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ON THE DISCREPANCY OF THE SEQUENCE FORMED FROM
MULTIPLES OF AN IRRATIONAL NUMBER

ToNY VAN RAVENSTEIN

This paper demonstrates a connection between two measures of
discrepancy of sequences which arise in the theory of uniform
distribution modulo one. The sequence formed from the non-
negative integer multiples of an irrational number & is
investigated and, by an application of the "Steinhaus Conjecture",
some values of the two discrepancies are obtained using continued

fractions.

1. Introduction
Let v = [xl, Tpo x3, ...) be an infinite sequence of real numbers

located in the unit interval. We define the standard discrepancy of the

first N terms of VvV as

(1.1) DN(v) - sup Alla eg.v.m) _ ()| ,
0=0=B<1

where A([a, B]; v; N) counts the number of the first N elements of Vv
which belong to [a, 8] .

The discrepancy is a measure of how closely the first N elements of

V approximate a uniform distribution. A related measure (the extreme
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discrepancy where a = 0 ) is given by

A([0,B];v;¥)
(1.2) D*(v) = sup - B
N 0=g<1 N

In this paper we first demonstrate an interesting relationship between
these two measures. In particular, we consider the sequence w formed by
the fractional parts of non-negative integer multiples of § , where § is

an irrational number. DN(w) and Dﬁ(w) are then evaluated for some

particular values of N Dbased on the continued fraction expansion of £ .
The formula largely derives from a result related to the "Steinhaus

Conjecture" (see Section 5). An upper bound of lim inf NDN(w) is offered
Nooo

as a corollary.

2. Representation of v on a circle

Suppose that the sequence Vv is represented on the circle C of unit
circumference, rather than on the unit interval. Let [a : B] denote the
arc from o to B (0 <= a, B < 1) on the circle in the direction of

increasing co-ordinate. That is,

{a, B] , 0=sas=Bg<1,
(2.1) [o : B] =
C-(R,a), 0=B<a<1l.

Note that the length of such an arc is equal to {B-0} , the fractional
part of B - a .

With respect to this representation, the discrepancy of VvV may be

given by
(2.2) bN(v) =  sup 4 [a:%}-v-ﬂ) - {B-a}
0=a,B<1
LEMMA. DN(v) = DN(v) .
Proof. Let
(2.3) Rla, g) = AUXBLVE) _ gg 4y
Clearly
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BN(V) = sup( sup R(a, B), sup -R(a, B)) .

0=, B<1 0=a,B<1
But -R(a, B) = R(B8, a) since A([a : B]; v; ¥) + A([B : al; v; N) =W
and {-x} =1 - {x} for real x . Hence
(2.4) BN(v) = sup [A([a:%}-v-ﬂ) - {B-al| ,
0=a,B<1
or
(2.5) bN(v) = sup( sup R(a, B), sup R(a, B)) .
0=<0=f<1 0=B<a<l
From (2.1),
Alla %J'V'N) -(Ba), 0<as<Bs=1,
R(a, B) =
a-s-A([B";V]""”) , 0sB<a=<1.
Replacing R(o, B) in (2.5) by this expression completes the proof. ]

Thus if the sequence is represented on the unit interval or the circle

of unit circumference, the measure of discrepancy is the same.

3. A relation between Dﬁ(v) and DN(v)

The following proposition relates the two functions Dﬁ(v) and

DN(\)) .

PROPOSITION. D, (v) = DA(V) + inf(Dy(v), D (V) , where

DL(v) = sup GﬂLuldilﬂiﬂ!l - B] R
v 0=B<1 i

D-(\)) = sup [B - Mﬂ] s
u 0=B<1 u

DA(v) = sup(Py(v), Dp(v) .

