INTEGRATION OF E-FUNCTIONS WITH REGARD
TO THEIR PARAMETERS

by F. M. RAGAB
(Received 22nd March, 1956)

1, Introductory. Inintegrating E-functions with respect totheir parametersthe contours
are usually of the Barnes type, deformed if necessary to separate the increasing and decreasing
sequences of poles of the integrands. Also the constants are taken to be such that the integrals
converge. The following formulae are required in proving the theorems given in this paper.

If p=g +1,
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" I Ip-y)
t=1
the contour being of the Barnes type.
1
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=ZTI'(B-a)l(a+y)(a+8)z2F{a+y,a+d; a=B+1; 2). ceoveeniireneenn. 4)
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This result can be obtained by evaluating the residues at the poles of the integrand.

vy Tly-a-BI'(y) a B i 1-2
Fleoi 73 D=0 -p (arp oyt )
Tla+B-y)T(y) vacpp (Y= ¥=B; 1-2
T TwrE G 5F(y a-Bil > ...... (5)
Ed-k+m,3-k-m::2)=T(} -k+m)['(} —k —m)z"%e¥* W, ,.(2). ............... (6)
cosnmE (3 +n, 3 -n::22)=J(2n2)e K o(2) coriiniiiiieiieiiieans (7

For these formulae see MacRobert’s Functions of a Complex Variable, 4th edition.

2. TeeoreM 1. The theorem to be proved is

i | B+ Ly i 9B (B850 aloret T Blat By 48220, ®

where the integral is of the Barnes type.
To prove this, substitute for each E-function in the integral from (2) and change the
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order of integration, so getting

f , J: e TN Tt (L o) (L o+ uf2) =P dA df"2_7lrij (L+M2)E (1 + 2l (o + DI (B - ) dL

© o 1+p,/z>
A= 1,6-1 a—B .
fo fo e~ ArAr—1y8-1(]1 +,u./z) E<a+,3..l /\/z dAdu, by (3).

Thus, since
E(x::2)=T(«)(1+1/2)2,
the left hand side is equal to
® o —a—B
9-5~81"(a + ) f f g-A-mAr-1y,0-1 (1 +M) dXdp.
0 0 2z

Here put A=puy, and it becomes

2= (x + B) f : f : e=#Atmyvo-lpy=1{] 4y (1 +9)/(22)} =B dp dn
=9—a=BJ" fw s d fﬁn meprtetl ] L —a_ﬂd
= (x+B) o (T )ee yl o e u ( +§;) (o]

and from this, on applying (2), the result is obtained.
In particular, if =% +n -, § =4 —n -y, it follows from (7) that
1
%fE(a+§, vyl +n-a-{, t-n—-y::2)d{

=2-"/(z/m) [(y) T} +n) T'(} —n - 9)e°K ,(2). ......(9)
3. TeroreM 2. The formula to be proved is

%fE(a+C,,B+Z::z)E(y—§,8—{::z)d{ |
=2-0-By8 [nF {a+y, a+8, B+y, B+8:4(a+B+y+8), $(a+B+y+8+1): 22},

To prove this, substitute from (1) for each E-function on the left and get

w@ o za+r+m+ﬂ
f:p ,2,73 Fg-= F(S_y)mfo nfom!n!(a—ﬂ+1; m){y-8+1; n)

xzimf Tlat+m+8) Dy +n-)dL.

Now, from (3), the last line is equal to
Ela+y+m+n::l)=T{a+y+m+n)2-a-y-m=n,
Hence the above expression is equal to

(a+y; m+n)(fz)tvimin

Z ZT(a+y) TB-a)T(5~y) £ %

@878 meoncom!nl{a—B+1; m)(y-8+1; n)
= ety o laty; P)BR)? 2 (-p; m)(B-y-p; m)
=55 TN TR TO-D @™ 2 o83t phuce mila-Br 15 m)

On applying Gauss’s theorem to the last summation it becomes

Fa-B+1)a-B+y-58+1+2p)
Fa-B+1+p) Fa-B+y-8+1+p)
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and therefore the given expression is equal to

. a+y, d(e—B+y~3+1),3(a—-B+y-8+2); 22
Z ZT(E-a) T(o-y) Tlasy)@aemr p {2100 foy o ey
From (1) the result then follows.

In particular, if y =a, §=8,

%mf Bla+l, B+0::2) Bla—l, B—{::2)dL =212 ju (22, 28, a+ B : a+B+} : 22).

4. TrEOREM 3. The theorem to be proved is
1
o | Tt OTB+O Ty - D B®-Lars oy 05 5, )

=l(a+y) I(B+y) E(x+8, B+8, 05, veeyagia+B+y+08, pyycny P i) wunnee (12)
To prove this, consider the case p=¢=0; then the left hand side can be written

QY[ rerpr@+n ro-nre-o (1) a

and, from (4), this is equal to
—5 3
(1+§) 5 I"('y—S)I"(oz+8)I'(B+3)(l+§> F(a+8,ﬁ+8; S—y+l; 1+§>,
v, 8

provided that | 1 +_lé

<1. From (5) it follows that this is equal to

IFa+y) I'(B+y) I'(x+8) I’(B+8)F<a+8,ﬁ+8 ] —1/z>
Tla+f+y+3) a+f+y+3’

=la+y) T(B+y)E(x+8, B+8:a+B+y+8:2),
and the result can then be deduced by generalising.
In particular, if p=1,¢=2, ey =a+B+y+3, py=a +3, p,=B+3,

