A THEOREM IN OPERATIONAL CALCULUS AND SOME
INTEGRALS INVOLVING LEGENDRE, BESSEL AND
E-FUNCTIONS

by C. B. RATHIE
(Received, 11th April, 1955)

1. In this paper we prove a theorem in Operational Calculus and use it to evaluate a
few infinite integrals involving Legendre, Bessel and E-functions. We write

f(p)=h(z)
when fp)=p Jm e PPR(X) A vovivviniiniiiiii e (1)
0
and $(p) 7 h=)
when $(p) = J(@/m)p f : (PRRE(PRIRZ) AT, verrerrerrresrrsrseessessene. @)

(2) is a generalisation of (1) as given by Meijer [2] and it reduces to (1) when v= +14
by virtue of the relation
K 4(2) = (m[22)te=.
(1), f(p) is called the image of h(z) which is known as the original. 'The following
abbreviations will be used.
Iya+b)=T(a+b)I (a-b),
Fat+bte)=T'(@a+b+c)'a+b-c)'(a-b+ec)'(@a-b-c).

2. THEOREM.

Iy f (P)' h(zx)

and $(p)= x‘*h {z),

then f N Y w +2/2) "L (2 +2/x) de = INmz= P =1B(2V2), ievriiiriiiiiiei (3)
0

or, fm cosh v6 sech 0 f(p cosh 6) df = (m/2pP(P)  rvviriiiiiiiiiiiiiiiiiininn, 4)
0

and Jm cosh vf sech 8 A(z sech 8) df = (m/23F (), vvrvvvivriiiiiirinneneienionianas (5)
0

when the integrals are convergent and F(x) = p~té(p)

Proof. We have
f@)=p [ e
0

Therefore, f ® Yz +2/x)"1f (@ +z/x) do = f Q- { Jm e~@rzlath(3) dt b dx
0 0 0
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= J‘m h(t) { J.m zr-lg—(z+slz)t dx} dt
0 0

= 2 f : hit) K, (2v/z1) dt

= Wmi-1$(2V2), R(2)>0,

on changing the order of integration which we suppose to be permissible and using a well-
known integral {4, p. 183].

(4) is obtained from (3) by the substitution x=+ze® and then replacing 27z by p,
and (5) follows from (4) on finding the originals of both sides.
3. (i) From the integral [1, ex. 14, p. 345]

F e P K (@)zmtde = /() [(m +n +1)I (m - n) (p? - 1)~4mP, ™ (p)
0
we find that
hx)=2m K, 4(@) = J/Em) T (m+n+ 1)L (m-n) p(p? - 1)™"P7™(D) v (6)

=f(p), R(m+n+1)>0, RE(m-n)>0,
and from [1, ex. 87, p. 367]

f ® K (pa)K ()i da
0

_ Tyl sin)

T 2 b Al 1 1-pY)

we get
z=Hh(z) =21 Ky 14(%)

g Tylbm gy +bn ) Tydmdy —m) o
8 T@Tm+)

X F (dm+dv+dn+d, Im-lv+in+l; m+l; 1-p7) (7)
=¢(p), R(m-+tv+n+1)>0, B(m+v-n)>0.

Zp} -m-n

Applying (3) and (4) we obtain

J' ® gl (z 4 2f) - AP (g £ 2)) d
0

_Tylimabrdn s Dm ety —dm) oy
@) rm+3)L'(m+n+1)(m-n)

x i dmrdvrin+d, dm-dv+in+l; m+l; 1-(42)1}, v (8)

Rmtv+n+1)>0, R(miv-n)>0, R(z)>0, |1-(4z)2|<l.

Jw cosh v8(p2 cosh? § — 1)—P; ™ (p cosh 6) df
0

_Talm v +in +§)Ty(dm +4v - in)
T TR T m+3)F(m+n+ 1) (m-n)

xF (dm+dv+in+d, Im-dv+in+d; m+i; -9, o, e 9)

—m—n-19m-2
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RBmtv+n+1)>0, R(m+v-n)>0, R(p)>0, |l-p?|<l.
If we take v =4 and use the relation [1, (24), p. 321]

Py < -2 1 2
" (Z)—z"'+"+1F( nyy Jiudm+dn+ Ll dm+in+l; mal; 12279, ... (10)
we find that

-]
fo cosh (48) (p? cosh? § — 1)=#=P™(p cosh 6) df
a Pm+n+)l(m-n-1)
N3y TI'(m+n+1)I(m-n)
R(m+n+4)>0, R(m-n-3)>0, R(p)>l.
When p—1, (9) gives

(P2 = LA=4mPA=™ (0 e, (11)

Ty(dm £4v +4n + 1) Ty(m £4v - 4n)

TR +H)Tm+n+ 1) (m-n) 272 (12)

J. cosh v8 (sinh §)-mP,~™(cosh 8) df =
0

Rmtv+n+1)>0, R(m +v-n)>0.
Since
Ty (c-a-b)
"Tc-a)T(c-b)?
I'c)'(a+b-c)
I(a)(b).

e, b; ¢; 2) Fla,b; a+b-c+1; 1-2)

(1-z)e-o-b,Fi(c-a,c~b; c~a-b+1; 1-2),

we have

_ FGmitbv+in+ D)0 Emtdv-dn), .
Y . A Y- 2 2 Im-2p—~m—n
el T(HTm+3) ?

