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BUCHSBAUMNESS IN LOCAL RINGS POSSESSING
CONSTANT FIRST HILBERT COEFFICIENTS OF

PARAMETERS

SHIRO GOTO and KAZUHO OZEKI

Abstract. Let (A,m) be a Noetherian local ring with d = dimA ≥ 2. Then, if
A is a Buchsbaum ring, the first Hilbert coefficients e1

Q(A) of A for parameter

ideals Q are constant and equal to −
∑d−1

i=1

(
d−2
i−1

)
hi(A), where hi(A) denotes

the length of the ith local cohomology module Hi
m(A) of A with respect to the

maximal ideal m. This paper studies the question of whether the converse of the

assertion holds true, and proves that A is a Buchsbaum ring if A is unmixed

and the values e1
Q(A) are constant, which are independent of the choice of

parameter ideals Q in A. Hence, a conjecture raised by [GhGHOPV] is settled
affirmatively.

§1. Introduction

The purpose of this paper is to affirmatively answer a conjecture raised
in [GhGHOPV], which claims Buchsbaumness in local rings possessing con-
stant first Hilbert coefficients of parameter ideals.

To explicitly state the conjecture and our results, let us fix some notation.
In this article, let A be a Noetherian local ring with maximal ideal m, and
let d = dimA > 0. Let �A(M) denote, for an A-module M , the length of M .
Then for each m-primary ideal I in A, we have integers {ei

I(A)}0≤i≤d such
that the equality

�A(A/In+1) = e0
I(A)

(
n + d

d

)
− e1

I(A)
(

n + d − 1
d − 1

)
+ · · · + (−1)ded

I(A)

holds true for all n � 0, which we call the Hilbert coefficients of A with
respect to I . We say that A is unmixed if dim Â/p = d for every p ∈ Ass Â,
where Â denotes the m-adic completion of A. Let Hi

m(∗) (i ∈ Z) denote the
local cohomology functors of A with respect to m.
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96 SHIRO GOTO AND KAZUHO OZEKI

With this notation, the main result of this paper is the following.

Theorem 1.1. Suppose that d = dimA ≥ 2 and that A is unmixed. Then
the following two conditions are equivalent.
(1) A is a Buchsbaum local ring.
(2) The first Hilbert coefficients e1

Q(A) of A are constant and independent
of the choice of parameter ideals Q in A.

When this is the case, one has the equality

e1
Q(A) = −

d−1∑
i=1

(
d − 2
i − 1

)
�A

(
Hi

m(A)
)

for every parameter ideal Q in A.

Here let us briefly recall the definition of Buchsbaum local rings. The
readers may consult the monumental book by Stückrad and Vogel [SV] for
a detailed theory, some of which we note here for use in this paper.

We say that our local ring A is Buchsbaum if the difference

�A(A/Q) − e0
Q(A)

is independent of the choice of parameter ideals Q in A and is an invariant
of A, which we denote by I(A). As is well known, A is a Buchsbaum ring if
and only if every system a1, a2, . . . , ad of parameters in A forms a d-sequence
in the sense of Huneke [H]. When A is a Buchsbaum local ring, one has

m · Hi
m(A) = (0)

for all i �= d. Therefore the local cohomology modules {Hi
m(A)}i �=d are finite-

dimensional vector spaces over the field A/m, and the equality

I(A) =
d−1∑
i=0

(
d − 1

i

)
�A

(
Hi

m(A)
)

holds true.
We say that A is a generalized Cohen-Macaulay local ring if all the

local cohomology modules {Hi
m(A)}i �=d are finitely generated. Hence, every

Cohen-Macaulay local ring is Buchsbaum with I(A) = 0, and Buchsbaum
local rings are generalized Cohen-Macaulay. A given Noetherian local ring A

with d = dimA > 0 is a generalized Cohen-Macaulay local ring if and only if

I(A) := sup
Q

{
�A(A/Q) − e0

Q(A)
}

< ∞,
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where Q runs through parameter ideals in A [STC]. When this is the case,
one has

I(A) =
d−1∑
i=0

(
d − 1

i

)
�A

(
Hi

m(A)
)
.

