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COMMENSURABILITY AND ELEMENTARY EQUIVALENCE OF
POLYCYCLIC GROUPS

DEBORAH RAPHAEL

It is shown that two polycyclic-by-finite groups G and H, satisfying the same
sentences with one alternation of quantifiers, are commensurable. In fact we show
something stronger: given n > 1 there is a subgroup H, of H and a subgroup G,
of G such that H, ~G, Gn ~ H and the indices [G : Gn] and [H : H,] are finite

and prime to n.

1. INTRODUCTION

This work is motivated by a problem proposed by G. Sabbagh: to find an algebraic
characterisation of elementary equivalence in the class of polycyclic-by-finite groups.
F.Oger solved this problem for finitely generated finite-by-nilpotent groups; in [7], he
proves that two finitely generated finite-by-nilpotent groups G and H satisfy the same
sentences if and only if G xZ ~ H x Z. This result can not be generalised to polycyclic-
by-finite groups: there exist polycyclic-by-finite groups G and H such that G=H and
G xZ # H xZ. Here we give a necessary condition for any two polycyclic-by-finite
groups to satisfy the same sentences with one alternation of quantifiers.

THEOREM. Let G and H be polycyclic-by-finite groups satisfying the same sen-
tences with one alternation of quantifiers. Given an integer r > 1, there is a subgroup
H, of H and a subgroup G, of G such that H,~G, G, ~ H and the indices |G : G,
and (H : H,| are finite and prime to r.

This Theorem is a generalisation of [5], where Oger proves the same result in the
case G and H are finitely generated finite-by-nilpotent groups. The techniques used in
[5] do not work for polycyclic-by-finite groups and we do not suppose this result known
in the proof of the Theorem.

The aim of Sections 2, 3 and 4 is the proof of the Theorem. In Section 2, we prove
a few lemmas concerning subgroups defined by formulas. Section 3 deals only with
polycyclic-by-finite groups: we give a sufficient condition for a subgroup to have finite
index prime to a given integer and we show how to arrive at this condition applying
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the lemmas of Section 2. All we need in the proof of the Theorem is given in this
section; the proof itself is given in Section 4. In Section 5 we discuss the connections
between some equivalence relations in the class of polycyclic-by-finite groups (the two
equivalence relations appearing in the Theorem, commensurability, =, “having the
same finite images”); in particular, we give an example showing that the converse of
the Theorem is not true.

[12] is our basic reference for polycyclic-by-finite groups. If G is a group, H <G
means that H is a subgroup of G; if n>1 is an integer, G™ is the subgroup (g™ |
g€ G); G' is the derived subgroup [G,G]; {(G) denotes the centre of G; F(G) is the
set of isomorphism classes of the finite images of G; if G is polycyclic-by-finite, h(G)
is the Hirsch number of G.

The definitions of formula (existential, universal, quantifier free), sentence and lan-
guage can be found in [2]. The formulas considered here are in the first-order language
of groups, L = {-,*71,1}, where - is a binary function for the group operation, *~! is
an unary fuction for the inverse and 1 is a constant for the identity element.

2. DEFINABILITY

A formula ¢ with one alternation of quantifiers can be written either in the form
(3X1)...(3X,)(Y Y1)...(V Yn)0, or in the form (V Y1)...(V Y)(3X1)...(3X,.)6,
where 8 is a formula without quantifiers. The first one is called an 3V formula and

the last one a V3 formula. Given a formula ¢(Xi, ..., X;;) with n free variables and
a group G with g1, ..., gn in G, we say that g, ..., g, satisfy ¢ in G, and we write
GE®(g1y .5 9n), if (g1, ..., 9n) is true in G. Given groups G and H we write

G=H if G and H are elementary equivalent; we write G=; H if G and H satisfy
the same sentences with one alternation of quantifiers.

DEFINITION: Let ¢ be a formula with one free variable and let G be a group. We
denote by G4 the set {g€ G | GE ¢(g)}. Clearly, G4 is a subgroup of G if and only
if ¢(1) and (VX)(VY)((¢(X)A(Y))>¢(XY 1)) are truein G. In this case, we say
that ¢ defines the subgroup G4 in G.

From now on we shall often make use of formulas with one free variable defining

subgroups in a given group G. When it is clear from the context that the formula must
have one free variable we do not state this hypothesis explicitly.

LEMMA 2.1. Let ¢ and v be formulas. The following four statements hold.

(i) For any group G, if G4 is a subgroup of G then G4 is a characteristic
subgroup of G (in particular, G4 9 G ).

(1) For any group G such that G4 and Gy are subgroups of G, we have
Ggng) = GeNGy.
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(i) There is a formula vy such that Gy = G4Gy, for any group G in which
G4 and Gy are subgroups. If ¢ and 1 are existential, so is v.

