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Abstract A definition of a shock layer of thickness δ is proposed when a parabolic perturbation is
applied to a scalar conservation law. The asymptotic equality δ �

√
ε is established, where ε denotes

viscosity. This equality is proved to be optimal. Nevertheless, the equality δ � ε is also proved to be
valid for a class of shocks in accordance with the Mises conjecture.
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1. Definition of a shock layer

Physically, shock wavefronts in gases are not surfaces but thin layers where the processes
of internal friction, heat conductivity, chemical kinetics and molecular diffusion cannot
be neglected. These processes are related to the size and structure of a shock layer [6]. In
view of the complexity of an exhaustive description, it is customary to consider simplified
models, where one aspect or another of the system is emphasized. Here we are concerned
with the question of dependence between shock-layer thickness and viscosity.

We recall the conjecture of Mises [10] about the asymptotic behaviour of solutions
uµ of the viscous-gas equations as the viscosity µ goes to zero. Given a solution u0 of
the inviscid gas dynamics equations with a shock curve Γ , he supposed that there is a
distance d(µ) from Γ , satisfying the condition µ/d(µ) → 0, such that uµ is close to u0

at distances greater than d from Γ , and uµ is close to some shock structure profile at
distances from Γ of less than d. In what follows, we partly justify the Mises conjecture
for a scalar conservation law.

We consider the Riemann problem

Ut + f(U)x = 0, U |t=0 = u0(x), (1.1)

with the initial data

u0(x) =

{
u+, x > 0,

u−, x < 0.
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Given a flux function f(u), a shock-wave solution occurs for a wide range of the initial
constant states u+ and u−. In particular, the function

U(t, x) =

{
u−, x < λt,

u+, x > λt,
(1.2)

is a shock solution if

u− > u+ and f(u) = λu + ϕ(u − β), β = 1
2 (u− + u+), (1.3)

where λ = const. and the function ϕ(u) meets the restrictions

0 � ϕ′′(u) ∈ C2(R), ϕ(−u) = ϕ(u) ∀u ∈ R. (1.4)

Indeed, if
Γ = {(t, x) : x = x0(t), 0 < t < T, x0(0) = 0}

is a discontinuity curve starting from the origin, then, by the Rankine–Hugoniot condition
[13],

x′
0(t) =

[f(u)]
[u]

= λ +
[ϕ(u − β)]

[u]
, (1.5)

where
[u] = lim

α→0
(u(t, x0(t) + α) − u(t, x0(t) − α)).

With ϕ(u) being even, the function ϕ(u − β) suffers no jump at the discontinuity curve
Γ :

ϕ(u+ − β) − ϕ(u− − β) = ϕ( 1
2 (u+ − u−)) − ϕ( 1

2 (u− − u+)) = 0.

This is why formula (1.2) defines a weak solution U of the Cauchy problem (1.1). More-
over, the function U is an entropy solution, since it verifies the Lax entropy condition [13]:

f ′(u−) � λ � f ′(u+). (1.6)

Indeed, by (1.3) and (1.4),

f ′(u+) = λ + ϕ′(u+ − β),

ϕ′(u+ − β) ≡ ϕ′( 1
2 (u+ − u−))

� ϕ′(0) = 0 � ϕ′(u− − β) ≡ ϕ′( 1
2 (u− − u+)).

So inequalities (1.6) follow.
Observe that the flux function f = 1

2u2 in the Hopf equation

ut + uux = 0 (1.7)

satisfies conditions (1.4) with λ = β and ϕ(u) = 1
2u2 − 1

2β2.
Let us consider the parabolic problem

ut + f(u)x = εuxx, u|t=0 = uε
0(x), (1.8)
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where uε
0(x) is a smooth function such that

uε
0 − u0 → 0 in L1

loc(R) as ε ↓ 0 (1.9)

and

‖uε
0‖∞ � c,

∥∥∥∥duε
0

dx
, ε

d2uε
0

dx2

∥∥∥∥
1

� c (1.10)

uniformly in ε. Here and in what follows, c denotes different constants which do not
depend on ε, and ‖ · ‖p stands for the norm in Lp(R).

