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Abstract A definition of a shock layer of thickness § is proposed when a parabolic perturbation is
applied to a scalar conservation law. The asymptotic equality § < /¢ is established, where & denotes
viscosity. This equality is proved to be optimal. Nevertheless, the equality § < ¢ is also proved to be
valid for a class of shocks in accordance with the Mises conjecture.
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1. Definition of a shock layer

Physically, shock wavefronts in gases are not surfaces but thin layers where the processes
of internal friction, heat conductivity, chemical kinetics and molecular diffusion cannot
be neglected. These processes are related to the size and structure of a shock layer [6]. In
view of the complexity of an exhaustive description, it is customary to consider simplified
models, where one aspect or another of the system is emphasized. Here we are concerned
with the question of dependence between shock-layer thickness and viscosity.

We recall the conjecture of Mises [10] about the asymptotic behaviour of solutions
u” of the viscous-gas equations as the viscosity p goes to zero. Given a solution u° of
the inviscid gas dynamics equations with a shock curve I', he supposed that there is a
distance d(p) from I, satisfying the condition u/d(i) — 0, such that u* is close to u°
at distances greater than d from I', and u” is close to some shock structure profile at
distances from I of less than d. In what follows, we partly justify the Mises conjecture
for a scalar conservation law.

We consider the Riemann problem

Ut + f(U)T = O, U‘t:() = Uo(l‘), (11)

with the initial data

Uy, x>0,
uo(e) = u <0
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Given a flux function f(u), a shock-wave solution occurs for a wide range of the initial
constant states uy and uw_. In particular, the function

_, < A,
Ut,z) = {“ x (1.2)
Uy, T > Atv
is a shock solution if
u- >uy and  f(u) = u+e(u—p3), B=1i(u_+uy), (1.3)

where A = const. and the function ¢(u) meets the restrictions
0 < ¢"(u) € C*(R), @(—u)=p(u) Yu€R. (1.4)

Indeed, if
I'={(t,z) :x==x0(t), 0 <t <T, z0(0) =0}

is a discontinuity curve starting from the origin, then, by the Rankine-Hugoniot condition
[13],

@l letw=p) .
[u] [u '
where

[u] = limo(u(t, xo(t) + ) — u(t, zo(t) — @)).

a—r
With ¢(u) being even, the function ¢(u — ) suffers no jump at the discontinuity curve
I
p(us = B) = p(u- = B) = p(5(us —u-)) — (5 (u- —uy)) = 0.
This is why formula (1.2) defines a weak solution U of the Cauchy problem (1.1). More-
over, the function U is an entropy solution, since it verifies the Lax entropy condition [13]:

Flu) > fus). (1.6)
Indeed, by (1.3) and (1.4),
flus) =2+ ¢ (ug = B),
¢ (uy = B) = ¢ (5(us —u-))
<P0)=0< ¢ (u = P) = ¢ (3(u- —uy)).

So inequalities (1.6) follow.
Observe that the flux function f = %uz in the Hopf equation
ug +uuy =0 (1.7)

satisfies conditions (1.4) with A = 8 and ¢(u) = Ju? — 142
Let us consider the parabolic problem

ur + f(U)y = eUgy, uli—o = ugy(x), (1.8)
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where u§(x) is a smooth function such that

u§ —up — 0 in L (R)ase )0 (1.9)
and
dug  d%uf
oo < c, \ dug 4, (1.10)
* de '~ da? ||,

uniformly in €. Here and in what follows, ¢ denotes different constants which do not
depend on ¢, and || - ||, stands for the norm in LP(R).

Naturally, one expects that problem (1.8) approximates problem (1.1) for small e. This
means that the difference |u — U] is small far from I,

u >~ u_ to the left of I u >~ ugt to the right of I

and there is a shock layer centred at I', where u(t, ) changes smoothly in value from u_
to uy when t is fixed and x crosses the curve I' from the left.