Suppose that A is a generalized Cohen-Macaulay local ring, and let Q be a
parameter ideal in A. Then Q is called standard if

I(A) = �A(A/Q) − e0
Q(A).

This condition is equivalent to saying that Q is generated by a system
a1, a2, . . . , ad of parameters which forms a strong d-sequence in any order
[STC].

Theorem 1.1 asserts that Buchsbaum local rings A with depthA > 0 are
characterized by the consistency of e1

Q(A) for parameter ideals Q. Notice
that in Theorem 1.1 our contribution is the implication (2) ⇒ (1); the impli-
cation (1) ⇒ (2) and the last assertion are due to Schenzel [Sch, Korol-
lar 3.2].

As a consequence of Theorem 1.1, we also have a characterization of local
rings A which are not necessarily unmixed to possess constant first Hilbert
coefficients e1

Q(A) for parameter ideals Q (see Theorem 3.2). However, before
entering more details, let us explain the background of our research.

Our research dates back to the following conjecture of Vasconcelos posed
at the conference in Yokohama of March 2008 [V].

Conjecture 1.2 [V]. Assume that A is unmixed. Then A is a Cohen-
Macaulay local ring once e1

Q(A) = 0 for some parameter ideal Q of A.

This conjecture was partially solved by [GhHV] and recently settled affir-
matively by [GhGHOPV, Theorems 2.1, 3.4]. Mandal and Verma ([MV,
Theorem 8]; see also [GhGHOPV, Corollary 2.5]) showed that e1

Q(A) ≤ 0
for every parameter ideal Q in arbitrary Noetherian local rings A with
dimA > 0. The authors of [GhGHOPV] thereafter started the study of the
next extreme case, that is, the case where the set

Λ(A) = {e1
Q(A) | Q is a parameter ideal in A}

is finite. Among their results, one finds that A is a generalized Cohen-
Macaulay local ring, once the set Λ(A) is finite and A is unmixed
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([GhGHOPV, Proposition 4.2]). Because e1
Q(A) is constant if A is a Buchs-

baum local ring (see [Sch, Korollar 3.2]), it seems now very natural to conjec-
ture that A is a Buchsbaum local ring if A is unmixed and the value e1

Q(A)
is constant, which our Theorem 1.1 settles affirmatively. (See [GhGHOPV,
Theorems 4.8, 4.10] for partial answers for the cases where Λ(A) = {−1}
and Λ(A) = {−2}, respectively.)

We now explain how this paper is organized. Theorem 1.1 is proved in
Section 2. When A is a generalized Cohen-Macaulay local ring with d =
dimA ≥ 2, one has

0 ≥ e1
Q(A) ≥ −

d−1∑
i=1

(
d − 2
i − 1

)
�A

(
Hi

m(A)
)

for every parameter ideal Q in A ([MV, Theorem 8], [GNi, Lemma 2.4]),
where the equality

e1
Q(A) = −

d−1∑
i=1

(
d − 2
i − 1

)
�A

(
Hi

m(A)
)

holds for standard parameter ideals Q ([Sch, Korollar 3.2]); hence, the set
Λ(A) is finite. Because A is a Buchsbaum local ring if and only if A is a
generalized Cohen-Macaulay local ring in which every parameter ideal is
standard, the heart of our proof of Theorem 1.1 is to show that Q is stan-
dard, once e1

Q(A) = −
∑d−1

i=1

(
d−2
i−1

)
�A(Hi

m(A)), assuming A is a generalized
Cohen-Macaulay local ring with d = dimA ≥ 2 and depthA > 0. We per-
form this task in Section 2 (Theorem 2.1). The implication (2) ⇒ (1) is no
longer true unless A is unmixed, which we show by Examples 2.5 and 2.6.

In Section 3, following the steps developed in [GhGHOPV], we give a
characterization for general local rings to have e1

Q(A) constant for all param-
eter ideals Q in A (Theorem 3.2).

