € Ris I'-normal if it is a ["'-eigenvector and if there exists g € " such that ur = (g.r)u
for all » € R. Sometimes I'-normality is defined requiring only the second condition,
see [13], but this is not sufficient to extend the definition to I'-polynormality for I'-

stable ideals of R. Given a I'-stable ideal I of R, we say that a sequence uy, ..., uy € R
is a ['-polynormal generating sequence of I if {u, ..., uy} generates I and for all
i=1,..., N the element ; is a I'-normal element of R modulo the ideal generated by
uy, ..., u;_1. Note that it follows from the conditions on the elements uy, ..., #;_; that
the two-sided ideal of R generated by them is I'-stable and equals Ru; + ...+ Ruy;. In
particular, R is generated by uy, ..., uy as a one-sided (left or right) ideal.

For all 1 € Ps), © € Qs there exists a unique 7, 5 € T¥®) such that
(tus)” =rx@, v)g" """ ¥y € Qs

cf. (2.22) and (2.26). It is clear that the map (i, ) € Psw) X Qsw) > s € TN s
a group homomorphism. Thus, its image

PQup ={tus | 1 € Psw), P € Qsw)} 5.1

is a subgroup of T¥®)_ which is a quotient of Psy) X Qsuw)-
For every A € P;(w) andy < w € W fix a'ﬁI.lite subset V,, ,(A)* C V(A)* consisting
of homogeneous elements such that the restriction map

S V()")* i ElZ/Lrva;\ € (u-ﬁ-TwUA)*

sends bijectively V,,,,(A)* to a basis of (U_T,v; NU;T,v:)* C Uy T,v;)*. Given Q C

S(w) denote

V(@) = || Vo).

reQ

Define the maps

hw: V) () = Q, wt: V) y(w) > P, hw(§) =1, wt(§) =v, if & € (V(A)")..
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Denote the partial ordering on V), ,,(£2):

£ <&, if hw(¢) =hw(¢) and wi(§) < wi(§"). (5.2)

THEOREM 5.1. Assume that K is an arbitrary base field, ¢ € KK* is not a root of unity,
g is an arbitrary simple Lie algebra, w € W and p € Z*(Qswy), K*), is a normalized
2-cocycle.

(a) Since U™ , is noetherian, for eachy € W=" there exists a finite subset Q ofP;(w)
such that the zdeal 1,(y) is generated by b* weJor k€ Q, & € V(L) recall (3.6). Fix any
linear ordering & < ... < &y on'V, ,(R2), whlch is a refinement of partial ordering (5.2).
Then

th(E 1) th(EN)

w0t Yw by

is a TSWl_polynormal generating sequence of the ideal I,,(y). More precisely,

hw(&;) w(§) hw(& ) hw(&;—1)
bw.é X = (thW(& ), wit(€;)+w(hw(&))) X)wa & mod <uw pbw & l -+ uw pbw &1 l )
for all x € Z/Iﬂp, i=1,...,N. All automorphism related to the above normal elements

come from the subgroup PQ,, , of TSWI ¢f (5.1).
(b) If the base field K has characteristic 0 and q is transcendental over Q, then the
conclusion of part (a) is valid for Q = {w; | i € S(w)}.

Proof. The untwisted cases of parts (a) and (b) of Theorem 5.1 were proved in [41,
Theorem 3.6] and [41, Theorem 3.4], respectively. The theorem follows from this, since
all elements of the polynormal generating sets are homogeneous with respect to the
grading (2.3). O

A special case of Theorem 5.1 gives a constructive proof of a conjecture of Brown
and Goodearl, [4, Conjecture I1.10.9], that the torus invariant prime ideals of the multi-
parameter algebras of quantum matrices have polynormal generating sets consisting
of quantum minors. (This is an extension of the Goodearl-Lenagan conjecture [16]
on polynormality in single parameter quantum matrix algebras, which we proved in
[41].) Artin et al. showed [1, p. 889] (see also [15, Lemma 3.6]) that the multi-parameter
algebras of quantum matrices Oy p(M,, (I€)) are obtained by twists from the single
parameter ones if A is a square root of ¢ in K (provided that such exists). In [33,
Proposition 2.1.1] (and [41, Lemma 4.1]) the single parameter algebras of quantum
matrices were realized as special cases of the algebras/} (and /) in a way that matches
the corresponding gradings by free abelian groups. Therefore, the isomorphism of [41,
Lemma 4.1] realizes O, p(M,, ,(I)) as a special case of the algebras U/ oo In this case
by [41, Lemma 4.3] if char K = 0 and ¢ is transcendental over Q, the generating sets
from Theorem 5.1(b) consist of quantum minors, which are explicitly listed in [41,
Theorem 4.4]. More generally, for all simple Lie algebras g and Weyl group elements
w, if char K = 0 and ¢ is transcendental over Q, then in Theorem 5.1 one can choose

={wi,...,w} by [41, Theoerm 3.4]. The last two facts rely on the theorem of
Joseph [28, Théoréme 3] and need the stronger assumption on K and ¢ because of a
specialization argument.
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5.2. Catenarity. Finally we establish normal separation of Speci/, and
catenarity of U .

