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Abstract. Some of the most dramatic images of prominences show he-
lical structure. Helical structure, as well as other structural features such
as twist, shear, and linking, can be quantified using helicity integrals.
This paper reviews how the calculation of helicity may be applied to
prominence models. Recent observations indicate that the sign of helic-
ity in an active region depends on which hemisphere the region is in. The
source of this asymmetry is an important problem in solar physics. The
total helicity of each hemisphere obeys a Poynting-like theorem which de-
scribes how helicity is transferred across the photosphere and the equator.
Estimating this helicity transfer may help us in understanding the helicity
balance of the sun.

1. Introduction

Some four decades ago, the problems of geomagnetism (Elsasser 1956) and so-
lar magnetism (Woltjer 1958) motivated the discovery of magnetic helicity as
a conserved quantity in MHD. Unfortunately, magnetic helicity has often been
perceived to be difficult to calculate. Section 2 will try to show that the cal-
culation of helicity for many coronal geometries is not difficult: in many cases
the helicity reduces to a sum of terms which only involve measures of twist,
shear, and flux. Helicity has several nice properties which make its calculation
worthwhile: it is conserved in ideal MHD and approximately conserved during
reconnection, it quantifies structural features of the field such as twist, shear,
kinks, and linking, and it can be computed in any geometry. Section 3 gives an
example calculation, showing where the helicity resides in a simple model of a
twisted prominence.

Helicity allows us to compare models of fields in different geometries. Thus,
a model of a sheared arcade might use its own special parameter to measure
the net shear, while models of twisted flux tubes may have their own special
parameters to measure net twist. The situation becomes even worse if different
authors working on the same basic geometry define their parameters differently.
Helicity integrals provide a single universal parameter to measure structural
features like twist and shear, thus avoiding the use of parameters specific to one
model. Also, if a magnetic system is described in terms of interacting parts (e.g.,
the solar field as subphotospheric + coronal, or a prominence system as filament
+ barbs + overlying arcade), then one can describe changes in structure in terms
of how helicity is transferred from one part to another.

Helicity is approximately conserved in high magnetic Reynolds number plas-
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Figure 1. A set of three linked tubes with linking numbers L2 = 3,
L1z = Laa = —-1.

mas (Berger 1984, Freedman and Berger 1993). Approximate helicity conser-
vation provides a valuable constraint on the evolution of a reconnecting field.
Of course, one can do physical calculations without worrying about conserved
quantities; just let the evolution equations (e.g., Navier-Stokes and magnetic
induction) do their work. One might think of calculating orbits of planets about
the sun. This can be done numerically without invoking energy and angular
momentum; however, these two quantities are essential for understanding the
orbits (as well as for finding analytic solutions). Similarly, consideration of where
magnetic helicity and magnetic energy come and go can provide shortcuts to so-
lutions of MHD problems as well as checks on numerical calculations. In a
confined volume, widespread reconnection may reduce the field to its minimum
energy state, given the amount of helicity. This state is a linear force-free field
(Heyvaerts and Priest 1984, Dixon et al. 1989). Insufficient reconnection will
leave the field in a higher energy state, e.g., a nonlinear force-feee field.

The build-up of helicity in active regions can influence the structure of
prominences both before and after eruption; helicity build-up may even be the
cause of eruptions (Low 1994, Rust 1994). Furthermore, recent observations
(Seehafer 1990, Martin et al. 1992, Pevtsov et al. 1994, Rust and Kumar
1994, 1996) have suggested that the sign of helicity in active regions is primarily
negative in the Northern hemisphere and positive in the Southern hemisphere.
The source of this asymmetry may arise below the photosphere in the solar dy-
namo (van Ballegooijen and Martens 1990, Rust 1996, Ruzmaikin 1996, Seehafer
1996). Section 4 shows how observations of differential rotation of open flux may
be useful in understanding where the helicity comes from.
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2. A Primer on Calculating Magnetic Helicity