The goal of this paper is to formalize the notion of a shock layer when the viscous
problem (1.8) approximates the hyperbolic problem (1.1). In doing so, we are motivated
by the Mises conjecture and the observation that the viscosity effect reveals itself strongly
only within the shock layer.

Consider the cylinder

Qs ={(t,z) |z = \| <9, 0<t < T}

centred at the shock curve I'. We are looking for the thickness d as a function of € to
meet the following definition.

Definition 1.1. We call a function d(¢), 0 < € < 1, a shock-layer thickness (SL thick-
ness) if there is a sequence of initial data u§(x), € | 0, which meets conditions (1.9) and
(1.10) and is such that

(1) 0<d(e) L 0ase 0
(2) for any compact K C R

lmy sup[lu = Ulz~revay ) = O

where

28 = Q5N {t = s}

(3) the limit inequality

liminf sup [lu—Ullgem) >0
=0 o<t<T

is valid.
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Clearly, 6(g) is not defined uniquely. Indeed, given an SL thickness §(¢), any function
d1(e) is also an SL thickness if d(¢) < d1(¢) and d1(¢) L 0 as € | 0. Thus, the true
SL thickness d.(¢) should be defined as

0x(e) = igf 0a(€),

where 04(g), a € 1, is a family of SL thicknesses.
Our main result is the following theorem.

Theorem 1.2. Let conditions (1.3), (1.4) be satisfied. Then any function §(e),
0 < e <1, is an SL thickness if § < \/z. The last relationship has the meaning

0<d(e)d0 and ﬁ%() ase 0.

o(e)

The formulated result can be treated as an attempt to define a shock layer as a domain
which depends on the vanishing viscosity optimally in the sense that it is the thinnest
domain where solutions of the parabolic problem fail to approximate the shock solution
of the limit problem in the L°°-norm. The same approach has been applied to define a
boundary layer for scalar conservation laws [2] and a shear-viscosity boundary layer in a
boundary-value problem for the Navier—Stokes equations of compressible fluids [1].

Example (4.1) given in §4 proves that the law § < /e is optimal, as long as the
Riemann problem (1.1) meets conditions (1.3) and (1.4). Nevertheless, the law J < € may
occur as in example (4.5). In particular, the law § =< € can be derived if one applies the
above definition of the SL thickness § to the results on asymptotic behaviour of ‘viscous
solutions’ near the shock obtained by the method of matched asymptotic expansions [3,
4,8] under some hypotheses, with the condition f”(u) > 0 being principal. (Observe that
the claim of Theorem 1.2 is conditioned by the non-strict inequality f”(u) > 0.)

There is no evidence to support the law ¢ < ¢* with « different from % and 1. It is
remarked in [14] that the exponents o = £ and o = 1 correspond to the characteristic

2
and non-characteristic shocks, respectively. However, the example [4] of the transition

boundary layer ¢ < 2 < 2/ in the Cauchy problem for the ordinary differential equation
du
e— = f(z,u
W )

indicates that a possibility exists for a shock layer of thickness § < ¢ with a # % and
a # 1 as far as a non-homogeneous conservation law

Ut—i-f(l‘,U)w:O

is concerned.

In the theory of hyperbolic equations, shock-layer-thickness estimates find applications
in constructing finite-difference schemes which take into account the artificial viscosity
effect [11].
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2. Parabolic problems

Here we discuss some properties of the parabolic problem (1.8). First, we construct initial
data u§(z) which approximate ug(z) in the sense of (1.9) and (1.10). Define

Us (@) = B+ {(uo(x) = B)jzj<1/e} * pe(a). (2.1)

Here, 1 (z) is the characteristic function of a set {2 C R and p. is a symmetric mollifier,
ie. p(—z) = p(z), 0 < p € D(R), and
e\ e

1 T
pe(x) = p(|>, /pdw =1, suppp C{z:|z[< 1}
R

Lemma 2.1. The function w§(x) = U§(x) — 8 has the properties that it is odd and
that

dwi  d?w§
H o A2 1 <elum —uy). (2.2)

The function U§(x) defined by (2.1) satisfies properties (1.9) and (1.10).

