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RIESZ’S FUNCTIONS IN WEIGHTED
HARDY AND BERGMAN SPACES

Dedicated to Professor Fumi-Yuki Maeda on his sixtieth birthday

TAKAHIKO NAKAZ] AND MASAHIRO YAMADA

ABSTRACT.  Let y be a finite positive Borel measure on the closed unit disc D. For
eachain D, put

S(a) = inf [D IfP du

where f ranges over all analytic polynomials with f(a) = 1. This upper semicontin-
uous function S(a) is called a Riesz’s function and studied in detail. Moreover several
applications are given to weighted Bergman and Hardy spaces.

1. Introduction. Let D be the open unit disc in the complex plane C. P denotes a
set of all analytic polynomials and H denotes a set of all analytic functions on D. Suppose
0 < p < 0o. When p is a finite positive Borel measure on D and a € D, put

S.) = Su.p.a) = inf] [ 1P dysf € Pand @) = 1]
and ‘
R(u,a) = R(u,p,a) = sup{lf(a)|p ;f € Pand ./D fPdu < l}.

When p is a finite positive Borel measure on D and a € D, put

s(u, @) = s(i, p, a) = inf{'/D [fIP dp;f € Handf(a) = 1 }

and
(4, @) = r(u,p,a) = sup{|f(@FP ;f € Hand [ |fPdu <1}.

The four functions S, R, s and 7 are called Riesz s functions. In this paper we study these
four Riesz’s functions. M. Riesz used such functions to solve the moment problem on the
real line (¢f. [6, Chapter 5]). T. Kriete and T. Trent [7] also investigated the relationship
between i and R(p, 2, a). In the investigations of Riesz’s functions, the most fundamental
and important result is the following theorem by G. Szeg6 (cf. [5, Chapter 3]). He proved
it only when p = 2 but it can be proved for arbitrary p. In the statement of the theorem,
we note that the integral kernel (1 — |a|?)/|1 — @e®®|? is called the Poisson kernel.
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SZEGH’S THEOREM. Suppose 0 < p < 00,  is a finite positive Borel measure on D
with supp . C 0D and du /(d6/27) = w(€®). Then,

S(u,p,a) = (1 — |al*) exp(log w)"a) (a € D)
where (log w)\(a) = [ log w(e’g)“l—:g% dé/2m.
It is most desirable to describe S(i, p, @) using p as in Szeg6’s Theorem, when y is an
arbitrary finite Borel measure on D. However such a problem is very difficult except for

some special measures . In Section 2, we study the behaviour of S(u,p, a) as |a| — 1
for an arbitrary measure on D. Moreover we note that

S(u,p, a)R(p,p,a) =1 (a € D).

Thus, we need to know only S or R. In this paper, the results and the proofs about s
and r are very similar to those about S and R. Hence we concentrate on only S or R in
Sections 2, 3 and 4. Let m be the normalized area measure on D, that is, dm = rdrdf /.
In Section 3, we give several lower estimates of S using dy /dm. It is more difficult to
give the upper estimates of S. We do it only in very special cases. In Section 4, we show
that R(u, p, a) is not in L' () if supp y is not a finite set.

Suppose 0 < p < oo. HP(u) denotes the closure of P in LP(u) when p is a fi-
nite positive Borel measure on D. HP(u) is called a weighted Hardy space. If du =
df /2, HP(u) = HP is the classical Hardy space. When p is a finite positive Borel mea-
sure on D, then one defines I5(n) = H N LP(u). L5(w) is called a weighted Bergman
space. If u = m, Lh(u) = L} is the usual Bergman space. HP can be embedded in H.
L = HP(m), and hence L is closed. We are interested in the following questions:

(1) When can HP(u) be embedded in H?

(2) When is L5 () closed?

(3) When can HP(u) be embedded in L5(u)?

Of course it is very interesting to know when L5(u) = HP(u), where p is a measure on D.
This problem is classical and important (cf. [2]). However, in this paper we are not going
to consider this problem. Question (2) was studied by M. Yamada [13]. If 1 is a measure
on D, question (1) is equivalent to (3). Note that the measure p for (2) satisfies (3). In
Section 5, we study the three questions given above. For example, for some compact set
K in D, if [k log W dm > —oo then HP(p) can be embedded in / where W = dp /dm.
This result follows from the lower estimate of S(u, p, @) in Section 3.

In this paper, we will use the following notation. For each a € D, let ¢, be the Mdbius
function on D, that is,

$uc) = T— (€D),
—az
and put
_ l 1+ I¢a(z)l
B(a,z) = 3 log T 6.0 6a2)| (a,z € D).
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ForO0 <r<ooanda € D, let
Di(a) = {z € D;B(a,z) <r}
be the Bergman disc with ‘center’ a and ‘radius’ . For u € L'(m),

i(a) = /D o du(z)dmz) (a € D).