§2. Proof of Theorem 1.1

Let A be a Noetherian local ring with maximal ideal m and d = dimA > 0.
Let a1, a2, . . . , ad be a system of parameters of A. Then a1, a2, . . . , ad is said
to be a standard system of parameters if it forms a d+-sequence, that is,
if a1, a2, . . . , ad forms a strong d-sequence in any order. This condition is
equivalent to saying that A is a generalized Cohen-Macaulay local ring and
that

I(A) = �A(A/Q) − e0
Q(A)
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([T, Theorem 2.1]), where Q = (a1, a2, . . . , ad). We simply say that a param-
eter ideal Q of A is standard if it is generated by a standard system of
parameters. When A is a generalized Cohen-Macaulay local ring, one can
choose an integer � � 0 so that every system of parameters contained in
m� is standard ([STC, Satz 3.7]). (See [STC] and [T] for details, where
the notion of generalized Cohen-Macaulay module is also given and var-
ious important properties of generalized Cohen-Macaulay local rings and
modules are explored.)

We put hi(A) = �A(Hi
m(A)) for each i ∈ Z. The following result is the

heart of this paper.

Theorem 2.1. Suppose that A is a generalized Cohen-Macaulay local ring
with d = dimA ≥ 2 and depth A > 0. Let Q be a parameter ideal in A. Then
the following two conditions are equivalent.
(1) Q is a standard parameter ideal in A.
(2) e1

Q(A) = −
∑d−1

i=1

(
d−2
i−1

)
hi(A).

To prove Theorem 2.1, we need the following.

Lemma 2.2 ([GhGHOPV, Lemma 4.5]). Suppose that A is a generalized
Cohen-Macaulay local ring with d = dimA ≥ 2 and depth A > 0. Let Q be a
parameter ideal in A, and assume that e1

Q(A) = −
∑d−1

i=1

(
d−2
i−1

)
hi(A). Then

Q · Hi
m(A) = (0) for all 1 ≤ i ≤ d − 1.

For each ideal a in A (a �= A), let U(a) denote the unmixed component
of a. When a = (a) with a ∈ A, we write U(a) simply by U(a). We have

U(a) =
⋃
n≥0

[(a) :Amn],

if A is a generalized Cohen-Macaulay local ring with dimA ≥ 2 and a is a
part of a system of parameters in A (see [STC, Section 2]).

The following result is the key in our proof of Theorem 2.1.

Proposition 2.3. Suppose that A is a generalized Cohen-Macaulay local
ring with d = dimA ≥ 3 and depth A > 0. Let Q = (a1, a2, . . . , ad) be a param-
eter ideal in A. Assume that (a1, ad)H1

m(A) = (0) and that the parame-
ter ideal (a1, a2, . . . , ad−1) · [A/U(ad)] is standard in the generalized Cohen-
Macaulay local ring A/U(ad). Then

U(a1) ∩ Q = (a1).
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Proof. Since U(a1) ∩ Q = (a1) + [U(a1) ∩ (a2, a3, . . . , ad)], we have only to
show that

U(a1) ∩ (a2, a3, . . . , ad) ⊆ (a1).

Let x ∈ U(a1) ∩ (a2, a3, . . . , ad), and put A = A/U(ad). Let x and ai, respec-
tively, denote the images of x and ai in A. Then we have

x ∈ U(a1) ∩ (a2, a3, . . . , ad−1) ⊆ (a1),

because U(a1) = (a1) :A a2 and a2, a3, . . . , ad−1 forms a d-sequence in A.
(Recall that, by our assumption, (a1, a2, . . . , ad−1) is a standard parameter
ideal in A.) Hence,

x ∈ [(a1) + U(ad)] ∩ U(a1) = (a1) + [U(a1) ∩ U(ad)].

Let x = y+z with y ∈ (a1) and z ∈ U(a1) ∩ U(ad). We will show that z ∈ (a1).
Since a1H1

m(A) = (0) and a1 is A-regular, we have

H1
m(A) ∼= H0

m

(
A/(a1)

)
= U(a1)/(a1).

Therefore adU(a1) ⊆ (a1), because adH1
m(A) = (0) by our assumption. By

the same argument applied to ad, we get a1U(ad) ⊆ (ad). Hence, a1z ∈ (ad)
and adz ∈ (a1). Let us now write

a1z = adu and adz = a1v, with u, v ∈ A.