In 1833 Carl Gauss introduced the idea of linking number. More recent discover-
ies by Faraday and others had revealed close relations between electric currents
and magnetic fields; Gauss became intrigued by the mathematical problems
raised by inductance (where the net electric force around a circuit equals the
rate of change of the magnetic field linked by the circuit). The linking number
L (see Figure 1) is a topological number describing two closed curves. Each
curve is given a direction; reversing one of the directions multiplies L by -1. No
matter how the curves are distorted, L does not change unless the curves pass
through each other. Gauss showed that L could be expressed as a certain line
integral along the curves (see, for example, Moffatt 1969). While this integral is
rarely used in practice to calculate L, it is useful in proving theorems about L,
and provides a bridge between the intuitive world of geometrical pictures such
as Figure 1, and the analytic world of integrals and vector calculus.

The linking of closed curves may at first seem irrelevant to the geometry of
coronal loops. Note, however, that curves 1 and 2 in Figure 1 twist about each
other — their linking number L2 measures how much twisting. The twist of two
filaments about each other can sometimes be seen in erupting prominence images

Figure 2. A crossing can be either positive (left) or negative (right).

(House and Berger 1987, Vrinak et al. 1991). Furthermore, in any diagram or
image involving curves or filaments there will be special points where two curves
are seen to cross over each other. For example, the lines of force in an overlying
arcade may cross over the lines in the prominence filament. The topology of
both closed curves and open curves (i.e., curves with endpoints on a boundary
such as the photosphere) can be examined using the notion of crossings.

In fact, crossings provide a nice way of calculating linking numbers while
avoiding doing line integrals. Each crossing of the curves in Figure 1 has a sign
+1 or -1 (see Figure 2). The linking number of closed curves is precisely half
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the sum of signed crossings. This sum does not vary with either viewing angle
of the curves or deformation of the curves. You do not need to carry Figure 2
with you whenever you feel the need to calculate L — there are some simple rules
for finding the sign. First, the blades in ordinary right-handed scissors orient
themselves to make a positive crossing; if you wish to purchase good quality
left-handed scissors, make sure the crossing is negative. Alternatively, imagine
two one-way roads which cross at a bridge. Let traffic flow in the direction of the
arrows. For a positive crossing, the traffic on the upper road goes to the right
as seen by drivers approaching the bridge on the lower road. A third method
consists of the right hand rule. This is perhaps easiest looking at the complete
closed curves as in Figure 1. Curl the fingers of your right hand along one of the
curves (say curve 2) in the direction of its arrow. Now look at one of the places
where curve 2 crosses over curve 3. If the crossing is positive, then the thumb
will point in the direction of curve 3.

The concept of the linking of curves extends to the linking and twisting
of magnetic field lines (Moffatt 1969). The magnetic helicity, very crudely, is
the sum over linking numbers over all pairs of field lines. Field lines, of course,
are difficult to work with: they are infinitesimally thin and there are infinitely
many of them. It is far better to think of the net linking of magnetic flux.
The magnetic helicity integral is a double volume integral similar in form to the
Gauss integral. As applied to Figure 1, it gives a total helicity of

H= Tlég + TQQ% + T3¢:23 +2L1291P9 + 20139183 + 2L935,83. (1)

Here &, is the net flux of tube 1 and T refers to the net linking of field lines
within tube 1. For a uniformly twisted circular tube, T' measures the net number
of turns (through 27) that a field line makes about the central axis. We can call
T2 the self helicity of tube 1 and 2L;,®;®, the mutual helicity between tubes
1 and 2, in analogy with self and mutual induction.

So far we have discussed closed flux tubes. But coronal fields are rooted at
the photosphere and do not form closed curves. In general, helicity integrals (like
electrical voltage) require a ground state which sets the zero. The potential field
(V x B = 0) fits this role well: given the distribution of flu x at the boundary
(B-7), the potential field minimises the energy. With the helicity of the potential
field set to 0, the helicity is always uniquely specified (Berger and Field 1984,
Jensen and Chu 1984, Finn and Antonsen 1985).

