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ABSTRACT

Let F' be a non-discrete non-Archimedean locally compact field and Op the ring of
integers in F. The main results of this paper are the classification of ergodic probability
measures on the space Mat(N, F') of infinite matrices with entries in F' with respect
to the natural action of the group GL(co,Op) x GL(0c0,OF) and the classification,
for non-dyadic F', of ergodic probability measures on the space Sym(N, F') of infinite
symmetric matrices with respect to the natural action of the group GL(oco, OF).

1. Introduction

Given a group action on a topological space, it is natural to try to describe the corresponding
space of ergodic invariant probability measures. For some very classical actions, such as, for
example, that of the shift on the space of infinite binary sequences, the space of ergodic
measures is huge and does not seem to admit a reasonable description. On the other hand, for
a number of natural actions of infinite-dimensional groups, a complete classification is possible.
For example, De Finetti’s Theorem (1937) claims that for the action of the infinite symmetric
group on the space of infinite binary sequences, all ergodic probability measures are Bernoulli,
and Schoenberg’s Theorem (1951) claims that for the action of the infinite orthogonal group on
the space of infinite R-valued sequences, all ergodic probability measures are Gaussian. In both
these examples, the space of ergodic probability measures is one dimensional. Pickrell [Pic87,
Pic90, Pic91] and, by a different method, Olshanski and Vershik [OV96], classified all ergodic
unitarily invariant measures on the space of infinite Hermitian matrices. In this case, an ergodic

measure is determined by infinitely many parameters.
In this paper, we study classification of ergodic measures for actions related to the following
inductive limit group

GL(00,OF) := lim GL(n, OF), (1)

where O is the ring of integers in a non-discrete locally compact non-Archimedean field F
and GL(n, OF) is the compact group of invertible n x n matrices over Op. Denote by Mat(N, F)
(respectively Sym(N, F')) the space of infinite matrices (respectively infinite symmetric matrices)
over F'. Our main results are:
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ERGODIC MEASURES ON INFINITE MATRICES

(i) the classification of the ergodic probability measures for the group action of GL(co, OF) x
GL(00, OF) on Mat(N, F') defined by

((91,92), M) — glMgg_l, 91,92 € GL(00,OF), M € Mat(N, F);

(ii) the classification of the ergodic probability measures for the group action of GL(co, Op) on
Sym(N, F') defined by

(9, M) = gMg', g€ GL(c0,0F), S € Sym(N,F),
where ¢’ is the transposition of g.

We proceed to the precise formulation. Let F' be a non-discrete locally compact non-
Archimedean field (for example, the field of p-adic numbers). Let | - | be the absolute value
on F. The ring Op of integers in F is given by {z € F : |z| < 1}. The unique maximal and
principal ideal of O is given by {z € F : |z| < 1}. Throughout the paper, we fix any generator
wof {x € F:|z| <1}, thatis, {z € F: |z| < 1} = wOp. The quotient O /wOF is a finite field
with g elements.

Define the inductively compact group GL(oco, OF) by (1). Set

Mat(N, F) = {X = (Xij)i,jeN ’ Xij S F}

Let Mat(oo, F') denote the subspace of Mat(N, F') consisting of matrices whose all but a finite
number of coefficients are zero. Define also

Sym(N, F) := {X € Mat(N, F) | X;; = X;;, Vi, j € N},

and let Sym(oo, F') := Sym(N, F') N Mat(oco, F).

Throughout the paper, by the usual identification Mat(N, F) ~ FI'*Nwe equip Mat(N, F)
with the Tychonoff’s product topology. The set Sym(N, F') is equipped with the induced topology
by the natural embedding Sym(N, F') C Mat(N, F).

1.1 Classification of ergodic measures on Mat(N, F")
Let A be the set of non-increasing sequences in Z U {—oo}, that is,

A= k= (k)32 | ks € ZU{—00}ih > ko > -+ . )
By the inclusion A C (Z U {—oco})N, we equip A with the induced topology of the Tychonoff’s
product topology on (Z U {—oo})N.

To each sequence k € A, we now assign an ergodic GL(0c0, Op) x GL(00, OF)-invariant
probability measure on Mat(N, F'). Let
xM vz, dgn=12...

K3 (2

be independent random variables, each sampled with respect to the normalized Haar measure
on the compact additive group Op. In what follows, we use the convention @w™> = 0.

DEFINITION 1.1. Given an element k € A, let
pie == L(My)

be the probability distribution of the infinite random matrix My defined as follows. Write k :=
limy, o0 kn € Z U {—00} and set

My = |: Z w—an’L(n)ij(n) + w_kZZ'j

n: kn>k 7,JEN
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Remark 1.2. For the constant sequence k = (—o0,...,—00,...) € A, using the convention
w™ = 0, the corresponding matrix My defined in Definition 1.1 is the zero matrix O € Mat(N, F')
and hence the measure py is the Dirac measure at the point O € Mat(N, F).

Let Perg(Mat(N, F')) be the space of ergodic GL(co0, Op) x GL(00, Op)-invariant probability
measures on Mat(N, F), endowed with the induced weak topology. The classification of
Perg(Mat(N, F')) is given by the following.

THEOREM 1.3. The map k — p is a homeomorphism between A and Perg(Mat(N, F)).

Remark 1.4. By Theorem 1.3, the space Perg(Mat(N, F)) is weakly closed in the space of all
Borel measures on Mat(N, F') and is o-compact; moreover, any measure fi € Perg(Mat(N, F)) is
compactly supported.

Let us explain Theorem 1.3 in more detail. We have the following elementary ergodic
measures.

~ (Haar type measures) For any k € Z, the normalized Haar measure on Mat(N, w *Or) is
GL(00,OF) x GL(00, OF)-ergodic.

— (Non-symmetric Wishart type measures) Let Xj,Y7, Xo,Ys,... be independent and
uniformly distributed on Op. For any k € 7Z, the probability distribution of the random
matrix

[w_kXin]z‘,jeN
is GL(00, OF) x GL(00, OF)-ergodic.

Theorem 1.3 implies that any ergodic GL(co, O) x GL(0c0, OF)-invariant probability measure on
Mat(N, F') can be obtained as a possibly infinite convolution of the above two types of elementary
ones.

1.2 Classification of ergodic measures on Sym(N, F')
In what follows, when dealing with the ergodic measures on Sym(N, F'), we always assume that
the field F' is non-dyadic, that is, the cardinality of the field of residue class O /wQOF is not a
power of 2.

The group of units of O is given by Oy := {z € F : |z| = 1}. Denote by (O5)? the subgroup
of O defined by

(0F5)? := {z € OF : there exists a € F such that = = a?}.

If F is non-dyadic, then the quotient O}/ ((’);)2 has two elements. Throughout the paper, we
fix a non-square unit € € O3\ (O5)2

We now explicitly describe the parametrization of ergodic GL (oo, Op)-invariant probability
measures on Sym(N, F).

Recall the definition (2) of the set A of non-increasing sequences in Z U {—oo}. A sequence
(kj)jen € A is called finite if k; = —oo for all sufficiently large j. In this case, either ky = —o0,
and then we identity the sequence with an empty sequence, or jo := max{j | k; € Z} € N, and
then we identify (k;)jen with (k:])zozl and jg is called the length of the sequence. Conversely, for
any finite non-increasing sequence (k:j)?:l in Z, we identify it with the element in A by adding
infinitely many —oo at the end of (k‘j)?:l.

For any k € Z, let Z~} denote the set of integers strictly larger than k. We introduce the
following four subsets of A:
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Alk], the set of non-increasing sequences of finite length in Zsy;
— Aﬁ[k], the set of strictly decreasing sequences in Zsj (which are automatically of finite

length);
— A[—0o0], the set of non-increasing sequences in Z of finite length or of infinite length tending
to —o0;

— A¥—oc], the set of strictly decreasing sequences of finite or infinite length in Z.

Note that for any k € Z U {—o0}, the following relations hold:
Af[K] € AlK], Afk] € Af[—00] and  A*[k] € Al—oc].
We introduce the parameter space

Q= || {k} x A[K] x A*[K], (3)

k€ZU{—o0}

where {k} is the singleton with a single element k. The space (2 is equipped with the topology
induced by the inclusion:

QC(ZU{-0}) x (ZU {—co})N x (ZU {—co}P)N.

To each element h € €2, we assign an ergodic GL(0c0, OF)-invariant probability measure on
Sym(N, F') as follows. Let

xM v™ H; i<jn=12,...
be independent random variables uniformly distributed on Op. In particular, define
H = [Hijlijen (4)

by setting H;; = Hj; if i > j, then H is an infinite symmetric random matrix sampled uniformly
from Sym(N, Op).

DEFINITION 1.5. For any h €  given by
h = (k;k,k), with ke ZU{—oc}, k€ A[k], K € A%[K],
we define
vh = L(Sn),

as the probability distribution of the infinite symmetric random matrix Sy defined as follows.
First let

= |:Z w—anZ(TL)X](n)] R W]k’ = [Zw "}/Z ):| )
1,JEN 1,JEN

n=1
and then set
Sh = Wi + Wi + o FH.
Remark 1.6. For the element h = (—o0;0,0), where ¥ means the empty sequence in Z, the

corresponding matrix Sy, defined in Definition 1.5 is the zero matrix O € Sym(N, F') and hence
the measure vy, is the Dirac measure at the point O € Sym(N, F).
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Remark 1.7. The strictly decreasing assumption on the sequences k’ € A*[k] is imposed for the
uniqueness of parametrization. The reason is the following:

2 2
E (n) x-(n) _ E (n) y(n)
n=1 4,JEN n=1 i,jEN

For the detail, see Remark 4.8 and the proof of Proposition 5.3 below.

Let Perg(Sym(N, F')) be the space of ergodic GL(oc0, Of)-invariant probability measures on
Sym(N, F'), endowed with the induced weak topology. The classification of Perg(Sym(N, F))) is
given by the following.