%J‘F(a+§)1"(ﬁ+{)F(y—C)F(S—{)F(a+ﬁ+y+8,8—C:a+8,ﬂ+8: ~1/2) &l

=l(a+y) T(B+y) [(a+8) I'(B+8) {I(a+B+y+8)}exp (-1/2). covverrevrunnnnin (13)
5. TeEoreM 4. The theorem to be proved is

E}FiJF(V“‘D T3+ E(@-{ B-L::2)dl

=21-a—F-y=8 [nE {a+y, B+y, a+8, B+8: 4 {a+B+y+8), ${a+B+y+8+1):42}. ...(14)
To prove this, substitute for the E-function on the left from (1) and get

-] patm 1 _

fﬁ F(ﬁ"“)ngomﬁf Ply+{) T'(8+f) I'a+m-{)z"td{
@ 1

=£ F(ﬂ—a)mfommlﬂ(a+'y+m, a+3+m::z)

® 9 I(o+y +m +n)zetrimin
u,pf’; (B-o) I'(3 Y)mfo,,fo minl{a—B+1; m)(y-8+1; n)

2 (x+y; plr (—p,s—y—p; 1)
= - —_ o —_ ¢ -~ =7
S5 TR-aT@-nTlatn= Z el T\ a-pel
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aty pJetytle—B+y—8+1),3(e-B+y-08+2); 42
=2 Z I(p-a) T(6-7) Tlo 7 p{ PRSI AL A }

and from this, using (1), the result follows.
In particular, if y=«, §=8,

-—jr(a+z P+ E(a~{, B-L::2)dL

=228 |7 B (2a, 2B, a+Bia+B+}:42). ... (15)
6. TuroreM 5. The theorem to be proved is

2—71r—if1"(a—§) TFB+E(y-4,8+::2)dl
=l(ax+B)2*FE{a+8,B+y,3(y+8),3(y+8+1):3(x+B+y+38), (x+B+y+8+1):2}.
The following two formulae are required in the proof.
If R(x)>0, R(8)>0
fm XYL +A)=BE(p; a,:q; pyiz{l+A)2/A}dA
0

=21~aB |7 B{a, B, oy, .0y oy 3+ B), (e +B+1), py, oovy pe: 42} ... (17)
If m is a positive integer and if R( )>0,

@O
Jo eNLE(p; o1 q; pyt2[Am)dA=m* 2o imE(p+m; 1 q; pyiz/m™), ... (18)
where a, ., =(k+v)/m,v=0,1,2, ..., m-1.
For (17) consider the case p=<iq + 1, expand in powers of z and integrate term by term.

Then generalise to get the case p>g + 1.
Now, from (2), if R («)>0, R(B)>0,

Ea, B::2) =f: e~ A1 dA f: e=BURA BTy . (19)

Hence, on substituting in the left hand side of (16), and changing the order of integration,
it becomes

f: e~ \r-1d)\ f: g HL+Alz),0-1 d#%fp(a_c) T(B+8) (/N dL

= J‘oo e~ AAr-1dA J'oo e~r@tA) =1 [N)B B (e + B : & pfA) dp
0 0

Here replace u by pA, change the order of integration, and get

f pL B (a4 B 2 ) dp f e-AWHu - 1E< o )d)\
0

=f P P11 +p) "0 E(x+B:: p) d#f e—A\r+o-1 E{ 1+M) }d)\
0

= 2v+0-17—4 (o + B) f petd-1(1 4 p)-o-b-y-0 7""8 7‘*’8'*‘1 . 2(1+p)? i
0 2 dp
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by (18). On applying (17) the right hand side is obtained.
For example if, in (16), y =% -k +m, 8 =% — &k —m, then, from (6),
1
7| T@-OT@+O TGk +m-0) TGk -m+0) Weole)

at+b—k-m,B+t-k+m,$-k 1 -k
t-k+da+if, 1-k+3ax+iB

7. TerorEM 6. The theorem to be proved is

1

%f Ela+l, B—=8, 0y, oo yap:q; pyiz)dl

=i E($a+48, da+3B+% o oy @p g Pyt ) aenen. (21)
To prove this, consider the case in which p =g =0, substitute for the E-function on the
left from (2) and change the order of integration ; then the left hand side becomes

f L e (L Nz)ed) ﬁ f Ta+AC(1+)Nz)~dg

—9-a-8 I'(0 + B) he4+ ( ) reeenr(20)

- f ¥ e=AA=+B-1 exp (- A — A%[z) dA =2~F f  emupstE1 B( 1 : dapt) dp
0 0

=4V E({a+4B, ta+3B+1::2)
Now generalise and obtain (21).
8. TeEoREM 7. The theorem to be proved is

zimf Plat ) T(B=-0E(p; ap-L: k=20 py=L, .., pg= 1L : ekinz)zbdl

th+de-3B 3 +3k+da—4B, 0y o, aptat eii"z) 22)
tYota, d+dbto, kta—PB, pto, .., pota
To prove it, substitute on the left from formula, (3) and so obtain
I, - -2
] Tl 0T B0 [ ot
Here replace by Z - and change the order of integration, so getting
L (Al =2) iz gy L JF (@+8 LB -0 I'Z -8 i gy
2mi J IIT (p, - Z) 2mi I'k-2-10)
Now the inner integral is equal to
efine Pla+ B, a+Z: k+a-2:eFim),
and, by Gauss’s Theorem, this E-function has the value
Na+B) IM'a+Z) 'k —a—B-27)
I'k-B-2Z)I'(k-2Z) '
Hence, on applying the duplication formula for the gamma function and formula (3), the
right hand side is obtained.

=928 P(a + B)2— E (

(exim2)2 dZ.
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