Then, since a1adz = a2
du = a2

1v, we have u ∈ U(a2
1). Notice that

H1
m(A) ∼= H0

m

(
A/(a2

1)
)

= U(a2
1)/(a2

1),

since a2
1H

1
m(A) = (0) and a2

1 is A-regular. Therefore, adU(a2
1) ⊆ (a2

1), because
adH1

m(A) = (0). Hence, a1adz = ad · adu ∈ (a2
1ad), so that z ∈ (a1). Thus

x = y + z ∈ (a1), as is claimed.

We are now in a position to prove Theorem 2.1.

Proof of Theorem 2.1. It suffices to show the implication (2) ⇒ (1). En-
larging the residue class field A/m of A if necessary, we may assume that the
field A/m is infinite. Let Q = (a1, a2, . . . , ad), where each aj is superficial for
the ideal Q. Recall that QHi

m(A) = (0) for all 1 ≤ i ≤ d − 1 by Lemma 2.2.
Hence, Q is standard, if d = 2 [T, Corollary 3.7]. Assume that d ≥ 3 and
that our assertion holds true for d − 1. Let B = A/(aj) with 1 ≤ j ≤ d, and
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put A = B/H0
m(B) (= A/U(aj)). Then Hi

m(A) ∼= Hi
m(B) for all i ≥ 1. On the

other hand, since ajHi
m(A) = (0) for 1 ≤ i ≤ d − 1 and aj is A-regular, we

get for each 0 ≤ i ≤ d − 2 the short exact sequence

0 → Hi
m(A) → Hi

m(B) → Hi+1
m (A) → 0

of local cohomology modules. Consequently, we get I(A) = I(B) and

e1
Q(A) = e1

QB(B) = e1
QA

(A)

≥ −
d−2∑
i=1

(
d − 3
i − 1

)
hi(A)

= −
d−2∑
i=1

(
d − 3
i − 1

)
hi(B)

= −
d−2∑
i=1

(
d − 3
i − 1

)
[hi(A) + hi+1(A)]

= −
d−1∑
i=1

(
d − 2
i − 1

)
hi(A)

= e1
Q(A)

(see [GNi, Lemma 2.4]). Hence, the equality

e1
QA

(A) = −
d−2∑
i=1

(
d − 3
i − 1

)
hi(A)

holds true for the parameter ideal QA in the generalized Cohen-Macaulay
local ring A. Thus the hypothesis of induction on d yields that Q · [A/U(aj)]
is a standard parameter ideal in A/U(aj) for every 1 ≤ j ≤ d. Therefore,
U(a1) ∩ Q = (a1) by Proposition 2.3, so that Q · [A/(a1)] is a standard
parameter ideal in A/(a1) [T, Corollary 2.3], since Q · [A/U(a1)] is a standard
parameter ideal for A/U(a1). Thus Q is a standard parameter ideal [T,
Corollary 2.4], since I(A) = I(A/(a1)).

We are now ready to prove Theorem 1.1. Let

Λ(A) = {e1
Q(A) | Q is a parameter ideal in A}.
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Proof of Theorem 1.1. We have only to show the implication (2) ⇒ (1).
Since �Λ(A) = 1, by [GhGHOPV, Proposition 4.2], A is a generalized Cohen-
Macaulay local ring, so that Λ(A) = {−

∑d−1
i=1

(
d−2
i−1

)
hi(A)} by [Sch, Korollar

3.2]. Hence, by Theorem 2.1, every parameter ideal Q is standard in A,
because e1

Q(A) = −
∑d−1

i=1

(
d−2
i−1

)
hi(A), so that A is a Buchsbaum local ring.

Remark 2.4. One can arbitrarily control the values hi(A) = �A(Hi
m(A))

in Theorem 1.1. For example, let d ≥ 2 and hi ≥ 0 (1 ≤ i ≤ d − 1) be integers.
Then, thanks to [G, Theorem 1.1], one gets a Buchsbaum local integral
domain (A,m) with dimA = d and �A(Hi

m(A)) = hi for all 1 ≤ i ≤ d − 1.
Therefore A is unmixed and

Λ(A) =
{

−
d−1∑
i=1

(
d − 2
i − 1

)
hi

}

by [Sch, Korollar 3.2].

Unless A is unmixed, Theorem 1.1 is no longer true, even if e1
Q(A) = 0

for every parameter ideal Q in A (cf. [GhGHOPV, Theorem 2.1]). Let us
note two examples.

