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Injective modules over the Jacobson
algebra K⟨X ,Y � XY = �⟩

Gene Abrams, Francesca Mantese, and Alberto Tonolo

Abstract. For a field K, let R denote the Jacobson algebra K⟨X , Y � XY = �⟩. We give an explicit

construction of the injective envelope of each of the (infinitely many) simple left R-modules. Con-

sequently, we obtain an explicit description of a minimal injective cogenerator for R. Our approach

involves realizingR up to isomorphism as the Leavitt pathK-algebra of an appropriate graph T, which

thereby allows us to utilize important machinery developed for that class of algebras.

1 Introduction

Aunital ringA is called directly finite in case, for any x , y ∈ A, if xy = � then yx = �. It is
not hard to show that rings which satisfy various natural conditions (commutativity,
somemild chain condition, and so on) are directly finite. On the other hand, examples
abound of rings containing elements x , y for which xy = � but yx ≠ �. Perhaps the
most natural ‘concrete’ example is found in the endomorphism ring of a countably-
infinite-dimensional vector space V over a field. Here, if {e i � i ∈ N} is a basis for
V, then the right shift transformation y which takes e i to e i+� and the left shift
transformation xwhich takes e� to � and e i to e i−� for i ≥ � satisfy xy = � but yx ≠ �. A
moment’s reflection yields that there is an even more natural example of a ring which
fails to be directly finite, to wit:

R = K⟨X ,Y � XY = �⟩,

the free associative K-algebra on two (noncommuting) generators, modulo the single
relation XY = �. A search of the literature suggests that this algebra was first explicitly
studied by Jacobson in the late ����s in [��]. Throughout the article we will refer to
this algebra as the Jacobson algebra over K.� While the displayed description of R is
quite straightforward, the structure of R is anything but.

Various ring-theoretic and module-theoretic properties of R have been analyzed
during the seven decades since Jacobson’s work, including in: Cohn [��] (����);

Received by the editors February 17, 2020; revised May 19, 2020.
Published online on Cambridge Core June 22, 2020.
AMS subject classification: 16S88, 16D50.
Keywords: Jacobson algebra, injective module, injective envelope, Leavitt path algebra, Chen simple

module, Prüfer module.
�Because of its close relationship to the well-studied Toeplitz C∗-algebra, the Jacobson K-algebra R

has also been called the “algebraic Toeplitz K-algebra” elsewhere in the literature, see e.g. [�]. We prefer

to call R the “Jacobson algebra” to further emphasize our focus on R as an algebra in and of itself, rather

than on its connection to graph C∗-algebras.
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