Naturally, one expects that problem (1.8) approximates problem (1.1) for small ε. This
means that the difference |u − U | is small far from Γ ,

u � u− to the left of Γ, u � u+ to the right of Γ,

and there is a shock layer centred at Γ , where u(t, x) changes smoothly in value from u−
to u+ when t is fixed and x crosses the curve Γ from the left.

The goal of this paper is to formalize the notion of a shock layer when the viscous
problem (1.8) approximates the hyperbolic problem (1.1). In doing so, we are motivated
by the Mises conjecture and the observation that the viscosity effect reveals itself strongly
only within the shock layer.

Consider the cylinder

Ωδ = {(t, x) : |x − λt| � δ, 0 < t < T}

centred at the shock curve Γ . We are looking for the thickness δ as a function of ε to
meet the following definition.

Definition 1.1. We call a function δ(ε), 0 < ε < 1, a shock-layer thickness (SL thick-
ness) if there is a sequence of initial data uε

0(x), ε ↓ 0, which meets conditions (1.9) and
(1.10) and is such that

(1) 0 � δ(ε) ↓ 0 as ε ↓ 0;

(2) for any compact K ⊂ R

lim
ε→0

sup
0<t<T

‖u − U‖L∞(K\Ωt
δ(ε))

= 0,

where
Ωs

δ = Ωδ ∩ {t = s};

(3) the limit inequality
lim inf

ε→0
sup

0<t<T
‖u − U‖L∞(R) > 0

is valid.
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Clearly, δ(ε) is not defined uniquely. Indeed, given an SL thickness δ(ε), any function
δ1(ε) is also an SL thickness if δ(ε) � δ1(ε) and δ1(ε) ↓ 0 as ε ↓ 0. Thus, the true
SL thickness δ∗(ε) should be defined as

δ∗(ε) = inf
α

δα(ε),

where δα(ε), α ∈ I, is a family of SL thicknesses.
Our main result is the following theorem.

Theorem 1.2. Let conditions (1.3), (1.4) be satisfied. Then any function δ(ε),
0 < ε < 1, is an SL thickness if δ 


√
ε. The last relationship has the meaning

0 � δ(ε) ↓ 0 and
√

ε

δ(ε)
→ 0 as ε ↓ 0.

The formulated result can be treated as an attempt to define a shock layer as a domain
which depends on the vanishing viscosity optimally in the sense that it is the thinnest
domain where solutions of the parabolic problem fail to approximate the shock solution
of the limit problem in the L∞-norm. The same approach has been applied to define a
boundary layer for scalar conservation laws [2] and a shear-viscosity boundary layer in a
boundary-value problem for the Navier–Stokes equations of compressible fluids [1].

Example (4.1) given in § 4 proves that the law δ 

√

ε is optimal, as long as the
Riemann problem (1.1) meets conditions (1.3) and (1.4). Nevertheless, the law δ 
 ε may
occur as in example (4.5). In particular, the law δ 
 ε can be derived if one applies the
above definition of the SL thickness δ to the results on asymptotic behaviour of ‘viscous
solutions’ near the shock obtained by the method of matched asymptotic expansions [3,
4,8] under some hypotheses, with the condition f ′′(u) > 0 being principal. (Observe that
the claim of Theorem 1.2 is conditioned by the non-strict inequality f ′′(u) � 0.)

There is no evidence to support the law δ 
 εα with α different from 1
2 and 1. It is

remarked in [14] that the exponents α = 1
2 and α = 1 correspond to the characteristic

and non-characteristic shocks, respectively. However, the example [4] of the transition
boundary layer ε � x � ε2/3 in the Cauchy problem for the ordinary differential equation

ε
du

dx
= f(x, u)

indicates that a possibility exists for a shock layer of thickness δ 
 εα with α �= 1
2 and

α �= 1 as far as a non-homogeneous conservation law

Ut + f(x, U)x = 0

is concerned.
In the theory of hyperbolic equations, shock-layer-thickness estimates find applications

in constructing finite-difference schemes which take into account the artificial viscosity
effect [11].
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2. Parabolic problems

Here we discuss some properties of the parabolic problem (1.8). First, we construct initial
data uε

0(x) which approximate u0(x) in the sense of (1.9) and (1.10). Define

Uε
0 (x) = β + {(u0(x) − β)1|x|�1/ε} ∗ ρε(x). (2.1)

Here, 1Ω(x) is the characteristic function of a set Ω ⊂ R and ρε is a symmetric mollifier,
i.e. ρ(−x) = ρ(x), 0 � ρ ∈ D(R), and

ρε(x) =
1
ε
ρ

(
|x|
ε

)
,

∫
R

ρ dx = 1, supp ρ ⊆ {x : |x| � 1}.

