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Abstract. We study the ring theory of the multi-parameter deformations of the
quantum Schubert cell algebras obtained from 2-cocycle twists. This is a large family,
which extends the Artin–Schelter–Tate algebras of twisted quantum matrices. We
classify set theoretically the spectra of all such multi-parameter quantum Schubert
cell algebras, construct each of their prime ideals by contracting from explicit normal
localizations and prove formulas for the dimensions of their Goodearl–Letzter strata
for base fields of arbitrary characteristic and all deformation parameters that are not
roots of unity. Furthermore, we prove that the spectra of these algebras are normally
separated and that all such algebras are catenary.

2010 Mathematics Subject Classification. Primary 16W35; Secondary 20G42,
14M15.

1. Introduction. The quantum Schubert cell algebras (or the quantum nilpotent
algebras) form a large family of iterated Ore extensions defined by De Concini et al. [9]
and Lusztig [30]. These are subalgebras of the negative part of a quantized universal
enveloping algebra Uq(g) defined over an arbitrary base field � and are indexed by the
elements of the Weyl group W of g. The algebra corresponding to w ∈ W , to be denoted
by Uw

− , is a deformation of the universal enveloping algebra of the nilpotent Lie algebra
n− ∩ w(n+), where n± are the niradicals of a pair of opposite Borel subalgebras of g.
Furthermore, the algebrasUw

− are isomorphic [37] to certain localization of quotients of
homogeneous coordinate rings of quantum partial flag varieties, similar to the classical
case of Schubert cells. They specialize [39] to the coordinate rings of Schubert cells
equipped with the standard Poisson structure [5, 19].

There has been a great interest in the ring theoretic study of these algebras in
an attempt to develop a somewhat general theory for iterated Ore extensions. The
algebra Uw

− admits a natural rational action of the torus �|S(w)| = (�∗)×|S(w)| by algebra
automorphisms, where S(w) is the support of w, see Section 2.4. The �|S(w)|-prime
spectrum of Uw

− was described in [33, 38], and the dimensions of the corresponding
Goodearl–Letzter strata were computed in [3, 39]. The Goodearl–Lenagan conjecture
[16] on polynormality of the torus invariant prime ideals of quantum matrices and more
generally the algebras Uw

− were proved in [40], where catenarity and normal separation
of the spectra of Uw

− was established too. The algebras Uw
− play an important role

in various other contexts: Heckenberger–Schneider classified [22] the homogeneous
coideal subalgebras of quantized universal enveloping algebras of Borel subalgebras
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in terms of Uw
− , and Geiß–Leclerc–Schröer proved [12] that Uw

− are quantum cluster
algebras for simply laced g, char � = 0, and q ∈ � transcendental over �.

Artin et al. proved [1] that multi-parameter versions of the algebras of quantum
matrices and the quantum linear groups can be obtained from the single parameter
case by 2-cocycle twists. After this a number of authors investigated the effect of such
twists on the spectra of graded algebras. The spectra of multi-parameter quantum
groups were studied by Hodges–Levasseur–Toro [21] and Costantini–Varagnolo [10].
The spectra of special cases of multi-parameter quantum Schubert cell algebras were
investigated by many authors: [15, 23, 35, 36], to name a few. Nowlin and Johnson
[25, 34] proved that certain interesting classes of algebras defined in a completely
independent way turn out to be isomorphic to special twists of quantum Schubert cell
algebras for affine Kac–Moody algebras.

In this paper we carry out a general study of the ring theory of twisted quantum
Schubert cell algebras when q is not a root of unity (without any assumptions on the
base field �). The algebra Uw

− is graded by the subgroup QS(w) of the root lattice of
g, generated by the simple roots in the support S(w) of w ∈ W , see Section 3. For
p ∈ Z2(QS(w), �∗), denote by Uw

−,p the algebra obtained by a cocycle twist from Uw
−

using p. Firstly, we give an explicit classification of SpecUw
−,p. This is stated in Theorem

3.1. As in [37, 40], we use results of Joseph [26, 27] and Gorelik [20]. Most of those
results were formulated in [27, 20] for � = k(q), char k = 0. We show that the proofs of
all such needed results work for an arbitrary q ∈ �∗, which is not a root of unity and
without restrictions on the characteristic of �. At some steps we take shortcuts using
results of Goodearl and Letzter [18] and [4, Section II.6]. Furthermore, Theorem 3.1
expresses each prime ideal of Uw

−,p as a contraction from an explicit normal localization
of a quotient of Uw

−,p by a �|S(w)|-prime. These localizations are smaller than the ones
obtained via the Cauchon method of deleting derivations [7, 33].

The spectra SpecUw
−,p are partitioned [18] into a union of Goodearl–Letzter strata,

which are isomorphic to the spectra of Laurent polynomial rings. We prove an explicit
formula for the dimensions of the latter in Theorem 4.5, which works for all 2-cocycles
p, q ∈ �∗ not a root of unity, and arbitrary base fields �. In the special one-parameter
case this formula was obtained by Bell et al. [3] and Yakimov [39] when char � = 0
and q is transcendental over �. We give a (very short!) new proof of the one-parameter
case in Proposition 4.1.

Furthermore, using results of [40] we prove in an explicit way that the �|S(w)|-
invariant prime ideals of the algebras Uw

−,p are equivariantly polynormal. In the
special case of multi-parameter quantum matrices this gives a constructive proof of
a conjecture of Brown and Goodearl [4, Conjecture II.10.9]. Moreover, we show that
SpecUw

−,p are normally separated and that all algebras Uw
−,p are catenary. This provides

a very large class of iterated Ore extensions for which Gabber’s theorem on catenarity
of universal enveloping algebras of solvable Lie algebras can be extended. In a related
direction, in a forthcoming publication we will prove another conjecture of Brown
and Goodearl [4, Conjecture II.10.7] that all prime ideals of multi-parameter quantum
groups are completely prime under mild conditions of the cocycle twist.

2. Quantum groups, quantum Schubert cells and their twists.

2.1. Quantized universal enveloping algebras. Denote � = {0, 1, . . .} and �+ =
{1, 2, . . .}. For m ≤ n ∈ � set [m, n] = {m, . . . , n}. Throughout the paper, � will denote
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a base field (of arbitrary characteristic), and q ∈ �∗ will denote an element which is
not a root of unity. We fix a simple Lie algebra g of rank r with Cartan matrix (cij).
Let Uq(g) be the quantized universal enveloping algebra of g over � with deformation
parameter q. Recall [24] that Uq(g) is the �-algebra with generators

X±
i , K±1

i , i ∈ [1, r]

and relations

K−1
i Ki = KiK−1

i = 1, KiKj = KjKi, KiX±
j K−1

i = q±cij
i X±

j ,

X+
i X−

j − X−
j X+

i = δi,j
Ki − K−1

i

qi − q−1
i

,

1−cij∑
k=0

(−1)k
[

1 − cij

k

]
qi

(X±
i )kX±

j (X±
i )1−cij−k = 0, i �= j,

where qi = qdi and {di}r
i=1 is the collection of positive relatively prime integers such that

(dicij) is symmetric. Moreover, Uq(g) is a Hopf algebra with co-multiplication, antipode
and co-unit given by

�(Ki) = Ki ⊗ Ki, �(X+
i ) = X+

i ⊗ 1 + Ki ⊗ X+
i , �(X−

i ) = X−
i ⊗ K−1

i + 1 ⊗ X−
i

and

S(Ki) = K−1
i , S(X+

i ) = −K−1
i X+

i , S(X−
i ) = −X−

i Ki, ε(Ki) = 1, ε(X±
i ) = 0.

The subalgebras of Uq(g) generated by {X±
1 , . . . , X±

r } will be denoted by U±. The sets of
simple roots, simple co-roots and fundamental weights of g will be denoted by {αi}r

i=1,
{α∨

i }r
i=1 and {ωi}r

i=1. The root and weight lattices of g will be denoted by Q and P .
Let Q+ = �α1 + . . . + �αr, P+ = �ω1 + . . . + �ωr, and P++ = �+ω1 + . . . + �+ωr.
Recall the standard partial order on P : for ν1, ν2 ∈ P set ν1 ≥ ν2 if ν2 = ν1 − γ for
some γ ∈ Q+. Let ν1 > ν2 if ν1 ≥ ν2 and ν1 �= ν2. If λ = ∑

i∈I niωi ∈ P+, ni > 0, ∀i ∈ I
we will say that the support of λ is I . Denote by 〈., .〉 the symmetric bilinear form
on Span�{αi}r

i=1 such that 〈αi, αj〉 = dicij, ∀i, j ∈ [1, r]. The q-weight spaces of a Uq(g)-
module V are defined by

Vν = {v ∈ V | Kiv = q〈ν,αi〉v, ∀i ∈ [1, r]}, ν ∈ P.

A type one Uq(g)-module is a Uq(g)-module such that V = ⊕ν∈PVν . The category of
(left) finite dimensional type one Uq(g)-modules is semi-simple (see [24, Theorem 5.17
and Remark on p. 85] for the validity of this for general base fields � and q ∈ �∗ not
a root of unity). Furthermore, this category is closed under taking tensor products
and duals, where the latter are defined as left Uq(g)-modules using the antipode of
Uq(g). The irreducible modules in this category are parametrized [24, Theorem 5.10]
by the set of dominant integral weights P+. Let V (λ) denote the irreducible type one
Uq(g)-module of the highest weight λ ∈ P+.

Let W and Bg be the Weyl and braid groups of g, and let s1, . . . , sr and T1, . . . , Tr

be their standard generating sets corresponding to the simple roots α1, . . . , αr. Denote
by 
 : W → � the standard length function. The braid group Bg acts on Uq(g)
by algebra automorphisms by [24, equations 8.14(2), (3), (7) and (8)] and on the
finite dimensional type one Uq(g)-modules by [24, equation 8.6(2)]. These actions are
compatible: Tw(x.v) = (Twx).(Twv) for all w ∈ W , x ∈ Uq(g), v ∈ V (λ), λ ∈ P+.
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2.2. Quantum function algebras. If � is an algebraically closed field of
characteristic 0, we will denote by G the connected simply connected algebraic group
with the Lie algebra g. For all base fields � and deformation parameters q ∈ �∗ which
are not roots of unity, one defines the quantum group Rq[G] as the Hopf subalgebra of
the restricted dual (Uq(g))◦ equal to the span of the matrix coefficients of the modules
V (λ), λ ∈ P+:

cλ
ξ,v ∈ (Uq(g))◦, cλ

ξ,v(x) = ξ (xv), v ∈ V (λ), ξ ∈ V (λ)∗, x ∈ Uq(g). (2.1)

Since we work with arbitrary base fields, G is merely a symbol. The canonical left and
right actions of Uq(g) on Uq(g)◦

x ⇀ c =
∑

c(2)(x)c(1), c ↼ x =
∑

c(1)(x)c(2), x ∈ Uq(g), c ∈ Rq[G] (2.2)

preserve Rq[G], where �(c) = ∑
c(1) ⊗ c(2).