(iv) If ¢ and v are existential, then there is an existential formula A such
that Gx = (G¢),,, for any group G with Gy subgroup of G and (Gy),
subgroup of Gy .

PROOF: In order to prove (i), it suffices to observe that formulas are preserved by
automorphisms (and in particular by the inner automorphisms). The proof of (ii) is
straightforward. For (iii), set v(Z) equal to (3X)(IY ) (S(X)A¥(Y)A(Z = XY)).

To prove (iv), we write 9 in the form (3Y1)...(3Y,)¥'(Ya, ..., Ya, Y), where ¢’
is a formula without quantifiers. The statement follows easily if we set A(Z) equal to

(BZI)...(BZn)(¢(Z)A /1l\¢(Z;)A1/J'(Zl,... ,Zn,Z)). 0

The fact that subgroups defined by formulas are normal (Lemma 2.1 (i)) will often

be used without any further comment.

LEMMA 2.2. Let ¢ and v be existential formulas and let G and H be groups

such that G =, H. The following statements hold:
(1) G4<G ifandonlyif Hy< H .
(i) Gy CGy ifand only if Hy C Hy.

PROOF: Since ¢ is existential, ¢(1) and (VX)(VY)((¢(X)A$(Y))—¢(XY ™))
are V3 formulas. This proves (i). For any group K, the sentence (VX )(3%(X)—¢(X))
is satisfied in K if an only if Ky C K4. Statement (ii) follows from the fact that this
sentence is V3 if ¥ and ¢ are existential. 1

In Chapter 3, we deal with several situations in which we have to describe finite
groups by formulas. In order not to repeat slighty variations of the same argument, we

state Lemma 2.3 bellow.

LEMMA 2.3. Let ¢ and ¢ be formulas and let G be a group such that Gy and
G¢ are both subgroups of G with G4 C Gy and |G4/Gy| = n finite. Then, there is a
formula B(X, ..., X,) satisfying the following two conditions.
(i) For every group H with subgroups Hy and Hy such that H, C Hy, we
have HF B(by, ..., bs) if and only if {byHy,... ,bpoHy} is a subgroup of
Hy/Hy isomorphic to G¢/Gy .
(ii) If ¢ and ¥ are existential then 8 is 3V ; if ¢ and v are quantifier free
formulas then 8 is quantifier free.
Moreover, if ¢ and v are existential and H is a group with G =, H we have also:
(i) Gy/Gy=Hy/Hy;
(iv) HEP(by, ..., b,) if and only if {b;Hy,... ,boHy} = Hy/Hy.
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PROOF: Set G4/Gy = {a1Gy,... ,anGy} andlet o: {1,... ,n} x{1,...,n} —
{1,... yn} be such that a.-a,-a;(l‘.ij) € Gy for 1<14,j <n. Denote by S,, the permutation
group of {1,...,n} and define B(X,, ..., X,) as:

ﬂl(xl:"lxﬂ) ﬂz(xhn-yxn)
-1 -
( A ¢(X~')) A ( N -e(xx; )) A (V A '/’(Xﬂ-')xru)xnla(-,,-)))
1€i<n 1i<ign *ESy 165N

Proof of (i). Suppose H is a group in which Hy C Hy are both subgroups of H
and let by, ...,b, bein H. By interpretating B1(b1, ..., b,) and B2(b1, ..., b,) in
H , we conclude that H E8(by, ..., b,) if and only if the two following conditions hold:

. (a) {b1Hy,... ,bnHy} is a subset of Hy/H, which has n elements.
(b) Thereis € Sy such that b;b; Hy is equal t0 brog(i j)Hy, for 1<4,5 < n.
So, if HF (b1, ..., bn), by (a) we can define the function fr : G4/Gy—Hy/Hy given
by the equalities fr(@iGy) = bx(;)Hy, for 1 <i< n; moreover, this function is injective
and S(f) is {b1Hy,... ,bnHy}. By (b) we know that f. € Hom(Gy/Gy,Hy/Hy).
Therefore, {b1Hy,... ,bnHy} is a subgroup of Hy/Hy isomorphic to Gy/Gy.

Conversely, suppose {byHy,... ,bpHy} is a subgroup of Hy/H, isomorphic to
G4/Gy. It is clear that (a) holds. So, we only have to prove that (b) holds. Let
f:G4/Gy— Hy/Hy be a monomorphism whose image is {byHy,... ,b,Hy} and take
m € Sy, such that f(a;Gy) = br(iyHy for 1<i<n. Since aia;Gy is equal to a,(;,;)Gy,
f sends a;a;Gy to brop(i,j)Hy. As f is a group homomorphism we conclude that
bibjHy is equal to broo(i,jyHy for 1<i,5<n. Then (b) is true and (i) is proved.