THEOREM 1.8. Assume that F is non-dyadic. Then the map h — vy is a homeomorphism
between Q) and Perg(Sym(N, F')).

Remark 1.9. By Theorem 1.8, the space Perg(Sym(N, F')) is weakly closed in the space of all
Borel measures on Sym(N, F') and is o-compact. Moreover, any measure vy, € Perg(Sym(N, F))
is compactly supported.

Theorem 1.8 can be explained as follows. We have the following elementary ergodic measures.

— (Haar type measures) For any k € Z, the normalized Haar measure on Sym(N, @ *OF) is
GL(00, Op)-ergodic.

— (Symmetric Wishart type measures) Let Xj, Xo,... be independent copies of F-valued
random variables, all of which are uniformly distributed on Op. For any k € Z, the
distributions of the infinite rank-one random matrices

[0 "X, Xj]ijen and [ew *X;X;); jen

are GL (oo, Op)-ergodic.

Theorem 1.8 implies that any ergodic GL(co, Op)-invariant probability measure on Sym(N, F')
can be obtained as a possibly infinite convolution of the above two types of elementary ones.

1.3 Characteristic functions of ergodic measures
Let x € F' be a fized character of F such that

Xlop, =1 and x is not constant on @ 'Op. (6)

Given a Borel probability measure p on Mat(N, F'), its characteristic function, or Fourier
transform, j1 is defined on Mat(oo, F') by the formula

fi(A) = / X(tr(AM)) p(dM), A € Mat(co, F).
Mat(N,F)

Similarly, given a Borel probability measure v on Sym(N, F'), its characteristic function v is
defined on Sym(oco, F') by the formula

P(A) = / V(tr(AS)) v(dS), A € Sym(oo, F).
Sym(N,F)
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Let Mat(n, F') be the space of n X n matrices with entries in F'. Every A € Mat(n, F') can be
written (see Lemma 2.4 below) in the form

A=a-diag(w™,..., o *). b abe GL(n,OF),k; € Z U {—00}.

These numbers ki, ko, ..., ky,, taken with multiplicities, are uniquely determined by A and are
called the singular numbers of A. The collection of the singular numbers of the matrix A is
denoted by Sing(A).

After the computation of characteristic functions for the probability measures in the list of
measures defined in Definition 1.1 (see Proposition 4.1 below), Theorem 1.3 can be reformulated
in the following form.

THEOREM 1.10. The characteristic functions of ergodic GL(co,OF) x GL(00,Op)-invariant
probability measures on Mat(N, F') are exactly of the form

p(A) = H exp(—logq . Z(k] + E)l{kj+g>1}>, A € Mat(oo, F),

£€Sing(A) j=1

where k = (k;j)jen € A is the parameter sequence.

For formulating a similar statement in the symmetric case, we need to introduce a function

0:F — C by
O(z) = /O (22 2) dz. (7)

Properties of the function 6 are summarized in Proposition 4.5 below.
Let Sym(n, F) be the space of n x n symmetric matrices with entries in F. Note that if the
field F' is non-dyadic, then any A € Sym(n, F') can be written (see Lemma 2.7 below) in the form

A= g-diag(xy,...,2,)-g", g€ GL(n,Op).

After the computation of characteristic functions for the probability measures in the list of
measures defined in Definition 1.5 (see Proposition 4.4), Theorem 1.8 can be reformulated in the
following form.

THEOREM 1.11. Assume that F' is non-dyadic. Then the characteristic functions of the ergodic
GL(00, Op)-invariant probability measures on Sym(N, F') are exactly given by

o(diag(x1, ..., m,0,...)) = [ | [10F (@ ) [[ 0= ") [] 9(€w_k3$z‘)} ;
i1 j=1 j=1

where h = (k; (kj)jen, (K})jen) is a parameter in § introduced in (3).
1.4 Spherical representations
Our classification theorems, Theorems 1.3 and 1.8, can equivalently be formulated as a

classification of spherical representations of analogues, in our context, of the infinite dimensional
Cartan motion groups

Mat (oo, F') x (GL(0c0,OF) x GL(00,OF)) and Sym(oco, F') x GL(c0, OF)

respectively. We explain this in more detail for Sym(co, F') x GL(c0, OF).
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Recall that Sym(n,F) x GL(n,Op) is the semi-direct product of the additive group
Sym(n, F) and the general linear group GL(n,Op). Elements of Sym(n, F') x GL(n,OF) are
pairs (A, g), A € Sym(n, F),g € GL(n,OFr) and the rule of multiplication is given by

(A,9) - (B,h) = (A+gBg', gh).

The group Sym(oo, F') x GL(c0, OF) is defined in a similar way and is of course the inductive
limit of the sequence Sym(n,F) x GL(n,Op). The groups Sym(oco, F') and GL(oco,OF) are
canonically identified with subgroups of Sym(co, F') x GL(co, OF) by the following embeddings

A (A1) and g (0,9),

where A € Sym(oco, F') and g € GL(00, OF).

A unitary representation p of Sym(oo, F') X GL(00,OF) in a Hilbert space H(p) is called
spherical if it is irreducible and the subspace H(p)S“Or) of GL(co, Op)-invariant vectors in
H(p) is non-trivial; in which case, by irreducibility, the subspace H(p)S*(>OF) has dimension
one. A vector h € H(p)S>0r) of norm 1 is called a spherical vector of p and the function

©p(9) == (p(g)h,h), g€ GL(c0,OF)

is called the spherical function of p. The spherical function ¢, is an invariant of the spherical
representation p and it uniquely determines p. As a bi-invariant function with respect to the
subgroup GL(c0, Op) C Sym(oo, F') x GL(oc0, OF), the function ¢, is uniquely determined by
its restriction ¢, |sym(oo,F)-

Given an ergodic GL(co, Op)-invariant probability measure v on Sym(N, F'), one may define
a spherical representation p, in the Hilbert space L?(Sym(N, F),v) as follows:

(p(9)€)(S) =£(g7'S), g € GL(c0,0p),
(p(A)E)(S) = x(tr(AS))E(S), A € Sym(oo, F),

where ¢ € L?(Sym(N, F),v) and S € Sym(N, F). The spherical vector can be chosen as the
constant function &y(5) = 1.

PROPOSITION 1.12. The map v — p, defines a bijection between the set of ergodic GL(0c0, OF)-
invariant probability measures on Sym(N, F') and the set of spherical representations of the group

Sym(oo, F') x GL(00, OF).

The proof of Proposition 1.12 is the same as that of Olshanski and Vershik [OV96, Proposition
1.5].

1.5 An outline of the argument

Our argument relies on the Vershik—Kerov ergodic method in the spirit of Olshanski and
Vershik [OV96]. The implementation of individual steps is, however, quite different. In the case
of measures on Mat(N, F') and the case of measures on Sym(N, F'), the main steps are:

— explicit construction of ergodic measures, see Definitions 1.1 and 1.5;

— the asymptotic formulae for the analogues of Harish-Chandra—Izykson—Zuber orbital
integrals, see Theorem 7.1, Theorem 7./ in the case of measures on Mat(N, F') and
Theorem 7.5, Theorem 7.6 in the case of measures on Sym(N, F') ;

— proof of completeness of the lists of ergodic measures, see Theorems 8.8 and 8.1/ respectively.
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We now explain our method in greater detail in the case of measures on Sym(N, F').

(1) The Vershik—Kerov method: approzimation of ergodic measures by orbital measures. While
we follow the general scheme of Vershik and Kerov, a number of details are different.

Given z € Sym(N, F') and n € N, let mqy,»,0,)(z) denote the unique GL(n, OF)-invariant
probability measure on Sym(N, F') supported on the orbit GL(n,OF) - z C Sym(N, F). Let
OR B~ (Sym(N, F')) be the class of probability measures v on Sym(N, F') verifying the condition:
there exists a sequence of positive integers ny < ny < --- and a sequence (v, )xen of probability
measures with v, being a GL(ny, Op)-orbital measure supported on Sym(ng, F') C Sym(N, F),
such that v,, converges weakly to v.

As a variant of Vershik’s Theorem (see Theorem 6.3 below), we obtain the following inclusion:

Perg(Sym(N, F')) C ORPB~(Sym(N, F)).

Note that, a priori, we do not know whether the inverse inclusion holds.

(2) Main ingredients: Classification of OR B~ (Sym(N, F)).

(i) Computation of orbital integrals. To describe OZ B (Sym(N, F')), we need to understand
the asymptotic behaviour of the characteristic functions of orbital measures of the compact
groups GL(n,Op). Recalling the assumption on the character y € F in (6), we obtain an
asymptotic formula for the following orbital integral:

/ X(tr(gdlag(:cl,,xn) 'gt 'dia'g(a’la"'7a’r707"'))) dg? (8)
GL(n,0OF)

where dg is the normalized Haar measure of GL(n, Of). The formula we obtain for the integral (8)
is uniformly asymptotically multiplicative, that is, the orbital integral (8) has the same asymptotic
behaviour, uniformly on the choices of x1, . .., x,, as the following product of much simpler orbital
integrals:

H/ x(tr(g - diag(z1, ..., x,) - ¢* - diag(a;,0,0,...))) dg.
j 1 GL(TL,OF)

See Theorem 7.6 for the details.

Explicit computation of the above orbital integral requires some Fourier analysis on the field
F' and quite a few combinatorial arguments in which we compute the cardinality of various sets
of matrices over the finite field F,.

(ii) Multiplicativity of characteristic functions for limits of orbital measures. An immediate
consequence of the uniform asymptotic multiplicativity for the orbital integral (8) is that for
any v € OXPB~(Sym(N, F)), its characteristic function v possesses an exact multiplicativity
property, that is, for any » € N and any x1,...,x, € F,

D(diag(z1, ..., 2,,0,0,...)) = [[ Plajen), (9)
j=1

where e is the elementary matrix whose (1, 1)-coefficient is 1. This multiplicativity result implies
in particular that the classification of the class OZ %A~ (Sym(N, F')) is reduced to the classification
of the class of functions on F' defined by x — v(ze11).