Lemma 2.1. The function wε
0(x) ≡ Uε

0 (x) − β has the properties that it is odd and
that ∥∥∥∥dwε

0

dx
, ε

d2wε
0

dx2

∥∥∥∥
1

� c(u− − u+). (2.2)

The function Uε
0 (x) defined by (2.1) satisfies properties (1.9) and (1.10).

Proof. The function vε
0(x) = (u0 − β)1|x|�1/ε is odd and the mollifier ρε(x) is sym-

metric, hence the convolution vε
0 ∗ ρε is also odd.

To prove estimates (2.2), we calculate the L1-norm through the total variation. We
have ∥∥∥∥dwε

0

dx

∥∥∥∥
1

= TV(wε
0) = sup

ϕ

∫
R

wε
0ϕx dx,

where ‘sup’ is taken with respect to ϕ(x) such that ϕ ∈ D(R) and ‖ϕ‖∞ � 1. On the
other hand, ∫

R

wε
0ϕx dx =

∫
R

vε
0(x)

d
dx

(ϕ ∗ ρε) dx � TV(vε
0) = 2(u− − u+).

Hence, the first estimate in (2.2) is proved.
Next we have∥∥∥∥d2wε

0

dx2

∥∥∥∥
1

= sup
ψ

∫
R

ψ(d2/dx2)wε
0 dx

‖ψ‖∞
= sup

ψ

∫
R

vε
0(ρε ∗ ψ)′′ dx

‖ψ‖∞

� TV(vε
0) sup

ψ

‖(ρε ∗ ψ)′′‖∞
‖ψ‖∞

� c

ε
TV(vε

0),

where ‘sup’ is taken with respect to ψ ∈ L∞(R) such that ψ �= 0. This implies the second
estimate in (2.2). All the other claims of the lemma are trivial. �

The function w = u − β solves the Cauchy problem

wt + f(w + β)x = εwxx, w|t=0 = wε
0(x), (2.3)

with f(u) ∈ C4(R) and with the initial data

wε
0 ∈ L∞(R) ∩ L1(R) ∩ D(R).
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Hence, the theory of parabolic differential equations is applied [7, 9] to conclude that
there is a unique solution w of (2.3) such that

w ∈ L2(0, T ; W 5,2(R)) ∩ C(0, T ; W 4,2(R)),

∂kw

∂tk
∈ L2(0, T ; W 5−2k,2(R)) ∩ C(0, T ; W 4−2k,2(R)), 2k � 4.

Moreover, the following estimates are valid uniformly in ε:

‖w(t)‖∞ � ‖wε
0‖∞, ‖wx(t)‖1 �

∥∥∥∥ d
dx

wε
0

∥∥∥∥
1
, (2.4)∥∥∥∥ ∂

∂t
w(t)

∥∥∥∥
1

� M

∥∥∥∥ d
dx

wε
0

∥∥∥∥
1

+ ε

∥∥∥∥ d2

dx2 wε
0

∥∥∥∥
1
, (2.5)

where
M = sup{|f ′(u)|, |u| � max{|u−|, |u+|}}.

The first estimate in (2.4) is due to the maximum principle. The other estimates can be
derived by the Kružkov technique [5]. We recall briefly the basic idea, since it underlies
the proof of Theorem 1.2.

Let us differentiate equation (2.3) with respect to x and multiply the result by

ψR(x) sgn
(

∂w

∂x

)
, R > 1,

where ψR(x) = ψ(|x|/R) and

ψ(s) =




1, s ∈ [0, 1
2 ],

non-negative polynomial, s ∈ [ 12 , 1],

exp(−s), s � 1.

Calculations give

d
dt

∫
R

ψR

∣∣∣∣∂w

∂x

∣∣∣∣ dx =
∫

R

∂ψR

∂x

∣∣∣∣∂w

∂x

∣∣∣∣f ′(u) + εψR
∂3w

∂x3 sgn
(

∂w

∂x

)
dx

�
∫

R

∂ψR

∂x

∣∣∣∣∂w

∂x

∣∣∣∣f ′(u) + ε

∣∣∣∣∂w

∂x

∣∣∣∣∂2ψR

∂x2 dx.

