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1. In this paper we prove a theorem in Operational Calculus and use it to evaluate a
few infinite integrals involving Legendre, Bessel and ^-functions. We write

when f(p)=P e,-pxh(x)dx (1)
Jo

and <t>(p) =

when 4>(p)=J(2l7r)p P° (px)*Kr(px)h{x) dx (2)
J o

(2) is a generalisation of (1) as given by Meijer [2] and it reduces to (1) when v= ±1
by virtue of the relation

In (1), f(p) is called the image of h(x) which is known as the original. The following
abbreviations will be used.

r+(a ±b ±c) = F(a + b + c)F(a + b- c)f(a - b + c)T{a -b-c).

2. THEOREM.

IT

and <j>(p)-.x~ih(x),

then f° x-'-1{x+z/x)-1f(x+z/x)dx = kJnz-i''-U{2jz), (3)
Jo

/•CO

or, cosh vdsech 8f(p cosh 6) dd = (7Tl2p)id>(p) (4)
Jo
/•»

and cosh v8 sech 9 h(x sech 0) dO = {TTI2)^F(X) (5)
Jo

tuhen the integrals are convergent and F(x) \=p~^(j>{p).

Proof. We have
f(p)=pr e-"h(t)dt.

Jo

Therefore, J * ar'-^a; + z/x^fix + zjx) dx= P° a;-'-11 J" e-<~x+'lx) ̂ (t) dt\ dx
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f°° h(t)KA2j'zt)dt
Jo

) , R(z)>0,

on changing the order of integration which we suppose to be permissible and using a well-
known integral [4, p. 183].

(4) is obtained from (3) by the substitution x = Jzee and then replacing 2-Jz by p,
and (5) follows from (4) on finding the originals of both sides.

3. (i) From the integral [1, ex. 14, p. 345]

(X e-'*Kn+i(x)xm-ldx=J(iTr) r(m+n + l)F(m - 7i)(p2 - l)"*mPn
 m (p)

Jo
we find that

h(x)=xm-iKn+i(x) = J(ln)r(m + n + l)r(m-n)p(p^-l)-^P~'«(p) (6)

=f(p), R(m+n + l)>0, R(m-n)>0,
and from [1, ex. 87, p. 367]

f" K,(px)Kn(x)x*-idx
Jo

we get
x-*h(x)=xm-1Kn+i(x)

_2 m_n

x 2F1(^m + iv+ in + ^, lm - \v+ ̂ n + l ; m + t ; 1 —p~2) (7)

)>0, R(m±v-n)>0.

Applying (3) and (4) we obtain

f°° -m
x-'~H{x + zjx)% - l}-*mPn (x + z/x) dx

Jo
<*±{v-%n) i(4.m4.B,n

- * it t *}—n—&2i—i\v+Tn+n-t-i)

; m + 1 ; l-(42)"1} (8)

R(m±v + n + l )>0 , JR(m±v-n)>0, i?(z)>0, | l

I ™ cosh v8(p* cosh2 0 - l)-tmP~m(p cosh 0) d0
Jo

1 rp—m—n—\^m—2

a + J ; m + l ; 1 -p~2), (9)
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R{m±v+n + l)>0, R(m±v-n)>0, R(p)>0, \l-p-*\<l.

If we take v = $ and use the relation [1, (24), p. 321]

p " m ( 2

we find that

(2s — 1 ) i m 2 ~ m

m(2) = iFli^m+*n + *

J Q cosh (J0)(pa cosh2 6 - l)-^p-m(p cosh 0) d9

n) ( P } n

When p-^-l, (9) gives

cosh VQ (sinh fl)-F.-(eodi g) dg - ^ j f *" +,fr; *> r * ( * ? ^ ~ **> 2 - ° (12)
o r(i)r(m + i)r(m+ra + l ) r (m-n) v '

l)>0, R(m±v-n)>0.

Since

j^y(ft}; ) (1 - s)«—W - a, c - 6 ; c-a-6
we have

m + i ; 1 -p~2)

x 2i
i'1(Am + ̂ v + in +1 , \m - \v + in + i ; w + f ;

(\m ±iv - $n) F(n + \)pn~m+l

x2F^im + iv-In, lm~lv-in ; \-n; p~2)\

- n - j)

x 2F3(im + ̂  + iw + I, \m- \v + {n + \ ; im + ̂ « + J, | m + J» + l, w+

r(m-n) ,

k, % -n ; Jxa)
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Hence applying (5) we have

cosh v6 (sech 8)m+tKn+i(x sech 6) dd
J o

+ •

x zF^m + |i> - \n, fym-\v-\n\ hm-\n, fon-in + i, J -n; {x2), (13)

, R(m±v-n)>0, R(x)>0.

(ii) From the formula [1, (89), p. 342]
ra>

e-pxIn+i(x) xm~idx = J(2/n)(p2 - l)~imQn(p),
J o

we have

= J(2/ir)p(p2 -1 )~*mQ« (p) (14)

and from [1, ex. 88, p. 367]

K^pxjln^x1-1 dx = * 1,. ^"- 2 2J-2p-J-n 2^!^/ + iv+ |n, \l - lv +\n; n +1 ; p~2),

we get

±V+K + l)>0, iJ(p)>l.

