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ABSOLUTE VALUES OF TOEPLITZ OPERATORS
AND HANKEL OPERATORS

TAKAHIKO NAKAZI

ABSTRACT. Nehari’s theorem for norms of bounded Hankel operators is revisited.
Using it, the absolute values of Toeplitz operators are studied. This gives a theorem of
Widom and Devinatz for invertible Toeplitz operators.

1. Introduction. Let U be the open unit disc in the complex plane and let U be the
boundary of U. If f is analytic in U and [, log*| f(re?®)|d is bounded for 0 < r < 1,
then f(¢? ), which we define to be lim,_,; f(re), exists almost everywhere on oU. If

lim i  log"| f(re")|dd = i ' log"| f(e™)]db,

then f is said to be of the class N,. The set of all boundary functions in N, is again denoted
by N,. For 0 < p = oo, the Hardy space HP is defined as N, N L” where L? denotes
LP(d6). Put Hy = { f € HP : f(0) = 0}.

P denotes the orthogonal projection from L? to H?. Let ¢ € L™. We define the Hankel
operator Hy, on H?> by Hyf = (I — P)(¢f) and the Toeplitz operator T, on H?> Tyf =
P(¢f).

In Section 2 we show that if H{Hy = T, then there exists a function & in H> such
that |¢ + k|2 < v a.e. If v is constant, this gives Nehari’s theorem [7]. In Section 3 we
give necessary and sufficient conditions such that there exists a nonzero function 4 in H*
such that T; Ty 2 T;Ty. If h is constant, this gives a theorem of Widom and Devinatz
(cf. [3, p. 187]). In Section 4 we study relations between ¢ and y» when Hy Hy = Hj Hy,
and T;; T¢ = T;Z Tw .

In this paper we also consider the above problems when the symbols ¢ are unbounded.
For ¢ € L? we denote by M the multiplication operator densely defined on L?. For ¢ €
L? let H, denote the Hankel operator densely defined on H? by (Hyf, g) = Myf,8).f €
H* and g € H and T, denote the Toeplitz operator densely defined by (Tyf,g) =
(Myf,8).f € H®and g € H™.

For any ¢ € L2, we define H;Hd,,T;Td, and T}y4)> as follows: for any f,g € H*,
(HyHof . 8) = (Hof Hyg), (T3T4f.8) = (Tof.Tsg). and (Tjg:f.8) = (6f.¢8). The
function | ¢ |2 is not necessarily in L2 but we can define T|4)> as adensely defined operator
on H?. This was pointed out by the referee. When ¢ is in L, both H, and T;; are bounded
linear operators on H?> which were defined previously. We use the following lemmas
several times.
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LEMMA 1. Suppose ¢ € H™®. If ¢ has at least two functions in H> which give
= dist (¢, H®), then there exists a function k in H® such thatlog (Y —|¢ +k|) € L'.

PROOF. By atheorem of Adamyan, Arov and Krein (cf. [5, p. 160]) we may assume
that dist (¢, H®) = 1 and |¢| = 1. By the hypothesis, there exists a nonzero k € H*
such that [¢ +2k| < 1 ae. Since [1/2¢ +k| < 1/2,1/4+Re k+|k|]*> £ 1/4
and hence 1 + 2 Re ¢k + |k|? + |k|2 < 1. This implies that | ¢ +k|> + |k|> < 1. Thus
s=1—|¢+kl Z 1—/1—[K22Z |k|?/2.

LEMMA 2. Forany ¢ inL> HyHy + TjTy = Tjy2.

Lemma 2 is well known and obvious.

2. Norms of Hankel operators. The following theorem is an extension of Nehari’s
[7] to densely defined Hankel operators. If B is a linear operator densely defined on H?,
that is, defined on H*, and (Bf,f) 2 O for any f in H*, then we write B = 0.

THEOREM 1. Suppose ¢ € L?. Then

(1) Forany kin H*, HyHy < Tjg2-
(2) If v is a nonnegative function in L' and HiH, =< T,, then there exists a function
k in H* such that |¢ +k|* < v a.e. and hence HyHy < Tyy> = T

PROOF. (1)Ifk € H* andf € H*™ then forany g € H: (Hyf.g) = (¢ +k)f, g).
Letting g range over the unit ball in A3, we get from this || Hyf|l2 < [[(¢ + k). =
V/(Tissx2f f). Therefore, since || Hyf||3 = (H} Hof f), we have Hy Hy = Tjy 2.