For each λ ∈ P+ we fix the highest weight vector vλ of V (λ) and denote

cλ
ξ = cλ

ξ,vλ
∈ Rq[G].

The subspace

R+ = Span{cλ
ξ | λ ∈ P+, ξ ∈ V (λ)∗} ⊂ Rq[G]

is a subalgebra of Rq[G]. We will need the R-matrix commutation relations in R+.
Denote the canonical Q-grading of Uq(g):

wt X±
i = ±αi, wt Ki = 0, i ∈ [1, r]. (2.3)

For γ ∈ Q+, γ �= 0 set m(γ ) = dim(U+)γ = dim(U−)−γ . Denote by {uγ,i}m(γ )
i=1 and

{u−γ,i}m(γ )
i=1 a pair of dual bases of (U+)γ and (U−)−γ with respect to the Rosso–Tanisaki

form (see [24, Chap. 6] for a discussion of the properties of this form for arbitrary base
fields �). Then we have:

cλ1
ξ1

cλ2
ξ2

= q〈λ1,λ2〉−〈ν1,ν2〉cλ2
ξ2

cλ1
ξ1

+
∑

γ∈Q+,γ �=0

m(γ )∑
i=1

q〈λ1,λ2〉−〈ν1−γ,ν2+γ 〉cλ2

S−1(uγ,i)ξ2
cλ1

S−1(u−γ,i)ξ1
,

(2.4)
for all λi ∈ P+, νi ∈ P and ξi ∈ (V (λi)∗)νi , see e.g. [4, Theorem I.8.15].

For λ ∈ P+ and w ∈ W, let ξw,λ ∈ (V (λ)∗)−wλ such that 〈ξw,λ, Twvλ〉 = 1. (Since
Tw(V (λ)λ) = V (λ)wλ, dim V (λ)wλ = 1.) Define

eλ
w = cλ

ξw,λ
, λ ∈ P+, w ∈ W. (2.5)

Then

eλ1
w eλ2

w = eλ1+λ2
w = eλ2

w eλ1
w , ∀λ1, λ2 ∈ P+, w ∈ W, (2.6)

see [40, equation (2.18)]. Denote the multiplicative subsets Ew = {eλ
w | λ ∈ P+} ⊂ R+.

LEMMA 2.1. ([27, Lemma 9.1.10]). For all w ∈ W, Ew is an Ore subset in R+.

In [27] this result was stated for fields � of characteristic 0 (see [27, Section A.2.9]),
but Joseph’s proof [27] works for all base fields �, q ∈ �∗ not a root of unity as we see
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below. By (2.4) the set Ew0 consists of normal elements of R+. Therefore, {en | n ∈ �}
is an Ore subset of R+ for all e ∈ Ew0 , in particular Ew0 is an Ore subset of R+. Joseph
proved iteratively that

{en | n ∈ �} are Ore subsets of R+ for all e ∈ Ew,w ∈ W (2.7)

using the following procedure. Let σ be an automorphism of a ring A, and ∂ be a
locally nilpotent (right skew) σ -derivation of A (i.e. for all a, b ∈ A, ∂(ab) = ∂(a)σ (b) +
a∂(b)) such that σ∂σ−1 is a scalar multiple of ∂. The degree deg∂ a of an element
a ∈ A\{0} is defined as the minimal positive integer m such that ∂m+1(a) = 0. Such a
skew derivation ∂ is called right regular if for all σ -eigenvectors a, b ∈ A of ∂-degree m
and n, respectively, and k ∈ [n, m + n]

∂k(ab) =
m+n−k∑

i=0

si(∂k−n+ia)(∂n−ib)

for some s0, . . . , sm+n−k ∈ �, s0 �= 0. It is straightforward to check that if σ∂σ−1 = q′∂
for some q′ ∈ �∗, which is not a root of unity, then ∂ is right regular, since in that case
all coefficients s are products of q′-binomial coefficients and σ -eigenvalues. Joseph’s
iterative proof of Lemma 2.1 relies on the following fact [27, Lemma A.2.9]:

If {en | n ∈ �} is an Ore subset of A and e ∈ A is a σ -eigenvector of degree deg∂ e = m,
then {(∂me)n | n ∈ �} is an Ore subset of A.

This is applied to A = R+ and σi = (↼ K−1
i ), ∂i = (↼ X−

i ), i ∈ [1, r], recall (2.2).
The skew derivations ∂i are regular because σi∂iσ

−1
i = q−2∂i, ∀i ∈ [1, r]. Let wsi1 . . . sik =

w0, where k = 
(w0) − 
(w). Denote wj = wsi1 . . . sij , j ∈ [0, k]. It is easy to show by

induction on j that deg∂ij
eλ
wj

= −〈wjλ, α∨
ij 〉, eλ

wj−1
= tj∂

−〈wjλ,α∨
ij
〉

ij−1 (eλ
wj

) for some tj ∈ �∗,

and that {(eλ
wj

)n | n ∈ �} is an Ore subset of R+. This implies (2.7) and Lemma 2.1.
Denote the algebras

Rw = R+[E−1
w ], w ∈ W

and their invariant subalgebras with respect to the action of ↼ Ki, i ∈ [1, r], (cf. (2.2)):

Rw
0 = {cλ

ξ (eλ
w)−1 | λ ∈ P+, ξ ∈ V (λ)∗}. (2.8)

One does not need to take span on the right-hand side of the above formula, see [20,
equation (2)]. For μ = λ1 − λ2 ∈ P , λ1, λ2 ∈ P+ set

eμ
w = eλ1

w (eλ2
w )−1 ∈ R+[E−1

w ]. (2.9)

It follows from (2.6) that this does not depend on the choice of λ1, λ2 and that eμ1
w eμ2

w =
eμ1+μ2
w for all μ1, μ2 ∈ P . For y ∈ W, define the quantum Schubert cell ideals of R+

Q(y)± = Span{cλ
ξ | λ ∈ P+, ξ ∈ V (λ)∗, ξ ⊥ U±Tyvλ}

and the ideals

Q(y)±w = {cλ
ξ e−λ

w | λ ∈ P+, ξ ∈ V (λ)∗, ξ ⊥ U±Tyvλ} = Q(y)±(R+[E−1
w ]) ∩ Rw

0 (2.10)

of Rw
0 . Similar to (2.8), one does not need to take a span in (2.10), see [20, 38].
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2.3. Quantum Schubert cell algebras. The algebras Uw
± , w ∈ W were defined by

De Concini et al. [9], and Lusztig [30, Section 40.2] as follows. Let

w = si1 . . . sil (2.11)

be a reduced expression of w (thus l = 
(w)). Consider the roots

β1 = αi1 , β2 = si1 (αi2 ), . . . , βl = si1 . . . sil−1 (αil ) (2.12)

and the Lusztig root vectors

X±
β1

= X±
i1 , X±

β2
= Tsi1

(X±
i2 ), . . . , X±

βl
= Tsi1

. . . Tsil−1
(X±

il ), (2.13)

see [30, Section 39.3]. By [9, Proposition 2.2] and [30, Proposition 40.2.1] the
subalgebras Uw

± of U± generated by X±
βj

, j ∈ [1, l] do not depend on the choice of
the reduced decomposition of w and have the Poincare–Birkhoff–Witt bases

(X±
βl

)nl . . . (X±
β1

)n1 , n1, . . . , nl ∈ �. (2.14)

The grading (2.3) induces Q-gradings on the subalgebras Uw
± . The corresponding

graded components will be denoted by (Uw
± )γ , γ ∈ Q. The algebra R+ is P-graded by

wt cλ
ξ = ν, λ ∈ P+, ν ∈ P, ξ ∈ (V (λ)∗)ν . (2.15)

This induces P-gradings on the algebras Rw and Q-gradings on the algebras Rw
0 . The

latter are given by

wt cλ
ξ e−λ

w = ν + w(λ), λ ∈ P+, ν ∈ P, ξ ∈ (V (λ)∗)ν . (2.16)

For a given γ ∈ Q+\{0}, let mw(γ ) = dim(Uw
+ )γ = dim(Uw

− )−γ and {uγ,i}mw(γ )
i=1 ,

{u−γ,i}mw(γ )
i=1 be dual bases of (Uw

+ )γ and (Uw
− )−γ with respect to the Rosso–Tanisaki

form, see [24, Chap. 6]. The quantum R matrix corresponding to w is given by

Rw = 1 ⊗ 1 +
∑

γ∈Q+,γ �=0

mw(γ )∑
i=1

uγ,i ⊗ u−γ,i ∈ U+⊗̂U−,

where U+⊗̂U− is the completion of U+ ⊗� U− with respect to the descending filtration
[30, Section 4.1.1]. Recall that there is a unique algebra anti-automorphism τ of Uq(g)
given by

τ (X±
i ) = X±

i , τ (Ki) = K−1
i , i = 1, . . . , r, (2.17)

see [24, Lemma 4.6(b)]. It is graded with respect to (2.3) and satisfies

τ (Twx) = T−1
w−1 (τ (x)), ∀w ∈ W, x ∈ Uq(g), (2.18)

see [24, equation 8.18(6)].

PROPOSITION 2.2. ([40, Theorem 2.6]). Assume that � is an arbitrary base field,
q ∈ �∗ is not a root of unity and g is a simple Lie algebra. For all Weyl group elements
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w ∈ W the maps

φ+
w : Rw

0 → Uw
− , φ+

w

(
cλ
ξ e−λ

w

) = (
cλ
ξ,Twvλ

⊗ id
)
(τ ⊗ id)Rw and

φ−
w : Rw

0 → Tw(Uw−1w0+ ), φ−
w

(
e−λ
w cλ

ξ

) = (
id ⊗ cλ

ξ,Twvλ

)
Rw,

where λ ∈ P+, ξ ∈ V (λ)∗, are well-defined surjective-graded algebra anti-
homomorphisms in the plus case and well-defined surjective-graded algebra
homomorphisms in the minus case (with respect to the Q-gradings (2.3) and (2.16)),
recall (2.1). Their kernels are ker φ±

w = Q(w)±w.