Figures 3 and 4 show the magnetic helicity of various configurations with a
plane boundary. First, consider a single twisted tube, Figure 3 (left). In general,
the interior of a flux tube may not be uniformly twisted. In this case the helicity
provides a measure of overall twist. Suppose the tube consists of a set of nested
flux surfaces. Let ¢ be the axial flux within a particular surface. Thus, the
central axis has ¢ = 0, while the outermost surface has ¢ = ®, the total axial
flux. Also let T(¢) equal the twist (number of turns about the axis) at the flux
surface labelled by ¢. Then

(]
=2 [ T(¢)sds. (2)

Dividing H by ®? gives a dimensionless twist parameter. A highly twisted tube
may begin to kink (Hood and Priest 1979, Velli et al. 1997). The amount of
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Figure 3. A twisted flux tube and a sheared arcade.

Figure 4. Mutual helicity. For the tubes on the left, the mutual
helicity is Hap = (a—b)®4®p/7. On theright, Hap = (c+d)®4®p/7.

kinking of the central axis can be quantified by the writhing number (Moffatt
and Ricca 1992). In general the self helicity of the tube can be described as
equalling the sum of the writhing number due to the shape of the axis, plus
additional twist of field lines about the axis.

Next consider the arcade in Figure 3. This arcade has infinite extent, so
we must_calculate the helicity per unit length, H. The arcade has flux per unit
length, @, and has been sheared by the length, S. Then

H =582 3)
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Figure 4 shows two examples of pairs of coronal arches. We assume that
the footpoints of the arches are small compared to the distance between the
footpoints. Let arch A have positive footpoint A, and negative footpoint A_,
and similarly for arch B. To calculate the mutual helicity between A and B,
find the angles /By Ay B_ and /B, A_B_. The mutual helicity is

Hpp = (LB+A_B_ — [B{A{B_)®,%p/T. 1)

The plane boundary can be easily replaced with a spherical boundary; sim-
ply replace ordinary angles in Figure 4 by a spherical angle. (Consider 3 points
P, @, R on a sphere. The spherical angle ZPQR at vertex @ can be found by
rotating the coordinates so that ¢ is at the North pole; then ZPQR equals the
difference in longitude between P and R.)

3. Example: A Sheared Arcade Reconnecting to Form a Twisted
Prominence

Many authors have suggested that twisted flux tubes can support prominence
material (Hood and Priest 1979, Pneuman 1983, van Ballegooijen and Martens
1989, Priest, Hood and Anzer 1989, Ricca 1997). Here we consider a simple
model where an initially sheared arcade partially reconnects (Figure 5). The
part that does not reconnect can be called the overlying arcade (region 1). The
reconnecting flux transforms into a twisted tube and an underlying arcade (re-
gions 2 and 3). The fields are assumed invariant in the 2 direction. We choose
the initial flux at the photosphere, z = 0, to be linear,

B, = —Boy/a, |y| <a (5)

with no flux entering the corona outside |y| = a. The shear profile is also linear:
footpoint displacements occur in the z direction with magnitude

=3
Aafy)= -3, Q
Thus, for example, a field line starting at (z,y,2) = (2o, —Y0,0) re-enters the
photosphere at (2o — syo/a, ¥o,0).

The helicity per unit length of this initial configuration can be computed
using equation (3):

H= /_aa ‘/ya Bz(y)Bz(y,) (Am(y’) - A.’L‘(y)) dy'dy, (7)

The result is A = 2B3sa?/15.