(2)Forf € H® andg € HY

2
] [ orad0 [2n] = [(Hof, 917 S (Hof, Hof X, 8)

s Of. g )

because H;H¢ < T,.Lete > 0. Since v+ € is then = ¢ and in L2, there is an outer
function h, in H? withv + ¢ = |h€]2. Then, for f € H® and g € HZ°, we have by the
previous relation

2
[, on'npgat [ 2n| <l el

By Nehari’s theorem [8] there exists a function / in H*® such that |¢h; ! + 1] < 1 and
|¢ +hel|> < v+e. By the standard limit process, we can findk € H? such that |¢ +k|? <
v. .

In the proof of (2) of Theorem 1, we can use a lifting theorem of Cotlar and Sadosky

[2].
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COROLLARY 1. If¢ € L* has at least two functions in H® which give dist (¢ , H*),
then there exists a function iy € H> such that H;H,,; + HjHy =< dist (¢, H®).

PROOF. By hypothesis, there exists k € H® such that = (Y2 —|¢ +k|H)/2> 0
a.e., where v = dist (¢, H*). Hence by (1) of Theorem 1 Hy;Hy + H H, S Tiganp +
T72_l¢+kl2 é 72. n

3. Leftinvertible Toeplitz operators. There exists a nonzero function / in H? such
that Tjy. 2 T;Tyif andonly if |¢| = |A|.In general Tj4)» = T, T4 and so the following
theorem is interesting.

THEOREM 2. Suppose ¢ € L?. Then the following are equivalent.

(1) There exists a nonzero outer function h in H* such that T3;Ty 2 T,Th

(2) log | $| is integrable, and there exists a function | in H such that |¢| Z |¢ + |
and |6 # |9 +1.

(3) ¢ has the form: ¢ = ¢og, where ¢¢ is unimodular and g is an outer function in
H?. Moreover there exists a nonzero function k in H® such that || ¢o + koo < 1.

PROOF. (1) = (2). By the hypothesis and Lemma 2,
H:;Hd, = Tl¢|2—|h|2‘

By (2) of Theorem 1 there exists a nonzero function I € H? such that |¢ + /|2 <
|¢|? — |h|%. Hence log |¢| € L' and (2) is valid.

(2) = (3). Since log || is integrable, ¢ has the form in (3): ¢ = ¢og. Since |¢| =
|¢ +1| and |¢ | # |¢ +I| forsome ! € H? lisnonzeroand 1 Z |$g+g'l|.Putk = g~'I
then (3) follows.

(3) = (1). By the hypothesis and Lemma 1 there exists a function e € H? such that
log (1 — |¢o +e|?) € L'. Hence log (|¢|> — | ¢ +ge|?) € L. Since ge is in H?, by (1)
of Theorem 1 H} H, S Tigsger- By Lemma 2 Ty Ty = Tjyj2—|g4ge2- Since log (Jo|?> -
|¢ +ge|?) € L', there exists a nonzero function s € H? suchthat |¢ |>—|¢ +ge|? = | h|?
and hence T3 Ty = T;T). "

COROLLARY 2. Suppose ¢ is a unimodular. Then there exists a nonzero function h
in H? such that T;Ty 2 T, Ty if and only if ¢ has the form : ¢ = f/ f for some nonzero
function f in H.

PROOF. By alemma of Koosis (cf. [5, pp. 161-163]), there exists a nonzero function
kin H® such that ||¢ +k||c < 1if and only if ¢ = f/f for some nonzero function f in
H?. Hence Theorem 2 implies the corollary. .

The following is a corollary of the proof of Theorem 2 and generalizes a theorem of
Devinatz and Widom ([3, p. 187] and [2]) to unbounded symbols.
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COROLLARY 3. Suppose ¢ € L>. Then the following are equivalent.

(1) There exists a function h in H* such that T, Ty Z T;T; and h™" is in H*.

(2) There exists a function | in H*> and a positive constant € such that |¢| Z € +
| +1 ae.

(3) ¢ has the form: ¢ = ¢og where ¢¢ is a unimodular function and g is an outer
function in H*. Moreover g~ is in H® and dist (¢o, H®) < 1.

PROOF. (1) = (2). There exists a positive constant €; such that T; T, = T} T,. As
in the proof of Theorem 2, there exists a function / € H? such that [¢ +1|> < |¢|* —€}.
This implies (2).