(3) Ergodicity: Proof of the inclusion:
ORPB(Sym(N, F)) C Perg(Sym(N, F')).
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Our direct proof of ergodicity for all measures in OZ A (Sym(N, F)) uses an argument of
Okounkov and Olshanski [O098]: ergodicity for measures in 0% % (Sym(N, F')) is derived from
the De Finetti Theorem, see Theorem 3.10 below for the details. This approach of proving
ergodicity can be also applied to different situations, such as that of Olshanski and Vershik
in [OV96].

(4) Proof of the equality
Perg(Sym(N, F)) = {vp, : h € Q}. (10)

By comparing the characteristic functions 7y, for all the measures v, with h € Q and that of
measures in OZ A (Sym(N, F)), we obtain the equality

ORBoo(Sym(N, F)) = {vp, : h € Q}.

Combining this equality with the results obtained in the previous steps, we finally get the desired
equality (10).

1.6 Organization of the paper
The exposition, which we tried to make essentially self-contained, is organized as follows.

In §2, we recall the definition of ergodic measures and the necessary definitions related
to non-discrete locally compact non-Archimedean fields, linear groups over them and Fourier
transforms in this setting.

In § 3, we prove that all the measures on Mat(N, F') from the family {puy | k € A} introduced
in Definition 1.1 are GL(oc0, OF) x GL(0c0, OF)-invariant and ergodic and that all the measures
on Sym(N, F) from the family {1}, | h € Q} introduced in Definition 1.5 are GL(co, Op)-invariant
and ergodic.

In §4, we give explicit formulae for characteristic functions of measures from the two families
{p -k € A} and {1, : h € Q}.

In §5, we prove that the parametrization maps k — py from A to Peg(Mat(N, F')) and
h — vy, from Q to Pere(Sym(N, F')) are injective.

In § 6, we introduce orbital measures and recall the Vershik—Kerov ergodic method for dealing
with ergodic measures for inductively compact groups.

In §7, we obtain the asymptotic formula for orbital integrals of the type (8).

In § 8, we complete the classifications by proving that the parametrization maps k — i and
h — 1y, are surjective.

In §9, we show that the parametrization maps k — px and h — 14, are homeomorphisms
between corresponding topological spaces.

Proofs of some routine technical lemmata are given in Appendix A.

2. Preliminaries

2.1 Ergodic measures

2.1.1 Ergodicity. Let X be a Polish space, that is, it is homeomorphic to a complete metric
space that has a countable dense subset. Denote by P(X) the set of Borel probability measures
on X. Denote by Cj(&X') the space of bounded continuous complex-valued functions on X. Recall
that a sequence (pn)nen in P(X) is said to converge weakly to p € P(X) and is denoted by
tn, = p if for any f € Cy(X), we have

tim [ 1(@)mlde) = | @) p(d),

n— o0 X
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Given a group action of a group G on X, we denote by P (X) the set of G-invariant Borel

probability measures on X. By definition, a G-invariant Borel probability measure u € ng(X )
is ergodic, if for any G-invariant Borel subset A C X, either u(A) = 0 or pu(X\.A) = 0. The
totality of ergodic G-invariant probability measures on X is denoted by PS, (X). If the group

erg

action is clear from the context, we denote P& (X) and ng(é’c' ) simply by Piny(X) and Perg(X)

respectively.

2.1.2 Indecomposability and ergodicity. Using the notation as before, a measure pu € ng(X)
is called indecomposable in PE (X) if the equality u = apr + (1 — a)us with a € (0,1), i,
W € Pi(gv(X ), implies pt = p1 = po. Recall that a Borel subset A C X is called almost G-invariant
with respect to a measure pu € PE (&) if for every g € G, we have u(AAg.A) = 0, where
gA={g.x:z € A} and AAg.A=(A\g.A)U(g.A\ A).

A Borel probability measure u € PS (X) is indecomposable in PS¢ (X) if and only if any
Borel subset A C X which is almost G-invariant with respect to the measure p satisfies either
pu(A) =0 or u(X\A) =0 (see [Bog69, Fom50]| and [Bufl4, Proposition 1]).

Indecomposable Borel probability measures in PﬁV(X ) are a fortiori ergodic. For actions of
general groups, ergodic probability measures may fail to be indecomposable, see [Bufl4, §5] for
a counterexample of Kolmogorov. Nevertheless, it is proved in [Bufl4, Proposition 2] that for
action of inductively compact groups, and thus including the actions in our main Theorems 1.3
and 1.8, etc, the notions of indecomposability and ergodicity coincide.

Note that for the action of countable groups, the notions of indecomposability and ergodicity
coincide. Indeed, if G is a countable group and p € ng(X ), then for any G-almost invariant Borel
subset A C X with respect to the measure p, the Borel subset [ geG 9-Ais G-invariant and hence,
by the ergodicity of y, we have p(( ¢ 9-A4) € {0,1}. Since A is G-almost invariant with respect
to p and since G is countable, we also have p(AA [ c; g.A) = 0. Therefore, u(A) € {0,1}. This

proves that p is indecomposable.

2.2 Fields and integers

Let F' be a non-discrete locally compact non-Archimedean field. The classification of local fields
(see, e.g., Ramakrishnan and Valenza’s book [RV99, Theorem 4-12]) implies that F' is isomorphic
to one of the following fields:

— a finite extension of the field Q, of p-adic numbers for some prime p;
— the field of formal Laurent series over a finite field.
Let | - | be the absolute value on F' and denote by d(-,-) the ultrametric on F' defined by
d(z,y) = |x — y|. The ring of integers in F is given by
Op ={ze€F:|z]<1}.

The subset m := {z € F: |x| < 1} is the unique maximal ideal of Op. The ideal m is principal.
Any generator of m is called a uniformizer of F. Throughout the paper, we fix any uniformizer
w of F, that is, m = @wOp. The field O /wOp is finite with ¢ = p’ elements for a prime number
p and a positive integer f € N. If ¢ = 2/, then we say that F is dyadic, otherwise, we say that
F is non-dyadic.

We write F, := Op/@wOp. The quotient map is denoted by

m:0p - F;=0p/wOp.
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Fix a complete set of representatives C; C OF of cosets of wOp in Op and assume that 0 € C,.
The restriction of the quotient map 7 on the finite set C; is a bijection:

bijection

7 :Cy F,. (11)

Any element of F' is uniquely expanded as a convergent series in F':
oo
x = Zanw" (veZ,ay €Cyay#0). (12)
n=v

If z € F is given by the series (12), then we define the F-valuation of z by ordp(x) := v. By
convention, we set ordp(0) = oo. The absolute value and the F-valuation of any element z € F
are related by the formula |z = ¢g—ordr (@),

2.3 Group actions
Let GL(n,F) and GL(n,OF) denote the groups of invertible n x n matrices over F' and Op
respectively. The group GL(n, OF) is embedded naturally into GL(n + 1, Of) by

0

a € GL(n, Op) — (g 1) € GL(n+1,0p). (13)

Define an inductive limit group

GL(00, OF) := lim GL(n, OF).

Equivalently, GL(oco, OF) is the group of infinite invertible matrices g = (gi;)i jen over O such
that g;; = 0;; if i + j is large enough.

Let Mat(n, F') and Mat(n,Op) denote the spaces of all n x n matrices over F' and Op
respectively. Define

Mat(N, F) = {X = (Xij)i,jEN | Xij € F}

Let Mat (oo, F') denote the subspace of Mat(N, F') consisting of matrices whose all but a finite
number of coefficients are zeros. Define also

Sym(n, F') := {X € Mat(n, F) | X;; = X;;,V1 <1i,j < n},
Sym(N, F) = {X € Mat(N, F) | Xij = in,V’i,j S N}

Set Sym(oo, F') := Sym(N, F') N Mat(co, F').
Two natural group actions under consideration in this paper are:

— the group action of GL(co, OF) x GL(0c0, Of) on Mat(N, F') defined by
((91:92), M) = g1Mgy", 91,92 € GL(00,Op), M € Mat(N, F);
— the group action of GL(co0, OF) on Sym(N, F') defined by
(9, M)~ gMyg', g€ GL(c0,0p), S e€Sym(N,F),

where g' is the transposition of g.
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2.4 Conventions
Given a finite set B, we denote by #B its cardinality.

Let (X, B, m) be a measurable space equipped with a positive measure m and let f be a real
or complex valued integrable function defined on . If A C ¥ is measurable and 0 < m(A4) < oo,
then we write

1
f 1@ imia) = — [ f@)am). (14)

For any random variable Y, we denote its distribution by £(Y).
We establish conventions concerning the empty set . Let (r;);cr be a family of real numbers
(or complex numbers for the last two formulae). We set

infrz- = 400, Supr; = —09, Zn’ =0, HTz‘ =1
ieh i€l iy iy
The following conventions will also be used.
— As elements in F, @ =w™ =0 € F.

— As elements in RU {+00}, ¢® = ¢*>® = +oo and ¢ =0 € R.

2.5 Haar measure on GL(n,OF)
For any n € N, denote by dvol, the Haar measure on F™ normalized by the condition
vol, (O%) = 1. If there is no confusion, we will use the simplified notation vol(-) for vol,(-).

Remark 2.1. The Haar measure vol, on F™ is preserved by any linear map represented by a
matrix from the group GL(n, OF).

For any n, we fix a Haar measure vol(-) on Mat(n, F') normalized by vol(Mat(n,OF)) = 1.
Up to a multiplicative constant, the Haar measure on the locally compact group GL(n, F) is
uniquely given (see, e.g., Neretin [Nerl3]) by

|[det(M)|™™ - vol(dM). (15)
Let GL(n, F;) be the group of invertible n x n matrices over F,. Set
GL(n,Cq) := {t = (tij)1<ij<n € GL(n, OF) : ti; € Cy}.

