A NOTE ON THE ASSOCIATED LEGENDRE POLYNOMIALS
by P. R. KHANDEKAR
(Received 19 June, 1963)

1. This paper gives what appears to be a new Rodrigues’ formula for the Associated
Legendre Polynomials defined by [5, p. 122]

PI) = (x’—l)*"'(i) P) (w1
dx
with the restriction that m is an even positive integer, which helps to evaluate some integrals.
Putting m = 2k in (1.1) and replacing P,(x) by the Gegenbauer Polynomial C#(x) and
using [3, p. 176]

(i)mc«x) — 2", CAE(x), (1.2)
dx
we obtain

PZ(x) = 22— 1" (1 = xH*C2LH (x). (1.3)

Putting « =v—1 in the relation [4, p. 283]
224V (a4 DI+ DT (v —a+n =T QRu+ m)I(2v +n)
m! n! T(v—o—Hr(v—a+n+HrEuWI2v)
-m,m+2p,0+1,0—v+3; 1
T +Lviat+n+da—v—n+i]
2 2 2

.[ 1 (A=-x) (1 +x)""*CL(x)C(x) dx =

we get

1

f (1= 52" $CIX)CA) dx

-1

_ (Wn(20) T+ DIEHT(L—p—mT(1—p+v)

("=t hyymLr ey _,m.n
n.( ) 2+2+v+11"1 p+v 2+2 1—u )
(mzn, m+neven). (1.4)

Consider

(1-x*CHEL(x) = Z AC (). (L.5)
Multiplying both sides of (1.5) by
(I=x)Cri3(x),

integrating with respect to x between the limits (—1, 1), and using the result (1.4) and the
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orthogonal property of the Gegenbauer Polynomials, we find 4,, and substitution in (1.5) then
gives
(n+2k)! {(2K)!1}* & T(n+k+3-20)

(4k)! (n=2k)! S NN (k=D!T(n+k—1+D

T —k—n+2)(n-20)! Ch
*TE—n+DI(n+2k+1-2]) -2l

On expanding C*3,(x) in powers of (1 —x)/2 with the help of [3, p. 176]
n! CHx) = 21),F(—n, n+22; A+1; 1—1x), 1.7

A=-x?CL5k(x) =

(x).  (1.6)

(1.6) becomes
k! (1) 2 (—n)(n+2k+s)!
AR (n=2k) k! (n+ 1), S st (1+k),
x7F6[—n—k—§,%—%k—-}n,-}—k—%n, —k—3in, —in+4s, —in+is+3, —k; 1](_1:_,;)1
—3k—3%, —3n, —in+4, —dn—4s—k+4%, —dn—4s—k,3—n 2
and because [1, p. 26]
7F6|:a,1+§a, b , ¢ , d4d , e , —-m ; 1]
4a ,1+a-b,1+a—-c,1+a—d,1+a—e,14+a+m

(1 x2)kc2k+«}( )

_(1+a),(1+a—d—e), 1+a—b—c, d , e -—-m 1],
(1+a d)m(1+a—e)m 1+a-b ,14+a—-c,d+e—a—m

(1.3) reduces to

bon (- 1) —k, k, —in+is, —in+is+3; 17 /1-x\°
PZR = n ( n)s(n"’ S F [ ](___) . (18)
» %) ("—21‘)!;;: st s! ¢ —in, —In+4, 1+s
2, Let
PM(x) = ¥ 4, ,Crt3,(x). (2.1)
Giving particular values for k = 1, 2, 3, ... we deduce that
2% 1 (=R)(K)2*(n =211 (B), 44
Pn (x) (n Zk)' Z r Cn—2r(x)' (22)

To prove (2.2), we expand C.*3 (x) with the help of (1.7) and get the result (1.8). Hence the

result (2.2) is true.
Substituting the value of C,*% (x) and using [3, p. 180]

(i)m"(x’—l)" 2 (§)nt C(x) 2.3)
dx
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in (2.2), we see that the Rodrigues formula for P(x) is given by

1 ay n —k’ —n, k: 1/(1_x2)
P(x) = m(‘a}) {(xz—l) 3F2[_%n’ _intd ]} (2.4)