Hence (3) and (4) give

Jo "

f" cosh v^{(p cosh 0)2 - l}-*m^(p cosh 8) dd
Jo

rvi\ r tin, ±I,,J.I«J.I\
2m-2m—m—n—1

*"i»+ii im-Jv + |7i + J ; w+f ; p~2) (17)
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When p-+l, we have

f" cosh u9 (sinh $)-<* fflcosh B) d6 = r * ( * w ±h-v + *n + * ) r ( * ~ m ) r ( * } 2 " - ' (18)
Jo r^(in ±^v - ^m+1)+1)

R(m±v+n + l)>0, R(m)<$.

If we take v = i in (17) and use the relation [1, (9), p. 316]

we get

(X cosh (i6>) {(p cosh 0)2- l}~» m «y cosh 0) d0= ̂ /(w/2){p* - ip-^QZ'Hp) (20)
J o

Also,

; n +

n

Hence (5) gives
/•to

cosh v0 (sech 9)m+lln+i(x sech 0) d0
J o

J, |m + Jm + l, n + f ; Ja:2), ...(21)

(iii) Writing the integral [1, ex. 8, p. 344]

e->"Km{Xslx2 - 1 }An d\ = F(n + m •
Jo

in the form

o

we find that

h(z)=x"Km(x)

= r(n-m + l)p(p*-l)-i»-iQ%{plJ(p*-l)} (22)

=f(p), R(n±m + l)>0,
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and from (7) we have

K r^n±lv±m + $) f
2 **

1 -p~2) (23)

= <f>(p), R(n±v

Applying (3) and (4) we get

f" *--*{(* +zjxf - l}-*"-iQ™[(x +zlx)IJ{(x+z/x)i -
Jo

J, i n - J v + |«i + i ; n + l ; l-(4z)"1} (24)

.R(TO ±v ±m +1) >0, R(z) >J, and

f" cosh v0 (p2 cosh2 fl - l)-*"-*Q™{p cosh «/7(p2 cosh2 0 -1} d8
J o

n + £v + £m + £, ^ n - i v + ̂ m + ^ ; n + l ; 1-p"2) (25)

*\.

If we take v = J and use (19) we have

Pcosh (18) (p2 cosh2 6 - l)-*n-*<3™{?> cosh 0IJ(pz cosh2 8-\)}dB
Jo

, \P2-I\<\pi\.

When JJ ->1 , (25) yields

.—Results (24) to (27) may also be derived from (8) to (12) by applying Whipple's
formula

(iv) From the integral [3, p. 119]

f " K ^ x y ^ E i l ; a r : m ; p , : z l x 2 n ) dx = {2n)1-n2'>'-hiy-1E{l + 2 n ; * r : m ; Pl: z / ( 2 m ) 2 n }
J o
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we have

z~*h(x) =xy~*E(l; a r : m ; Pa: I/*8")

= J{2/n)(2n)1-n2v-*nr-1p*->'E{1+2n ; «T : m ; p , : (p/2n)2n} (28)

Taking v = £ in the above and replacing y by y +1 , we have

h(x) =x->-lE(l; ar:m; Pa: l /a ; 2 n )

=J(2lir)(2TT)1-n2y-^ny-ip1-yE{l+2n; a* :m; Pa:(pj2nfn} (29)

=f(p),
•R(y)>0, ac*=aa, g = l, 2, ... , I; «f+i+1 = (y + l +2fc)/2m, a , V H t + 1 = (y+2&)/2w, i = 0 , 1
(n -1 ) .

Applying (3) and (4) we get

P x->-i{x+zlx)-*E[l+2n ; a* : m ; />,: {(a; + z/z)/2w}2n] dx
Jo

= 7(7r/n)2->'z-t''-*>'£{i+2«; ar : m ; Ps: (2/n2)"}, (30)

i?(y±v)>0, i?(z)>0.

cosh v5 (cosh 6)-*E{l + 2n ; a* : m ; p , : (p cosh 0/2«)2n} d0
Jo

= ^(7r/n)£{J+2w; a r : w ; p s : (p/2n)2n}, (31)

X(y±v)>0, R(p)>0.
Results (30) and (31) may be put in a more compact form thus :

(•=0

x-'~x(x +zjx)->E[l; a, : m ; p,: {(a; + z/a;)/2w}2n] da;
Jo

= 7(Ww)2-''2-*'~t''£{i + 2w; aT:m+2n; P, : (z/w2)"} (32)
•R(y±»0:>O, i?(z)>0.

/•to

cosh vd (cosh fl)-^ ; a r : m ; p , : A(cosh 6)in} dd
Jo

= \J(irjn)E{l+2n; ar:m + 2n; p , : A), (33)

, R{\) >0, al+k+1=(y + v + 2fc)/2n, a ,+ n + t + 1=(y - v + 2i)/2n, Pfll+t+1 = (y +1 + 2t)/2n
w, i = 0 , 1, ... , ( » - l ) .
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