PROPOSITION 2.2. A standard partition of GL(n, OF) is given by

GL(n,0p)= | | (t+ Mat(n,@Op)). (16)
teGL(n,Cq)
In particular, we have
vol(GL(n, OF)) = [[(1 — ¢77). (17)
j=1

Proof. By definition, a = (aij)1<i,j<n € GL(n, OF) implies that a;; € Op and |det(a)| = 1. Now
take any x € Mat(n,wQOp). First, we have a + = € Mat(n, Op). Second, write x = wy with
y € Mat(n, Op). By definition, there exists z € O, such that det(a + z) = det(a) + wz. Since
|wwz| < ¢!, by ultrametricity, we obtain |det(a + )| = |det(a) +wz| = 1, whence a + x € GL(n,
Or) and the set on the right-hand side of (16) is contained in GL(n, OF). Conversely, since C4
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is a complete set of representatives of the cosets of wOp in Op, for any A € GL(n,OF), there
exists a unique ¢t € GL(n,C,), such that A = t(mod wOp). This completes the proof of (16).
Recalling that

n—1

#GL(n,Cy) = #GL(n, Fy) = H(qn - qj)a

j=0
we arrive at (17). O

By Proposition 2.2, GL(n,Op) is an open subgroup of GL(n,F). It follows that the
restriction on GL(n, Of) of the Haar measure (15) on GL(n, F') is a Haar measure on GL(n, OF).
Consequently, the normalized Haar measure on GL(n, OF) is given by

vol(+)
[T=(1—q77)

Let T'(n) be sampled uniformly from the finite set GL(n,Cq); let V(n) be sampled with
respect to the normalized Haar measure on Mat(n, wOp) and independent of T'(n).

(18)

PROPOSITION 2.3. The random matrix T'(n) + V(n) is a Haar random matrix on GL(n, OF);
that is, the distribution law L(T'(n) + V(n)) coincides with the normalized Haar measure on

Proof. The proof follows immediately from Proposition 2.2 and the formula (18) for the
normalized Haar measure on GL(n, OF). O

2.6 Diagonalization in Mat(n, F')
LEMMA 2.4 (See, e.g., Neretin [Nerl3, §1.3]). Every matrix A € Mat(n, F') can be written in

the form

A=a-diag(w ™, o *, .. @ ). b, (a,be GL(n,OF)), (19)
where k1 > ko > --- > k,, > —o0 and diag(w‘kl,w_’”, .. ,w_k”) is the diagonal matrix with
diagonal coefficients w ™%, w=*2 ... w k" Moreover, the n-tuple (k1,ko,...,ky) Is uniquely

determined by the matrix A.

2.7 Square-units in F
The group of units of the ring O is given by O := {z € F : |z| = 1}. Let (O})? be the subgroup
of O defined by
(0F)? == {z € OF : there exists a € F such that x = a?}.
Let C; denote the set C,\ {0} and define
(qu)2 := {a € C | there exists y € F such that a = v’}

Write

X\2 . _ X : X — 2
(F;)” = {a € F | there exists c € F such that a = c”}.
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LEMMA 2.5. Assume that F is non-dyadic. Then
05?2 = || (a+@Op). (20)
a€(Cq)?
Consequently, the map 7 in (11) induces a bijection:

bijection
2 ( X

FJ)%. (21)

Proof. Since F is non-dyadic, we have |2| = 1. For any z = o? € (0O})?, since C, is a complete
set of representatives for Or/wOp, there exists a € C¢, such that z = a(mod wOF), that is,

m:(C))

q

|z —a| < 1. (22)

Take any b € OF such that [b — 2| < 1 = |2a/%. Then the polynomial P,(X) = X2 —b € Op[X]
satisfies

|Po(@)] < [Py(a) . (23)

By Hensel’s lemma (see Cassels [Cas86, pp. 49-51]), the inequality (23) implies that there exists
B € F such that

B B |Py(v)] 1N
P(B)=p>—-b=0 and |B—a|< )] <|P(a)] = 1. (24)

In particular, we have
{beOF:|b—z| <1} =2+ wOr C (OF)> (25)
Combining (22) and (25), we get a € (O)?. Hence

052 c || (a+=0p).

ac(C))?

Conversely, since (C)* C (OF)?, for any a € (C))?, replacing x by a in the above argument, the
inclusion (25) implies a + wOp C (OF)?. Hence

|_| (a+w=OF) C (OF)% 0
a€(Cq')?

Remark 2.6. Recall that if F is non-dyadic, then the quotient group Oy /(O})? has two elements.

2.8 Diagonalization in Sym(n, F')
In what follows, we fix a non-square unit ¢ € O3\ (O5)%. By Remark 2.6, the following set

T={w*|keZ}u{w " |kez}uo} (26)
is a complete set of representatives for the quotient F'/ ((’);)2.

LEMMA 2.7. Assume that F' is non-dyadic. Then any symmetric matrix A € Sym(n, F') can be
written in the form

A:gdlag($177$n) 'gta T1y.-3Tn GT,QG GL(nvoF)
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Proof. Since T is a complete set of representatives for the quotient F/(O})?, it suffices to
show that any symmetric matrix A € Sym(n, F) is diagonalizable. Assume that A is not a zero
matrix. We claim that, up to passing A to gAg' for some g € GL(n, Or), we may assume that
the (1, 1)-coefficient of A has maximal absolute value.

Case 1: Assume first that there exists 1 < ig < n, such that |A;;,| = maxi<; j<n |Aij|. If 19 = 1,
then there is nothing to prove. Otherwise, take g = M1;,), where M(y;,) is the permutation matrix
associated with the transposition (1ig). Then the matrix gAg! has A;;, as its (1, 1)-coefficient.

Case 2: Now assume that there exists 79 < jg such that

[Aigjo| = max [Ay] > max | Ayl (27)

I<i,j<n 1<i<

Let us do operations on the submatrix indexed by {ig, jo} X {i0,jo} as follows:

2Aigjo + Aigio + Ajojo Aigjo +Aj0j0:| — [1 1] |:Ai0i0 Ai0j0:| [1 0:| ]
Aigjo + Ajojo Ajojo 0 1] [Aijo  Ajojo] 1 1

Since F' is non-dyadic and non-Archimedean, (27) implies
243050 + Aigio + Ajojol = [Aivjo + Ajosol = [Aigjol-

This shows that we can reduce the second case to the first case where a diagonal coefficient has

maximal absolute value.
Now assume that

xz n—1
A—L AJ, ce F" 4,

such that z attains the maximal absolute value of all coefficients of A. Then ¢ € (’)Zfl and

we have
1 ol [z &1[1 —z et |z 0
—z ¢ 1| le Ail |0 1 |0 Ay —axled |

By continuing the above procedure on the submatrix 4; — x~tect, we prove finally that A is
diagonalizable. O

Remark 2.8. The assumption that F' is non-dyadic is necessary in Lemma 2.7. Indeed, if
A 0] fa b]|0 1ffa ¢ a ¢
ool Al Bl i eeon
then
bc+ad=0, ad—"bce OF.

It follows that 2ad € O and hence 2 € OF. This implies that F' is non-dyadic.

2496

https://doi.org/10.1112/50010437X17007412 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X17007412

ERGODIC MEASURES ON INFINITE MATRICES

2.9 Characteristic functions
Denote by F' the Pontryagin dual of the additive group F'. Elements in F' are called characters
of F'. Throughout the paper, we fix a non-trivial character x € F such that

Xlop, =1 and x is not constant on w 'OF. (28)

For any y € F, define a character x, € F by Xy() = x(yx). The map y — x, from F to F
defines a group isomorphism.
We write explicitly characteristic functions of probability measures in the following situations.

(i) If u is a Borel probability measure on F™, then i is defined on F™ by
i) = [ X pulds)

where x -y 1= 37" | z;y;.
(ii) If p is a Borel probability measure on Mat(n, F'), then i is defined on Mat(n, F') by

A= [ (ean)u ().
Mat(n,F')
(iii) If p is a Borel probability measure on Mat(N, F'), then p is defined on Mat (oo, F') by
A= [ (M) (M) (29)
Mat(N,F)
(iv) If v is a Borel probability measure on Sym(n, F), then v is defined on Sym(n, F') by
v(A) = / X(tr(AS))v(dS).
Sym(n,F)
(v) If v is a Borel probability measure on Sym(N, F'), then v is defined on Sym(oo, F') by
P(A) = / A(tr(AS)(dS).
Sym(N,F)

Since the corresponding groups are locally compact, Theorem 31.5 in Hewitt and Ross [HR70,
p. 212] implies that in cases (i), (ii) and (iv), the characteristic function i determines p uniquely.
The same statement holds for cases (iii) and (v). Indeed, although the additive groups Mat(N, F')
and Mat(oo, F') are not locally compact and we can not apply the result on locally compact groups
directly, we may use the fact that any Borel probability measure p on Mat(N, F') is uniquely
determined by its finite dimensional projections (Cut;’).(u) and (29) contains all information

o —

for (Cut;?)«(p), n=1,2,.... Case (v) is treated similarly.

Remark 2.9. If p is a probability measure on Mat(n, F') which is invariant under the action of
the group GL(n,Of) x GL(n, O), then for any a,b € GL(n, Op), we have

fa - diag(w ™™ w2 . w*) . b) = [i(diag(w ', w2, ... @ k). (30)

Similarly, if v is a GL(n, Op)-invariant probability measure on Sym(n, F), then for any g € GL(n,
Or), we have

U(g - diag(w1, ..., 2,) - ¢") = D(diag(z1,. .., o)) (31)

Similar statements hold for GL(oo, Op) x GL(0c0, Op)-invariant probability measures on Mat(N,
F) and for GL(o0, Op)-invariant probability measures on Sym(N, F').
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Let m € N. Given any Borel probability measures p, ..., iy, on Mat(N, F') (respectively
Sym(N, F')), their convolution pq * - - - % u,y, is defined as follows: let M, ..., M, be independent
random matrices such that £(M;) = p;, i =1,...,m and set

[ Kk gy = L(My + -+ Mpy,).