From the inequalities∣∣∣∣∂ψR

∂x
(x)

∣∣∣∣ � c

R
ψR(x),

∣∣∣∣∂2ψR

∂x2 (x)
∣∣∣∣ � c

R2 ψR(x), (2.6)

we obtain
d
dt

∫
R

ψR

∣∣∣∣∂w

∂x

∣∣∣∣ dx � c

R

∫
R

ψR

∣∣∣∣∂w

∂x

∣∣∣∣ dx. (2.7)
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Now, the second estimate in (2.4) follows if one integrates (2.7) and sends R to ∞. In
order to prove (2.5), one should differentiate (2.3) with respect to t and multiply by

ψR(x) sgn
(

∂w

∂t

)
.

In a similar way one obtains ∥∥∥∥∂w

∂t
(t)

∥∥∥∥
1

�
∥∥∥∥∂w

∂t
(0)

∥∥∥∥
1
.

The solution w is regular enough to make sure that (∂w/∂t)(0) may be written

∂w

∂t
(0) = ε

d2w0

dx2 − f ′(u0)
dw0

dx
.

Thus, the estimate (2.5) follows.
Let K be a closed bounded interval in R. From estimates (2.4) and (2.5) and the

compact imbedding of W 1,1(K) into L1(K), one can apply the Arzel–Ascoli Theorem to
conclude that the sequence wε(t, x) ≡ w(t, x) is compact in C([0, T ]; L1

loc(K)). Since U

is the unique entropy solution of problem (1.1), we arrive at the following conclusion.

Theorem 2.2. Let conditions (1.3) and (1.4) be satisfied. Then

lim
ε→0

‖u − U‖C(0,T ;L1
loc(R)) = 0

and the estimates

sup
0<t<T

‖u(t)‖∞ � c, sup
0<t<T

∥∥∥∥∂u

∂x
(t)

∥∥∥∥
1

� c

hold uniformly in ε.

3. Shock-layer thickness

Here we prove Theorem 1.2 assuming that the initial data uε
0(x) are given by (2.1). Let us

introduce a cut-off function ξδ(t, x) for the cylinder Ωδ. First, we define an even function
χδ(x) for non-negative values of x by the formula

χδ(x) =




2
δ2 x2, 0 � x � 1

2δ,

1 − 2
δ2 (x − δ)2, 1

2δ � x � δ,

1, x � δ.

Next, we define ξδ(t, x) = χδ(x − λt). Clearly,

0 � ξδ(t, x) � 1, ξδ(t, λt) = 0, ξδ(t, x) = 1 for |x − λt| � δ,

ξδ ∈ C1(R × R) ∩ W 2,2
loc (R × R),

∣∣∣∣∂ξδ

∂x

∣∣∣∣ � 2
δ
,

∣∣∣∣∂2ξδ

∂x2

∣∣∣∣ � 4
δ2 .


 (3.1)

The next assertion is a crucial one in the proof of Theorem 1.2.
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Lemma 3.1. There is a constant κ independent of ε such that

u − β � κ(x − λt) for x − λt � 0,

u − β � κ(x − λt) for x − λt � 0.

Proof. By the change of variables

w = u − β, α = x − λt,

we reduce problem (1.8) to

wt + ϕ(w)α = εwαα, w|t=0 = wε
0(α) ≡ Uε

0 (α) − β. (3.2)

Because wε
0(α) is odd and ϕ(w) is even, one can prove, using uniqueness of the solution

to problem (3.2) that the function w(t, α) is odd with respect to α. So, it is enough to
prove the first inequality of the lemma.

Given a positive constant κ, the function v = κα − w solves the problem

vt + ϕ′(w)vα − κϕ′(w) = εvαα, v|t=0 = κα − wε
0(α), v|α=0 = 0

in the domain
Q = {(t, α); 0 < t < T, α > 0}.

Clearly, v(0, α) � 0 for some κ > 0. Suppose v achieves a negative minimum in the
interior of Q, then the function z = v exp(−pt) also has this property and

zt + pz + ϕ′(w)zα − κϕ′(w)e−pt = εzαα, z|t=0, α�0 � 0, z|α=0 = 0.