Then @ may be bounded on D even if u is not bounded on D.

2. Riesz’s function. If u = m, then for 0 < p < 0o S(m,p,a) = (1 — |al*)>. Hence
p = morsuppu C 0D, by Szegé’s Theorem lim,_.;_ S(u, p,7¢®) = 0 a. e. 6. In this
section, we show that this is true in general. In particular, R is not bounded on D. In fact,
for arbitrary ., we show that lim,_;_ S(u, p, re'®) = 0 except for a countable set of 6.

PROPOSITION 1. Suppose 0 < p < 00 and p is a finite positive Borel measure. Then
the following are valid for R(a) = R(u, p,a) and S(a) = S(u, p, a).
(1) R(u,p,a) S(u,p,a) =1 fora € D, assuming oo x 0 = 1.
(2) R(w) is lower semicontinuous on (0,00) X D, and S(i) is upper semicontinuous
on the same set. Moreover R(iu,p,a) > 1 /(D) and S(i, p,a) < p(D).
(3) IflogR or R is in L'(m), then for a € D

R(a) < exp(log R~ (a) < R(a).
(4) If r < oo, then for a € D

1 + s )2 1
1 —slal) m(Dy(a)) ~/Dr(a) log R dm

log R(a) < (

where s = tanhr. Hence for a € D

1 +]al
log R(a) < (1 — |a|) ./D log R dm.

These inequalities are also valid for R instead of log R.
(5) Fora e D,

S(u,p.a) > S(S(n)dm,p,a).
(6) R is not bounded on D and D.

PROOF. (1) Itis easy to see that 1 < R(a)S(a) for 1 € D.If 1 < R(a)S(a), then there
exists a positive constant ¥ such that 1 < 7S(a) and Y < R(a). Hence 1 <7 [|g|Pdu for
any g € P with g(a) = | and so

f@)f < /le!p du forany f € P.
This implies ¥ > R(a). This contradiction shows that 1 = R(a) S(a). (2) is clear by (1).
(3) Iff € P, then log|f] is subharmonic on D and hence for any a € D,

1 — 252
loglf@)” < [, tog [ -—120)
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Assuming [ |/ du < 1, by definition of R

1422
log R(a) < / logR(z)(l la |]3 dm(z).
This implies R(a) < exp(log R)~(a) < R(a). (4) If 0 < r < oo, for any a € D,(0) and

any f € P,
—la]*)

log [f(a)l” < oglf(z )l” = az) dm(z)

1
m(D,(0)) -/m )

and hence

1 1 +s|a )2
1 P < I P d
oglftaf’ < m(D,(a)) ( 1 —s|a ./D,.(a) og f|” dm
where s = tanhr. This proof is the same as that of [14, Proposition 4.3.8.]. Assuming

SIP du < 1, we get (4) as in 3). (5) By (1),

[P dp > s@walf@F eD),

and hence [ |f|? du > [|f]PS(u)dm. Assuming f(a) = 1 and a € D, we get S(i,a) >
S(S(u)dm,a). (6) If R(i,p,a) is bounded on D, then HP(11) C L®(u). By [11, Theo-
rem 5.2], HP(u) is finitely dimensional. It is easy to see that supp y is a finite set. Then
trivially R(u, p, a) = oo except for a € supp p. The proof of the statement for D is same
to that for D, assuming p = u|D.

Even if v is not bounded, ¥ may be bounded. However (3) and (6) of Proposition 1
show that R is also not bounded. The following theorem gives a stronger result.

THEOREM 2. Suppose 0 < p < 00 and p is a finite positive Borel measure on D. If
a € 0D, then the following are valid.

(1) p({a}) = 0 ifand only if S(u,p,a) = 0

(2) lim,— - S(u, p, ra) = 0 except for a countable set of a in OD.

(3) If u({a}) = 0 and {a,} is a sequence in D with lima, = a,
then lim, .o S(i, p,a,) =0

(4) If u({a}) > 0, then for each n, the set {z € D;|z —a| < 1/n}N{z €
D;S(u,p,z) < 1/n} is a nonempty open set.

(5) Ifb<candE={z€D;z=re®0<r<landb <0 < c}, then R is not
bounded on E.