Proof of (ii). This is a direct consequence of the definition of 3.

Proof of (iii). Suppose that G =; H. Recall that, by Lemma 2.2, Hy, C Hy and they
are both normal subgroups of H. From (i) and (ii) we know that G satisfies the 3V
sentence (3X;)...(3X,)B. Then, there are by, ..., b, such that HFB(by, ..., by).
Again by (i), there is a group monomorphism from G4/Gy to Hy/Hy . So, to prove that
these two finite quotient groups are isomorphic, it is enough to show that |Hy/Hy| <n.
Consider the sentence 8 given by:

(VXI)...(VX,.H)(‘/TMX,-)—»( V ¢(X.-X;1))).
i=1 1€i<j<n+t

When interpreted in a group K such that Ky C Ky are both subgroups of K, 8 says
“Ks/Kyp has <n elements”. The sentence 8 is VI and GFE 8. Therefore, if H=,G
then H satisfies 8, and so, |Hy/Hy| <n.

Proof of (iv). Since |G4/Gy| = n, (iv) is a direct consequence of (i) and (iii). [0
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COROLLARY 2.4. Let L be a finite group and suppose |L| = n. Then, there ex-
ists a quantifier free formula BL(X, ..., X») and an universal formula pr(Xi, ..., Xn)
such that, for every group H, the following statements hold:

(1) HEPBL(hi, ..., hy) if and only if {hy, ..., by} is a subgroup of H iso-
morphic to L.

(2) HEpi(hy,y ..., hn) if and only if {h4, ..., bp} is a normal subgroup of
H isomorphic to L.

PRrOOF: (i) In Lemma 2.3, take X = X and X =1 as being ¢(X) and 9(X) re-
spectively, and take G equals to L. Now, for every group H, Hy = H and Hy =1. By
Lemma 2.3-(iii), the formula 8(X4, ..., X5) is quantifier-free. Taking fr(X1, ..., Xn)
equal to the this formula, Lemma 2.3-(ii) proves (i).

(ii) Take pz,(X) as (VX)(( AV XXX 1= X,-) Aﬁ,,()ﬂ) , where X

1€ig<n1<ign .
is (X1, ..., Xn). We have added to the formula 81 a formula saying "the conjugate
of X; by any element is among X1, ..., X,”. Now (ii) follows from (i). 0

COROLLARY 2.5. Let ¢ and v be existential formulas and let G be a group
such that Gy and G4 are both subgroups of G. Suppose that Gy C Gy and that
|G¢/Gy| is finite. Let yi1, ..., yr be elements of G such that G4 C{y1, ..., yx )Gy.
Then, there exists an 3V formula ¥(Y1, ..., Y3) satisfying the following two conditions:

() GFy(y, .- me);
(1) HEv(z1,...,yr) implies Hy C( 21, ..., 2x ) Hy, for every group H with
G =i H.

PROOF: Put n = |G4/Gy| and consider the 3V formula (X, ..., X,) given in
Lemma 2.3. Item (iv) of the same lemma implies that, for every group H with G=, H,
we have: (b, ..., bn) is truein H if and only {b;Hy,... ,b,Hy} is equal to Hy/Hy.

Let a;,...,a, in G be such that G4/Gy = {a1Gy,... ,a,Gy}, and set § =
(%1y---,yx) and ¥ = (Y1, ..., Yi). Since G4 C (31, ---, y )Gy, there are n words,
u1(Y),... ,u,,(?) , such that u;(¥)Gy = a1Gy,... ,un(Y)Gy = anGy. Define 7(7) as
being ﬂ(u1 (7),. .. ,u,,(Y_)) . This formulais 3V because 8 is IV . As fB(ai, ..., z5)
is true in G, we know that GF 4(y). This proves (i).

Now, let H be a group for which G=; H and let z = (z;, ..., zx) be such
that HE~(Z). Then, HF B(u1(z),... ,un(z)) and we have that Hy/Hy is equal to
{u1(Z)Hy,... ,un(Z)Hy}. Consequently, Hy is contained in (21, ..., zx ) Hy. a

3. POLYCYCLIC-BY-FINITE GROUPS

We begin this section with a result on polycyclic-by-finite groups that gives a
sufficient condition for a subgroup to have finite index prime to a given integer.
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PrROPOSITION 3.1. Consider a polycyclic-by-finite group G, an integer ¢>1
and a chain of normal subgroupsof G, 1= G.4; <G, < --- A4G; <G, such that G/G,
is finite and G;/G;41 is Abelian for 1 i< c. Suppose K is a subgroupof G and r > 1
is an integer. f G = KG, and G; CKG}, for 1<i< ¢, then |G : K] is finite and

prime to r.