This is a contradiction, since ϕ′′ � 0 and

ϕ′(w) = ϕ′′(w̄)w = ϕ′′(w̄)(κα − zept),

where w̄ lies between 0 and w. �

The next assertion is a consequence.

Lemma 3.2. There is a constant γ independent of ε such that

(f ′(u) − λ)
∂ξδ

∂x
� γξδ for |x − λt| � δ. (3.3)

Proof. Denote
M1 = 1 + sup

|u|�1
ϕ′′(κu).

If x − λt > 0, we have, by Lemma 3.1,

f ′(u) − λ = ϕ′(u − β) � ϕ′(κ(x − λt)) = ϕ′′(ū)κ(x − λt) � M1(x − λt).

Similarly, if x − λt < 0, we have

f ′(u) − λ = ϕ′(u − β) � ϕ′(κ(x − λt)) � M1(x − λt).
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Now, one should calculate the product

αχδ(α) ≡ (x − λt)ξδ(x − λt), α = x − λt,

on the intervals

−δ < α < − 1
2δ, − 1

2δ < α < 0, 0 < α < 1
2δ, 1

2δ < α < δ

to verify that inequality (3.3) holds with γ = 2M1. �

The principal step in the proof of Theorem 1.2 is to obtain estimates of the integral

p(t; ε, δ, K) ≡
∫

K\Ωt
δ

|ux(t)| dx,

via ε, where K is compact in R. To this end, we modify the Kružkov technique.

Lemma 3.3. There is a constant c such that

JR(t) ≡
∫

R

|ux(t)|ψRξδ dx � e(γ+(c/R))T
[
JR(0) + cε

(
1

R2 +
1

Rδ
+

1
δ2

)]
. (3.4)

Proof. If η is a small real number, the function ϕη(z) = (z2 + η2)1/2 is a smooth
approximation of |z| and

ϕ′′
η(z)z2 � η, zϕ′

η(z) → |z| as η → 0.

Denoting ux = z, we differentiate equation (1.8) with respect to x, multiply by
ϕ′

η(z)ψR(x)ξδ(t, x) and integrate with respect to x and t. Let us consider the result-
ing terms:∫ t

0

∫
R

ztϕ
′
ηψRξδ dx ds =

∫
R

ϕηψRξδ dx|t0 + λ

∫ t

0

∫
R

ϕηψR
∂ξδ

∂x
dx ds,

∫ t

0

∫
R

(f ′(u)z − εzx)xϕ′
ηψRξδ dx ds

=
∫ t

0

∫
R

ϕ′′
ηψRξδ

[√
εzx − zf ′(u)

2
√

ε

]2

dx ds

− 1
4ε

∫ t

0

∫
R

ϕ′′
ηψRξδz

2|f ′(u)|2 + 4εf ′(u)zϕ′
η(z)ξδ

∂ψR

∂x
dx ds

−
∫ t

0

∫
R

f ′(u)zϕ′
η(z)ψR

∂ξδ

∂x
+ εϕη(z)

∂2ξδψR

∂x2 dx ds.

In the limit as η → 0, we obtain

JR(t) � JR(0) +
∫ t

0

∫
R

(f ′(u) − λ)|z|ψR
∂ξδ

∂x

+ f ′(u)|z|∂ψR

∂x
ξδ dx ds + ε

∫ t

0

∫
R

|z|∂
2ψRξδ

∂x2 dx ds.
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We rewrite this inequality taking into account the estimates of Theorem 2.2, inequali-
ties (2.5), (3.1) and (3.3):

JR(t) � JR(0) +
(

γ +
c

R

) ∫ t

0
JR(s) ds + εc

(
1

R2 +
1

Rδ
+

1
δ2

)
.

Applying the Gronwall Lemma, we arrive at (3.4). �

Lemma 3.4. Given compact K ⊂ R, we have

sup
0<t<T

p(t; ε, δ(ε), K) → 0 as ε ↓ 0,

for any function δ(ε) such that ε/δ2(ε) → 0.