PROOF. We may assume a = 1. (1) If p({1}) > 0, then |f(1)}? < f|f\P du/u({1})
and so R(u,p,1) < 1/u({1}). (1) of Proposition 1 implies S(u,p, 1) > 0. Conversely
suppose u({1}) = 0.1fz € Dand z # 1, then lim,;+ |(1 — #)/(z — #)] = 0 and

—1 1 —¢
: —1}:‘—\« > 1).
z—1t z—1t
Foranyt > 1,
—1p R
< = !
S(u,p,l)__/DI d2) ./D\{|}1z_, dyu(2).
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As t — 1, by the Lebesgue’s dominated convergence theorem, S(u, p, 1) = 0. (2) Sup-
pose u({1}) = 0. If there exist a sequence {r,} and a positive constant ¢ such that
0<r, <1lwithr, — 1 and S(u,p,r,) > € > 0, then

1
P < 2 [P duand so [fOP < = [ 1P d

This implies S(u,p,1) > 0 and contradicts (1). Hence if u({1}) = 0, then
lim,_;_ S(i, p,¥) = 0. This implies (2) because {a € dD; u({a}) > 0} is a countable
set. (3) is clear by the proof of (2). (4) Suppose u({1}) > 0 and for each n, put

_ 1 - 1
G, = [zED;Iz—1| <;}ﬁ {ZED;S(;L,p,Z)< ;'—}

Since {z € 8D;u({z}) > 0} is a countable set, for each n there exists b, € {z €
oD;|z — 1] < 1} with u({b,}) = 0. Then S(u,p, b,) = 0 by (1) and hence G, is not
empty. G, is a relatively open set in D by (2) of Proposition 1 and so G,MD is a nonempty
open set. (5) follows from (2).

If R(u1,2,a) < oo, then the point a € D is a bounded point evaluation for H2(i).
Therefore, there exists k, in H>(y) such that f(a) = [ f(z)k.(z)dp(z) for any f in H?(1)
and hence R(1,2,a) = [|ka(z)|*> du(z). Thus the results in this section give some infor-
mation about the reproducing kernel %,.

3. Estimate of Riesz’s function. In this section we give upper and lower estimates
of S. The lower ones will be used later. The following proposition is a generalization
of Szegd’s theorem in the Introduction. In fact, if u|D is a zero measure, then it gives
Szegd’s Theorem.

PROPOSITION 3. Suppose 0 < p < oo and p is a finite positive Borel measure
such that (dp|dD)/(d0/2m) = w(€®), u|D = a6, and T(1 — |z]) < oo. Let b be
a Blaschke product of {z,} and b; a Blaschke product of {z,} (4. Then for all a € D,
(1 — |a]*) exp(log w)\(a) < S(u,p,a). Ifa € D\ {z¢}, then

S(u, p,a) < |b(@)|P(1 — |a|*) exp(log w)"(a).
If a = zj, then
S(u,p,a@) < |Bi@| (1 — |a|*) exp(log w)"(a) + ;.
In particular, S(u, p,a) > 0 if and only if logw € L'(d8).
PROOF. Since S(u,p,a) > S (wdf/2m,p,a) for all a € D, by Szegs’s Theorem

(1 — |a]?) exp(log w)\(a) < S(u,p,a) for all a € D. Let B, be a finite Blaschke product
of{zi,22,...,2z,}. Ifa € D\ {z,}, then

. )g’p duloD+Y" g 5it5)
Jj=1

B( )g(J)

S(u,p,a) < inf{

;€ € Pand g(a) =1

MUmwmw+§@m@m@%

Jj=n+l

" [Bu@p ( )i

g€ Pandg(a) = 1}.

https://doi.org/10.4153/CJM-1996-048-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1996-048-5

RIESZ’S FUNCTIONS 935

As n— 00,
1
< ——inf P du|oD ; P and =1).
S(up-a) < e in {[let aulop; € Pand @) = 1)

Now by Szegé’s Theorem, for eacha € D, S(u, p,a) < |b(a)| ™ (1—|a*) exp(log w)"(a).
Let B;, be a finite Blaschke product of {z1,z2,...,2.} \ {z;}. If a = z; and n > j, then

L gl du;g € Pand (a)=l]
Bj,,,(a)g[p w8 4

1 .
~ G [ 1Best oD + 8, 0p

S(u.p,a) < inf{ /

+Y alBuoPlglol ;g € Pandgla) = 1}.

{>n+1
As n — 00, by Szegé’s Theorem, for a = z;,
S(u,p,a) < |bj(a)| P(1 — |a*) exp(log w)'(a) + a;.

The following proposition is related to Theorem 2 in this paper and the Theoremin [7].
In fact, if W is bounded on D, then (1 — |a|?)~2S(W dm, p, a) is bounded on D. Moreover
if W is continuous on D, then for all €?,

lim (1 — a2 R(W dm,p,a) = 1/ W(e?),
a—e'
since for a function u continuous on D we have lim,_ »ii(a) = u(e®).