ProoF: We first treat the Abelian case.

(1) Given finitely generated Abelian groups B< A and an integer r>1, if A =
BAT, then [A : B] is finite and prime to r.
Given a finitely generated Abelian group H, write H as the direct sum of a free Abelian
group and a finite group. Now it is easy to show that, if H™ = H, then |H| is finite
and prime to r. Setting H equal to A/B, (i) follows.

We prove the proposition by induction on ¢. If ¢ = 1, then G; is Abelian and
G: = KGTnNGy, = (KNG,)GT; from (i), it follows that [G; : KN G4] is finite and
prime to 7. Since G = KG; and G, is normalin G, then [G : K] is [G; : KNG4].
Now suppose ¢>1. Set K = KG./G., G=G/G. and G; = G;/G., for 1<i<c. By
the induction hypothesis, we know that [G : K] is finite and prime to 7. As [G : K]
is equal to [G : KG.], it is enough to prove that [KG. : K] is finite and prime to r.
The subgroup G. is finitely generated Abelian and G. = KGTNG, = (KNG.)GE.
Therefore, by (i), the index [G. : KN G| is finite and prime to . As [KG. : K] is
equal to [G. : KN G.], the proposition is proved. 0

In the proof of the Theorem, one of the things we need is: a 1V formula v with »
free variables and such that if HFy(hy, ..., ki) then H, = (hy, ..., hi) is a subgroup
of H whose index is finite and prime to r. We shall use the proposition above to achieve
this. So, the next results clear the way to build a formula implying the proposition’s
hypothesis. The formula itself is given in Corollary 3.6, at the end of this section. We
recall two results that allow us to describe certain subgroups by existential formulas:

(i) Let G be a polycyclic group. There ezists a positive integer k such that
every g belonging to G' can be written as a product [g1,92] - - - [g2k—1,92k],
where g1, ..., g2k are in G.

(i) Let G be a polycyclic-by-finite group and let m 21 be an integer. There
is an integer v such that every g in G™ can be written as g = g*--- g,
with g1, ..., gr in G.

The first result is a consequence of a theorem proved by Rhemtulla in [10]. A proof
of (ii) can be found in [6]. See also [11], where Romankov generalises these results to
any verbal subgroup provided the group G is polycyclic. A direct consequence of these
results is the following lemma.
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LEMMA 3.2. (i) If K and H are polycyclic groups, there is an existential for-
mula )\ such that K = K' and Hy, = H'.
(i) If K and H are polycyclic-by-finite groups and m > 1 is an integer, there
is an existential formula v such that K, = K™ and H, = H™.

PRrROOF: (i) Define A(X) as (3Y;...3Y)(X = [Y1,Y3] - - - [Y2i-1, Ya1]), where each
element of H' and each element of K' is a product of ! commutators.
(i) Similarly, define 4(X) as (3Y;...3Y,)(X = Y{™---Y,™), where each ele-
ment of H™ and each element of K™ is a product of s m-th powers.

Now we apply the results of the preceding section to polycyclic-by-finite groups. In
order to make notation lighter we have chosen to write G* instead of (G4)™ (where
G is a group, m is an integer and ¢ is a formula).

LEMMA 3.3. Let G and H be polycyclic-by-finite groups such that G=, H.
Let ¢ and ¢ be existential formulas such that Gy and G4 are subgroups of G with
Gy CGy. If Gy/Gy is Abelian then Hy/Hy is isomorphic to G4 /Gy .

PROOF: Before beginning the proof, we remark that Hy/H, makes sense since,
by Lemma 2.2, Hy C Hy and these two sets are normal subgroups of H. The sentence
(YX)VY)(#(X)AG(Y))—9(XY XY ~")) is V3; this sentence means “K,/Ky is
Abelian” in any group K for which Ky <K, Ky <K and Ky C Kyg. Thus, G4/Gy
Abelian implies Hy/Hy Abelian.

Two finitely generated Abelian groups A and B are isomorphic if and only if, for
each integer m > 1, the finite groups A/A™ and B/B™ are isomorphic. Moreover, we
have:

(G4/Gy)/(Ge/Gy)" ~Gy/(GyGY) and (Hy/Hy)/(Hg/Hy)" ~H,/(HyHY).

Thus, it is enough to show that Gg/ (G,;,GZ') ~ H¢/(H¢H;"') for each m>1.