The plus case of this proposition was proved in [40, Theorem 2.6]. The minus case
is analogous. In another form the plus case was obtained in [38, Theorem 3.7] for a
version ofUq(g) equpped with the opposite co-multiplication, and different braid group
action and Lustig’s root vectors. We note that in the plus and minus cases the term
e−λ
w appears on different sides. This is because of the difference in the formulas for the

co-products of X±
i . Moreover, the plus case requires the use of the anti-automorphism

τ , while the minus case does not. This is due to the fact that one constructs dual bases
of U± with respect to the Rosso–Tanisaki form by multiplying Lusztig’s root vectors
in the opposite order, see e.g. [24, equations 8.30(1) and (2)].

2.4. Two-cocycle twists. Let C be an (additive) abelian group and R be a
C-graded �-algebra. Following Artin et al. [1], for a 2-cocycle p ∈ Z2(C, �∗), define a
new algebra structure on R by twisting the multiplication of R by

b1 ∗ b2 = p(α1, α2)b1b2, αi ∈ C, bi ∈ Rαi , i = 1, 2.

This algebra will be denoted by Rp. Up to an isomorphism Rp depends only on
the cohomology class of p, see [1, Section 3]. Thus, we can assume that the 2-
cocycle p is normalized by p(0, 0) = 1. The group of such cocycles will be denoted
by Z2(C, �∗)n. The normalization p(0, 0) = 1 implies that for all α ∈ C, p(α, 0) =
p(0, α) = 1. Therefore, the multiplications R0 × Rα → Rα, Rα × R0 → Rα remain
undeformed for all α ∈ C and the multiplicative identity in R is an identity of Rp.
Define

r(α, β) = p(α, β)p(β, α)−1, α, β ∈ C. (2.19)

By [1, Proposition 1], if C is a free abelian group, then

r : C × C → �∗ is a bi-character, (2.20)

which is clearly multiplicatively skew symmetric in the sense that r(β, α) = r(α, β)−1,
∀α, β ∈ C.

For w ∈ W, denote the support of w:

S(w) = {i ∈ [1, r] | si ≤ w} = {i ∈ [1, r] | si appears in a reduced expression of w}.
For I ⊆ [1, r], denote QI = ⊕i∈I �αi, PI = ⊕i∈I �ωi, Q+

I = QI ∩ Q+ and P+
I = PI ∩

P+. Then

[1, r]\S(w) = {i ∈ [1, r] | w(ωi) = ωi}, (2.21)

see [40, Lemma 3.2 and equation (3.2)]. We have the following.
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LEMMA 2.3. ([40, Lemma 3.2(ii), equation (2.43)]). The subgroup of Q generated by
all γ such that (Uw

± )γ �= 0 is equal to QS(w).

For p ∈ Z2(QS(w), �∗)n define the multi-parameter quantum Schubert cell algebra

Uw
±,p = (Uw

± )p.

For γ ∈ QS(w), define the character of �|S(w)|

t �→ tγ =
∏

i∈S(w)

t〈γ,ωi〉
i , t = (ti)i∈S(w) ∈ �|S(w)| (2.22)

and consider the rational �|S(w)|-action on Uw
± by algebra automorphisms

t.x = tγ x, t ∈ �|S(w)|, x ∈ (Uw
± )γ , γ ∈ QS(w). (2.23)

Since the twists Uw
±,p are graded, for all p ∈ Z2(QS(w), �∗)n, (2.23) induces a rational

�|S(w)|-action on Uw
±,p by algebra automorphisms.

For the simplicity of the notation, define

bλ
w,ξ = φ+

w (cλ
ξ e−λ

w ), aλ
y,w = φ+

w (eλ
ye−λ

w ) ∈ Uw
− , y ≤ w ∈ W, λ ∈ P+, ξ ∈ V (λ)∗ (2.24)

and denote by xy := x ∗ y the multiplication in Uw
±,p. Equation (2.21) implies that

w(μ) = y(μ) = μ for all μ ∈ P[1,r]\S(w), y ≤ w ∈ W, and from (2.6) we obtain that

aλ+λ′
y,w = saλ

y,w, ∀λ ∈ P+
S(w), λ

′ ∈ P+
[1,r]\S(w), y ≤ w ∈ W, (2.25)

for some s ∈ �∗. Recall Proposition 2.2 and (2.24). Equation (2.4) implies the following
commutation relation in Uw

−,p:

p(wλ2 + ν2, wλ1 + ν1)−1bλ2
w,ξ2

bλ1
w,ξ1

= p(wλ1 + ν1, wλ2 + ν2)−1q〈wλ1−ν1,wλ2+ν2〉bλ1
w,ξ1

bλ2
w,ξ2

+
∑

γ∈Q+,γ �=0

m(γ )∑
i=1

p(wλ1 + ν1 − γ,wλ2 + ν2 + γ )−1q〈wλ1−ν1+γ,wλ2+ν2+γ 〉−〈γ,wλ2〉

× bλ1

w,S−1(u−γ,i)ξ1
bλ2

w,S−1(uγ,i)ξ2
(2.26)

for all λi ∈ P+, νi ∈ −wλi + QS(w) and ξi ∈ (V (λi)∗)νi . The elements u±γ,i ∈ (U±)±γ

are as in (2.4). For the values of γ ∈ Q+, for which wλ2 + ν2 + γ /∈ Q(S(w)) or
wλ1 + ν1 − γ /∈ Q(S(w)), i.e. p(wλ2 + ν2 + γ,wλ1 + ν1 − γ ) is not defined, the term
bλ1

w,S−1(u−γ,i)ξ1
bλ2

w,S−1(uγ,i)ξ2
vanishes by Proposition 2.2 and Lemma 2.3. The related

product in (2.26) is set to be equal to 0.
The Levendorskii–Soibelman straightening law (see, for instance, [4, Proposition

I.6.10] and [40, equation (2.38)]) is the following straightening law in Uw
−,p:

X−
βj

X−
βi

− r(βj, βi)q−〈βj,βi〉X−
βi

X−
βj

=
∑

k=(ki+1,...,kj−1)∈�×(j−i−2)

sk(X−
βj−1

)kj−1 . . . (X−
βi+1

)ki+1 , sk ∈ � (2.27)

for all i < j, recall (2.19). Fix a reduced expression of w as in (2.11). For j ∈ [0, l] denote
wj = si1 . . . sij (thus w0 = 1 and wl = w). By abuse of notation we will denote by the
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same symbols the restrictions of p and r to QS(wj) × QS(wj). Because of (2.20), for all
j ∈ [1, l], there exists a unique tj ∈ �|S(wj)| such that

tβi
j = r(βj, βi)q−〈βj,βi〉, ∀i ≤ j, (2.28)

recall (2.22). The following lemma is a direct consequence of (2.14), (2.27) and (2.28).

LEMMA 2.4. For all base fields �, q ∈ �∗ not a root of unity, Weyl group elements
w ∈ W, reduced expressions (2.11), and 2-cocycles p ∈ Z2(QS(w), �∗)n we have:

(a) The subalgebra of Uw
−,p generated by X−

β1
, . . . , X−

βj
is isomorphic to Uwj

−,p, j ∈ [1, l].
(b) The algebra Uwj

−,p is isomorphic to the Ore extension Uwj−1
−,p [x, (tj·), δj] for some

(left) (tj·)-skew derivation δj of Uwj−1
−,p satisfying (tj·)δj = q−〈βj,βj〉δj(tj·), j ∈ [1, l]. Here

(tj·) denotes the restriction to Uwj−1
−,p of the automorphism of Uwj

−,p induced from the action
(2.23), and U1

−,p = �.
(c) The eigenvalues tj.X−

βj
= q−〈βj,βj〉X−

βj
are not roots of unity.

Since the algebras Uw
−,p are iterated Ore extensions, they are noetherian, and the

Brown–Goodearl theorem [4, Proposition II.2.9] implies that each �|S(w)|-prime ideal
of Uw

−,p with respect to the action (2.23) is prime.

3. A description of the spectra of Uw
−,p.

3.1. Statement of the main result. In this section we describe an explicit
stratification of SpecUw

−,p by the spectra of commutative Laurent polynomial rings
over � and the structure of the poset of �|S(w)|-invariant prime ideals of Uw

−,p for the
action (2.23). For y ∈ W≤w, define the ideals

Iw(y) = φ+
w (Q(w)+w + Q(y)−w) = φ+

w (Q(y)−w)

of Uw
−,p and denote

Ay,w = �∗{aλ
y,w | λ ∈ P+} = �∗{aλ

y,w | λ ∈ P+
S(w)},

cf. (2.24)–(2.25). By (2.6) and (2.26), Ay,w is a multiplicative subset of Uw
−,p consisting

of elements which are normal modulo Iw(y):

aλ
y,wx = r((w − y)λ, γ )q−〈(w+y)λ,γ 〉xaλ

y,w mod Iw(y), (3.1)

∀λ ∈ P+, γ ∈ QS(w), x ∈ (U−,p)γ . The following theorem describes SpecUw
−,p set

theoretically and provides some information for its Zariski topology.

THEOREM 3.1. Assume that � is an arbitrary field, q ∈ �∗ is not a root of unity,
g is a simple Lie algebra, w is an element of the corresponding Weyl group W and
p ∈ Z2(QS(w), �∗)n is a normalized cocycle. Then:

(a) The �|S(w)|-invariant prime ideals ofUw
−,p are the ideals Iw(y) for all y ∈ W≤w. The

map y ∈ W≤w �→ Iw(y) ∈ �|S(w)|-SpecUw
−,p is an isomorphism of posets with respect to

the Bruhat order and the inclusion order on ideals. In particular, ideals Iw(y) are distinct.
(b) For all y ∈ W≤w, Iw(y) ∩ Ay,w = ∅ and the quotient ring Ry,w =

(Uw
−,p/Iw(y))[A−1

y,w] is a �|S(w)|-simple domain.
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(c) For every prime ideal J of Uw
−,p there exists a unique y ∈ W≤w such that

J ⊇ Iw(y) and J ∩ Ay,w = ∅.