PROPOSITION 4. Suppose 0 < p < oo and y is a finite positive Borel measure on D.
() (@) > (Sw) (@ (a€ D).
(2) If du = Wdm and a € D, then

(1 —|al*)* exp(log W)™ (a) < S(u,p,a) < (1 — |al*)* W(a).
(3) SWdm,a) = (1 — |a|*}*S(W o ¢,dm,0) for a € D.
PROOF. (1) Forallze€ D
[P du > |f@PSe) andso [|fPdu> [|fPsdm.

Assumingf(z) = {(1—|al?)/(1—az)*}*/? fora € D, ji(a) > 8(a). 2) Iflog W € L'(m),
then :

S(W dm, p, a)

- inf{/mPde .f € Pand f(a) = 1}

(1 —laPy
1 — az|*

=inf{/|g|”Wo¢a dm;g € HP(W o ¢, dm) and g(0) = 1}

= (1—l|a*)? inf{ / |k|PW o ¢, dm;k € HP(W o ¢, dm) and k(0) = 1 }

> (1 = [af’)? exp [(log W) 0 ¢adm = (1 — |a*)? exp(log W)™ (a).
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The inequality above is proved by the fact that log |k(0)| < [™ log |k(re'®)|d8 /2 for
0 <r < 1ifk € H, and by two Jensen’s inequalities. The other inequality in (2) follows
by setting £ = 1 in the infimum above. (3) is clear by the proof of (2).

In (2) of Proposition 4, we can get estimates of S(u, p, a) as in Proposition 3 when
dp = Wdm+ 32 a6, {z;} C D and ¥(1 — |z]) < oo. The following theorem is
important in this paper and the following lemma is used to prove it.

LEMMA 1. Let Ay(a) be the set {z € D;|(a —z)/(1 — az)| < s} where a € D and
SEO,1).If1e 0, 1)and 1 — s> = (1 — |aP)1 — 2)/5, then 50) C Ay(a).

PROOF.  Without loss of generality a # 0. the Euclidean center and radius of Ag(a)

are
1—s? 1 — |af?

C= ———a, = ——05
1 —s%|al? 1 —s?|al?
respectively. Hence to prove A,(0) C As(a), it is sufficient to show that

1 —|af
S.
1= s2[af?

t+ L= la] <
1 — s2|al?

If1 —s2 = (1 — |a]*)(1 — 2)/5, then

(1 —|aP)1 —2)

1 -2 <
P =TT sqap

and hence s > {4+ (1 — |a|*)*} /(5 — |a|?). The last inequality is equivalent to

1

oo UlaPys —
< e

Then
oo U—lad)s—ns+e _(1—laP)s—1)
- 2 2 |al(t]a] + 1)

because s +¢ < 2 and |a|(¢|a| + 1) < 2. This is equivalent to the inequality

1—|af
s.
1 — s2|al?

. 1—s? la <
1—32|a|2a

THEOREM 5. Suppose 0 < p < oo and yu is a finite positive Borel measure on D. Set
du/dm = Wdm, suppose K is an arbitrary compact set in D and let t = max{|z|;z €
K}. Then, fora € D

(1 = [aPya - 7) 25
5 Pl T apra

S(u, p,a) > — /K log(W A l)dm].

If1 <p<ooanda € D, then
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-

! 1
(1= |aPy®=r (1 £y 1
Sops) 2 = o [ W dm
PROOF. By two Jensen’s inequalities, fora € D
S(u,p,a) = S(Wdm,p,a)
= inf{ [1gw o 6. 8= a0 = 1)

=(1—|aP inf{/lkl"Wo bodm ; k(0) = 1}

— |a*)? / 2rdrexp[/ logWo¢ad()/27r]

— a1 - s)/ - drexp[/ logWo¢ad9/27r}

(1 — |a)*(1 = s%)exp 1_s2/2rdr/ logWo¢ad0/27r]

1
_ 2\2 2
=(1—|a*y(1-s )exph——1 3 ./D\As(o) logWo andm]

[ 1 (1 —JaPy?
11 N2e1 2 _ U —fa")”
=(1—|a) (A —s )exp—1 3 ./D\A_,.(a) log = dm}

(1 —la)?? 1
> - |a|2)2(] —sz)exp -((—l——:—l-lga—ll—;‘—l — /D\A“(a) log(W A l)dm]

where s € (0,1) and Ai(a) = {z € D;|(a —z)/(1 — az)| < s}. For each compact set
K C D,ift = max{|z|;z € K}and 1—s? = (1—|a|?)(1—£*)/5, thenby Lemma 1 A,(0) C
As(a). Hence K C Ay(a) and so K¢ D D \ Ay(a). Thus, if 1 — s> = (1 — |a|)(1 — 2)/5,
then

(I—=la?? 1 (1 +|a))? < 24.5

(I—lay 1=s* (1 —l|afyd -5 = (1—l|a)P-£)

and hence foralla € D

(—laPPa-p) [ 2.5

Se.p.a) 2 5 (1 JaPPa—o).