It follows from Lemma 3.2 and Lemma 2.1-(iii) and (iv) that, for each m > 1, there
is an existential formula § such that G = G4G7 and Hg = HyHZ'. As G4/Ge and
Hy/Hp are finite, Lemma 2.3 yields G4/Go~ Hy/Hp. 1]

PROPOSITION 3.4. Let G and H be polycyclic-by-finite groups such that
G=,H. Then, there are two positive integers m and ¢ and there are existen-
tial formulas ¢',... ,¢°t! such that 1 = Gye+1 <Gyc < --- IGyn = G™ and 1 =
Hyctr <Hye < --- QHyp = H™ are the derived series of G™ and H™. Moreover,
G4i/Ggit1 ~ Hyi [Hyisr, for 1<i<e.

https://doi.org/10.1017/50004972700017184 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700017184

432 D. Raphael (8]

PROOF: Thereis an integer n > 1 such that G™ and H™ are polycyclic and there-
fore soluble. Let ¢ > 1 be the minimal integer such that G™ and H™ are soluble of class
<c. Consider 1 = G411 <G < --- <Gy =G™ and 1= H41<H. q---<H =
H™, where Gi1; = [G;,G;] and H;yy = [H;, H;], for 1<i<c. By Lemma 3.2, there
is an existential formula that defines G™ in G and H™ in H. Also, for each integer
1> 1, there is an existential formula that defines G;;; in G; and H;y, in H;. Us-
ing induction and Lemma 2.1-(iv), we see that, for each 1€ {1,... ,c¢ + 1}, there is an
existential formula ¢" such that G; = Gd:‘ and H; = H¢.'.

By Lemma 3.3, we know that Gyi/Gyit1 ~ Hyi [H iy, for 1 <i<c. The existence
of these isomorphisms implies that G, =1 if and only if Hy = 1 and so, H™ and
G™ are both soluble of class c. 0

COROLLARY 3.5. Let G and H be polycyclic-by-finite groups such that G =, H .
Then G and H have the same Hirsch number.

PrOOF: We follow the same notation of the preceding proposition. The groups
G/G™ and H/H™ are finite and so h(G/G™) = h(H/H™) = 0. Proposition 3.4
implies that

h(G) = h(G™) = Z h(G4i/Ggirr) = Z h(Hyi[Hyis1) = R(H™) = h(H).

Now, we can finally show that the hypothesis of Proposition 3.1 can be expressed
by a formula.

COROLLARY 3.6. Let G and H be polycyclic-by-finite groups with G=; H
and let *>1 be an integer. Suppose {g1,... ,gx} is a set of generators of G. Then,
there is an 3V formula 4(X,, ..., Xi) satisfying the following conditions:

(1) (91, .-, gk) is truein G;
(1) if HE~(hy, ..., he) then (hy, ..., ht) is a subgroup of H whose index

is finite and prime to r.

PROOF: By Proposition 3.4, there exist integers m > 1, ¢21 and existencial for-
mulas ¢1,...,¢°t!, such that the derived series of G™ and H™ are

1=G¢c+1 AGge -+ <G¢1 =G™ and 1=H¢c+1 QHge Q -+ <H¢1 =H™.

We write X = (X1,..., Xx). The group G/Gyu = G/G™ is finite and G =
(91, ---5 9k )Gy . By Corollary 2.5, there exists an 3 V formula, 70@» such that
GFv0(91, ---, gk) and, if HEyo(hy, ..., hi), then H =(hy, ..., he)Hp .

By Lemma 2.1-(iv) and Lemma 3.2, for each 1€ {1,... ,c}, there is an existential
formula %* such that (G¢;)r = Gyi and (H¢.')r = Hyi. The group G4 /Gy is finite
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and G is contained in (g1, ..., k)Gyi. Therefore, Corollary 2.5 implies that there is
an 3V formula 7;@, such that: GFEv;(g1, ..., gx) and, if HEv;(hy, ..., hi), then
Hyi C{hy, ..., hi )Hyi.

Denote by v(X) the 3V formula /c\ 7:(X). Clearly G satisfies Y(g915 -5 gx)-

i=0

Moreover, H F(hy, ..., hy) implies that H = (h;, ..., hx )H™ and that H; is con-
tained in (hy, ..., hk)(H¢i)r for 1<i<e. So, (i) is proved and (ii) is a direct conse-
quence of Proposition 3.1. 1]

Following the notation of the Corollary above, we would like to have H, =
(hi, ..., hx) isomorphic to G. Using the above results, it is not dificult to obtain
H, isomorphic to a quotient of G by a finite normal subgroup (this is detailed in the
theorem’s demonstration). So, what we need is a formula that forces H, to be isomor-
phic to G, knowing that H,~G/S with |S| < oo. Finite subgroups can be described
by formulas; consequently, we can oblige H, to contain a subgroup isomorphic to a
certain finite subgroup of G. So, we are done if we have a finite subgroup Tg of G
such that Tg <« G/S with S finite obliges § = 1. Then, it is enough to take T as
the maximal finite normal subgroup of G.