+ -
Proof. We need only show that DN(v) = DN(V) + DN(V) . Without loss
of generality assume that the elements zx., , 1 <j <N , are arranged in

ascending order of magnitude. For notational convenience, let xo =0 and
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T

Wl =1 . Then the numbers xo, Loy ceey X 3 partition the unit

1 N+

interval so that

D;(v) = sup Einglﬁli!i&l - B]

N
<|
=BT
J=0,1,2,...,N
Evaluating the supremum over each sub-interval E%j’ xj+l) gives
+ .
(3.1) Dp(v) = sup [%- :cj]
J=1,2,...,N
Similarly
(3.2) DL(v) = sup [a:. - J—I‘V—l]
j=1,2,...,8 \9

From (2.4) and the fact that R(a, B) = Rﬂxi, xj) where

< o < < ) . . . .
¢, Sa<T, . T B < xg+l (for suitable % and J ) yields
Az, 12 ] 3v30)
DN(V) = sup [ C ¥ - {x.-xi}]
0=t ,j=<N J
Alternatively
DN(v) =  sup F:%tl-- x.+xi]
0=t ,j<N J
_ J -1
= S’L}p ﬁ - .‘L'J + sup .’67' - —N—
o=y=N 0=i=N
+ -
= DN(\)) + DN(\))
This follows from (3.1) and (3.2). a

4, The sequence formed from multiples of £
We now turn to evaluating the discrepancies D&(w) and DN(m) for

some particular values of N related to the simple continued fraction
expansion of & , where w 1is the sequence of fractional parts of
consecutive non-negative integer multiples of the irrational number § .

The following notation is used. Write to = £ and express (for

n=0,1,2, ... ),
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a, = [tn] ,
" _ 1
n+l ltn} ?

where [ ] is the truncation operator.

In this way the continued fraction expansion of & 1is identified by

the expression

_ 1
E=ap+ N 1
a4y o+ 1
2 a. +
3
= {ags ap, ay, ag, -0}

The partial convergents to & are defined as

p .
+1,7 . .
BT {ao; a,a,, ..., 4, i}, i=1,2, ..., a

qn+l,i
Note that

Pusy i Pno1*®Py
= +iqn > P_2 —q_l =0 s Q_2 =p_1 =1 >

q

n+l,7 -1
pn+1,k _ Prs1
qn+1,k el

where k = a4

The total convergents pn/qn , n=0,1, 2, ... , are important in

Diophantine approximation theory since they provide the unique sequence of

best rational approximations to & in the sense that
g, el <llggll , 0<q<q > q#4q,.

where

lgell = lqg-p| , p = [q&+%]) .

(That is, |lg&|| is equal to the absolute difference between g€ and its

nearest integer. Note that p, = [hn£+%] .} We quote some results from

the theory of continued fractions which we will need later:
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- n .
(4.2) UYPrir,i ™ Prper,i ~ (175
(k.2) Ay 1,80+ q lla,,, Bl =15
(4.3) Ppay, 19,80 + P lla, ., EIl=¢ .

5. The three gap theorem (the Steinhaus conjecture)

This theorem, originally conjectured by H. Steinhaus states that any
N consecutive elements of w partition € (or the unit interval) into
sub-intervals or gaps of at most three different lengths and at least two
if & is irrational. Various proofs have appeared in the literature (see,
for example, references [1], [51-{9]). The theorem is also related to the
ordering of the first N elements of w . Let [{ujﬁ}] s

J=1,2, ..., N, be that ordered sequence. That is,

{ul, Ugs oo uN} = {0, 1, ..., N-1} where {qu} < {u

j+lg} . It may be

found from references [5] and [6] that the elements uj are obtained by

the following relation,

+ < < N-
uJ Uy > 0= uJ =N u2 ,
(5.1) Uspy T uj Uy - Uy, N-u2 < U <uy o,
uJ - Uy Uy = uj =N,
for j=1,2, «.., N , u) = 0 , vwhere
( q n even
n b
u =
2
Fpr1,i-1 > 0%
(5.2) {
gy 5-1 > 7 even,
u =
N
qn ’ n odd ,
i . < = . < <
which holds for Qa1 i1 N = U1 5 2=1c< a (n = 1)
For q <N=gq {(n=1),

n n+l,7
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, n even,

9,1 » n odd ,

(5.3) *
q,, » " even,
a n

\
{ \

THEOREM. The first uy +uy = qn+l,i

elements of W partition the circle into gaps of two different lengths.