/K(_ log(W A l)a'm].

Now we will prove the second inequality. Instead of Jensen’s two inequalities, we will
use the Kolmogoroff’s inequality (¢f- [12, Theorem 4.3.1]). Fora € D,if 1 <p < o0
and1/p+1/g=1,
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By

S(p,p,a) > (1 — |a*)? _[)l 2rdr(_/02”(Wo ba) T d0/27r)

-:l—

—laPy( - s)/1 dr(/ (Woda) "'d9/27r)

>(1~|a|2)2(1—s2)(1l . /02”(Wo¢a)“p+n d@/n) ’

= (1= lay(1 - (D\A(m ¢a)wdm);
= (1= [aPyY(1 =)' (/D\A @ (|1 1__"1'?2 d'")
1+-{
)"

1
q

ENE

(- Ialz)2 }’
1— r= 1 d
—laly*(1 = “a])f D\A @ W m
1 1
Ialz 2(1+1 )(l 1 i
Z 27 /D\As(a) dm

where s € (0, 1). As in the proof of the first inequality, for each compact set K C D, if
t =max{|z|;z € K}and | —s* = (1 — |a]*) (1 — £)/5, then K* D D \ A(a). Thus, if
1—s*=(1—a*)(1 —#)/5, thenforalla € D

a0 oyt -
S(u, ,a)>(1 ) A =T )
“,p sl 25 51_,_1 ke

q - q
The second inequality of Theorem 5 implies

< -

S(u, 1,a) > (1 —|a]*)® x (1 — #)(1/5)essinf{W(x);x € K}.

Let o be a finite positive Borel measure on [0,1]. Then, u(re’®) = o(r) x W(re®)df/2r
is more general than Wdm = 2rdr x W(re®)dd /2. If o(r) is singular to the Lebesgue
measure on [0,1], then u is singular to m. However we can give an interesting lower
estimate. It is different from that of Theorem 5 in case of u = W dm.

THEOREM 6. Suppose 0 < p < oo and du = o(r) x W(ré®)df /2 where o(r) is a
finite positive Borel measure on [0, 1]. If W(e"®) = sup, W(re’®) and W.(e"?) = W(re®),
then for a € D

(1 =1aP) [ expllog W)@ dotr)
< S(p,p,a)

21 . .
< o([0,1]) inf{sup [0 [ re®) P W(re®ydo ) 2m ; f(a) = 1 }

27 . .
<o([0, 1])inf{sup | |f(re®)PW(?)db/27;f(a) = 1}.
» Jo
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PROOF. Fora € D,

S(1.p.a) = inf{ [ dot) [ ey wiee®)do 2 fla) = ‘}
> [ dor) inf{./(;zw e Wire®) b/ 2m; f(a) = 1}
= /lall do(r) inf{/ozw f(re) P W(re®)db /27 f(a) = 1}
= [0~ laP)explog W, (@) doto).

We used Szegd’s Theorem in the last equality. The upper estimates are trivial.

COROLLARY 1. Letdu = o(r) x W(reé®)d /27 as in Theorem 6 and 0 < p < oo.
(1) If W(re'®) = 1, then fora € D

(1~ |a)o([lal, 1]) < S(u,p,a) < (1 — |afo([0, 1]).

In particular, S(i, p, 0) = o([0, 1]).
(2) If W(re®y = |h(re®)| for some outer function h in H'(d0), then for a € D

(1 = laP) [, W(a) dotr) < S(u.p.) < (1 = aF W(@)or((0, 1)

(3) If 1 < p < oo and W(e?®) = sup W(re®) satisfies the A, condition, then there
exists a positive constant Y such that for a € D

S(u, p,a) < ¥(1 — |af*) exp(log W) (@)o([0, 1]).

PROOF. (1) is a special case of (2). (2) Since 4 is an outer function in H', fora € D

exp(log W,)"(a) = exp(log |h,|)"(a) = |h(ra)| = W(ra)

and
i?f { sup /0 o [ (re®)P W(re®)do /2
= inf [ P () /27 = (1 — |aP) (@) = (1 — |aP)W(a).