DEFINITION: Given a polycyclic-by-finite group G, we shall note by T the unique
maximal finite normal subgroup of G. (The existence of such a group is guaranteed
because G satisfies the maximal condition on subgroups; uniqueness follows from the
fact that the product of two finite normal subgroups is a finite normal subgroup).

4. PROOF OF THE THEOREM

Let G and H be polycyclic-by-finite groups and let » > 1 be an integer. As the
hypothesis of the Theorem are symmetrical on G and H, it is enough to show that
there exists H, subgroup of H such that G~ H, and [H : H,| is finite and prime to
r. So, the Theorem is a consequence of the following two facts.

FacT 1. There is a subgroup H, of H such that:

(1) H, is an homomorphic image of G;
(i) [H : H,] is finite and prime to r;
(i) there exists T < H such that TC H, and T~Tg.

Fact2. If H, is a subgroup of finite index in H , satisfying conditions (i) and (iii) of
Fact 1, then H,.~G.

ProoF OF FACT 1: Consider a finite presentation of G:

G=(g1,...,gk: Rl(gl,...,gk)z-~-=R1(g1,...,gk)=1).

https://doi.org/10.1017/50004972700017184 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700017184

434 D. Raphael [10]

From now on, we write X = (X1,..., Xz) and g = (915 --+» gk)- Let 'y(Y) be the 3V
formula given by Corollary 3.6 for the generators g, ..., gx of G and for the integer r.
We know that G satisfies y(g). Suppose {21, ..., 2,} = Tg and consider the universal
formula pr (X1, ..., X») given by Corollary 2.4. Let u;(X),... yun(X) be n words
such that z; = u;(g), for 1<i<n. Then G satisfies pr, (p1(3),--- , £n(7))-

Define the formula 0(7) as

(AR =1) A1) Apry s () - (D).

GE6(g) and O(Y) is an 3V formula. Since G=, H, the 3 V sentence (3?)0(}—()
is satisfied in H. Let hi, ..., hx be such that HEO(hy, ..., ht) and set H, =

1
(hi, ..., hx). As HF (/\ Ri(hy, ..., b)) = 1), the map g¢;—h; induces a group
=1

homomorphism from G to H. Since HE«(hy, ..., ht), Corollary 3.6 implies that
[H : H,] is finite and prime to r. As HFE pr (ui(hy, ..., ki) yun(h1s --., i),
Corollary 2.4 implies that T = {ui(h1, ..., h&),... ,un(h1, ..., ht)} is a normal sub-
group of H isomorphic to Tg. 0

ProoF oF FacT 2: By (i), we can take S <G such that G/S ~ H,.. By Corollary
3.5, G and H have the same Hirsch number. Since [H : H,] is finite, we have h(G) =
h(H,) and so, h(S) = 0, that is, S is finite.

By (iii), thereis T < H such that T~Tg and T C H,. The isomorphism between
G/S and H,, implies the existence of T* < G such that SCT* and T*/S~T¢. Since
S and T¢ are finite, so is T*; hence, T* C Tg, by the maximality of Tg. Now we have
Te~T*/SCTg/S and so, S =1. 0

5. SOME EQUIVALENCE RELATIONS

We begin by giving the definition of commensurability and giving a name for the
equivalence relation that appears in the Theorem.

DEFINITION: Two groups G and H are said to be commensurable if there exist
G, and H,, subgroups of G and H respectively, such that G, ~ H, and the indices
[G : G.] and [H : H,] are finite. This notion has been introduced by Baumslag [1, p.9].

DEFINITION: Two groups G and H are said to be strongly commensurable if,
for each n > 1, there are G, and H,, subgroups of G and H respectively, such that
Gn~H, H,~G and the indices [H : H,] and |G : G,] are finite and prime to n.

Let G and H be polycyclic-by-finite groups and consider the following six equiv-
alence relations:

(1) GxZ~HXZ;
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(2) G=H;

(8) G=1H;

(4) G and H strongly commensurable;

(5) G and H commensurable;

(6) F(G)=F(H).
(1) = (2) is a result of Oger and holds in the class of groups (see [8]). An example
showing that
(2) = (1) can be found in [9, Proposition).
(2) implies (3) is evident. To the best of the author’s knowledge it is not known if (2)
and (3) are equivalent.
(3) => (4) is the Theorem we have proved here and (4) 7= (3) is a consequence of
the example at the end of this section.
(4) => (5) is clear from the definitions and (4) = (6) can be easily proved (a proof
is given in next lemma).
Neither (5) implies (6) nor (6) implies (5) (see [1, p.9]). Consequently (4) is not implied
by either (5) or (6).