Proof. The function v§(z) = (uo — $)1|z/<1/c is odd and the mollifier p.(z) is sym-
metric, hence the convolution v§ * p. is also odd.

To prove estimates (2.2), we calculate the L!-norm through the total variation. We
have

duf
dx

=TV(wg) = sup/ wg g de,
1 ¢ JR

where ‘sup’ is taken with respect to ¢(z) such that ¢ € D(R) and ||¢]c < 1. On the
other hand,

d
[ wterdo = [ wi@)5-(0 4 p)do < TVO) = 2u- — u).
R R €

Hence, the first estimate in (2.2) is proved.
Next we have

et - Y/t dr _ (e« ) de
dz= fl; [¥]loo " [¥]lo
"
< TV (o) sup 1 e o €y o),
v Yl €
where ‘sup’ is taken with respect to ¢ € L>°(R) such that ¢ # 0. This implies the second
estimate in (2.2). All the other claims of the lemma are trivial. O

The function w = u — 3 solves the Cauchy problem
Wi+ f(w+ Bz = eWez,  Wwli=o = w5 (2), (2.3)
with f(u) € C*(R) and with the initial data

w§ € L= (R) N L*(R) N D(R).
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Hence, the theory of parabolic differential equations is applied [7,9] to conclude that
there is a unique solution w of (2.3) such that

w e L0, T; W52(R)) N C(0,T; WH2(R)),
ak

S € L2(0,T; WP~2R2(R)) N C(0, T; WA 2k2(R)), 2k < 4.

Moreover, the following estimates are valid uniformly in e:

d
lw@®)lloo < llwglloos  lJwa ()]l < 'dmwé ; (2.4)
1
0 d d?
—w(t)|| < M||—uws —wg| , 2.5
Hatw Hdwwo 1+€ dz2 "0 1 (25)

where
M = sup{[f'(u)|, |ul < max{u_], us|}}.

The first estimate in (2.4) is due to the maximum principle. The other estimates can be
derived by the Kruzkov technique [5]. We recall briefly the basic idea, since it underlies
the proof of Theorem 1.2.

Let us differentiate equation (2.3) with respect to 2 and multiply the result by

Yr(x) sgn(g:j), R>1,

where Yg(z) = ¥ (|z|/R) and

1, s€[0,3],
¥(s) = { non-negative polynomial, s € [1,1],
eXp(_S)7 S 2 1.

Calculations give

d ow OYR 3w ow
G Joel 5 ao= [ 5 >+eszgn(ax>dx
OVR ow|0*Yp
/ O )"‘6 % 02 dx
From the inequalities
a'@[]R c 821/)1{ c
YR N <« £ < — )
o) < poate). | G50 < pvata) (26)
we obtain
d ow
dt/wadw\ﬁ/ibedx (2.7)
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Now, the second estimate in (2.4) follows if one integrates (2.7) and sends R to oo. In
order to prove (2.5), one should differentiate (2.3) with respect to ¢ and multiply by

Vr(x) Sgn(%:})o

In a similar way one obtains

Ex

ow
< ||==
<[5

The solution w is regular enough to make sure that (Ow/0t)(0) may be written

ow d2wg , dwg
E(O) =z f (UO)E
Thus, the estimate (2.5) follows.

Let K be a closed bounded interval in R. From estimates (2.4) and (2.5) and the
compact imbedding of W'!(K) into L*(K), one can apply the Arzel-Ascoli Theorem to
conclude that the sequence w®(t,z) = w(t,z) is compact in C([0,T]; Li,.(K)). Since U
is the unique entropy solution of problem (1.1), we arrive at the following conclusion.

Theorem 2.2. Let conditions (1.3) and (1.4) be satisfied. Then
lim [lu = Ullego, iz, ) = 0
and the estimates

<c
1

sup_|lu(t)] <, sup
0<t<T 0<t<T

I (t)

hold uniformly in €.