Now Theorem 6 implies (2). (3) By atheorem of M. Rosenblum (¢£.[10] and [9, Theorem
2.2]), there exists a positive constant 7y such that for any f € P

sup ) e P W(eydo /2m <y ) T AEPW(e)db /2
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because W € 4,. By Theorem 6 and Szeg6’s Theorem, for a € D
2m . . 2 . .
ir/l_f{sup /0 [f(re®)PW(e?) db /27r} < ir}f /0 [f(e®)PW(e)db /2
=7(1 — |a*) exp(log W)"\(a)
This implies (3).
In (2) of Corollary 1, the referee pointed out that the identity S(i, p, @) = W(a)S(v,p, a)

is valid where dv = o(r) x df/2m. Applying Theorem 6 for v, we have the estimates
(1 —lal»)a({lal, 1DW(a) < S(u,p,a) < (1 — |aP)a([0, 1])W(a).

4. The Carleson inequality and Riesz’s function. Let v and p be finite positive
Borel measures on D and 1 < p < oo. We say that v and y satisfy the (v, i, p)-Carleson
inequality, if there exists a constant Y > 0 such that

v < [[ i dp

for all f € P (see [8]). v and p satisfy the (v, u, p)-Carleson inequality if and only if
HP(u) C HP(v) and the inclusion mapping i,: P (1) — HP(v) is bounded. We say that
for p > 1,v and p satisfy the (v, u, p)-vanishing Carleson inequality if HP(u) C HP(v)
and i,: H”(p1) — HP(v) is compact. We say that for p = 1,v and p satisfy the (v, u, p)-
vanishing Carleson inequality if i, is star-compact. We could not prove Theorem 7 for
p = 1 because we do not know anything about the predual of H' (11). Using Riesz’s func-
tions, we will show vanishing Carleson inequalities. As a result, we show that R(u, p) &
L'(p) if supp u is not a finite set. Moreover, from a given measure x, we will show how
to construct a measure v such that the (v, u, p)-vanishing Carleson inequality is valid.

THEOREM 7. Suppose 1 < p < 0o, and v and p are finite positive Borel measures
onD.
(1) If [R(p,p)dv < oo, then v and i satisfy the (v, u, p)-vanishing Carleson in-
equality and

R(u.pra) < ( [ R(u.p) du) R@w.p.a) (a€ D).

(2) If V is a Borel function such that 0 < V < S on D, then V|glP is bounded on D
Jfor each g in HP(11), and V dm and y satisfy the (V dm, u, p)-vanishing Carleson
inequality.

PROOF. (1) By definition of R(u, p, a), fora € D,
V@ <RGup,a) [IfP du (f € P).

Hence if ¥ = [R(u,p)dv < oo, then [ |f\Pdv < [|f)P du (f € P)and so i,: H’ (1) —
HP(v) is bounded. We will show that i, is compact. If f, — f weakly in AP(y), then there
exists a finite positive constant Y’ such that

/lfn —fIPdp <7 forall n.
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By the hypothesis, R(i, p,a) < oo v-a.e. on D and so f, — f v-a.e. on D because f;, — f
weakly. Moreover by definition of R(u,p, a), [fo(a) — f(@)fP < Y'R(u,p,a) and by the
hypothesis, R(i1, p,a) € L'(v). Thus

./Ui,—f|”d1/——>0asn—>oo

by Lebesgue’s dominated convergence theorem. This implies i, is compact. Since
TfPdv < vS|fPdpandy = [R(u,p)dv, assuming f(a) = 1, we get S(v,p,a) <
YS(u, p, a). Now by (1) of Proposition 1, we get the inequality of (1). 2) If0 < V' < §,
then ¥R < 1 and hence V(a)|f(a)” is bounded on D by [|f]P du, for each f € HP(p).
Moreoverif v = Vdmand 0 < V < S, then [R(u,p)dv < [ dm = 1 and hence by (1)
v and p satisfy the (v, i, p)-vanishing Carleson inequality.

COROLLARY 2. If0 < p < 0o and supp u is not a finite set, then R(u,p) & L' (1).

PROOF. Suppose 1 < p < 00.IfR(u,p) € L'(p), then the inclusion map i,: HP (1) —
HP(u) is compact. It is easy to see that i, is an identity operator. Hence the unit ball
of HP(11) is compact with respect to the norm. Therefore HP(u) is finitely dimensional.
This contradicts that supp i is not a finite set. This implies that R(u,p) & L'(u). For
0 < p < 1, the proof is due to the referee. Choose n sufficiently large that np > 1. If
g(a) = 1 then g"(a) = 1 as well, and g" is a polynomial if g is a polynomial. Thus,

S(i, p,a) = inf{/b [f d;f € P.f(a) = 1}

< inf{ [ 1P dusg € P.gta) = 1} = S(u.np,a).