LEMMA 5.1. Suppose G and H are polycyclic-by-finite groups strongly com-

mensurable. Then F(G) = F(H).

PROOF: It is enough to show that F(G)C F(H). Moreover, we remark that
F(G)C F(H) if and only if, for each integer m >1, we have G/G™ € F(H). The
proof of this is straightforward once we use that G/G™ and H/H™ are finite.

For each integer m > 1, thereis K <G such that K~ H and |G : K] is finite and
prime to m. By the first paragraph, it is enough to show that G/G™ is isomorphic to
a quotient of K. If p is a prime that divides |G/G™|, there exists an element of order
p in G/G™ and so, p divides m. We conclude that |G/G™)| is prime to [G : K]. As
the index [G : KG™] divides [G : G™| and also divides [G : K], we have G equals to

KG™. Then G/G™ is isomorphic to K/(G™ N K). 1]
ExaMprLE. Following [3], given a commutative ring R with 1 and a faithfull R-module
M, we define
1 » =
T(R,M) = { (0 1 m) [reR, m,nEM}.
0 0 1

I'(R,M) is a group under the usual matrix product. We identify I'(R, M) to the set
R x M x M with multiplication defined by:

(rymyn)(r',m',n') = (r + 7', m +m',rm' + n+n').
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We have lpgray = (0,0,0) and [(r,m,n),(r',m',n')] = (0,0,rm' —r'm). The cen-
tre ((T(R,M)) and the derived subgroup I'(R, M)’ are both equal to (0,0, M). So,
I'(R, M) is nilpotent of class 2.

Let R be Z[v/5i], the ring of algebraic integers in Q(Vv/5i), and let M be the
R ideal generated by 2 and 1+ v/5i. Then M is a non principal ideal of R. The
group I'(R, R) is generated by (1,0,0), (\/511,0,0), (0,1,0) and (0,\/51',0). The group
T'(R, M) is generated by (1,0,0), (v/5i,0,0), (0,2,0) and (0,1 + v/5i,0). So, both
groups are finitely generated and nilpotent, therefore polycyclic. Proposition B of [3]
shows that I'(R, M) and T'(R, R) have the same finite images and are not isomorphic.
Here we prove that I'(R, M) and I'(R, R) are strongly commensurable but they do not
satisfy the same sentences with one alternation of quantifiers.

LEMMA 5.2. Let R be Z[v/5i], the ring of algebraic integers of Q(\/5i) , and let
M be the ideal of R generated by 2 and 1+ v/5i. Then I'(R, M) and T'(R,R) do not
satisfy the same sentences with one alternation of quantifiers.

PRroOF: Let o(X) be the universal formula (VY)([X,Y] =1). The formula o(z)
is true in I'(R,R) (in T(R,M)) if and only if z is in T'(R, R)' (in I'(R, M)'). Now con-
sider the V3 sentence (VX,VX3)(3Y:...3Y4)é(X1,X2,Y1,...,Ys) where ¢ is given
by:

/\ (mo(YiYis2) A —o(YiY13))

i=1,2

A M,Ys)=1A [Ya,Ys] =1 A [Y1,Y3) = [ X1, X2][Ys, Ye] = [ X, X2)°.

We shall show that this sentence is true in I'(R, M) but is not true in I'(R, R).

We first work in I'(R, M). Clearly M is equal to {z+yv5:€R | z+y iseven }.
Moreover, for all r € R, each of the complex numbers 1'(1 + \/51) /2 belongs to R if and
only if » belongs to M. We shall use these facts without stating. Given z; and z, in
I'(R, M), the commutator [z;,2;] is equal to (0,0,a) with a in M. So, a(1 + v/5i)/2
belongs to R. Consider the following elements of T'(R, M):

v = (1,0,0)y2 = (0,8,0) ys = (a(1+\/5i)/2,0,0) Yo = (0,1 _ \/51',0).

We have ya_1 = (—a(l + \/51.) /2,0,0) andy; ' = (0, -1+ \/51',0) . Therefore, we know
that

Y1ys = (1 +a(1 + \/5:')/2,0,0) nyst = (1- a(l + \/5:')/2,0,0)

Ya2Ya = (0,a+1—\/5i,0) yzy;'l=(0,a—1+\/5i,0).
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As a belongs to R, either 1+ a(1 +/5i)/2 and 1 — a(1 + V/5i)/2 are different from
zero and so, ¥1ys ¢ T[R, M]' and 135 ¢ T[R, M]'. Also if we have a # —1+v/5i and
a #1— /5, we know that y,ys and y,y;' are not in '[R, M]'. Direct computations
show that

[¥1,%2] = (0,0,a), [y1,ys] =(0,0,0), [y2,94] =(0,0,0) and
(ys,ya] = (o,o,a(l + \/5:') (1- Vi) /2) =(0,0,3a) = (0,0, a)".