The characteristic function of uq * - -« %y, is given by the formula

(- )™ = [ [ i (32)
=1

3. Invariance and ergodicity

In this section, we prove that all the measures on Mat(N, F') from the family {ux = L(My) | k €
A} introduced in Definition 1.1 are GL(00, OF) x GL(00, OF)-invariant and ergodic and that all
the measures on Sym(N, F') from the family {1, = £(Sn) | h € 2} introduced in Definition 1.5
are GL(o0, Op)-invariant and ergodic.

3.1 GL(00,OF) X GL(00, OF)-invariance for probability measures py
PROPOSITION 3.1. For any k € A, the probability measure pg on Mat(N, F') is GL(c0, Op) X
GL(o0, OF)-invariant.

Recall that the normalized integral f is introduced in (14).

Remark 3.2. For any n > 1, we have
][ x(x)dz = 0. (33)
w"Of

Indeed, for any fixed n > 1, the character x defines a non-trivial character x of the finite group
Iy, :=w "Or/OF by

X(v)=x(z) (fvy=z+0p,zecw "Op).

By orthogonality of the character X and the trivial character, we have

1 ~
Lo Xt = g SR =0

vEln

and (33) is proved.

LEMMA 3.3. For any y € F' and any | € Z, we have
Fo xamds = 1o, (0). (34)
wlOp

Proof. First assume that y € w'Op. Then for any z € @w!Op, we have 2y € Op. Consequently,
by (28), we have J[‘LUZOF x(zy)dz = 1. Now assume that y ¢ @ 'Op. Since the Haar measure

dvol on F is invariant under the multiplication action by any element u € Oy, without loss of

generality, we may assume that y = @® with k < —1 — 1. By (33), we have

][ x(zy) dzx :][ x(whz) dx :][ x(@wt2) dz = 0.
wlOF wlOF OF

This completes the proof of (34). O
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LEMMA 3.4. For any m € N, the distribution of the random vector (X-(l));-il is GL(m, OF)-

1
invariant.

Proof. Write X = (X-(l))?ll. It suffices to prove that for any A € GL(m,Op) and any y = (y1,

7

.y Ym) € F™ we have

Elx(X -y)] = E[x((AX) - y)]. (35)

(1)

By the independence between Xi1 1 =1,...,m and Lemma 3.3, we have

n

Ex(X - 9)] = [[EX(X9)] = [ Lor (w5) = 1oz ().

j=1 j=1
Similarly,
E[x((AX) - y)] = Ex(X - (4'y))] = lop(A"y) = Llop ().
Hence we get (35). The proof of Lemma 3.4 is completed. O

Proof of Proposition 3.1. It suffices to prove that the following probability measures

XY Vijen and  L([Zijhijen)

are GL(o00,OF) x GL(00, OF)-invariant. The invariance of both measures follows immediately
from Lemma 3.4. O

3.2 GL(00,OF) X GL(00, OF)-ergodicity for probability measures py
THEOREM 3.5. For any k € A, the probability measure p on Mat(N, F') is GL(oco0, Op) x GL(00,
Opr)-ergodic.

The map M + (M;;)icn from Mat(N, F) to FY induces an affine map
U : P(Mat(N, F)) — P(FMY).

Let S(n) denote the group of permutations of the set {1,2,...,n} and set S(00) := [,y S(n).
The group S(c0) acts naturally on FN by permutations of coordinates.

LEMMA 3.6. For any p € Piny(Mat(N, F')), we have ¥ (1) € Piis,oo)(FN). Moreover, the restriction
map

U : Poy (Mat(N, F)) — P (pN) (36)

mv

is an affine embedding.

Proof. Let p € Piny(Mat(N, F')). For any o € S(c0), the associated permutation matrix M,,
defined by

MO’(iu .7) = 10’(i):j7

is an element in GL (oo, OF). By the invariance of p under the multiplication by all permutation
matrices M,,o € S(oo) on left and on right, it is easy to see that U(u) € PS(OO)(FN).

mv
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Now we show that the map (36) is injective. By the definition of pushforward map, the

Fourier transform of W(u) is given as follows: for any x1,...,z, € F,
U(p)((z1,-..,2r,0,0,...)) = p(diag(x1, ..., z,,0,0,...)). (37)

By Remark 2.9, 1 is determined by
u(diag(zq, ..., 2.,0,0,...)), x1,...,z, € F.

Now, the equality (37) implies that jz and hence p itself is determined uniquely by W (). The
injectivity of the map (36) is proved. O

In what follows, for any convex set C, we denote by Ext(C') the set of extreme points of C.

Remark 3.7. Recall here the definition of indecomposability in §2.1.2. Since S(00) is countable,
we have

Ext(P7) (M) = pSeo) (xN).

inv g

Proof of Theorem 3.5. By construction, for any k € A, the measure W(uy) is Bernoulli. Indeed,

the definition
Uk = £<|: Z wik"XZ(n)Yv](n) + wkZij] >
n:kn >k 1,JEN

implies that the diagonal marginal measure W(uy) is
U(g) = £ (( S whx My w—’fzii> >
n:kn>k ieN

and our original assumption, that all X Z-(n), Yi(n), Z;; are independent sampled with respect to the

normalized Haar measure on the compact additive group O, implies that the measure W(py)
is Bernoulli. Consequently, by the De Finetti Theorem, W(uy) is S(oco)-ergodic. Therefore, by
Remark 3.7,

(i) € PEC (FY) = Bxt (P (FY)).

erg inv

It is clear that for any convex subset C' of Ext(PS(OO)(F N)), we have

C N Ext(P2)(FY)) ¢ Ext(C).
Taking C' = ¥(Piny(Mat(N, F))), we see that
U (px) € Ext(¥(Piny(Mat(N, F)))). (38)
By Lemma 3.6, ¥ is an affine embedding. Hence
Ext (W (Piny(Mat(N, F)))) = ¥(Ext(Piny (Mat(N, F)))).

The relation (38) implies px € Ext(Piny(Mat(N, F))). Since indecomposability implies ergodicity,
we get the desired relation ji € Perg(Mat(N, F)). O
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3.3 GL(00, OF)-invariance for probability measures vy,
PROPOSITION 3.8. For any h € Q, the probability measure vy, on Sym(N, F') is GL(co0, OF)-
invariant.

LEMMA 3.9. The normalized Haar measure on Sym(n,Op) is invariant under the natural action
of the group GL(n, OF).

Proof. For any g € GL(n, OF), the linear map

Sym(na OF) - Sym(n7 OF)

S — gSgt (39)

is invertible. Clearly, if we use the group identification
2
Sym(n, Op) ~ Ogb +n)/2,

then the linear map (39) is represented by an invertible matrix from GL((n? + n)/2, Or). Hence
by Remark 2.1, it preserves the normalized Haar measure. O

Proof of Proposition 3.8. It suffices to prove the GL(oo,Op)-invariance of the following
probability measures on Sym(N, F):

,C([Xi(l)X](l)]i,jeN) and  L([Hijlijen)-

The GL(00, OF)-invariance of L£([X i(l)X j(»l)]i,jeN) follows immediately from Lemma 3.4, while the
GL(0c0, Op)-invariance of L([H;j;l; jen) follows from Lemma 3.9. O

3.4 GL(00,OF)-ergodicity for probability measures vy,
THEOREM 3.10. For any h € Q, the probability measure vy, on Sym(N, F) is GL(oo, O)-ergodic.

The map S — (Si;)ien from Sym(N, F) to FY induces an affine map
® : P(Sym(N, F)) — P(FY).

LEMMA 3.11. For any v € Pin,(Sym(N, F')), we have ®(v) € P{i(voo)(FN). Moreover, the restric-
tion map

® : Piny (Sym(N, F)) — PO (FN)
is an affine embedding.

Proof. The proof is similar to that of Lemma 3.6. O

Proof of Theorem 3.10. The proof is similar to that of Theorem 3.5 by using Lemma 3.11 instead
of Lemma 3.6. a

4. Explicit computation of characteristic functions

In this section, we give explicit formulae for characteristic functions of measures from the two

families {ux : k € A} and {vy, : h € Q}.
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4.1 Measures on Mat(N, F')
By the elementary observation (30), for studying the characteristic functions of py, it suffices to
compute

i (diag(w ™", ..., @ %,0,0,...))
for any r € N and any {1,...,¢. € Z.
PROPOSITION 4.1. For any k = (ky)neny € A and any ¢ € 7, we have

@(w%ell) = exp<—logq . Z(k:] + E)l{kj+g>1}>. (40)
j=1

More generally, for any {1, ...,¢. € Z, we have
fix(diag(w ™, ..., @ ,0,0,.. H,u,k ~liery). (41)
Introduce a function © : ' — C by
O(z) = / X(z122 - ) dz1 dzo. (42)
OFXOF
LEMMA 4.2. The function © is given by

@(;1;) = qiél{f-]?l}’ ‘£U| = qe.

Proof. Let |z| = ¢'. Then there exists u € OF, such that z = w~‘u. By rotation invariance,
O(z) = O(w™*). Now by Lemma 3.3,

@(w—f) = E[X(w_éXfl)Yl(l))] _ E(E[X(w—éXfl)Yl(l)) ’ Yl(l)])
= E(lo, (@~ V) = P(Y\V| < ¢7) = gm0, .