This implies that R(u, p) & L' () for 0 < p < 1.
By Proposition 4 and Theorem 5 we obtain the following result.

COROLLARY 3. Suppose 1 < p < ocoanddu/dm=W.

(1) IflogW € L'(m) and dv = (1 — |z|*)* exp(log W)™ dm, then v and p satisfy the
(v, i, p)-vanishing Carleson inequality.

(2) If xkelog(W A 1) € L'(m) for some compact set K in D, then there exists a
nonnegative constant b such that dv = exp{—b(1 — |z|*)~3} dm and y satisfy the
W, u, p)-vanishing Carleson inequality.

(3) Supposexx-W i1 € L'(m) for some compactsetK in D. If dv = c(l——!zlz)m"%)
dm, then v and y satisfy the (v, u, p)-vanishing Carleson inequality.

Suppose 1 < p < oo and du/dm = W.If k- log W € L'(m) for some compact set
K in D, then there exists a positive constant @ and a nonnegative constant b such that

a(l — |21 exp{—b(1 — |z) >}/ )P

is bounded on D for each f € HP(i). Here a and b do not depend on £, but only on W
and the choice of K. This is a corollary of (2) in Theorem 7.
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5. HP(u) and L5(p). The following is a result of Theorem 5. If du/ dm = W and
log W is integrable on the complement K¢ of a compact set in D, then HP(u) C L5(w). In
this section, we show that if log W is locally integrable on K¢, then the same result is true.
We give a necessary and sufficient condition for HP(u) C L5(p) using Riesz’s function,
providing (supp i) N D is a uniqueness set for H. A subset £ of D is a uniqueness set if
E satisfies the following: If f in H is zero on E, then f = 0 on D. Theorem 8 is a joint
work with K. Takahashi.

LEMMA 2. Suppose 0 < p < 0o and p is a finite positive Borel measure on D. Then
the following (1)—(3) are equivalent.

(1) sup,cx R(p, p,a) < oo for all compact sets K in D.

(2) Jx R(u,p)dm < oo for all compact sets K in D.

(3) fxlogR(u,p)dm < oo for all compact sets K in D.

PROOF. Both (1) = (2) and (2) = (3) are trivial. We will show (3) = (1). We may
assume that (D) = 1. Forany f € P,

log [f(O)FP < log |f1 dm.

1
m(Dy(0)) /M»
If a € D,(0), then for all f € P

1
m(D,(0)) -

Assuming [ |[fP dp < 1, we get

(1 —|al’y®

dm.
m—az "

log /(@) < [, o8

1 (1+|a|)?
m(Dr(O)) (1 —|a]y?

log R(u,p,a) < log R(u, p) dm.

og R(u,p,a) < /D,(a) og R(u,p)dm

Since D,(a) C D,,(0) and R(u, p,a) > 1, there exists a finite positive constant Y, such
that for each a € D,(0) we have

log R1,p.a@) <7, [, log R(u.p)dm.
This implies (1).

LEMMA 3. Let X be a Banach space which consists of analytic functions on D
and contains 1. Suppose there exists a dense subspace Y of X such that if f in Y, then
(f ——f(a))/(z — a) belongs to Y for some a € D. If (z — a)X is not dense in X, then the
Sfunctional f — f(a) is bounded on Y.

PROOF. By the hypothesis, if f € Y, then f = f(a) + (z — a)g for some g € Y. Since
(z — @)X is not dense in X, there exists a nonzero ¢ € X* such that ((z — a)h,¢) = 0.
Then, for /' € Y we have (f, ¢) = f(a){1, $). Since ¢ is not identically zero we have
(1,¢) # 0. Thus |[f(a)] <7||f]| forallf € Y where ¥ = |(1, $)|7'||8]|+.
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THEOREM 8. Suppose 1 < p < oo and p is a finite positive Borel measure on D
such that (supp ) N D is a uniqueness set for H.
(1) Li(n) is closed if and only if for all compact sets K in D

/K log (i, p)dm < o0 or /Klogs(p,p) dm > —o0.
(2) HP(u) C Lh(w) if and only if for all compact sets K in D
/KlogR(u,p) dm < 00 or fK log S(u, p)dm > —o0.