3. Shock-layer thickness

Here we prove Theorem 1.2 assuming that the initial data u§(z) are given by (2.1). Let us
introduce a cut-off function &5(t, ) for the cylinder £25. First, we define an even function
Xs(z) for non-negative values of = by the formula

2
ﬁxz, nggéé,
_ 2
xs(x) = 1= 5@ =07, 36<a<s,
1, x>0

Next, we define &s(t, ) = xs(z — At). Clearly,

0<&(tx) <1, &(t,A)=0, &(t,x)=1 for|z— | >0,
2% 2 |G| _ 4
Ox Ox?

(3.1)

& € CHR x R) N W22 (R x R), <5 <z

The next assertion is a crucial one in the proof of Theorem 1.2.

https://doi.org/10.1017/50013091502000548 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091502000548

322 V. Shelukhin
Lemma 3.1. There is a constant k independent of € such that

u—pB < k(x—At) forx— At >
u— 02 k(x—A) forxz— A<

Proof. By the change of variables
w=u—_3, a=x— M\,
we reduce problem (1.8) to
wi + o(W)g = EWaa, Wlt=o = wj(a) = U (a) — B. (3.2)

Because w§(«) is odd and ¢(w) is even, one can prove, using uniqueness of the solution
to problem (3.2) that the function w(t,a) is odd with respect to «. So, it is enough to
prove the first inequality of the lemma.

Given a positive constant k, the function v = ka — w solves the problem

v+ @ (W)ve — kP (W) = EVaa, V|i=o = ka — wi(a), v|a=o =0

in the domain

Q={(t,a); 0<t<T, a>0}.

Clearly, v(0,«) > 0 for some x > 0. Suppose v achieves a negative minimum in the
interior of @, then the function z = vexp(—pt) also has this property and

2t +pz 4+ @ (0)za — k@' (W)e ™ = c2an,  2|t=0. a0 =0, 2|a=o = 0.
This is a contradiction, since ¢” > 0 and
¢ (w) = " (W)w = ¢ (w) (ke — ze™),
where w lies between 0 and w. (I

The next assertion is a consequence.
Lemma 3.2. There is a constant y independent of € such that

(f'(u) = N) %i: <& for |z — At| < 6. (3.3)

Proof. Denote
M; =1+ sup ¢ (ku).

Ju|<1
If x — Mt > 0, we have, by Lemma 3.1,
) = A=¢'(u—B) <¢'(lx = At)) = " (W)r(z — At) < Mi(z — Ab).
Similarly, if x — At < 0, we have

F'w) =A=' (u—B) > ¢ (k(x — X)) > My(x = \).
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Now, one should calculate the product
axs(a) = (x — A)&s(x — M\t), a=xz— M,
on the intervals
—d<a<—16, —36 <a <0, 0<a<if, <a<d
to verify that inequality (3.3) holds with v = 2Mj. |

The principal step in the proof of Theorem 1.2 is to obtain estimates of the integral
e k)= [ ju]ds
K\2¢

via €, where K is compact in R. To this end, we modify the Kruzkov technique.

Lemma 3.3. There is a constant ¢ such that

Ir(0) = [ fuaOlngs e < DT o) vee (gt gt )] 6a)

Proof. If 7 is a small real number, the function ¢,(2) = (22 + 7?)!/2 is a smooth
approximation of |z| and

(,0;7'(2;),22 <, zep(2) = |z asn = 0.

Denoting u, = 2z, we differentiate equation (1.8) with respect to z, multiply by
©n(2)Yr(2)Es(t, x) and integrate with respect to = and ¢. Let us consider the result-
ing terms:

/ / colontsdods = [ oyongs daly +) / / prton o dds,
/ / — €24) 29 YrEs dr ds

_ / / Plnts [ﬁ% - ny‘)rdxds

/ / Pms|f (W) + de ()2 ()6 S

82
//f u)zepy (2 wRﬁ—&- n(2) gijdmds.