1
It can be easily verified that ¢,(x) given by [2] is mP,f“(x) satisfying (2.4).

3. Taking m, p and ¢ as positive integers and / any integer, consider

[(di)q{(xz_ 1)-'P3,P(x)}] (rp21,9=0,1,2..). ER))
X x=%1

Substituting the value of P2?(x) and using (1.1) in (3.1), applying Demoivre’s theorem of
differentiation and using the relations (2.3) and

ay i pysan (5!
[(5) P"(x)]x= £ ™S 2(n—s)!
in (3.1), we obtain

[(i)"{(xul)-'r,i”(x)}] =0 forg=0,1,2,...,p=I-1, (3.2
dx x=41

_ g+m (m+p+1+9)! q!
=(£1) +21
20748 g—p+ D (p+q+ D' (m—p—q-1)!

~p+l, —q+p—-1, —p—q-1; 1
% JF, arp=h b ] (3.3)
-m-p—q-1,14+m—p—q-1
forq=p-1, p-I+1,...,(m—p-1),and
292 m —2p)! (p+1—m+q)! (m—2l—g)! m!
—m, —m+2p, —m+2l+gq; 1
x 3F, 34
=2m,14+p+l+q—m
forg=m—-p—-Il+1,m-p-142,...,m=2I.
We have, from [3, p. 175],
" " W42
i (1_x2)n+l~§ =2n!(l+%)n(1 X) Cn(x). (35)
dx (=1)"24),
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Now consider

o) = (di)"-“[(xz—l)" SFZ{_'" - 1"1"‘2)}]. (36
X —%ns _in+%

From this, with the help of (3.5) and (2.3), we get, forg < k,

Ay (x) = q_i (=k),(k),(n—g)! (= 1)7*(1—x?)*"""(g—r+ 1)"_q22'+""‘lcz:,+*(x)

r=0 rt(n—r)!(2q—-2r+1),_,
k ¢ 2r+n—~ _
+ 3 COOZT0 20 Droegrzary oo,
and as
i) = (£ 1y 2,
n!
we have

A f(£1)=0, forg=k+1,k+2,...,n; (3.7)

A2 = (217" (_k)"(k)“zqnf‘?n—zq)z

[—k+q,k+q, —in+iq, —in+ig+3; 1] 38
l-tntg, —dntg+d 14g S
forgq=0,1,2,..., k.
4. Consider the integral
1
J (1=x¥)"'"P2(x)P¥(x) dx (m+n even). 4.1)
-1

Without loss of generality we can take m < n. Substituting the value of P3*(x) from
(2.4) in (4.1) and integrating by parts as many times as necessary, using the results (3.2), (3.3),
(3.4) and (3.7), (3.8), we obtain:

(i) When p—l =k and m—2l <n,

jl (1-x3)~'P2P(x)P**(x) dx = 0; 4.2)

-1
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(ii) When p—I <k <m—p-|,

J' " (1= ) P()Px) dx

— (—1)‘ gy (—l)q(m+P+q+l)!("k)q+1(k)q+1(n—2‘1‘2)!
247 n=2k) . 5 (@—p+ D! (p+g+DI(m—p—q—D!(g+1)
~p+l, —q+p-1I, —p—q—1; 1]

Xaly
—m—p—q—-L1+m—-p—g-I

—k+q+1,k+q+1, —tn+4q+% —In+ig+1; 1
x 4F 4 . 4.3)
—in+g+1, —=n+q+3,2+¢q

Thus under different conditions we can find the value of the integral (4.1) with the help of
(3.2), (3.3), (3.4), (3.7) and (3.8).

On the same lines it can be proved that
1
[ (14 x)~'P2?(x)P2(x) dx = 0, (4.9)
J -1

if m<n, p—12kand | satisfies the condition

n—m

2

<lsp;
and generally

f " J)P(P(x) dx = 0, 5

where f(x) is any polynomial of degree I, under the conditions m+1! < n and p 2 k.

I wish to thank Dr B. R. Bhonsle for his guidance during the preparation of this paper.
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