XJFidm+dv+dn+d, Im—dv+in+d; m+d; 1-p7?)

=§~";—g [Fatim o +4m + D (=n - ppom=s
xJFidm+dv+dn+d, dm-dv+in+i; n+d; p?

+ Ty(dm iy ~ ) T (n+ f)pn-m?
xaFylime+do = dm dm o —in; 4= 29 |

_2m-3 Fdmtdv+in+3)I(-n-4) Zmn
“‘-p(%) I'im+n+1)

xoFgdm+dv+in+d, Im-v+in+d; Im+dn+d, dm+in+l, n+$; $2?)

Dalimsdy—inlmed)
I'lm —n) ,

xeFyldm-+ b= dn, dm—d—dn; m-dn, dm=in+d, - 49|
= F(z).
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Hence applying (5) we have

an cosh v8 (sech §)"H K, 4(x sech 6) df
0

- Fydmdv+in+ ) (-n-4)

n -3
I(m+n+1) g™

X Fodm+r+in+d, dm-dv+in+d; dm+dn+d, Im+in+1, n+3; jx?)
Ty(dm +4v - In)I'(n + §)

+ I‘(m _n) xﬂ+*2m_'i'
X Fg(dm+dv—3dn, Im-dv-in; dm—dn, dm-In+d,{-n; 129, ....... (13)

Rm+tv+n+1)>0, R(mtv-n)>0, R(x)>0.
(ii) From the formula [1, (89), p. 342]

[7 et sto) amido = yi2im) (22 - 1)@ o),
we have
hz) =zm41, 4(z)
=JCMm)P(P% = 1)AMQT(D) oveririniii i (14)
=f(p), Rm+n+1)>0, R(p)>1,
and from (1, ex. 88, p. 367]

1] 11y 41
Jﬂn K (px)] ,(2)x' Lt de = Fi?-,li—gvm) 2-tp=l-n B +dv+idn, L -dv+dn. n+1; p?),
0 (n + l)
we get
xth(z) =™, 4 (x)
g I‘*(%m :*:%V +%n + %)2m_lp§_m_n
B TI'@I(n+3)
xoFydm+dv+in+d, Im-dv+in+d; n+d; p% ... (158)

=¢(p), R(mtv+n+1)>0, R(p)>l.
Hence (3) and (4) give

f ® 7 Y(z +2[7) - 1}4QM(x +2/z) da
0

- TR)Ty(dm v +3n + %)Z—n-22—§(7+m+n+l)
I'n+%)

X Fidm+dv+in+d, Im-dv+in+l; n+d; 1/42), ...... (16)
Rmtv+n+1)>0, R(z)>}.

I * cosh v8{(p cosh 8)% - 1}-4mQ™(p cosh 6) df
0

_I@ L Umsb +in+d),,
I'(n+3)

o Fidm+dv+in+h dm-dv+in+d; n+d; p3), o (17)
R(m +v+n+1)>0, R(p)>l.

2p—m—n—1
D
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When p—1, we have

® cosh vl (sinh 1-m 07 _Lmtdv+in+ HIG -mI@) .,
fo cosh 18 (sinh 0)° QF(cosh 0) 49 = 2T AR A o 2M2 e, (18)

Rimtv+n+1)>0, R(m)<i.
If we take v=1% in (17) and use the relation [1, (9), p. 316]
I'd)M(n+m +1)(z2 - 1)im

QP (z) = S T 7 Pz JFidn+dm+d, n+dm+l; n4d; 27, i, (19)
we get
f: cosh (16) {(p cosh 6)2 - 1}-mQ™(p cosh §) df = /(w[2) (p% - L)-ImQP~¥(p), .......... (20)
Rm +n+4)>0, R(p)>1.
Also,
_ Iy(3m +dv+in +13)
] =2 2/ 9m-1p—m-n
e i 177 (O T
xFidm+iv+in+d, Im-dv+in+i; n+d; p?)
L Dymtdv+in+d) m—lym-+n
T Cm+3)Tm+n+1)
x Fodm+dv+in+l, Im-dv+ln+d; Im+in+d, Im+in+l, n+d; §af)
=F(z).