Denote the corresponding subset of SpecUw
−,p by SpecIw(y)Uw

−,p, so

SpecUw
−,p =

⊔
y∈W≤w

SpecIw(y)Uw
−,p. (3.2)

(d) The centre Z(Ry,w) is a Laurent polynomial ring over � and we have a
homeomorphism

ιy : SpecZ(Ry,w) → SpecIw(y)Uw
−,p,

where for J0 ∈ SpecZ(Ry,w), ιy(J0) is the ideal of Uw
−,p containing Iw(y) such that

ιy(J0)/Iw(y) = J0Ry,w ∩ (Uw
−,p/Iw(y)). The Zariski closures of the strata SpecIw(y)Uw

−,p
are given by

SpecIw(y)Uw−,p =
⊔

y′∈W≤y

SpecIw(y′)Uw
−,p. (3.3)

Gorelik described in [20] the torus invariant prime ideals of the algebras Rw
0 and

the resulting stratification of SpecRw
0 as in Theorem 3.1 under the condition that

� = k(q) for a field k of characteristic 0. Via the homomorphism from Proposition
2.2, this establishes Theorem 3.1 in the untwisted case under those assumptions on �

and q. We show that Gorelik’s arguments work under the weaker assumptions on �

and q, taking shortcuts at some steps using different arguments based on the results
of Goodearl and Letzter [18] and Proposition 2.2. The untwisted case of Theorem
3.1(a) was stated in [41, Theorem 3.1] but the proof was not given there. The proof of
Theorem 3.1 is given in Section 4 and Sections 4–4 contain some preparatory results.

Consider a �-algebra R equipped with a rational action of a �-torus �r by algebra
automorphisms. It gives rise to a �r-grading of R. Then for each p ∈ Z2(�n, �∗) the sets
of �r-prime ideals of R and Rp coincide. (This is similar to the observation of Goodearl
and Lenagan for twists of completely prime ideals in the proof of [15, Theorem 4.1].)
In particular, R is �r-simple if and only if Rp is �r-simple. Using [18, Lemma 6.3(c) and
Corollary 6.5] and [4, Theorem II.6.4] one can show that the twisted case of Theorem
3.1 can be deduced from the untwisted case. For most of our proofs of Theorem 3.1 we
directly work with the twisted case, since it does not make a difference in the proofs.

It follows from Theorem 3.1(c)–(d) that SpecIw(y)Uw
−,p are precisely the Goodearl–

Letzter strata [18] of SpecUw
−,p. Namely, we have that

SpecIw(y)Uw
−,p = {J ∈ SpecUw

−,p | ∩t∈�|S(w)| t.J = Iw(y)}. (3.4)

REMARK 3.2. For I ⊆ [1, r]

R+
I = Span{cλ

ξ | λ ∈ P+
I , ξ ∈ V (λ)∗} ⊆ R+

is a subalgebra of R+ (called the quantum partial flag variety associated to I), see [37].
Joseph’s argument for the proof of Lemma 2.1 shows that ES(w),w = {eλ

w | λ ∈ P+
S(w)} is
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an Ore subset of R+
S(w). Define the subalgebra

Rw
S(w),0 = {cλ

ξ (eλ
w)−1 | λ ∈ P+

S(w), ξ ∈ V (λ)∗} ⊂ R+
S(w)[E

−1
S(w),w]

and its ideals

Q(y)±S(w),w = {cλ
w,ξ (eλ

w)−1 | λ ∈ P+
S(w), ξ ∈ V (λ)∗, ξ ⊥ U±Tyvλ}. (3.5)

The argument of the proof of [40, Theorem 2.6] gives that the restriction

φw
+|Rw

S(w),0
: Rw

S(w),0 → Uw
−

is a surjective algebra anti-homomorphism with kernel Q(w)+S(w),w, see also [37,
Theorem 3.6]. The proof of Theorem 3.1 works in the same way if the map φ+

w is
substituted with its restriction φ+

w |Rw
S(w),0

and the �|S(w)|-primes of Uw
− are also given by

Iw(y) = φw
+(Q(y)−S(w),w), ∀y ∈ W≤w. (3.6)

We finish with noting that [17, Theorem 2.3] of Goodearl and Letzter, and Lemma
2.4 imply at once the following.

PROPOSITION 3.3. Every prime ideal of Uw
−,p is completely prime for all base

fields �, q ∈ �∗ not a root of unity, Weyl group elements w ∈ W and 2-cocycles
p ∈ Z2(QS(w), �∗)n such that the subgroup of �∗ generated by

r(βi, βj)q〈βi,βj〉 = (
r(βj, βi)q−〈βj,βi〉)−1

, 1 ≤ i < j ≤ 
(w)

is torsion free, recall (2.12).

3.2. Complete primeness of certain ideals. We start with a couple of auxiliary
results for the proof of Theorem 3.1. The following lemma was proved by Joseph for
� = �, q ∈ �∗ not a root of unity [27, Proposition 10.1.8] and for � = k(q), char k = 0,
[26, Proposition 7.3]. It is easy to verify that Joseph’s proof works in the general case.
We provide the second proof based on Proposition 2.2.

LEMMA 3.4. Let � be an arbitrary field, q ∈ �∗ not a root of unity. The ideals Q(w)±

and Q(y)±w of R+ and Rw
0 are completely prime for all w ∈ W, y ∈ W≤w in the plus case

and y ∈ W≥w in the minus case.

Proof. By Lemma 2.4(b) Uw
± is a domain, ∀w ∈ W . Proposition 2.2 implies that

Q(w)±w = ker φ±
w is a completely prime ideal of Rw

0 . It is straightforward to verify that
the map

(Rw
0 /Q(w)±w)#�[P ] → (R+[E−1

w ]/(Q(w)±R+[E−1
w ]),

(cλ
ξ e−λ

w + Q(w)±w)#μ �→ cλ
ξ e−λ+μ

w + Q(w)±R+[E−1
w ], μ ∈ P, λ ∈ P+, ξ ∈ V (λ)∗

is (a well-defined) algebra isomorphism, where the smash product is defined via the
action

μ · (r + Q(w)±w) = q∓〈wμ,γ 〉(r + Q(w)±w), μ ∈ P, r ∈ (Rw
0 )γ , γ ∈ Q,
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cf. (2.4) and (2.16). Therefore, Q(w)±R+[E−1
w ] is a completely prime ideal of R+[E−1

w ]. It
follows that Q(w)± = Q(w)±R+[E−1

w ] ∩ R+ is a completely prime ideal of R+, ∀w ∈ W .
We have Twvλ ∈ U±Tyvλ, for all λ ∈ P+ and y ∈ W≥w in the plus case, y ∈ W≤w

in the minus case, see [27, Lemma 4.4.3]. Therefore, in those cases Q(y)± ∩ Ew =
∅ and thus Q(y)±R+[E−1

w ] is a completely prime ideal of R+[E−1
w ]. So Q(y)±w =

Q(y)±R+[E−1
w ] ∩ Rw

0 is a completely prime ideal of Rw
0 . �

LEMMA 3.5. For all base fields �, q ∈ �∗ not a root of unity, Weyl group elements
y ≤ w and 2-cocycles p ∈ Z2(QS(w), �∗)n:

(a) Q(w)+w + Q(y)−w is a completely prime ideal of Rw
0 and

(Q(w)+w + Q(y)−w) ∩ {eλ
ye−λ

w | λ ∈ P+
S(w)} = ∅, (3.7)

(b) Iw(y) = φ+
w (Q(w)+w + Q(y)−w) is a completely prime ideal of Uw

−,p and Iw(y) ∩
Ay,w = ∅.

Assume in the setting of Section 3 that C is a finite rank free abelian group. Then
for a graded subspace I of R, I is a completely prime ideal of Rp if and only if I is a
completely prime ideal of R, see the proof of [15, Theorem 4.1]. Therefore, it is sufficient
to prove only the untwisted case of Lemma 3.5(a). Taking into account Proposition
2.2, we see that part (b) of Lemma 3.5 follows from the first part of the lemma.

Gorelik [20, Lemma 6.6] stated the untwisted case of Lemma 3.5(a) for � = k(q),
char k = 0. Her proof works under the above more general assumptions on � and
q. We review the key steps of her proof below to show this. For μ ∈ P denote the
automorphism

ψμ
w (r) = c−μ

w rcμ
w, r ∈ Rw

of Rw. It is obvious that Rw
0 is stable under it. Recall the skew derivations ∂i = (↼ X−

i )
of R+ from Section 2. By a direct commutation argument, one shows that for all w ∈ W ,
i ∈ [1, r] such that siw < w, λ ∈ P+, μ, ν ∈ P , ξ ∈ (V (λ)∗)ν and t in the algebraic
closure of �:

∃k ∈ �+ such that (ψμ
w − t.id)kcλ

ξ = 0 ⇒
∃k ∈ �+ such that (ψμ

w − tq−〈ν,wμ〉+〈ν−mαi,siwμ〉id)k(∂m
i cλ

ξ ) = 0, (3.8)

where m ∈ � denotes the ∂i-degree of cλ
ξ . For r ∈ Rw set

wtw(r) = γ ∈ Q if (ψμ
w − q〈γ,μ〉id)kr = 0 for some k ∈ �+ and all μ ∈ P.

We say that ξ ∈ V (λ)∗ is homogeneous if ξ ∈ (V (λ)∗)ν for some ν ∈ P . For a reduced
expression v = si1 . . . sik ∈ W and a homogeneous element ξ ∈ V (λ)∗, denote

∂∗
v (cλ

ξ ) := ∂m1
i1 . . . ∂mk

ik (cλ
ξ ), (3.9)

where for j = k, . . . , 1, mj is the ∂ij -degree of ∂
mj+1
ij+1 . . . ∂

mik
ik (cλ

ξ ), see Section 2. By
induction (3.8) implies that for all homogeneous ξ ∈ V (λ), if wtw(cλ

ξ e−λ
w ) exists, then

wtw(cλ
ξ e−λ

w ) − w−1 wt(cλ
ξ e−λ

w )

= wt1((∂∗
w−1 (cλ

ξ ))e−λ
1 ) − wt((∂∗

w−1 (cλ
ξ ))e−λ

1 ) = −2 wt((∂∗
w−1 (cλ

ξ ))e−λ
1 ), (3.10)
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recall (2.6) and (2.16). The last equality follows from e−μ

1 cλ
ξ eμ

1 = q−〈μ,λ+ν〉cλ
ξ , ∀λ ∈ P+,

μ, ν ∈ P , ξ ∈ (V (λ)∗)ν , which is a special case of (2.4). The automorphisms ψμ
w , μ ∈ P

of Rw
0 commute, because of (2.6) and act locally finitely, since they preserve the grading

(2.16). Therefore, Rw
0 is a direct sum of the common generalized ψμ

w -eigenspaces, μ ∈ P .
Equations (3.8) and (3.10), and the fact that for each γ ∈ Q there exists λ ∈ P+ such
that (Rw

0 )γ = {cλ
ξ e−λ

w | ξ ∈ (V (λ)∗)γ−wλ} imply that

Rw
0 =

⊕
γ∈−2Q+

Rw
0 [γ ], (3.11)

where Rw
0 [γ ] is the span of all homogeneous elements r ∈ Rw

0 for which wtw(r) exists
and

wtw(r) − w−1 wt(r) = γ, γ ∈ −2Q+.