In the limit as n — 0, we obtain

Jr(t) / / Az WiRaE(s

+ f'(u)l2|

31/} dx ds

wR&;dxds-ﬁ-E/ /| |8$R55d ds.
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We rewrite this inequality taking into account the estimates of Theorem 2.2, inequali-
ties (2.5), (3.1) and (3.3):

c\ [ 111
< — .
Jr(t) < Jr(0) + (7-1— R) /0 Jr(s)ds —|—5c<R2 + 75 + (52>

Applying the Gronwall Lemma, we arrive at (3.4). O
Lemma 3.4. Given compact K C R, we have

sup p(t;e,d(e),K) -0 aselO,
0<t<T

for any function 6(g) such that ¢/862(¢) — 0.

Proof. Let us choose R such that K C [-3R, 1R] and let 6(¢) be a function which
satisfies the conditions of the lemma. Since

oU§ 1 1
supp —— Q{leéé‘}U{ I'<6}U{ x+‘ <6},
ox € €
there is a small 1 depending on R such that
° |oUS ou§
Jr(0) = / X5 (z) dz +/ 0o~ l=l/E qg
| oz je—/0)l<e | 0T
+/ s e~ lBl/E 4y
le+(1/e)<e | OF
< ¢ sup |X6(e) (z)] + ce—(1/B)((1/e)—¢)
|z|<e
for any € < 1. Clearly, there is a small 5, 5 < &1, such that
£< 36%(e) < 36(g) for e e
Hence, by the definition of xs(z),
2
sup [Xs(e)(Z)] < Xs(e)(€) < 2 <e fore<es.
|x\<s| @ ()] ()(€) 2(0)
Now, it follows from estimate (3.4) that
1
p(t;e,6(e), K) <es (1 + 62(5)) + ce” 1/ BA/e)=2)
for € < g5. This proves the lemma. O

Proof of Theorem 1.2. Let K be compact such that 2! C K for all t € [0,T]. Let
z,y € K and z >y > At + 6. Then

xT

u(t,z) —U(t,x) = u(t,y) — U(t,y) +/ ug dC.
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By integrating with respect to y from At 4+ J to At + § + 1, we obtain

u(t, z) = U(t, 2)| < [lu(t) = U@L

loc

(R) +/ |t (t)] de. (3.5)
K\
Similarly, this inequality can be proved for z < At — é. Hence, by Theorem 2.2 and
Lemma 3.4,
su u— U||p t y—=>0 ase—0.
0<£T | Iz (K\2%.))

The third condition in the definition of a shock layer holds due to the equality u(t, A\t) = 8
for each ¢ > 0. Thus, Theorem 1.2 is proved. O

4. Examples

One might wonder if the shock-layer estimate § < /¢ given by Theorem 1.2 is optimal.
Our first example below serves to prove that this result cannot be improved in the class
of fluxes f(u) given by (1.3) and (1.4). The second example below is concerned with
the case when the estimate can be improved up to the law ¢ < e. In searching for a
reason why these two laws of thickness of the shock layer occur, we show that the shock
is characteristic in the first example and non-characteristic in the second example. We
recall that a shock is called characteristic if some characteristic curves touch it, and a
shock is non-characteristic if all the characteristic curves cross it [13].

Example 4.1. First we consider the Riemann problem
Ut = 0, U|t:0 = Uo(SC) (41)

Here, the shock is characteristic and coincides with the line = 0.
One can write two approximations for (4.1):

Uty = EUizy, Uilt=o = Ug(x) = B+ {(uo(z) — B)1jzi<1/e )} * pe() (4.2)
and
Uy = EUgzy, Uz|i—0 = Uo(T). (4.3)

Clearly, us is a self-similar solution, and it is given by the representation formula
Uy — U

wr = ut LR (), F(e):/_ooefs as, 0=

It follows that for any fixed t > 0,

liminf sup |U —us| >0 if 6 = My/e. (4.4)

e—0 |z <5

Since us does not meet the regularity conditions of Theorem 1.2, one cannot use this
approximation directly to conclude that the law § = §(¢) given by Theorem 1.2 is optimal.
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We justify this conclusion by the comparison of us with u;. Denoting z = u; — us, we
write z as the Poisson integral

1 / —((z—y)?/4et) /
2= — e z0(y) dy + cooody p = 21 + 29,
\/47r5t{ ly|<e ly|>(1/e)—e

using the following property of zg = (u1 — u2)|i=o:

1
suppzoﬂ{5< || < —5} = 0.
€

Note that e
2
|21] < ﬁe—((ns—x) /4et) In| < 1.
Hence, |z1| < ¢y/€ uniformly in
QT,R = {(t,l‘) S [Ta T] X [_R7 R]}’ T > 0.