Remark 4.3. In the formulae below, for graphical convenience, we write exp(—logq - {1ys>1y)
instead of g~ tte=1y,

Proof of Proposition 4.1. The identity (41) follows from the independence between all diagonal

coefficient of M. So we only need to prove the identity (40).
First assume that k = (kj)nen € A is such that lim, . k, = —00. By the independence

between all an) and Y(n) n € N, we have

[ (w Yerr) = [ (tr<[zw o )Ljer_%ll)ﬂ

[@w e )] HE CR S D)

By Lemma 4.2, we get

@(w e1) HGXP (—loggq - (kn +€)1{kn+e>1})

n=1

= exp (—logq : Z(kn + E)l{kn-&%)l})-

n=1
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Now assume that there exists m € NU {0} and k € Z, such that
ki>--->2kyn>k and k,=kforany n>m+ 1.

By previous computation and the formula (32) for the characteristic functions of convolutions
of probability measures, we only need to consider the case when k = (ky,)nen is such that

kn=keZ foranyneN.

In this case, ux = L(ww *Z) with Z an infinite random matrix sampled uniformly from Mat(N,
Or). Hence by Lemma 3.3, we obtain

fix(@ fenn) = Elx(@ ™ 7% Z11)] = Lop (@) = Ljjpecoy-
But if £, = k for any n € N, we have
o0
1(k1e<oy = exp (—10gq >k + 5)1{kn+e>1})- (43)

n=1
This proves the identity (40) in the second case and we complete the proof of Proposition 4.1. O
4.2 Measures on Sym(N, F)
By the elementary observation (31), for studying the characteristic function of vy, it suffices to
compute

vp(diag(xq, ..., 2, 0,0,...))

for any r € N and any z1,...,z, € F.
Recall the definition (7) for the function 6:

0(z) = /(9 x(2* - ) dz.

PROPOSITION 4.4. Let h = (k;k, k') € Q. Then for any x € F, we have

oo o
n(zenn) = lo, (@ ") - H 0(w ) H (e *na). (44)
n=1 n=1
More generally, for any r € N and any x1,...,x, € F, we have
T
n(diag(z1, ..., 2,,0,0,...)) = [ [ 7n(wien). (45)
i=1

Define a function Ly : Of — {—1,1} by setting Lo(u) = 1 if u is a square element in O}
and setting Lo(u) = —1 if u is a non-square element in 0. Write

0y i {1 if ¢ = 1(mod 4), (46)

i if ¢ = 3(mod 4).

Recall that for any = € F', we have |z| = g ordr (),
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PRoOPOSITION 4.5. The function 0 : F' — C is continuous and satisfies the following properties.
(i) If |z| < 1, then §(z) = 1.

(ii) If |z| > 1 and ordp(x) = 0(mod 2), then 0(x) = |z|~/2.

(iti) If |z| > 1 and ordp(z) = 1(mod 2), then by writing x = w~‘u with £ € N and u € O, we

have
Lo(u)
0(z) = syoq - W» (47)
where s, € {—1,1} depends on the choice of x.
In particular, 0 satisfies the following property:
0(x)? = 6(ex)> #0 forallx € F. (48)

Moreover, if v = w‘u with £ € Z U {—oc} and u € OF
10(2)|* = exp(—log |z] - Ljz1) = exp(—logq - Liz13)- (49)
Let us postpone the proof of Proposition 4.5 to §10.

Remark 4.6. Proposition 4.5 is related to the calculations of the Gaussian integrals in Neretin
[Nerll, §11.1] and Vladimirov et al. [VVZ94, ch. V] in the particular case when the field F' is
the field Q, of p-adic numbers.

LEMMA 4.7. Fix an element a € F. Then for any k = (kj)jen € A, the infinite product

[0 -=") (50)
j=1

converges. Moreover, if lim; . k; = k € Z, then

[[0a =) =10.(a- =) [ 6@ =) (51)
j=1

je{nlkn>k}

Proof. Let k = (kj)jen € A. Since k is a non-increasing sequence, we have

|a-w_k1|>|a-w_k2\>...;‘a.w—ka‘|...

Then either there exists jo € N, such that |a - % | < 1 for all j > jo or |a-w %] > 1 for all
j € N. Consequently, the infinite product (50) either is a finite product or equals 0. The identity
(51) follows immediately form (49). O

Proof of Proposition 4.4. The identity (45) follows from the independence between all diagonal
coefficient of Sp,. So we only need to prove the identity (44).

Case 1: h = (o0 k,K'), k € A[-00],K' € AF—od].
In this case, we have

vp = L(Wi + eWyr) = L(Wy) * L(eWy).
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Thus for proving (45), it suffices to prove it for the probability measures £(Wy) and L(eWj).
For instance, we have

s (] )
~E|x (fj (e )| < [ﬁ Kot (X))

Then by dominated convergence theorem and the independence between all X fn), n € N, we get

o0
/\

o0
£ aer) = [T Bl ) = [ ot

Similar computation works for £L(eWj).

Case 2: There exists k € Z and h = (k; k, k'), k € A[k], k' € A*[k].
In this case, we have

vh = L(Wy + Wi+ FH) = L(Wy) * L(eWi) * L(ww FH).
By (32), for proving (45), it suffices to prove it for the probability measures
LWy, L(eWy) and L(w *H).

By the computation in Case 1, we only need to verify (45) for £(cw™*H). A simple computation
yields the desired identity

—

L(w=*H)(ze11) = E[x(tr(w ¥ Hzen1))] = Elx(w "Hyi2)] = 1o, (w *z). O

Remark 4.8. Let us prove the identity (5) mentioned in Remark 1.7. Write
2 2
o1 1= L([Z XZ.(")X](”)] ) 0y 1= L(s [Z XZ.(")X](”)] )
n=1 i,jeN n=1 i,jEN

Note that o1, 092 are both GL(0o, Of)-invariant. Since for any z € F, we have 0(z)? = 6(csx)>.
Consequently

Fi(diag(ar,...,2,,0,...)) = [[0(ai)? = [[ 0e:)? = Ga(diag(ar, .., 2:,0,..)).
1= =1

It follows that o1 = o5.

5. Uniqueness of parametrization

In this section, we will prove two uniqueness results, Propositions 5.1 and 5.3.
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5.1 Measures on Mat(N F)
PRropoOSITION 5.1. Let k, k € A. Then px = pi if and only if k = k.

LEMMA 5.2. The map

]:1 VET

from A to (Z U {+oo})? is injective.

Proof. We need to show that if k = (k;)jen and k= (EJ) jen are two distinct elements in A, then
there exists £ € Z, such that

Z (kj + O)Lig, 4051y # Z (kj +0)1 (Fj+021} (52)

7j=1 7=1

By assumption, there exists jp € N, such that

kj=k; foranyl1<j<jo and kj, # Ejo- (53)

By symmetry, let us assume that k;, > Ejo- Under this assumption (whether Ejo equals to —oo
or not), we will have kj;, € Z. Now by taking ¢ =1 — kj, € Z, we have

l@—i—ﬁz%—i—ﬂ 1 for any 1 <j < jo,
kj, +¢=1 and k:]O +£<0.

Consequently,
) Jo Jjo—1
> (ki + O pesy = Zk +O) =14 (kj+0),
7j=1 7j=1 7j=1
while
o Jo—1 Jo—1
(kj + 0L sy = SR+ = (ki+0).
j=1 j=1 j=1
Thus we prove that the inequality (52) holds for £ =1 — k. a

Proof of Proposition 5.1. Proposition 5.1 follows from Proposition 4.1, Lemma 5.2 and the fact
any probability measure on Mat(N, F') is uniquely determined by its characteristic function. O

5.2 Measures on Sym(N F)
PRroOPOSITION 5.3. Let h, h € Q. Then vn = vg if and only if h = h.

Remark 5.4. Any element k = (k;j)jen € A is uniquely determined by the bi-infinite sequence in
NU {o0}:

(#{7 e N|kj = {})¢ez-
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Proof of Proposition 5.3. Let h = (k;k, k') and h = (k;k, k') be two elements in Q such that
v = vg. By Proposition 4.4, this is equwalent to the following identity: for any = € F,

lop(@ ) - [] 0@ a) [] 0@ a) = Loy (w *a) - [[ 0@ *ra) [] 0(cw Foa). (54)
n=1 n=1 n=1 n=1

Recall the identity (49). By taking the modulus and square of both sides of (54) and substituting
r =w tu with ¢ € Z and v € OF, we obtain
1ikte<oy - q_zzo:l(k"H)l{’“””?l}_Zzo:l(%ﬁ)l{kiﬁ@l}

—>2  (kn+01,5 =320 (kL4015
Loy 4 P k21 T k21 (55)

Claim 1: k = k.

Indeed, if k = —o0, then the left-hand side of the identity (55) never vanishes. Consequently,
so does the right-hand side. It follows that k = —oco. If k € Z. Then the left-hand side of the
identity (55) vanishes at £ =1 — k. Consequently, so does the right-hand side of (55) vanishes
both at £ = 1 — k. Tt follows that k+1—4k>0or equivalently k> k. By symmetry, we have
k=k.

Claim 2: (k,k') = (k,Kk').