THEOREM 5.2. For all base fields I, q € IK* not aroot of unity, simple Lie algebras g,
w € W and 2-cocycles p € ZZ(QS(,U), "), the spectra of the algebras U , are normally
separated.

Proof. Using Goodearl’s result [13, Corollary 4.6] it suffices to show that U/  has
graded normal separation. This can be proved in two different ways. Firstly, assume
that I; C I, are two graded (i.e. T'SWl_invariant) prime ideals of ur,. If x1,...,x,
is a T®l_polynormal generating sequence of I, as in Theorem 5.1(a), then the first
x;, which does not belong to I, produces a graded normal separating element for the
pair of ideals I;, I,. Secondly, by Theorem 3.1(a) for every pair I; C I, of graded prime
ideals of ur,, there exist y; < y, € W=% such that I, = I,(y1) and I, = I,(2). Let
A € Pt .Then yiA > yA, 80 ay] w € Ly(»2). Theorem 3.1(c) implies that a}, , ¢ L, (1),
and equation (3.1) gives that a o is normal modulo 7,,(y;). ]

Recall that a ring R is Auslander—Gorenstein if the injective dimension of R
(as both right and left R-module) is finite, and for all integers 0 < i < j and finitely
generated (right or left) R-modules M, we have Exty(N, R) = 0 for all R-submodules
N of Extih(M, R). A ring R is Auslander regular if, in addition, the global dimension
of R s finite. The grade of a finitely generated R-module M is given by

J(M) = inf{i > 0 | Exth(M, R) # 0}.
An algebra R is Cohen—Macauley if
j(M)+ GKdim M = GKdim R

for all finitely generated R-modules M. We will need the following two results.

THEOREM 5.3. ([14]). Assume that A is an affine, noetherian, Auslander—Gorenstein
and Cohen—Macaulay algebra over a field with finite Gelfand-Kirillov dimension. If
SpecA is normally separated, then A is catenary. If, in addition, A is a prime ring, then
Tauvel’s height formula holds.

Tauvel’s height formula holds for a ring R if for all prime ideals J of R, the height
of J is equal to

GK dim R — GK dim(R/J).

THEOREM 5.4. ([11, 29]). Assume R is a noetherian, Auslander regular ring. Let
S = R[x; 0, 8] be an Ore extension of R. Then:

(a) S is Auslander regular.

(b) If R = ®i>0Rx is a connected graded Cohen—Macauley IK-algebra over a field K
such that o (Ry) C Ry for all k > 0, then S is Cohen—Macauley.

The next theorem proves that all algebras Ur , are catenary.

THEOREM 5.5. For all baseﬁelds K, ¢ € K* not a root of unity, simple Lie algebras g,
w € W and and 2-cocycles p € Z*(Qsw), IK*),, the algebras U v » are Auslander regular,
Cohen—Macauley, catenary, and Tauvel’s height formula holds for them. For ally € W=*
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the height of prime ideal 1,,(y) is equal to £(y) and

GK dim@” ,/1,(y)) = £(w) — £(3).

Proof. Lemma 2.4(a)—(b) and Theorem 5.4(a) imply that /"  is Auslander regular.
Given A € P™F, we can specialize the —Qfg(w)—grading of U”, from (2.3) to an N-
grading by

(Uf),p)n ={xe (uz),p)—y | 1S Q;(w)’ (A, V) =n}, ne N.

Obviously, the T™)I-action (2.23) preserves each graded component (U ), and U , is
connected. Lemma 2.4(a)—(b) and Theorem 5.4(b) imply that i/  is Cohen-Macauley.
It also follows from Lemma 2.4(a)-(b) that the algebras U/ ; are affine, noetherian
domains with GKdimU" ; = ¢(w). Theorem 5.3 implies that all algebras U
catenary and satisfy Tauvel s height formula.

Since the Gelfand—Kirillov dimension of a graded algebra does not change under
twisting, the last statement of the theorem follows from [41, Theorem 5.8]. O

Some special cases of the untwisted case of Theorems 5.1, 5.2 and 5.5 were
established by Caldero [6], Cauchon [8], Goodearl-Lenagan [14] and Malliavin [31].
The general untwisted case of Theorems 5.1, 5.2 and 5.5 was proved by Yakimov in
[41].
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