We suppose that only the photospheric flux within |y| = ea reconnects,
where ¢ is some number between 0 and 1. In the final configuration, the flux
inside |y| = ea belongs to the underlying arcade, while the outer flux goes into
the overlying arcade. By an integration similar to equation (7), the self helicity
(per unit length) of the overlying arcade is

Hyy = (1 -58/2+368/2)A. (8)
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Figure 5. A twisted prominence model.

Meanwhile the underlying arcade no longer contributes any helicity. Its self
helicity Hzs = 0 by the assumption of zero final shear. Its mutual helicities with
the overlying arcade and the central flux tube also vanish.

The central tube (region 2) has self helicity

flgg = €5ﬁ; (9)

this can be calculated using equation (2). Also the tube has flux ®; = € Bosa/3.
The mean twist parameter (per unit length again) is Hap/®% = 6/(5¢s).

Finally, the azimuthal (y direction) flux in the overlying arcade is &; =
Bo(1 — €%)/2. This flux links the axial tube flux; thus the mutual helicity is

-ﬁ12 = 2§1¢2 = 5(63 - 65)/2. (10)

Note that ; : 3 :
H = Hy + Hyp + Hop. (11)

For example, if ¢ = 3/4, then

Ay =0.304, (12)
Hiy =0.461, (13)
Hyy =024H. (14)

Thus the helicity is shared between shear H 11, linking Jit 12, and twist Jif 92. Any
additional reconnection, for example at the initiation of a mass ejection, could
change these ratios.
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4. Helicity Balance in the Northern Hemisphere

Ruzmaikin (1996) and Seehafer (1996) explore the possibility that the o effect
in dynamo theory causes the observed asymmetry in active region helicity in
the two hemispheres of the sun. The o effect does not create any net helicity;
instead it creates opposite signs of helicity in the mean field and the fluctuating
field. Classically the mean field in the North should get positive helicity. If this
is indeed happening below the photosphere, then the negative helicity seen in
active regions must come from the fluctuating field. This scenario may be seen
as a consequence of helicity conservation during reconnection. If two flux tubes
reconnect deep below the photosphere, they will change their mutual helicity
with an equal and opposite change in self helicity (Song and Lysak 1989, Wright
and Berger 1989). The self helicity is stored in twist internal to the flux tubes,
which in mean field theory would appear in the fluctuating part of the field.

On the other hand, the net helicity of the North may be negative. Let Hy
be the total magnetic helicity of all magnetic fields in the solar interior north of
the equator. Ignoring the small resistive dissipation term, the time derivative of
Hpy can be shown to a surface integral (Berger 1984):

d.gtN = El?ffsurface Br(a)Br(a/)d_‘P(;tv_a'lead2a/

_% f fequator BZ(X)BZ(xl)ﬂ:t’_XIldzzlpz" (15)

where a, a’ are points on the surface and dy(a,a’)/dt is the angular velocity of
the field line at a about the field line at a’ due to fluid motions. Similarly, x and
x’ label points on the equatorial plane below the surface; these rotate about each
other with angular velocity df(x,x’)/dt. This Poynting-like equation describes
transfer of helicity into and out of the Northern hemisphere.

Part of the transfer comes from differential rotation (Rust 1996). Open
field lines in Northern coronal holes rotate, sending negative helicity into the
Parker spiral. Conservation of helicity implies that an equal and opposite pos-
itive helicity goes downwards into the sun (this contributes to the first term in
equation 15). But the net open flux leaving the Northern hemisphere must equal
the amount of flux entering through the equatorial plane (mostly at the base of
the convection zone). This flux also rotates, sending negative helicity upwards
(second term in equation 15), and positive helicity downwards. If rotation is
faster at the equator, then negative helicity will build up in the Northern hemi-
sphere. This helicity may then find its way into active regions, eventually to be
released in coronal mass ejections. Of course, during the solar cycle, toroidal
flux crosses the equator cancelling out some of the helicity buildup. Both ob-
servations of the distribution of open flux and theoretical studies of the solar
dynamo will be needed to understand the helicity balance of the sun.
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