It follows from (2.4) that

ψμ
w (r) = q〈μ,w−1γ ′〉r mod Q(w)+w, ∀γ ′ ∈ Q, r ∈ (Rw

0 )γ ′ .

Thus, ⊕γ∈−2Q+\{0}Rw
0 [γ ] ⊆ Q(w)+w. Assume that Rw

0 [0] ∩ Q(w)+w �= 0. Then there exist
λ ∈ P+ and a homogeneous element ξ ∈ V (λ)∗, ξ �= 0 such that cλ

ξ e−λ
w ∈ Rw

0 [0] and
ξ (U+Twvλ) = 0. Because of (3.10), wt((∂w−1 (cλ

ξ ))e−λ
1 ) = 0, so ∂w−1 (cλ

ξ ) = seλ
1 for some s ∈

�∗. Thus, ξ ((X−
i1 )m1 . . . (X−

il )ml vλ) �= 0 for some m1, . . . , ml ∈ �, where i1, . . . , il are the
indices of the reduced decomposition (2.11) of w. Yet, (X−

i1 )m1 . . . (X−
il )ml vλ ∈ U+Twvλ

by [27, Lemma 4.4.3 (v)], so ξ ((X−
i1 )m1 . . . (X−

il )ml vλ) = 0 because ξ (U+Twvλ) = 0. Thus,
the assumption is not correct and

Q(w)+w = ⊕γ∈−2Q+\{0}Rw
0 [γ ]. (3.12)

Moreover, Rw
0 [0] is a subalgebra of Rw

0 . The ideal Q(y)−w is ψμ
w -stable and

homogeneous with respect to the grading (2.16), thus Q(y)−w = (Q(y)−w ∩ Rw
0 [0]) ⊕

(Q(y)−w ∩ (⊕γ∈−2Q+\{0}Rw
0 [γ ])) and

Rw
0 /(Q(y)−w + Q(w)+w) ∼= Rw

0 [0]/(Q(y)−w ∩ Rw
0 [0])

∼= (Q(y)−w + Rw
0 [0])/Q(y)−w ↪→ Rw

0 /Q(y)−w.

Therefore, Q(y)−w + Q(w)+w is a completely prime ideal of Rw
0 , since Rw

0 /Q(y)−w is a
domain by Lemma 3.4.

Next, we go over the key steps of Gorelik’s proof of (3.7) to show that it works
for all base fields �, q ∈ �∗ not a root of unity. We have that eλ

ye−λ
w ∈ Q(w)+w + Q(y)−w

if and only if eλ
yeλ′

w ∈ Q(w)+ + Q(y)− for some λ′ ∈ P+. (For some of the arguments
below, λ′ should be chosen sufficiently large.) Define si � w = max(siw,w). Let siy > y
and y ≤ w. Then siy ≤ si � w, [27, Proposition A.1.7]. Gorelik proves that

eλ
yeλ′

w ∈ Q(w)+ + Q(y)− ⇒ eλ
siyeλ′

si�w
∈ Q(si � w)+ + Q(siy)− (3.13)

as described below. Since (3.7) is obvious for y = w = w0, (3.7) follows from (3.13) by
induction.

Define the automorphisms σ i = (↼ Ki) of R+ and the (left skew) derivations
∂ i = (↼ X+

i ), i ∈ [1, r], cf. Section 2. For a homogeneous element r ∈ R+ with respect
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to the grading (2.15) in an analogy to (3.9), define ∂
∗
i (r) = ∂

n
i (r), where n = deg∂ i

r.
Since �[X+

i ]U−Tsiyvλ ⊆ U−Tyvλ, ∀λ ∈ P+,

∂
n
i Q(y)− ⊆ Q(siy)−, ∀n ∈ �. (3.14)

If siw < w, then deg∂ i
eλ′
w = 0 and eλ

siyeλ′
w = t∂

∗
i (eλ

yeλ′
w ) ∈ Q(w)+ + Q(siy)− for some t ∈

�∗, because Q(w)+ is ∂ i-invariant. This proves (3.13) in the case siw < w. The case
siw > w of (3.13) is more complicated. First one decomposes according to (3.11):

eλ
ye−λ

w = b0 + . . . + bm for b0 ∈ Q(y)−w ∩ Rw
0 [0], bj

∈ Rw
0 [−2γj], γj ∈ Q+\{0}, j ∈ [1, m],

γj �= γj′ for j �= j′. Then

wt(bj) = wt(eλ
ye−λ

w ) = (w − y)λ, ∀j ∈ [0, m]. (3.15)

Denote n := deg∂
∗
i
(eλ

yeλ′
w ). Since the elements b0, . . . , bm are linearly independent, cf.

(3.11),

deg∂
∗
i
(bjeλ+λ′

w ) ≤ n, ∀j ∈ [0, m] and

eλ
siyeλ′

siw
= t∂

∗
i (eλ

yeλ′
w ) =

∑
j∈M

t∂
∗
i (bjeλ+λ′

w ), t ∈ �∗, (3.16)

where M = {j ∈ [0, m] | deg∂
∗
i
(bjeλ+λ′

w ) = n}. Analogously to (3.8) one shows that for

siw > w, if r ∈ R+ is homogeneous and wtw(r) exists, then wtsiw(∂ ir) exists and

wtw(r) + w−1 wt(r) = wtsiw(∂ ir) + (siw)−1 wt(∂ ir). (3.17)

Equations (3.15) and (3.16) imply that wt(∂
∗
i (bjeλ+λ′

w )) = wt(eλ
siyeλ′

siw
) for all j ∈ M. It

follows from this, (3.17) and (3.12) that
∑

j∈M\{0} ∂
∗
i (bjeλ+λ′

w ) ∈ Q(siw)+. Equation (3.14)

implies that ∂
∗
i (b0eλ+λ′

w ) ∈ Q(siy)−, which completes the proof of (3.13) in the case
siw > w.

3.3. Strata of prime ideals. For J ∈ SpecUw
−,p and λ ∈ P+ denote

CJ(λ) = {ν ∈ P | ∃ξ ∈ (V (λ)∗)ν, bλ
w,ξ /∈ J}.

For all λ ∈ P+, we have −wλ ∈ CJ(λ) since aλ
w,w = 1 /∈ J. Denote by DJ(λ) the set of

minimal elements of the set CJ(λ).

LEMMA 3.6. For all base fields �, q ∈ �∗ not a root of unity, w ∈ W, p ∈
Z2(QS(w), �∗)n and I ∈ SpecUw

−,p, there exists a unique y ∈ W≤w such that DJ(λ) =
{−yλ} for all λ ∈ P+.

Gorelik’s analogous result [20, Section 5.2.1] was formulated under the assumption
� = k(q) for a field k, char k = 0. This proof works under the more general assumptions
on � and q. We sketch this below.
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Proof of Lemma 3.6. Fix J ∈ SpecUw
−,p. Let λ ∈ P+, ν ∈ DJ(λ), ξ ∈ (V (λ)∗)ν, bλ

w,ξ /∈
J. Applying (2.26), we obtain that bλ

w,ξ defines a non-zero normal element of Uw
−,p/J:

bλ
w,ξ x = r(ν + wλ, γ )q〈ν−wλ,γ 〉xbλ

w,ξ mod J, ∀x ∈ (Uw
−,p)γ , γ ∈ QS(w).

Applying this twice and using that r(., .) is multiplicatively skew symmetric (see Section
2), we obtain that for all λi ∈ P+, νi ∈ DJ(λi), ξi ∈ (V (λi)∗)νi , bλi

w,ξi
/∈ J, i = 1, 2,

bλ1
w,ξ1

bλ2
w,ξ2

= q〈ν1−wλ1,ν2+wλ2〉+〈ν2−wλ2,ν1+wλ1〉bλ1
w,ξ1

bλ2
w,ξ2

mod J.

Since J is prime and the images of bλi
w,ξi

in Uw
−,p/J are non-zero normal elements, they

are regular. Using the fact that q ∈ �∗ is not a root of unity, we obtain

〈ν1 − wλ1, ν2 + wλ2〉 + 〈ν2 − wλ2, ν1 + wλ1〉 = 0, so 〈ν1, ν2〉 = 〈λ1, λ2〉.
By [27, Lemma A.1.17], if λ1, λ2 ∈ P++, then νi = −yλi, i = 1, 2, for some y ∈ W .
Therefore, there exists y ∈ W such that DJ (λ) = {−yλ}, ∀λ ∈ P++. Let λ ∈ P++. Since
bλ

w,ξ �= 0 for some ξ ∈ (V (λ)∗)−yλ and ker φ+
w = Q(w)+w (see Proposition 2.2), we have

(U+Twvλ)yλ �= 0. By [27, Proposition 4.4.5], y ≤ w. Analogous to the proof of [27,
Proposition 9.3.8] one shows that DJ(λ) = {−yλ}, ∀λ ∈ P+ for the same Weyl group
element y. �

3.4. Proof of the main result. We proceed with the proof of Theorem 3.1. For
y ∈ W≤w denote

SpecyUw
−,p = {J ∈ SpecUw

−,p | DJ(λ) = {−yλ}, ∀λ ∈ P+}.
The definition of the sets DJ(λ) and Lemma 3.6 imply

SpecUw
−,p =

⊔
y∈W≤w

SpecyUw
−,p. (3.18)

Proof of Theorem 3.1. By Lemma 3.5(b), Iw(y) ∈ SpecyUw
−,p, ∀y ∈ W≤w. Since

dim(V (λ))yλ = 1, ∀λ ∈ P+, y ∈ W , each stratum SpecyUw
−,p contains a unique �|S(w)|-

invariant prime ideal, which would have to be precisely the ideal Iw(y). This implies
part (a) of the theorem except the statement for the poset structure of �|S(w)|-SpecUw

−,p.
It also implies

Iw(y) = ∩t∈�|S(w)| t.J, ∀J ∈ SpecyUw
−,p, (3.19)

recall (2.23). Furthermore, we have

SpecyUw
−,p = {J ∈ SpecUw

−,p | J ⊇ Iw(y) and J ∩ Ay,w = ∅}. (3.20)

The left inclusion in (3.20) follows from (3.19) and the definition of the sets DJ(λ). The
equality follows from (3.18).