odd .

n

t=1,2,...,a,, nz1)

In this case

,
D .
1 n+l,1
a————— (qn+1 i_l) ————*j - & n even,
n+l,7 i qn+l,t
D* (w) = 3
qn+l,i p
1 n+l,t
sup s [qn+l i J|E - 5———4j s n odd,
L Tp+1,i ? n+l,%
i
D (w) = q——l— + (qn+l 7:_ ) _V_l_l_,l - g
qn+1,i n+l,z ’ qn+l,i

Proof. With N = u, + uy = 4 , (5.1) becomes

2 n+l,7

(5.4) u. . =

for §=1,2, ..., N (ul = O) . Hence, for this value of N , there are

only two gap lengths Hu2€” and ”uN£H . From (5.1) note that if

N # ul +u the circle is partitioned into gaps of three different

2 bl
lengths.

(5.4) is equivalent to

(5.5) u; = ((j—l)uz] md N , §=1,2, ..., N .

Substituting (5.2) and (5.3) into (5.5) yields

(5.6)  u; = [(-1)n(j-l)qn] mod q , =1, 2,

n+l,7 t qn+1,i .

It is seen that there exists a non-negative integer k so that
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(5.7) u, = (-1)"(d-1)q, - (-1)"kq

J n+l,7

Solving this linear Diophantine equation by use of (4.1) yields

. ujpn+1=i
(5.8) J-1=9., 1 ,
> n+l,7

u.p R
up - J n+l,1 q

Jgn qn+l,i

X
]

(5.9)

From (5.7) it follows that

(5.10) {uj?;} (J-Dllq, &l + kllq gl

n+l,7

Substituting expressions for J and k& from (5.8), (5.9) and using (4.2)
and (4.3) yields

u.p

(5.11) {ujg} =t - g ntl,t
qn+l,i
That is
_ “gpn+1,i
(5.12) _ [u.£] =
J qn+l,i

Substitution of (5.8) into (3.2) with the inclusion of (5.11) yields

3 Pray 4]
D (w) = sup u.lg - nAl,T
qn+1,i j=l,2,...,qn+l : J qn+l,i
P .
= sup uj £ - aﬂil;ij
uj=0’l""’qn+l,i_l ! n+l,7
o, n even,
Ppy1 4
(q -1) & - —==| , n odd.
n+l,t q .
n+l,1j

This follows from the fact that £ - p is negative for even n

n+l,i/qn+l,i

and positive otherwise.

+
To determine D (w) note that
qn+l,i
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. (0) = —2— inf {u.g} - =31

D
qn+1,i qn+1,i J=1,2,...,9 J n+l,7

n+l,1

Following the same procedure as above, it is found that

(
p .
+
L + (qn+1 i’l) L2 - & , n even,
a1 ,T ’ D41 ,T
ot (w) = A
pe1 2
L R n odd.
gn+l,i
The theorem now follows from the proposition. 0

COROLLARY. 1 = lim inf ND (w) =1 + = .
N+ Vs
Proof. The lower bound is easily found. (See Kuipers and

Neiderreiter [4], page 90.) For the upper bound, first note that

1lim inf NDN(w) < 1lim inf an (w) .
N~ n-e qn

From the theorem,

lim inf ¢ D_ (w) = 1lim inf 1 + (¢ -1)llq_Ell
e nq, o n n

1 + lim inf q _llq E| .
o n'n

From a theorem of Hurwitz (see, for example, Hardy and Wright [2], Theorem

194),
sup 1im inf qllq€|l = sup lim inf q_llg E||
£ g A
1
V5

The supremum occurs at all values of § which have tj = (1+V5)/2 for

some non-negative integer J .

Thus the corollary follows. o
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