For simplifying notation, let us define k*, k* € A as follows: if k = k = —o0, then set k* := Kk,

k* := ]k if Kk =k € Z, then both k and k are finite sequences in Zy, set k* and k* by adding

infinitely many k. Clearly, for proving (k, k') = (k, k'), it suffices to prove that (k*, k') = (k*, k).
By Remark 5.4, it suffices to prove that for any [ € Z,

#{neN|k =1} =#{neN|k =1},

#{neN|k, =1} = #{neN |k, =1} (56)

Applying (43) to 1g4e<oy and 1 we may write (54) as

{k+£<0}’

q—ZZozl(k;%‘*‘f)l{k;um}—220:1(%4'5)1{1“;#@1} _ q*Zn (k01 (ot e51) 2 > (R, TOL G vy (57)

By Lemma 5.2 and Remark 5.4, the equality (57) implies that for any [ € Z, we have
#neN|ki=0+#{neN|k =l}=#neN|ki=0+#{necN|k =1}. (58)

The identity (58) implies in particular that the two identities in (56) hold or are violated
simultaneously. Now assume by contradiction that there exists [y € Z, such that the identities in
(56) are violated. Obviously, such [y verifies

k < lo < max{kp, kn, k', &} < +00.

ny 'y vp

Now let Ipmax € Z be the largest lp such that the identities in (56) are violated. Substituting
z = w1y with u € OF into the identity (54), we obtain

H 9 nlwmdx 1 H 9 Ew n2w max_lu)

ni=1 na=1
o0 . o0 .
= H B (o Fm gglmax—1y,) H (et Fm2 glmaxly,), (59)
mi1=1 mao=1
2507

https://doi.org/10.1112/50010437X17007412 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X17007412

A. 1. BUFETOV AND Y. QIU

By the assumption of l,,x, we know that for any [ > [,

#{neN| ki =1} =#{neN|k =1},

2 60
#{neN|k, =1} =#{neN|k, =1} (60)

Since lnax > k, by definition of k* and k* we also have for any [ > lnax,
#{neN|k =1} =#{neN|k, =1}, (61)

#{neN|k: =1} =#{neN|k, =1}

By Proposition 4.5, the function 6 never vanishes. Hence by the identities (60) and (61), we
can remove simultaneously all those terms concerning k,, > lnax, k;m > [nax and %ml > lmax,
k:,’m > Imax from both sides of identity (59). Again by Proposition 4.5, for any ky,, < lnax,
k. < Inax and Ky, < lax, Ky < Inax, We have

O(wFm glmax—ly) = f(ew™ Fing whmax—ly) = H(W_Eml whmaxly) = f(ew™ ki”?wl““"_lu) =1.

Consequently, we may remove simultaneously all those terms concerning %k, < lmax, k;m < lmax

and kp, < lmax,k:;n2 < lmax from both sides of identity (59) as well. Then we arrive at the
identity

0(w u)? - e ) = O(w u)P - O(ewu)?, (62)
where

D:=#{neN|ky=Ilny} and D' :=#{neN|k =},
D:=#{neN|ky=lnxt and D' :=#{necN|k, =lnu}

By definitions for A[k] and Af[k], we must have
D, DeNu{0} and D',D’' € {0,1}. (63)
The identity (58) now implies that
D+D =D+D. (64)

By definition of liax, we have D # D'. Without loss of generality, we may assume that D’ =0
and D’ = 1. Then the identity (62) becomes

0w u)P = 0(w )P - flew ). (65)
But now D = D + 1 and since # never vanishes, the identity (65) is equivalent to
0(w tu) = O(ewwu).

Since | tu| > 1 ordF(w_lu) = —1 = 1(mod 2) and Ls(e ) —1, by Proposition 4.5, we have

0(ewwu) = —0(w1u). Consequently, we would have 6(ww~1u) = 0(5w lu) = 0. This contradicts
to the non-vanishing property of 8. Hence we complete the proof of Claim 2.
Combining Claims 1 and 2, we complete the proof of Proposition 5.3. |
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6. Ergodic measures as limits of orbital measures: the Vershik—Kerov
ergodic method

In this section, we recall the Vershik—Kerov ergodic method for dealing with ergodic measures
for inductively compact groups. The general setting is as follows. Let

K(1)cK2)Cc---CK(n)C- - C K(c0),

be an increasing chain of topological groups such that for any n € N, the group K(n) is compact
and K (o0) is the inductive limit:

For any n € N, let m,) denote the normalized Haar measure of K(n). Fix a group action of
K (o) on a Polish space X.

DEFINITION 6.1 (Orbital measures). For any x € X and any n € N, we define the K (n)-orbital
measure generated by x, denoted by mg ,) (), as the unique K (n)-invariant probability measure
on X supported on the K(n)-orbit K(n) -z :={g-x|g € K(n)}. In other words, mg () is
the image of mg ) under the map g+ g -z from K(n) to X

DEFINITION 6.2. Let ZK(>)(X) ¢ P(X) be the set of probability measures y on X such that
there exists x € X' verifying m g, (v) = p.

THEOREM 6.3 (Vershik [Ver74, Theorem 1]). The following inclusion holds:

PK(OO)(X) - jK(OO)(X), (66)

erg

More precisely, if p is an ergodic K (oo)-invariant Borel probability measure on X, then for
p-almost every point x € X, the weak convergence mp (,y(z) == p holds.

Vershik’s method in [Ver74] was further developed in a series of papers [VK8la, VK81b,
KV86, OV96] by Kerov et al.

Remark 6.4. In general, the converse inclusion .25 () (x) c ng(oo)(X ) does not hold. There
is however a simple situation, see the note [Qiul7], where ng(oo)(X ) always coincides with

LK) ().
For simplifying notation, in what follows, we write

ZL(Mat(N, F)) := gGH0.0r)xGL(.0r) (\at(N, F)),
Z(Sym(N, F)) := £0r)(Sym(N, F)).

For any n € N, we set
OR Py (Mat(n, I)) := {maLn,0m)xGL@n,0p) (M) | M € Mat(n, F')}.

By identifying Mat(n,F) in a natural way with the subset of Mat(N, F), we have
P(Mat(n, F)) C P(Mat(N, F)). In particular,

ORAB,(Mat(n, F)) C P(Mat(N, F)).

2509

https://doi.org/10.1112/50010437X17007412 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X17007412

A. 1. BUFETOV AND Y. QIU

DEFINITION 6.5. Let OZ %A~ (Mat(N, F)) denote the set of probability measures p on Mat(N, F)
such that there exists a subsequence of positive integers ny < ng < --- and a sequence (fn, )keN
of orbital measures with p,, € OZ%,, (Mat(ng, F)), so that

oy, = [b.
Similarly, in the symmetric case, for any n € N, we set
OR B (Sym(n, F)) := {mar,;,0.)(5) | S € Sym(n, F)}.
By identifying Sym(n, F') in a natural way with a subspace of Sym(N, F'), we have
OR B, (Sym(n, F)) C P(Sym(N, F)).

DEFINITION 6.6. Let O% % (Sym(N, F)) denote the set of probability measures v on Sym(N, F)
such that there exists a subsequence of positive integers n; < ng < --- and a sequence (Vp, )keN
of orbital measures with v, € OZ%A,, (Sym(ng, F)), so that

Up, == V.
Remark 6.7. 1t is easy to see that we have

ORBoMat(N, F)) C Piny(Mat(N, F)),
ORPBoo(Sym(N, F)) C Piny(Sym(N, F)).

PROPOSITION 6.8. The following two inclusions hold:

ZMat(N, F)) C OR B~ (Mat(N, F)), (67)
Z(Sym(N, F)) C OB~ (Sym(N, F)). (68)

Proof. For any n,m € N such that m > n, let

Cuty : Mat(N, F') - Mat(n, F),
Cut,' : Mat(m, F') — Mat(n, F)

be the maps of cutting the n x n left-upper corner.
For simplifying notation, write

K(n) := GL(n, OF) x GL(n, OF). (69)

Let p € Z(Mat(N, F')). By definition, there exists an infinite matrix Xy € Mat(N, F) and a
subsequence (ng)en of positive integers such that

Mic () (Xo) = p.
This is equivalent to saying that for any N € N, we have
(CutRF)«[micny) (Xo0)] = (Cuty )« (1) (70)

Take
X}, = Cut, (Xo) € Mat(ng, F).

Then we have
M (ny) (Xk) = -

2510

https://doi.org/10.1112/50010437X17007412 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X17007412

ERGODIC MEASURES ON INFINITE MATRICES

Indeed, it suffices to prove that for any N € N, we have
(CutX)«[mic(ng) (Xx)] = (Cuty)«(p). (71)
For any k € N, we clearly have
(Cuty )« [mic(ng) (Xi)] = (Cutyl )« [micin,) (Xo)]- (72)

But if ny > N, we have Cuty o Cuty; = Cutyy. Combining with (72), we see that, once ny > N,
we have

(Cut Ry ) «[mic(ny) (X)] = (Catyy)s[micin,) (Xo)]-

Now it is clear that (70) implies (71). The first inclusion (67) is proved. The proof of the second
inclusion (68) is the same. O

7. Asymptotic multiplicativity for orbital integrals

7.1 GL(n,OFf) X GL(n, Of)-orbital integrals
Recall Definition 42 and Lemma 4.2:

O(z) = / X(z122 - ) dz1 dzg = ¢ 1>y x| = ¢
OFXOF
In what follows, we use the notation (69).

THEOREM 7.1. Let n,r € N be such that r < n. Suppose that D and A are two diagonal matrices
given by

D = diag(z1,...,x,), A=diag(ai,...,a,,0,...,0)

where x1,...,Tn,a1,...,0, € F. Then

[, X Ds ) doy gy~ T T] e

i=1j=1

where dg; dgs is the normalized Haar measure on K(n).
In particular, for any a € F, we have

< 277" (74)

/( )X(a - tr(g1Dgze11)) dgr dga — | [ ©(azy)
K(n .
7j=1

Remark 7.2. Obviously, we have

/ 0002 ) dg dg = / x(tr(g1Dg5 ' A)) dgy dgs.
Kin K

(n)
The following elementary lemma will be useful.

LEMMA 7.3. Let r < n be two positive integers. Define

S(r xn):={M € Mat(r x n,C,) | rankg,(M(mod wOF)) = r}.
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Then we have

r—1
#S(rxn) =] (¢" —q*). (75)
w=0
For any rectangular matrix M € S(r x n), we have
n—w-—1
#{t € GL(n,Cy) | tyj = My, V1 <i<r1<j<n}= [] (" —d™™).
w=0

In particular, the above cardinality does not depend on the choice of M € S(r x n).