(2) = (3). Since |g| 2 |e|, g ! belongs to H® and 1 2 |g~!| + |po + g '/|. This
implies dist (¢, H*) < 1.

(3) = (1). There exists a function e € H? and a positive constant € such that € +|¢ +
eg|* = |¢|* Hence T; Ty 2 T;T. and this implies (1).

By a theorem of Douglas [4, Theorem 1], when ¢ € L™, range [T;] D range (T3]
if and only if T; Ty 2 T5,T», for some A > 0. Hence Theorem 2 gives necessary and
sufficient conditions for that range [T;] contains range [T} ] for some nonzero function
hin H®.

If T; Ty 2 T, Ty for some outer function h in H?, then T} Ty 2 T, where u = |h|>.
From this view point, we wish to generalize Theorem 2.

THEOREM 3. Suppose ¢ € L. There exists a nonnegative, nonzero function u in
L' such that T; Ts 2 T, if and only if there exists a nonzero function h in H* such that
3T, Z T; T

PROOF. By the remark above, it is sufficient to show the part of ‘only if”. If T3 T 2
T,, by Lemma 2 Tj4p2_, = Hi Hg. By (2) of Theorem 1 there exists a function g in
H? such that |¢|? — u 2 |¢ +g|?. Since u is nonzero, the g is nonzero and 2|¢ || g| =
2Red (—g) 2 |g|? Hence log | ¢ | is integrable and so ¢ = ¢ok where ¢y is a unimodular
and k is an outer function in H2. This implies 1 2 ||¢o+k~'g||c. Now Theorem 2 proves
the ‘only if” part. m

4. Absolute values of H; and T4. In this section we are interested in the converse
inequality: T3 T4 < T;T, where ¢ € L?> and h € H?. Then we will consider when two
Toeplitz operators have the same absolute values.

THEOREM 4. Let ¢ be a function in L?. There exists a nonzero function h in H* such
that T Ty = T;Ty if and only if |¢| = |h].

PROOF. If |¢| = |h| then T)y» = T;Tj and hence TjTy = T;T; by Lemma 2.
Conversely suppose T3 Ty = T;Ty. For any € > 0, there exists an outer function h, €
H? such that |A¢|? = |h|? + €. Then for any f € H® ||P(¢f)|l2 £ ||hef ||l2- If g = AT'f
then g € H™ and hence (|P(¢h.'f)|l2 < || f|l2- Thus sup {| S ¢k 'fgdo | 2x|; f €
H®, g € H° ||f|l. = land ||g|l = 1} = 1.PutA = {fg;, f € H®,g € H®,
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If]ll2= land||g] = 1} andB = {s € L™ ; |s|| < 1 andlog |s| € L'}.If we
show that A is dense in B and then A is dense in the unit ball of L!, ||¢ h_!||oc < 1 and
|¢| < |he|. Ase — 0|¢| = |h|.If s € B then there exists an outer function g € H>
such that s = s0gg, |so| = 1 and ||g||> = 1. 5o can be uniformly approximated by the set
of quotients of inner functions [5, p. 217]. This implies that A is dense in B. n

THEOREM 5. Suppose ¢ and ) are in L?.

(DI T;Ty = T;Ty then || = |9).

(2) Suppose log | ¢ | is integrable. If T;Ty = T;Ty, then ¢ = doh and ¢ = oh,
where h is an outer function in H?, and both ¢¢ and 1 are unimodular. Moreover
TS Ty = T3, Tgo-

(3) Suppose ¢ and ) are unimodular. If Tq;‘ T, = TJ)‘ Ty then for any g in H™ there
exists a function f in H® such that |¢ +g| 2 |¢ +f].

PROOF. (1) For any € > 0 there exists an outer function h, € H? such that || +
€ = |h|. By Theorem 4 T;T, = T; Ty, and so T;Ty = T} T;,. Again by Theorem 4
|¢| = |he| = |¢| +€ and |¢| = |¢| because e is arbitrary. Thus |¢ | = | ].

(2)Iflog |¢| € L', by (1) ¢ and ¢ have the forms: ¢ = ¢oh and 1 = thph. Hence
T,/ (T4, Ts, — T, Ty)T = 0. Since Tj, has the dense range, T Ty, = T Ty,. (3) Since ¢

0

and ¢ are unimodular, by Lemma 2 T;Ty = T;T, implies H;Hy = H, H, . Theorem
1 implies (3). ]

The author thanks the referee for pointing out several mistakes and errors.
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