Proof. Let us choose R such that K ⊆ [− 1
2R, 1

2R] and let δ(ε) be a function which
satisfies the conditions of the lemma. Since

supp
∂Uε

0

∂x
⊆ {|x| � ε} ∪

{∣∣∣∣x − 1
ε

∣∣∣∣ � ε

}
∪

{∣∣∣∣x +
1
ε

∣∣∣∣ � ε

}
,

there is a small ε1 depending on R such that

JR(0) =
∫ ε

−ε

∣∣∣∣∂Uε
0

∂x

∣∣∣∣χδ(ε)(x) dx +
∫

|x−(1/ε)|�ε

∣∣∣∣∂Uε
0

∂x

∣∣∣∣e−|x|/R dx

+
∫

|x+(1/ε)|�ε

∣∣∣∣∂Uε
0

∂x

∣∣∣∣e−|x|/R dx

� c sup
|x|�ε

|χδ(ε)(x)| + ce−(1/R)((1/ε)−ε)

for any ε � ε1. Clearly, there is a small ε2, ε2 � ε1, such that

ε � 1
2δ2(ε) � 1

2δ(ε) for ε � ε2.

Hence, by the definition of χδ(x),

sup
|x|�ε

|χδ(ε)(x)| � χδ(ε)(ε) � 2
δ2(ε)

ε2 � ε for ε � ε2.

Now, it follows from estimate (3.4) that

p(t; ε, δ(ε), K) � cε

(
1 +

1
δ2(ε)

)
+ ce−(1/R)((1/ε)−ε)

for ε � ε2. This proves the lemma. �

Proof of Theorem 1.2. Let K be compact such that Ωt
1 ⊆ K for all t ∈ [0, T ]. Let

x, y ∈ K and x > y > λt + δ. Then

u(t, x) − U(t, x) = u(t, y) − U(t, y) +
∫ x

y

ux dζ.
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By integrating with respect to y from λt + δ to λt + δ + 1, we obtain

|u(t, x) − U(t, x)| � ‖u(t) − U(t)‖L1
loc(R) +

∫
K\Ωt

δ

|ux(t)| dx. (3.5)

Similarly, this inequality can be proved for x < λt − δ. Hence, by Theorem 2.2 and
Lemma 3.4,

sup
0<t<T

‖u − U‖L∞(K\Ωt
δ(ε))

→ 0 as ε → 0.

The third condition in the definition of a shock layer holds due to the equality u(t, λt) = β

for each ε > 0. Thus, Theorem 1.2 is proved. �

4. Examples

One might wonder if the shock-layer estimate δ 

√

ε given by Theorem 1.2 is optimal.
Our first example below serves to prove that this result cannot be improved in the class
of fluxes f(u) given by (1.3) and (1.4). The second example below is concerned with
the case when the estimate can be improved up to the law δ 
 ε. In searching for a
reason why these two laws of thickness of the shock layer occur, we show that the shock
is characteristic in the first example and non-characteristic in the second example. We
recall that a shock is called characteristic if some characteristic curves touch it, and a
shock is non-characteristic if all the characteristic curves cross it [13].

Example 4.1. First we consider the Riemann problem

Ut = 0, U |t=0 = u0(x). (4.1)

Here, the shock is characteristic and coincides with the line x = 0.
One can write two approximations for (4.1):

u1t = εu1xx, u1|t=0 = Uε
0 (x) ≡ β + {(u0(x) − β)1|x|�1/ε} ∗ ρε(x) (4.2)

and
u2t = εu2xx, u2|t=0 = u0(x). (4.3)

Clearly, u2 is a self-similar solution, and it is given by the representation formula

u2 = u− +
u+ − u−
F (∞)

F (θ), F (θ) =
∫ θ

−∞
e−s2

ds, θ =
x√
4εt

.

It follows that for any fixed t > 0,

lim inf
ε→0

sup
|x|�δ

|U − u2| > 0 if δ = M
√

ε. (4.4)

Since u2 does not meet the regularity conditions of Theorem 1.2, one cannot use this
approximation directly to conclude that the law δ = δ(ε) given by Theorem 1.2 is optimal.
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We justify this conclusion by the comparison of u2 with u1. Denoting z = u1 − u2, we
write z as the Poisson integral

z =
1√
4πεt

{∫
|y|�ε

e−((x−y)2/4εt)z0(y)︸ ︷︷ ︸ dy +
∫

|y|�(1/ε)−ε

· · ·︸︷︷︸ dy

}
≡ z1 + z2,

using the following property of z0 ≡ (u1 − u2)|t=0:

supp z0 ∩
{

ε � |x| � 1
ε

− ε

}
= ∅.