To complete the proof of part (a), note that y1 ≤ y2 ∈ W≤w implies U−Ty1vλ ⊇
U−Ty2vλ, see [27, Lemma 4.4.3], therefore Q(y1)−w ⊆ Q(y2)−w and Iw(y1) = φ+

w (Q(y1)−w) ⊆
φ+

w (Q(y2)−w) = Iw(y2). Now assume that Iw(y1) ⊆ Iw(y2) for some y1, y2 ∈ W≤w. Since
aλ

y2,w
/∈ Iw(y2) by Lemma 3.5, aλ

y2,w
/∈ Iw(y1), ∀λ ∈ P+. Therefore, Ty2vλ ∈ U−Ty1vλ

(because otherwise we would get cλ
y2

e−λ
w ∈ Q(y1)−w and aλ

y2,w
∈ Iw(y1)). Applying this

to any λ ∈ P++ gives y1 ≤ y2 by [27, Proposition 4.4.5].
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Part (c) follows from (3.18) and (3.20). The rings Ry,w are �|S(w)|-simple, since
otherwise a �|S(w)|-invariant maximal ideal of Ry,w will contract to a �|S(w)|-invariant
prime ideal in the stratum SpecyUw

−,p, which properly contains Iw(y). This will
contradict with the fact that Iw(y) is the only �|S(w)|-invariant prime ideal in SpecyUw

−,p.
This and Lemma 3.5(b) prove part (b) of the theorem.

It follows from Lemma 2.4 that Goodearl’s result [4, Theorem II.6.4] is applicable
to the algebras Uw

−,p and as a consequence of this all of their �|S(w)|-prime ideals
are strongly rational. This means that the zero components of the centres Ry,w with
respect to the grading (2.3) reduce to scalars: (Z(Ry,w))0 = �, ∀y ≤ w. Next, we apply
two results of Goodearl and Letzter: [18, Lemma 6.3 (c)] implies that

dim(Z(Ry,w))γ = 0 or 1, for all γ ∈ QS(w) (3.21)

and that Z(Ry,w) are Laurent polynomial rings over �. Furthermore, [18, Corollary
6.5] gives that contraction and extension provide mutually inverse homeomorphisms
between SpecZ(Ry,w) and SpecRy,w, for all y ≤ w. Finally, because of (3.20) and
general localization facts J �→ (J/Iw(y))Ry,w is a homeomorphism between SpecyUw

−,p
and SpecRy,w. Equation (3.3) follows from part (a) and (3.19). This completes the
proof of part (d). �

4. Dimensions of the Goodearl–Letzter strata of Uw
−,p.

4.1. The untwisted case. The spectra of the algebras Uw
−,p are partitioned (3.2)

into disjoint unions of the Goodearl–Letzter strata SpecIw(y)Uw
−,p, cf. (3.4). Each of

them is homeomorphic to the spectrum of a Laurent polynomial ring over �, namely
Z(Ry,w) (see Theorem 3.1 (d)). To determine SpecUw

−,p set theoretically, one needs to
solve the problem for computing the dimensions of these Laurent polynomial rings.
In this section we obtain an explicit formula for these dimensions. This is done in
Theorem 4.5, and Sections 5–5 contain some preparatory results. We note that unlike
Theorem 3.1, the twisted case of Theorem 4.5 is more difficult than the untwisted case
and cannot be deduced from the latter.

Let μ ∈ P . If μ = λ1 − λ2 for some λ1, λ2 ∈ P+ with disjoint support, define

aμ
y,w = aλ1

y,w(aλ2
y,w)−1 ∈ Ry,w. (4.1)

Since r(., .) is a bi-character, see (2.20), equation (3.1) implies that

aμ
y,wx = r((w − y)μ, γ )q−〈(w+y)μ,γ 〉xaμ

y,w, ∀μ ∈ P, γ ∈ QS(w), x ∈ (Ry,w)γ . (4.2)

Recall (3.21). For y ∈ W≤w denote the sublattice of QS(w)

Zy,w = {γ ∈ QS(w) | (Z(Ry,w))γ �= 0}. (4.3)

By Theorem 3.1(d),

Z(Ry,w) is a Laurent polynomial ring over � of dimension equal to rankZy,w. (4.4)

The special case for untwisted quantum Schubert cell algebras of the general
dimension result in the below-stated Theorem 4.5 was previously obtained by Bell
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et al. in [3] and Yakimov in [39] under the additional condition that char � = 0 and q
is transcendental over �. We give a very simple new derivation of this formula.

PROPOSITION 4.1. ([3, 39]). For all base fields �, q ∈ �∗ not a root of unity, and Weyl
group elements y ≤ w, the Goodearl–Letzter strata SpecIw(y)Uw

− are homeomorphic to
the spectra Laurent polynomial rings over � of dimension equal to dim Ker(w + y).

Proof. If μ ∈ KerP (w + y) = {μ ∈ P | (w + y)μ = 0}, then by (4.2), aμ
y,w ∈

(Z(Ry,w))(w−y)μ\{0}. Therefore, Zy,w ⊇ (w − y) KerP (w + y) = 2w KerP (w + y). So
rankZy,w ≥ dim ker(w + y).

Let z ∈ (Z(Ry,w))γ \{0}, γ ∈ QS(w). The central property of z and (4.2) imply

aμ
y,wz = q−〈(w+y)μ,γ 〉zaμ

y,w = q−〈(w+y)μ,γ 〉aμ
y,wz

for all μ ∈ P . Since q ∈ �∗ is not a root of unity, γ ∈ ((w + y)P)⊥ ∩
Q, i.e. Zy,w ⊆ ((w + y)P)⊥ ∩ Q. Because rank((w + y)P)⊥ ∩ Q = dim ker(w +
y), rankZy,w ≤ dim ker(w + y). Therefore, rankZy,w = dim ker(w + y), and the
proposition follows from Theorem 3.1(d), cf. (4.4). �

4.2. Supports of prime factors. Fix a reduced expression

si1 . . . sil (4.5)

of w ∈ W and recall (2.12). We will identify the subexpressions of (4.5) with the
subsets D ⊆ [1, l]. For D ⊂ [1, l] set sD

ij = sij if j ∈ D and sD
ij = 1 otherwise. Define w(j) =

si1 . . . sij , wD
(j) = sD

i1 . . . sD
ij , wD = wD

(l) and wD
(j) = sD

ij+1
. . . sD

il , j ∈ [1, l]. A subexpression
D ⊆ [1, l] is called a Cauchon diagram if for all j ∈ [1, l − 1], sij w

D
(j) > wD

(j). Taking
inverses establishes a bijection between the set of those and the set of the positive
subexpressions of Marsh and Rietsch [32] of the reverse expression of (4.5). By [32,
Lemma 3.5] for each y ∈ W≤w, there exists a unique Cauchon diagram D ⊆ [1, l] such
that wD = y. Using it, define the lattice

Qy,w =
∑

j∈[1,l]\D

�wD
(j−1)(αj). (4.6)

We will see shortly that this does not depend on the choice of a reduced expression of
w. The following lemma provides a second characterization of Qy,w.

LEMMA 4.2. Let y ≤ w ∈ W. For a reduced expression (4.5) of w, let D ⊆ [1, l] be
the Cauchon diagram such that wD = y. In the notation from (2.12):

Qy,w =
∑

j∈[1,l]\D

�βij .

By [39, Lemma 3.2(ii)], QS(w) = �β1 + . . . + �βl. Thus, Qy,w is a sub-lattice of
QS(w). Lemma 4.2 follows at once form the fact that

si1 . . . sij (αij+1 ) = si1 . . . sij−1 (αij+1 ) mod (�si1 . . . sij−1 (αij )), ∀j ∈ [2, l − 1].
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For y ∈ W≤w denote by Supp(Uw
−,p/Iw(y)) the subgroup of QS(w) generated by γ ∈

Q+
S(w) such that (Uw

−,p/Iw(y))γ �= 0, which is the same as the subgroup generated by
γ ∈ QS(w) such that (Ry,w)γ �= 0. Obviously, these supports do not depend on p. The
next result describes them. (As a side result it also implies that Qy,w is independent of
the choice of a reduced expression of w.)

THEOREM 4.3. For all base fields �, q ∈ �∗ not a root of unity, Weyl group elements
y ≤ w and 2-cocycles p ∈ Z2(QS(w), �∗)n,

Supp(Uw
−,p/Iw(y)) = Qy,w.

Proof. We will first show that

Supp(Uw
−/Iw(y)) ⊇ Qy,w. (4.7)

We will use the fact that if y′, y′′ ∈ W and i ∈ [1, r] are such that y′si > y′ and
siy′′ > y′′, then y′siy′′ > y′y′′. In terms of the reduced expression (4.5), let D ⊆ [1, l]
be the Cauchon diagram such that y = wD. Denote [1, l]\D = {j1 < . . . < jl−|D|}. For
m ∈ [0, l − |D|], define

Dm = D � {j1, . . . jm} = D ∪ [1, jm], ym = wDm .

Then y0 = y, yl−|D| = w and ym = w(jm)w
D
(jm) = w(jm−1)sijm wD

(jm), ∀m = 1, . . . , l − |D|.
Moreover, ym−1 = w(jm−1)w

D
(jm), ∀m = 1, . . . , l − |D|. Since (4.5) is a reduced expression

w(jm−1)sijm > w(jm−1). Because D is a Cauchon diagram, sijm wD
(jm) > wD

(jm). By the
above-mentioned fact, y = y0 < y1 < . . . < yl−|D| = w. By Theorem 3.1(a)–(b),
aλ

ym,w /∈ Iw(y), ∀m ∈ [1, l − |D|]. Therefore, aλ
ym,w ∈ (Uw

−/Iw(y))(w−ym)λ and aλ
ym−1,w

∈
(Uw

−/Iw(y))(w−ym−1)λ. By an easy computation one obtains that ymλ = ym−1λ −
〈wD

(jm)λ, α∨
ijm

〉βjm in terms of notation (2.12). Thus,

〈wD
(jm)λ, α∨

ijm
〉βjm ∈ Supp(Uw

−/Iw(y)), ∀λ ∈ P+, m ∈ [1, l − |D|].