Hence (5) gives

f cosh v (sech 8)"H1, ,(x sech §) d8
0
_Tym sy +in+})
T In+HT(m+n+1)

X Fodm+dv+in+d, Im-dv+in+d; Im+in+d, Im+in+l, n+§; 3, ...(21)
R(m +v+n+1)>0, R(z)>0.

om—{yn+i

(iii) Writing the integral [1, ex. 8, p. 344]

f : K, (W1 dA = Tn +m +1) @5 ™(@)
in the form
[7 errRaty @t = Fin - 1) (22 - 11 QR RV B* -1),
we find that
h(z) = 2K () |
& T(n =m0+ L)p(p? = Ly VQp] S = 1)} eoeevererrreresrrrenns (22)
=f(p), Rm+tm+1)>0, R(p)>1,
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and from (7) we have
zth(z) =2"tK, ()
g Ty(@n v +im +1)

E  I'n+1)I'(3)

gn—Lpi-n-m
x Fidn+dv+im+i, In-dv+in+d; n+l; 1-p79...... (23)
=¢(p), R(nxvitm+1)>0.
Applying (3) and (4) we get
[ watw et - 1@ 42l (o +2fa) - 11 d

_Lalin tivtim +3) 2~H+mint1)9-m—2
I'n+1)I'(n-m+1)

x Fin+iv+im+d, In-bv+im+d; n+l; 1-(42)1,...... (24)
Rn+v4+m+1)>0, R(z)>}, and

f N cosh v8 (p? cosh? § — 1)-1"=#Q™{p cosh 6/,/(p? cosh? 6 - 1} db
0

- Iy(3n +dv+im+1) gn-2p-n-m-1
I'n-m+1)I(n+1)

X Fi3n+dv+im+d, In-dv+dm+d; n+l; 1-p7%,..... (26)
Rntvim+1)>0, |p*-1|<|p?|.

If we take v =1 and use (19) we have

J.wcosh (38) (p? cosh? 6 - 1)~¥"—4Q™{p cosh /./(p® cosh? § - 1)} db
0

_[7 In-m+}) .l _
—\/% m(i""—l) 2T {p/V @ -1} e (26)
Rnxm+3)>0, [p*-1]<[p*|.
When p->1, (25) yields
® 1 vne1 Om _Lntdvtim+}) .4
fo cosh v8 (sinh 8)-"-1 @Q7(coth 6) da_l"(’n-m+l)1"(n+l) 272 (27)

Rntvim+1)>0.

Note.—Results (24) to (27) may also be derived from (8) to (12) by applying Whipple’s
formula

2 (pr-1)t
Pmp) =2 iy B2~ 1)
(iv) From the integral [3, p. 119) '

fm K@)z E(l; «,:m; py:z[2®) da=2n)" "2 E{{+2n ; a,:m; p,:2[(2n)*"}
0
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we have
x-th(x) =x""}E(l papim; opg i 1z
%J(2/rr) (2r)1-n2r-2py-1 Liagd E{l+2n; a,:m; p, i {p/20)*"} covinvenninnens (28)
=¢(p),
Ry £v)>0, oy 4y =(y+v+2k)/2n,
Gunikn =y -v+2k)2n, k=0,1,..., (n-1).
Taking v =1 in the above and replacing y by y + %, we have
hx)y=2r2E(l; a,:m; pg:1l/a?m)
=./(2/m) @m) -2 —inr-ipYE{l+2n ; oX m; py: (P20} ceeieeiiiinnen, (29)
=f(P):
R(y)>0, a:‘ =a, ¢=1,2, ..., U5 e =y +14+20)2n, o p i1 =(y +2k)2n, k=0, 1, ...,
(n-1).
Applying (3) and (4) we get

f: Yz +2[x) B[l +2n; oF tm; p,: {(x +2/2)/2n)2"] dx

=[(mfn)2 vzt PE{+2n; o :m; p,: 20A}, e ..(30)
R(y £v)>0, R(z)>0.

J.m cosh v8 (cosh 0)"E{l+2n; o) :m; p,: (p cosh 6/2n)2"} d6
0

=4Jlmn) BE{l+2n; a,:m; py: (P20)¥}eeiiiriiioiiiiennnnnnn, (31)
R(y +v)>0, R(p)>0. .
Results (30) and (31) may be put in a more compact form thus:

f: Yz +2/x)"YE[l; ar:m; p,: {(x +2z/z)/2n}*"]dx

=J(mn)2-v2"v=tE{l 4+ 2n ; a,:m+2n; py:(2/n2)"}, cerriirininnnns (32)
R{y +v)>0, R(z)>0.

f ° cosh v6 (cosh 8)"E{l; «,:m ; p,: A(cosh @)%} df
0

=3Jm/n) Bl +2n; o, :m+20; pyiA), cevvirniinnnnnnnn, (33)
R('}’ +v)>0, R(A)>0, o= (y +v+2k)/2n, Uppnak= (Y =V +2k)/2n: Prm+k+1 = (y+1 +2k)/2n
Pmtntka1 = (7 +2k)/2n: k =0) l’ AR} (n - 1)
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