The second term z, is bounded by

—o(e) ) 400 )
|z2| < c{/ e’ ds—l—/ e~ ? ds}
—o0 o(e)

uniformly in Q- g, where o(¢) = 0o as € — 0. Thus,
|ur — ug| — 0 uniformly in Q, r as e — 0.
The last convergence result combined with (4.4) yields the limit inequality

liminf sup ||U — U]”LOO(K\(LS) >0, 6=M-/e,

e—0 T<t<T
for any M > 0 and any compact K = [—R, R]. This proves that Theorem 1.2 is optimal.
Example 4.2. Consider the Riemann problem
Ut + f(U)L = 0, U|t:0 = Uo(x), (45)

with the flux f(u), the data uy, and the shock & = At such that the boundary-value
problem

dw df(w)  d*w B
_)\a + dz = EO@, U)|z::too = Uy, (46)

has a solution wq(z) for some €y > 0. Moreover, we assume that

d’u}o d2w0

dwo d"wo . A
dz dez ||, =% (4.7)

1

Jwollso < oo, H

We will comment later on the solvability of problem (4.6), (4.7). Now, we suppose that
wo(x) exists and consider the parabolic approximation

up + f(U)y = eUzy, Ult—o = wo (EO;C) = ug(x). (4.8)
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Due to (4.7) and (4.6), the sequence u§(z), € | 0, approximates the step function wug(x)
in the sense of (1.9) and (1.10). By uniqueness, u(t,z) is a travelling-wave solution and

u(t, ) = wo (io(x - At)).

Now, it is clear that any function §(g) is a shock-layer thickness if

€
— —0 — 0. 4.9
50 as € (4.9)
The set of fluxes f(u) which guarantee solvability of problem (4.6), (4.7) is not empty.
Indeed, consider the problem

Ut+UUm :0, U|t:0 :uo(:v) (410)

As in [12], one can verify that the corresponding boundary-value problem (4.6) has the
solution

n [uo]
~ 1+ exp([uo]w/2e0)’
if A = % (uy + u_). This solution satisfies conditions (4.7).

Let us return to the Riemann problem (4.5) with approximation (4.8), assuming that

[UO] =Uy — U,

w=1u

flw)=Xutou—p), f=gz(urtu), ¢"(uw)=0, u_>uy,
where ¢ is an even function (see (1.3) and (1.4)). Denoting
z=w—f, zp=guy —u), o=z,
we derive from (4.6) that
©(z) — €02, = ¢ = const. (4.11)

The condition
z; >0 asx — £o0

is necessary for solvability of problem (4.6), hence ¢ = ¢(z4+) = ¢(2—). Due to convexity
of ¢(u), it follows from (4.11) that

w(z) —c=¢epz, <0.

Thus, any solution of (4.6) is a decreasing function, and z; < z < z_. Since ¢'(0) =0,
zy <0 and ¢"(z) >0, we have ¢'(z;) <0 and ¢'(z_) > 0. Suppose that ¢'(z4) =0,
then necessarily
¢'(2) =0, |z < ey
Now, it follows from (4.6) that
Zzz =0, x €R,

which contradicts the boundary conditions in (4.6). Thus, ¢’(z4) < 0 and ¢'(2_) > 0. It
implies that f"(u—) > A > f’(uy), i.e. the shock x = At is non-characteristic.
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Remark 4.3. As for the semi-characteristic shock, which is characteristic only from
one side, we suppose that such a shock has the thickness 6(g), which obeys Theorem 1.2.
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