Since gcd{〈dD
(jm)λ, α∨

ijm
〉 | λ ∈ P+} = 1,

βj ∈ Supp(Uw
−/Iw(y)), j ∈ [1, l]\D.

Now (4.7) follows from Lemma 4.2.
Mériaux and Cauchon [33] gave another classification of �|S(w)|-SpecUw

− ,
associating to each y ∈ W≤w, an ideal Jw(y) ∈ �|S(w)|-SpecUw

− . It is based on the
Cauchon method of deleting derivations [7], which is very different from the one
given in [38]. It is not known yet whether Jw(y) = Iw(y), ∀y ∈ W≤w. Mériaux and
Cauchon [33] proved that a certain localization of Uw

−/Jw(y) by an Ore subset of
homogeneous elements is isomorphic to a quantum torus with generators of weight
{βin | n ∈ [1, l]\D}, where D is the Cauchon diagram such that y = wD. Combining this
with Lemma 4.2 implies that Supp(Uw

−/Jw(y)) = Qy,w, ∀y ∈ W≤w. Since {Iw(y) | y ∈
W≤w} = {Jw(y) | y ∈ W≤w} and Supp(Uw

−/Iw(y)) ⊇ Qy,w, ∀y ∈ W≤w we have

Supp(Uw
−/Iw(y)) = Qy,w, ∀y ∈ W≤w.

�
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4.3. Normal elements. Assume that R is a �-algebra graded by a group C. We
will say that u ∈ R is a diagonal normal element if u ∈ Rγ0 for some γ0 ∈ C, and for all
γ ∈ C there exists tγ ∈ �∗ such that ur = tγ ru, ∀r ∈ Rγ . If R is a prime ring and u �= 0,
then t : C → �∗ is a character.

For all y ≤ w ∈ W there exists ny,w ∈ �+ such that all homomorphisms Qy,w → �

have the form γ ∈ Qy,w �→ 〈λ, γ 〉 for some λ ∈ (1/ny,w)P .

PROPOSITION 4.4. For all base fields �, q ∈ �∗ not a root of unity, Weyl group
elements y ≤ w, 2-cocycles p ∈ Z2(QS(w), �∗)n and non-zero diagonal normal elements
u ∈ Ry,w, there exits μ ∈ (1/2ny,w)P such that (w − y)μ ∈ QS(w), u ∈ (Ry,w)(w−y)μ,
〈(w + y)μ,Qy,w〉 ⊆ � and

ux = r((w − y)μ, γ )q−〈(w+y)μ,γ 〉xu, ∀γ ∈ Qy,w, x ∈ (Ry,w)γ

in terms of the integers ny,w ∈ �+ defined above.

Proof. The set of diagonal normal elements of an algebra graded by an abelian
group is invariant under twisting. Because of this, one only needs to prove the
proposition for the algebras Uw

− , i.e. when p is trivial.
Let u ∈ Uw

−/Iw(y) be such that u(aλ
y,w)−1 ∈ Ry,w is a non-zero diagonal normal

element for some λ ∈ P+. Then (4.2) implies that u is a non-zero diagonal normal
element of Uw

−/Iw(y). By the same reasoning, if we establish the proposition for u, then
its validity for u(aλ

y,w)−1 will follow. Recall (4.5) and (2.12). By Cauchon’s method of
deleting derivations [7] and the nature of the iterated Ore extensionUw

− given by Lemma
2.4 (see [33]), it follows that there exists a localization of Uw

−/Iw(y) by an Ore set of
homogeneous elements, which is graded isomorphic to the �-quantum torus T with
generators z±1

j (of weights βij ), j ∈ D′ for some subset D′ ⊆ [1, l] and relations zjzj′ =
q−〈βij ,βij′ 〉zj′zj, ∀j > j′ ∈ D′. Since T is obtained from Uw

−/Iw(y) by the localization by
homogeneous elements, u is a diagonal normal element of T . Let D′ = {j1 < . . . < jk}.
Write u as a sum of monomials tzm1

j1 . . . zmk
jk , t ∈ �∗, m1, . . . , mk ∈ �. Let tzm1

j1 . . . zmk
jk be

one such monomial that occurs in u. By Theorem 4.3 the lattice generated by βij , j ∈ D′

is equal to Qy,w. Since u is a diagonal normal element,

uzn = q〈m1βij1
+...+mn−1βijn−1

−mn+1βijn+1
−...−mkβijk

,βijn
〉znu, ∀n ∈ [1, k],

and

βijn ∈ Qy,w �→ 〈m1βij1 + . . . + mn−1βijn−1
− mn+1βijn+1

− . . . − mkβijk
, βijn 〉 ∈ �,

n ∈ [1, k]

defines a group homomorphism. Therefore, there exists μ0 ∈ (1/ny,w)P such that

ux = q〈μ0,γ 〉xu, ∀x ∈ Tγ , γ ∈ Qy,w. (4.8)

This implies that (4.8) holds for all x ∈ (Uw
−/Iw(y))γ and thus for all x ∈ (Ry,w)γ . Let

u ∈ (Uw
−/Iw(y))γ0 , γ0 ∈ Qy,w. Using (4.2) we obtain that for all λ ∈ P,

uaλ
y,w = q〈μ0,(w−y)λ〉aλ

y,wu = q〈μ0,(w−y)λ〉q−〈(w+y)λ,γ0〉uaλ
y,w.

Since q ∈ �∗ is not a root of unity 〈μ0, (w − y)λ〉 − 〈(w + y)λ, γ0〉 = 0, i.e.

〈λ,w−1(μ0 − γ0)〉 = 〈λ, y−1(μ0 + γ0)〉, ∀λ ∈ P.
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Thus, w−1(μ0 − γ0) = y−1(μ0 + γ0) and

(wy−1 − 1)(−μ0) = (wy−1 + 1)γ0.

By the standard linear algebra for Cayley transforms there exits μ ∈ Span�{αi}r
i=1 such

that

γ0 = (wy−1 − 1)yμ = (w − y)μ and − μ0 = (wy−1 + 1)yμ = (w + y)μ

(see e.g. the proof of [40, Theorem 3.6]). We have wμ = (γ0 − μ0)/2 ∈ (1/2ny,w)P ,
so that μ ∈ (1/2ny,w)P . Furthermore, (w − y)μ = γ0 ∈ QS(w) and 〈(w + y)μ,Qy,w〉 =
〈−μ0,Qy,w〉 ⊆ �, so μ satisfies all the required properties. This completes the proof of
the proposition. �

By developing further the arguments of the proof of Proposition 4.4 we will classify
all normal elements of the localizations Ry,w in a forthcoming publication.

4.4. The main result. Denote the lattice

Ly,w,p = {(w − y)μ | μ ∈ P, r((w − y)μ, γ )q−〈(w+y)μ,γ 〉 = 1, ∀γ ∈ Qy,w}, (4.9)

recall (4.6). One can equivalently use only μ ∈ PS(w) in (4.9) because of (2.21).
The following theorem provides an explicit formula for the dimensions of the

Goodearl–Letzter strata SpecIw(y)Uw
−,p and completes the set theoretic description of

the spectra of all multi-parameter quantum Schubert cell algebras Uw
−,p.

THEOREM 4.5. For all base fields �, q ∈ �∗ not a root of unity, Weyl group elements
y ≤ w and 2-cocycles p ∈ Z2(QS(w), �∗)n, the Goodearl–Letzter strata SpecIw(y)Uw

−,p are
homeomorphic to the spectra of Laurent polynomial rings over � of dimension equal to
the rank of the lattice Lu

y,w,p, see (4.9).

Proof. Recall the definition of ny,w ∈ �+ from Section 5 and define the lattice

L′
y,w,p = {(w − y)μ |μ ∈ (1/2ny,w)P, (w − y)μ ∈ QS(w), 〈(w + y)μ,Qy,w〉 ⊆ �,

r((w − y)μ, γ )q−〈(w+y)μ,γ 〉 = 1, ∀γ ∈ Qy,w}.
It follows from (4.2) that aμ

y,w ∈ (Zy,w)(w−y)μ\{0} for all μ ∈ P that satisfy the equation
in (4.9). Therefore, Zy,w ⊇ Ly,w,p. Since every central element of a graded ring is a
diagonal normal element, Proposition 4.4 implies that Zy,w ⊆ L′

y,w,p. Therefore,

Ly,w,p ⊆ Zy,w ⊆ L′
y,w,p.

One easily shows that the index [L′
y,w,p : Ly,w,p] is finite, starting from [P :

(1/2ny,w)P ] < ∞. Therefore,

rankLy,w,p = rankZy,w = rankL′
y,w,p.

The theorem follows from fact (4.4) that Z(Ry,w) is a Laurent polynomial ring of
dimension rankZy,w and Theorem 3.1(d). �

REMARK 4.6. Cauchon [7] proved that for a Cauchon–Goodearl–Letzter (CGL)
extensions R and a torus invariant prime ideal I of R, R/I admits a localization, which
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is isomorphic to a quantum torus. Computing the dimension of the corresponding
Goodearl–Letzter stratum amounts to computing the dimension of its centre. Bell
and Launois applied this to obtain a formula in [2, Proposition 3.3] for uniparameter
CGL extensions, which correspond to cases when the Cauchon localization is a special
kind of quantum torus with exchange relations involving powers of q. For cocycles p
taking values in the cyclic subgroup of �∗ generated by q, this leads to a formula for
the Goodearl–Letzter strata of Uw

−,p in terms of the dimensions of the kernels of large
square matrices of size 
(w) − 
(y), which is less efficient than Theorem 4.5.

5. Equivariant polynormality, normal separation and catenarity of Uw
−,p.

5.1. Polynormality. In this section, using results of our previous paper [41], we
prove that all �|S(w)|-prime ideals of Uw

−,p are equivariantly polynormal, the spectra
SpecUw

−,p are normally separated and all algebras Uw
−,p are catenary.