PROOF. (1) First suppose that L5(u) is closed. If/ € L5(u), then (f—/(0)) /z belongs
to H. Since (f —f(O))/z is bounded on |z] < 7 < 1 and 1/z is bounded on |z| >
t, (f —f(O)) /z belongs to Ly(1). This implies that {f € L;(u);f(0) = 0} = zL(u) and
hence Li(u) = C @ zLi(w). If Af = zf for f € Li(u), then 4 is a bounded operator
on L5(p) and the range of 4 is algebraically complemented in L5(i1) by what was just
proved. By [4, Part III, Corollary 2.3], the range of 4 is closed and hence zL5(1) is not
dense in L(p). Applying Lemma 3 with X = Y = Li(p), it follows that (i, p,a) < oo
for a = 0. The same argument is true for alla € D\ {0} and hence r(, p, a) < oo for all
a € D. By the boundedness of holomorphic functions on compact sets and the uniform
boundedness principle, sup,.x ¥(i1, p, a) < oo for all compact sets K in D. As Lemma 2
also holds for r(u, p, a),

/Klogr(p,p)dm < oo or '/Klogs(;z,p)dm > —00.

Conversely, suppose [ logr(n,p)dm < oo for every compact sets K. Then by the
above lemma, supg r(u,p) < oo for every compact sets K. If f is in the L/(u)-norm
closure of Lj(x), then there exists a sequence {f,} in L;(u) such that [|f — £,|P du —
0. Then for any fixed r < oo if we let k, = SUP4en, (0) r(u,p,a), then we will have
sup{|g(@)|;z € D,(0)} < k,||g|lzr.- Applying this with g = f, — f,, we see that the f,
are uniformly Cauchy on D,(0) and hence converge uniformly to an analytic function
on D,(0). Since r was arbitrary, the f, converge uniformly on compacta to an analytic
function g on D, and we must have g = f, u-a.e. on D.

(2) The ‘if* part is same as (1) and hence we will show the ‘only if” part. If we put
M = {f € IP(n);zf € HP(u)}, then M is a closed subspace of L”(u) such that

M D HP () 2 zM 2 HP(u)o

where HP(u)o = {f € HP(n);f(0) = 0}. HP(u)o is well defined because H (1) C Li(p).
Suppose HP(u) # zM. Then HP(u) = C + HP(u)g = C+:zM and CNzM = {0}.
As in the proof of (1), by [4, Part III, Corollary 2.3], zM is closed in H”(1) and hence
zHP(u) is not dense in HP(u). Applying Lemma 3 with X = HP(u) and Y = P, it follows
that R(uu,p,a) < oo for a = 0. Suppose HP(1) = zM. Then z=! € LP(u) and hence
w({0}) = 0. If Af = zf for f € M, then 4 is a one-one bounded operator from M onto
HP(u). Therefore A is invertible and hence A(zM) = zHP(u) is closed. Since HP(u) C
Lo(u),zHP(u) # HP(w) and hence by Lemma 3, R(u,p,0) < oo follows. The same
argument implies that R(i, p, a) < oo foralla € D. Now, as in the proof of (1), Lemma 2
implies the ‘only if” part of (2).
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COROLLARY 4. Supposel < p < ooanddu/dm = W.Iflog W is locally integrable
on K§ for some compact set Ko in D, then (1) is closed and HP (1) C Li(p).

PROOF. By (1) of Theorem 8, it is sufficient to prove that for any compact set K in
D, infg log s(u, p) > —oo. If log W is integrable on K§, then by the proof of Theorem 5
infx log s(u, p) > —oo. For a more general W in this corollary, we have to proceed as
follows. Supposea € Dand 0 < € <6 < 1. As in the proof of Theorem 5,

S(“’p’a)
2m
2(1—|a|2)2/66xp(/0 logWO¢ad0/27r)2rdr

1
> (1 — a6 — 2
=4 lal e : )exp(52 — &2 >/A,5(0)\As(0> log o da dm)
24
— |a]??(8* — €2) /Aé(a)\As(a)

> (1 —|a)*(&* - &) exp((l log(W A l)dm).

Suppose K is an arbitrary compact set in D. Put # = max{|z| ;z € Ko } and k = max{|z|;
z € K}. The Euclidean center and radius of Ay (k) (0 <Y < 1) are

—? 1 — k2

C(m) = T2, 'kaZk’RO) =1 —’szz’y

respectively. Put £ = R(0) + C(6) and s = R(¢) — C(¢). There exist § and ¢ such that
0<e<dé<land

A(0) \ A(0) C D\ A(0).

Then foralla € K
As(a) \ Ac(a) C Ay(0) \ A(0).

Hence foralla € K
As(a) \ A-(a) C Kj

andso foralla € K

24
s(u,p,a) > (1 — |a|2)2(52 — 52)exp((1 LT mlog(W/\ l)dm),

since As(a) \ A:(a) is a compact subset of D\ K, and log W is locally integrable on D\ K.
This shows the corollary.

We are very grateful to the referee who improved the exposition and pointed out the
errors in the first draft of this paper. In particular, Corollary 2 for 0 < p < 1 is due to the
referee.
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