Example 2.5. Let R be a regular local ring with the maximal ideal n

and d = dimR ≥ 3. Let X1,X2, . . . ,Xd be a regular system of parameters
of R. We put p = (X1,X2, . . . ,Xd−1) and D = R/p. Then D is a discrete
valuation ring (DVR). Let A = R � D denote the idealization of D over
R. Then A is a Noetherian local ring with the maximal ideal m = n × D

and dimA = d. Let Q be a parameter ideal in A, and put q = ϕ(Q), where
ϕ : A → R,ϕ(a,x) = a denotes the projection map. We then have

�A(A/Qn+1) = �R(R/qn+1) + �D(D/qn+1D)

= �R(R/q)·
(

n + d

d

)
+ �D(D/qD)·

(
n + 1

1

)

= e0
q(R)

(
n + d

d

)
+ e0

qD(D)
(

n + 1
1

)

for all integers n ≥ 0, so that e0
Q(A) = e0

q(R), ed−1
Q (A) = (−1)d−1e0

qD(D),
and ei

Q(A) = 0 if i �= 0, d − 1. Hence, e1
Q(A) is constant, but A is not even

a generalized Cohen-Macaulay local ring, because H1
m(A) (∼= H1

n(D)) is not
a finitely generated A-module. The local ring A is not unmixed, although
depthA = 1.
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Example 2.6. Let d ≥ 3 be an integer, and let U = k[[X1,X2, . . . ,Xd, Y ]]
be the formal power series ring over a filed k. We look at the local ring

A = U/[(X1,X2, . . . ,Xd) ∩ (Y )].

Then A is a reduced ring with dimA = d. We put R = U/(Y ) and D =
U/(X1,X2, . . . ,Xd). Let Q be a parameter ideal in A. Then, since D is a
DVR and R is a regular local ring with dimR = d, thanks to the exact
sequence 0 → D → A → R → 0, similarly as in Example 2.5 we get that
depthA = 1 and that

�A(A/Qn+1) = �R(R/Qn+1R) + �D(D/Qn+1D)

= �R(R/QR)·
(

n + d

d

)
+ �D(D/QD)·

(
n + 1

1

)

= e0
QR(R)

(
n + d

d

)
+ e0

QD(D)
(

n + 1
1

)

for all integers n ≥ 0. Therefore e1
Q(A) = 0 for every parameter ideal Q in A.

However, A is not a Buchsbaum ring, since H1
m(A) = H1

m(D) is not a finitely
generated A-module, where m denotes the maximal ideal in A.

§3. Characterization of local rings with constant e1
Q(A)

We close this paper with a characterization of Noetherian local rings A

possessing �Λ(A) = 1. Let us note the following.

Proposition 3.1 ([GhGHOPV, Proposition 4.7]). Suppose that d =
dimA ≥ 2, and let U be the unmixed component of the ideal (0) in A.
Assume that there exists an integer t ≥ 0 such that e1

Q(A) = −t for every
parameter ideal Q in A. Then dimA U ≤ d − 2 and e1

q(A/U) = −t for every
parameter ideal q in A/U .

The goal of this paper is the following.

Theorem 3.2. Suppose that d = dimA ≥ 2. Then the following two con-
ditions are equivalent.
(1) �Λ(A) = 1.
(2) Let U = U

Â
(0) be the unmixed component of the ideal (0) in the m-adic

completion Â of A. Then dim
Â

U ≤ d − 2, and Â/U is a Buchsbaum
local ring.
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When this is the case, one has the equality e1
Q(A) = −

∑d−1
i=1

(
d−2
i−1

)
hi(Â/U)

for every parameter ideal Q in A.

Proof. (1) ⇒ (2). For every parameter ideal q of Â, we have q = (q ∩
A)Â, so that q ∩ A is a parameter ideal in A. Hence, Λ(Â) = Λ(A), so the
implication follows from Theorem 1.1 and Proposition 3.1.

(2) ⇒ (1). Since dim
Â

U ≤ d − 2 and Â/U is a Buchsbaum local ring, we
get #Λ(Â) = 1 by [GhGHOPV, Lemma 2.4(c)]. Therefore #Λ(A) = 1.
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