We start with a brief review of equivariant polynormality. Assume that a ring R is
equipped with an action of a group � by algebra automorphism. We say that an element
u ∈ R is �-normal if it is a �-eigenvector and if there exists g ∈ � such that ur = (g.r)u
for all r ∈ R. Sometimes �-normality is defined requiring only the second condition,
see [13], but this is not sufficient to extend the definition to �-polynormality for �-
stable ideals of R. Given a �-stable ideal I of R, we say that a sequence u1, . . . , uN ∈ R
is a �-polynormal generating sequence of I if {u1, . . . , uN} generates I and for all
i = 1, . . . , N the element ui is a �-normal element of R modulo the ideal generated by
u1, . . . , ui−1. Note that it follows from the conditions on the elements u1, . . . , ui−1 that
the two-sided ideal of R generated by them is �-stable and equals Ru1 + . . . + Rui. In
particular, R is generated by u1, . . . , uN as a one-sided (left or right) ideal.

For all μ ∈ PS(w), ϑ ∈ QS(w) there exists a unique tμ,ϑ ∈ �|S(w)| such that(
tμ,ϑ

)γ = r(ϑ, γ )q〈ϑ−2wμ,γ 〉, ∀γ ∈ QS(w),

cf. (2.22) and (2.26). It is clear that the map (μ, ϑ) ∈ PS(w) × QS(w) �→ tμ,ϑ ∈ �|S(w)| is
a group homomorphism. Thus, its image

PQw,p = {tμ,ϑ | μ ∈ PS(w), ϑ ∈ QS(w)} (5.1)

is a subgroup of �|S(w)|, which is a quotient of PS(w) × QS(w).
For every λ ∈ P+

S(w) and y ≤ w ∈ W fix a finite subset Vy,w(λ)∗ ⊂ V (λ)∗ consisting
of homogeneous elements such that the restriction map

ξ ∈ V (λ)∗ �→ ξ |U+Twvλ
∈ (U+Twvλ)∗

sends bijectively Vy,w(λ)∗ to a basis of (U−Tyvλ ∩ U+Twvλ)⊥ ⊂ (U+Twvλ)∗. Given � ⊂
P+
S(w) denote

Vy,w(�) =
⊔
λ∈�

Vy,w(λ).

Define the maps

hw: Vy,w(�) → �, wt: Vy,w(ω) → P, hw(ξ ) = λ, wt(ξ ) = ν, if ξ ∈ (V (λ)∗)ν .
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Denote the partial ordering on Vy,w(�):

ξ � ξ ′, if hw(ξ ) = hw(ξ ′) and wt(ξ ) ≤ wt(ξ ′). (5.2)

THEOREM 5.1. Assume that � is an arbitrary base field, q ∈ �∗ is not a root of unity,
g is an arbitrary simple Lie algebra, w ∈ W and p ∈ Z2(QS(w), �∗)n is a normalized
2-cocycle.

(a) Since Uw
−,p is noetherian, for each y ∈ W≤w there exists a finite subset � of P+

S(w)

such that the ideal Iw(y) is generated by bλ
w,ξ for λ ∈ �, ξ ∈ V (λ)∗, recall (3.6). Fix any

linear ordering ξ1 < . . . < ξN on Vy,w(�), which is a refinement of partial ordering (5.2).
Then

bhw(ξ1)
w,ξ1

, . . . , bhw(ξN )
w,ξN

is a �|S(w)|-polynormal generating sequence of the ideal Iw(y). More precisely,

bhw(ξi)
w,ξi

x = (thw(ξi),wt(ξi)+w(hw(ξi)).x)xbhw(ξ )
w,ξi

mod
(
Uw

−,pbhw(ξ1)
w,ξ1

+ . . . + Uw
−,pbhw(ξi−1)

w,ξi−1

)
for all x ∈ Uw

−,p, i = 1, . . . , N. All automorphism related to the above normal elements
come from the subgroup PQw,p of �|S(w)|, cf. (5.1).

(b) If the base field � has characteristic 0 and q is transcendental over �, then the
conclusion of part (a) is valid for � = {ωi | i ∈ S(w)}.

Proof. The untwisted cases of parts (a) and (b) of Theorem 5.1 were proved in [41,
Theorem 3.6] and [41, Theorem 3.4], respectively. The theorem follows from this, since
all elements of the polynormal generating sets are homogeneous with respect to the
grading (2.3). �

A special case of Theorem 5.1 gives a constructive proof of a conjecture of Brown
and Goodearl, [4, Conjecture II.10.9], that the torus invariant prime ideals of the multi-
parameter algebras of quantum matrices have polynormal generating sets consisting
of quantum minors. (This is an extension of the Goodearl–Lenagan conjecture [16]
on polynormality in single parameter quantum matrix algebras, which we proved in
[41].) Artin et al. showed [1, p. 889] (see also [15, Lemma 3.6]) that the multi-parameter
algebras of quantum matrices Oλ,p(Mm,n(�)) are obtained by twists from the single
parameter ones if λ is a square root of q in � (provided that such exists). In [33,
Proposition 2.1.1] (and [41, Lemma 4.1]) the single parameter algebras of quantum
matrices were realized as special cases of the algebrasUw

+ (andUw
− ) in a way that matches

the corresponding gradings by free abelian groups. Therefore, the isomorphism of [41,
Lemma 4.1] realizes Oλ,p(Mm,n(�)) as a special case of the algebras Uw

−,p. In this case
by [41, Lemma 4.3] if char � = 0 and q is transcendental over �, the generating sets
from Theorem 5.1(b) consist of quantum minors, which are explicitly listed in [41,
Theorem 4.4]. More generally, for all simple Lie algebras g and Weyl group elements
w, if char � = 0 and q is transcendental over �, then in Theorem 5.1 one can choose
� = {ω1, . . . , ωr} by [41, Theoerm 3.4]. The last two facts rely on the theorem of
Joseph [28, Théorème 3] and need the stronger assumption on � and q because of a
specialization argument.
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5.2. Catenarity. Finally we establish normal separation of SpecUw
−,p and

catenarity of Uw
−,p.

THEOREM 5.2. For all base fields �, q ∈ �∗ not a root of unity, simple Lie algebras g,
w ∈ W and 2-cocycles p ∈ Z2(QS(w), �∗)n, the spectra of the algebras Uw

−,p are normally
separated.

Proof. Using Goodearl’s result [13, Corollary 4.6] it suffices to show that Uw
−,p has

graded normal separation. This can be proved in two different ways. Firstly, assume
that I1 � I2 are two graded (i.e. �|S(w)|-invariant) prime ideals of Uw

−,p. If x1, . . . , xn

is a �|S(w)|-polynormal generating sequence of I2 as in Theorem 5.1(a), then the first
xi, which does not belong to I1, produces a graded normal separating element for the
pair of ideals I1, I2. Secondly, by Theorem 3.1(a) for every pair I1 � I2 of graded prime
ideals of Uw

−,p, there exist y1 < y2 ∈ W≤w such that I1 = Iw(y1) and I2 = Iw(y2). Let
λ ∈ P++. Then y1λ > y2λ, so aλ

y1,w
∈ Iw(y2). Theorem 3.1(c) implies that aλ

y1,w
/∈ Iw(y1),

and equation (3.1) gives that aλ
y1,w

is normal modulo Iw(y1). �
Recall that a ring R is Auslander–Gorenstein if the injective dimension of R

(as both right and left R-module) is finite, and for all integers 0 ≤ i < j and finitely
generated (right or left) R-modules M, we have Exti

R(N, R) = 0 for all R-submodules
N of Extj

R(M, R). A ring R is Auslander regular if, in addition, the global dimension
of R is finite. The grade of a finitely generated R-module M is given by

j(M) = inf{i ≥ 0 | Exti
R(M, R) �= 0}.

An algebra R is Cohen–Macauley if

j(M) + GK dim M = GK dim R

for all finitely generated R-modules M. We will need the following two results.

THEOREM 5.3. ([14]). Assume that A is an affine, noetherian, Auslander–Gorenstein
and Cohen–Macaulay algebra over a field with finite Gelfand–Kirillov dimension. If
SpecA is normally separated, then A is catenary. If, in addition, A is a prime ring, then
Tauvel’s height formula holds.

Tauvel’s height formula holds for a ring R if for all prime ideals J of R, the height
of J is equal to

GK dim R − GK dim(R/J).

THEOREM 5.4. ([11, 29]). Assume R is a noetherian, Auslander regular ring. Let
S = R[x; σ, δ] be an Ore extension of R. Then:

(a) S is Auslander regular.
(b) If R = ⊕k≥0Rk is a connected graded Cohen–Macauley �-algebra over a field �

such that σ (Rk) ⊆ Rk for all k ≥ 0, then S is Cohen–Macauley.

The next theorem proves that all algebras Uw
−,p are catenary.

THEOREM 5.5. For all base fields �, q ∈ �∗ not a root of unity, simple Lie algebras g,
w ∈ W and and 2-cocycles p ∈ Z2(QS(w), �∗)n, the algebras Uw

−,p are Auslander regular,
Cohen–Macauley, catenary, and Tauvel’s height formula holds for them. For all y ∈ W≤w
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the height of prime ideal Iw(y) is equal to 
(y) and

GK dim(Uw
−,p/Iw(y)) = 
(w) − 
(y).

Proof. Lemma 2.4(a)–(b) and Theorem 5.4(a) imply that Uw
−,p is Auslander regular.

Given λ ∈ P++, we can specialize the −Q+
S(w)-grading of Uw

−,p from (2.3) to an �-
grading by

(Uw
−,p)n = {x ∈ (Uw

−,p)−γ | γ ∈ Q+
S(w), 〈λ, γ 〉 = n}, n ∈ �.

Obviously, the �|S(w)|-action (2.23) preserves each graded component (Uw
−,p)n andUw

−,p is
connected. Lemma 2.4(a)–(b) and Theorem 5.4(b) imply that Uw

−,p is Cohen–Macauley.
It also follows from Lemma 2.4(a)–(b) that the algebras Uw

−,p are affine, noetherian
domains with GK dimUw

−,p = 
(w). Theorem 5.3 implies that all algebras Uw
−,p are

catenary and satisfy Tauvel’s height formula.
Since the Gelfand–Kirillov dimension of a graded algebra does not change under

twisting, the last statement of the theorem follows from [41, Theorem 5.8]. �
Some special cases of the untwisted case of Theorems 5.1, 5.2 and 5.5 were

established by Caldero [6], Cauchon [8], Goodearl–Lenagan [14] and Malliavin [31].
The general untwisted case of Theorems 5.1, 5.2 and 5.5 was proved by Yakimov in
[41].
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