So, we have proved that if [z1,22] # —1 + V5¢ and [z1,22] # 1 — V/5i, then
#(21,22,%1,--- ,ya) is true in D(R, M). In the case [z1,22] = —1 + V/5i or [21,23] =
1- \/51:, we take

2 =(1,0,0) z =(0,a,0) z5= (a(l - \/5:')/2,0,0) 7= (0,1 + \/51’,0),

and we have that ¢(z1,22,21,...,24) is true in I'(R,M). Consequently I'(R, M)
satisfies the sentence (VX; VX;)(3Y1...3Ya)¢(X1, X2, Y1,... ,Ya).

Now we work in T'(R, R). For 1<i<4, take w; = (wi;,wiz,wis) in ['(R,R) and
call w; the element (wi1,w;z) in R x R. Then [w;,wj] is equal to (0,0, det(ws, wj)).
Suppose that [w;,wz] =(0,0,1), [ws,ws] =(0,0,3) and [wy,ws] = [w2,ws] =(0,0,0).
We have det(w;,ws) = det(wz,Ws) = 0 and so, there are a;3 and ay, in Q(\/gi)
such that W3 = o 3w; and Wy = a®W;. As (w3, w,] is in (0,0, R), we know that
det(Wy, wz) is in R; moreover, det(wy,w;) = 1 implies o3 = det(Ws,Wz) and so, a3
is in R. The same argument shows that az4 is in R. Since [ws,ws] = (0,0,3), we
have:

3 = det(ws, Ws) = ar1saasdet(W;, W) = a13024.

As a,3 and o34 are in R and ajsass = 3, we conclude that either ayj3 = 1 or
azs = +1. So, we have either w3y = +wj or Wy = +W;. Since (ul,uz,us)‘l =
(—u1,—u2,urus —ug) for every (ui,uz,us) in I'(R,R), we conclude that one of the
four elements wyws, wywy !, waws or wzw,;l must be in (0,0, R) = I'(R, R)'. What
we have proved above is that if w;, w;, ws and ws are elements of I'( R, R) such that
[wy,w2] = (0,0,1), [ws,ws] = (0,0,3) and [w;,ws] = {w2,ws] = (0,0,0), then one of
the four elements w;ws;, 'wlws_1 , W2w4 OF wzw4_1 must be in T'(R, R)'. This shows
that if we put z; = (1,0,0) and z, = (0,1,0) then [z;,2,] = (0,0,1) and, for any
Y1,...,ys in (R, R), the formula ¢(z1,22,y1,... ,¥s) is not true in T'(R, R). 1

LEMMA 5.3. Let R be the ring of algebraic integers of a finite Galois-extention
of Q. Let M and N be non zero ideals of R. Then I'(R, M) and I'(R, N) are strongly

commensurable.
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PROOF: By the hypothesis of simmetry, it is enough to show that for each integer
m >1, there exists a subgroup H of I'(R,N) such that H ~T'(R, M) and the index
[T(R, N) : H] is finite and prime to m. We first prove the following fact:

FacT (A). For each integer m > 1, there is an integer k which is prime to m and there
is an ideal M' of R such that M'~M and kENCM'CN.

Consider the ring R, = {r/n:7€R and n€Z is prime tom }. Since R is a
Dedekind domain, so is R, . Moreover, R, is a principal domain because it has a finite
number of prime ideals ( see [4, Corollary on page 13]). Consequently, there exists a Rp,-
isomorphism f: R,,M — R,,N. As M and N are finitely generated R-ideals, there
exists an integer ¢ > 1 which is prime to m and such that tf(M) C N and tf~}(N)C M.
Therefore, f~'(¢2N) C tM and this implies t*N C f(tM) = tf(M) C N . Setting k =
and M' =tf(M), we obtain (A).

Now, put H = I'(R, M'). It remains to prove that the index [['(R, N) : H] is prime
to m. Direct computations show that if L is an R-submodule of N then the index
[T(R,N) : T(R,L)] is equal to [N : L]?. Hence, it is enough to show that [N : M'] is
prime to m. By (A), we know that [N : M'] divides [N : kN|; moreover, the index
[N : kN] is prime to m because it has the same prime divisors as k. So, [N : M'] is

prime to m.
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