Note that
|z1| � cε√

εt
e−((ηε−x)2/4εt), |η| � 1.

Hence, |z1| � c
√

ε uniformly in

Qτ,R = {(t, x) ∈ [τ, T ] × [−R, R]}, τ > 0.

The second term z2 is bounded by

|z2| � c

{∫ −σ(ε)

−∞
e−s2

ds +
∫ +∞

σ(ε)
e−s2

ds

}

uniformly in Qτ,R, where σ(ε) → ∞ as ε → 0. Thus,

|u1 − u2| → 0 uniformly in Qτ,R as ε → 0.

The last convergence result combined with (4.4) yields the limit inequality

lim inf
ε→0

sup
τ�t�T

‖U − u1‖L∞(K\Ωδ) > 0, δ = M
√

ε,

for any M > 0 and any compact K = [−R, R]. This proves that Theorem 1.2 is optimal.

Example 4.2. Consider the Riemann problem

Ut + f(U)x = 0, U |t=0 = u0(x), (4.5)

with the flux f(u), the data u±, and the shock x = λt such that the boundary-value
problem

−λ
dw

dx
+

df(w)
dx

= ε0
d2w

dx2 , w|x=±∞ = u+, (4.6)

has a solution w0(x) for some ε0 > 0. Moreover, we assume that

‖w0‖∞ < ∞,

∥∥∥∥dw0

dx
,
d2w0

dx2

∥∥∥∥
1

< ∞. (4.7)

We will comment later on the solvability of problem (4.6), (4.7). Now, we suppose that
w0(x) exists and consider the parabolic approximation

ut + f(u)x = εuxx, u|t=0 = w0

(
ε0x

ε

)
≡ uε

0(x). (4.8)
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Due to (4.7) and (4.6), the sequence uε
0(x), ε ↓ 0, approximates the step function u0(x)

in the sense of (1.9) and (1.10). By uniqueness, u(t, x) is a travelling-wave solution and

u(t, x) = w0

(
ε0

ε
(x − λt)

)
.

Now, it is clear that any function δ(ε) is a shock-layer thickness if

ε

δ(ε)
→ 0 as ε → 0. (4.9)

The set of fluxes f(u) which guarantee solvability of problem (4.6), (4.7) is not empty.
Indeed, consider the problem

Ut + UUx = 0, U |t=0 = u0(x). (4.10)

As in [12], one can verify that the corresponding boundary-value problem (4.6) has the
solution

w = u− +
[u0]

1 + exp([u0]x/2ε0)
, [u0] = u+ − u−,

if λ = 1
2 (u+ + u−). This solution satisfies conditions (4.7).

Let us return to the Riemann problem (4.5) with approximation (4.8), assuming that

f(u) = λu + ϕ(u − β), β = 1
2 (u+ + u−), ϕ′′(u) � 0, u− > u+,

where ϕ is an even function (see (1.3) and (1.4)). Denoting

z = w − β, z+ = 1
2 (u+ − u−), z− = −z+,

we derive from (4.6) that
ϕ(z) − ε0zx = c ≡ const. (4.11)

The condition
zx → 0 as x → ±∞

is necessary for solvability of problem (4.6), hence c = ϕ(z+) = ϕ(z−). Due to convexity
of ϕ(u), it follows from (4.11) that

ϕ(z) − c = ε0zx � 0.

Thus, any solution of (4.6) is a decreasing function, and z+ � z � z−. Since ϕ′(0) = 0,
z+ < 0 and ϕ′′(z) � 0, we have ϕ′(z+) � 0 and ϕ′(z−) � 0. Suppose that ϕ′(z+) = 0,
then necessarily

ϕ′(z) = 0, |z| � |z+|.

Now, it follows from (4.6) that
zxx = 0, x ∈ R,

which contradicts the boundary conditions in (4.6). Thus, ϕ′(z+) < 0 and ϕ′(z−) > 0. It
implies that f ′(u−) > λ > f ′(u+), i.e. the shock x = λt is non-characteristic.
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Remark 4.3. As for the semi-characteristic shock, which is characteristic only from
one side, we suppose that such a shock has the thickness δ(ε), which obeys Theorem 1.2.
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