Proof of Theorem 7.1. Fix n,r € N and fix the two diagonal matrices D and A. Let T'= T'(n),
T" = T'(n) be two independent copies of random matrices sampled uniformly from the finite set
GL(n,Cq), and let V =V (n), V' = V/(n) be two independent random matrices sampled uniformly
from Mat(n,wOp) and independent of T, T". By Proposition 2.3, we have

/( | X(tr(g1Dg2A)) dgy dgo = El[x(tr((T + V)D(T" + V') A))].
K(n
Since the transposed random matrix (7" 4+ V’)? and the original random matrix 7"+ V'’ have the

same distribution, we have

E[x(tr((T + V)D(T" + V') A))]
= E[x(tr((T + V)D(T' + V')! A))]

=[S0 + v + Vs, )|

i=1 j=1
1 ' n
[#GL(n, C)J? tt’eGZL(n Cq) [X <§ ;( i+ V)t + Ve xjﬂ
By Lemma 7.3, we obtain
E[x(tr((T + V)D(T' + V') A))]
= 50 P MM;(M)E[X (Z; ;(Mw + Vi) (M + vﬁ)m])].

For simplifying notation, for any pair of rectangular matrices M, M’ € Mat(r x n,Cy), we write

F(M,M') :=E [X (ZT: zn:(Mij + Vig) (Mj; + ‘G/i)aiﬁj)] .

i=1 j=1
Then we may write
1
M, M’ eMat(rxn,Cq)
denot;a by I
where
& = — > F(M,M").

M,M’'eMat(rxn,Cq) \ S(rxn)
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Note that if M;; and V;; are sampled independently and uniformly from the finite set C, and
from the compact additive group @wOF respectively, then M;; + V;; is uniformly distributed on
Op. It follows that

1 !/
H H Olaiz;) #Mat(r x n,Cq)|? Z F(M, ).

i=1j=1 M,M'eMat(rxn,Cq)

Consequently,
1
[#Mat(r x n,Cq)|?

E[x(tr((T + V)D(T" + V') A))] = +&

&
- H H O(a;z;) #Mat(r x n,Cq)]? +&,

i=1j=1

where
I B I
[#S(r xn)]2  [#Mat(r x n,Cq)]?

Now let us estimate these error terms. By the obvious estimate |F(M, M')| < 1, we have
[€1] < [#(Mat(r x n,Cq) \ S(r x n))]”.
Note that |I]| < [#S(r x n)]%. Hence

Ey =

1 1
|Eo] = VI|<[#S(T x )2 [#Mat(r x n,Cq)P)
#Mat(r x n,Cq) — #S(r x n) ’
S < #Mat(r x n7CQ) ) '

Taking (75) into account, we get

Bl V)D( + V)] - [[ ] 0y

o &1
= [#Mat(r x n,C,))?

<9 #Mat(r x n,Cq) — #S(r x n) 2
= < #Mat(r x n,Cq) >

+ &2

<2<1—ﬁ(1—qw")>2. O

w=0

THEOREM 7.4 (Uniform asymptotic multiplicativity). Let n,r € N be such that r < n. Suppose
that D and A are two diagonal matrices given by

D = diag(z1,...,z,), A=diag(ay,...,a,0,...,0),

where x1,...,Tn,a1,...,0, € F. Then
/( : x(tr(g1Dg2A)) dg1 dgs — H/( ai - tr(g1Dgze11)) dg1 dg2
K(n K(n)
r—1 2
< 2(1 - H (1-— qw_")> + 2rq—2", (76)
w=0
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Proof. By inequalities (73) and (74), we have

/( )x(tr(ngzA dg1 dgs = HH® a;z;) + €o
K(n

1=1j5=1
= H(/( )X(ai ~tr(g1Dgze11)) dg1 dgo +Ei> + €0,
i=1 \ZKn

=[I}-1 ©(aiz;)

with the errors €g,€1,..., &, controlled by

r—1 2
leo| < 2<1 - JJa —qw—”)> and g <2¢7%, i=1,...,r

w=0

Using the elementary inequalities \H?Zl ©(aiz;)| < 1 and by a simple computation, we get

/( : (tI‘( 1D92A d91 dgs —H/ 1Dg2611)) dgy dgs
K

<eoter+---+er

r—1 2
< 2<1 - JJa- qw_”)> + 2rq~ 2", O

w=0

7.2 GL(n, OF)-orbital integrals
Recall the definition (7) for the function 6 : F' — C.

THEOREM 7.5. Let n,r € N be such that r < n. Given two diagonal matrices D and A,
D = diag(z1,...,z,), A=diag(ai,...,a,,0,...,0),
where z1,...,Zp,a1,...,a, € F, we have

/G Lon X(tr(gDg' A))dg — [ [ [ 0(ai))

i=1j=1

<2 (1- To- ).

w=0

In particular, for any a € F, we have

<2¢7 ™ (78)

| Ma-u(oDgen)ds - [[ola- )
GL(n,0OF) j=1

Proof. Fix n,r € N and fix the two diagonal matrices D and A. Let T' = T'(n) be a random
matrix uniformly distributed on the finite set GL(n,F;), and let V' = V(n) be a random matrix
uniformly distributed on Mat(n,wOp) and independent of T'. By Proposition 2.3, we have

/(;L(mOF) x(tr(gDg'A)) dg = E [ <Zzazx] T;; + Vij) ﬂ

=1 j=1

By similar arguments as in the proof of Theorem 7.1, we may get the desired inequality (77).
The second inequality (78) follows immediately by taking e = 1 and a1 = a. O
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THEOREM 7.6 (Uniform asymptotic multiplicativity). Let n,r € N be such that r < n. Given
two diagonal matrices D and A,

D = diag(z1,...,z,), A=diag(ay,...,a,0,...,0),

where x1,...,ZTy,a1,...,a. € F, we have

/ x(tr(gDg'A))dg — | | / x(a;tr(gDg'e1r)) dg
GL(n,0F) i=1 Y GL(n,0F)

r—1
< 2<1 - H (1- qw")> +2rq".

w=0

Proof. The proof is similar to that of Theorem 7.4. O

8. The completion of the classification of ergodic measures

8.1 The case of Perg(Mat(N, F))

THEOREM 8.1 (Multiplicativity theorem for orbital limit measures). Assume that p is an
element in OXAB~(Mat(N, F)). Then for any r € N and for any finite sequence x1,...,%,
in F', we have

A(diag(z1, .., 2,,0,0,...)) = [ filsen). (79)
j=1

In particular, we have
ORB(Mat(N, F)) = Perg(Mat(N, F)).

Proof. Let u € OZAB~(Mat(N, F)). Then by definition, there exists an increasing sequence
(ng)ken in N and a sequence (fin, )ken of orbital measures with p,, € OZ%A,, (Mat(ng, F')),
such that

fn, = @ as k — oo. (80)

Take any z1,...,x, € F. By the inequality (76), we have

Jim i (diag (21, -, 27,0,.0)) = [ 2 (@jenn)| = 0. (81)
j=1

Combining (80) and (81), we get the desired identity (79).
By Vershik’s Theorem 6.3 and Proposition 6.8, to obtain (81), we only need to prove the
inclusion

ORPB(Mat(N, F)) C Perg(Mat(N, F)). (82)
Recall the definition (36) of the affine map W:

U Py (Mat(N, F)) — P (FN).

mv

The identity (79) implies that for any u € OZ P (Mat(N, F')), the marginal measure on the
diagonal matrices W(yu) is a Bernoulli measure on FY. Consequently, by exactly the same
argument as in the proof of Theorem 3.5, we can prove the desired inclusion (82). a
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An immediate consequence of Theorem 8.1 and the argument as in the proof of Theorem 8.1
is the following Ismagilov—Olshanski multiplicativity in our setting.

COROLLARY 8.2 (Ismagilov—Olshanski multiplicativity). An invariant probability measure p €
Pinv(Mat(N, F)) is ergodic if and only if for any r € N and for any finite sequence x1, ..., T, in
F', we have

fi(diag(wr, ..., 2,0,0,...)) = [ filasen).
j=1

Remark 8.3. The reader may compare our method with the methods used in, for instance,
Olshansk and Vershik [OV96]. The Olshanski—Vershik argument relies on the Ismagilov—
Olshanski multiplicativity: the multiplicativity of the characteristic function is equivalent to the
ergodicity of the corresponding probability measure. In different contexts, this multiplicativity
is established, e.g., by Ismagilov [Ism69, Ism70], Nessonov [Nes86], Voiculescu [Voi76],
Olshanski [OI'78], Stratila and Voiculescu [SV82], Pickrell [Pic90], Vershik and Kerov [VK90],
Olshanski [01'90].
In our situation, the Ismagilov—Olshanski multiplicativity follows as a corollary.

Now we may concentrate on the classification of OZ %~ (Mat(N, F')). For this purpose,
we need to study the weak convergence of probability measures on Mat(N, F'). The following
standard proposition implies that the weak convergence of probability measures on Mat(N, F')
is equivalent to the locally uniform convergence of corresponding characteristic functions. For
completeness, we include its proof in Appendix A.

PROPOSITION 8.4. A sequence of invariant probability measures (tin)nen in Piny(Mat(N, F'))
converges weakly to an invariant probability measure p € Piny(Mat(N, F)) if and only if for any
r € N and any {4,...,0, € Z, we have

A(diag(w 4, ..., w ,0,...) = lim fi,(diag(w™",...,w %,0,...)
n—oo
and the convergence is uniform on any subset of type
{(51, . ,fr) | fl, c ,Er € ch}.

LEMMA 8.5. Let p be a Borel probability measure on Mat(N, F). The function x € F >
t(xe1r) € C is uniformly continuous. In particular, we have

lim 7i(w ‘er) = 1.
£——00
Proof. Note that the function = — fi(ze11) is the characteristic function of the marginal

probability measure (Cut{®).x on F. The uniform continuity of this function then follows
immediately, see, e.g., Hewitt and Ross [HR70, Theorem 31.5, p. 212]. O

LEMMA 8.6. Assume that we are given a sequence of probability measures (fin)neN, Such that
fn € ORPBn(Mat(n, F)). A necessary and sufficient condition for this sequence to be tight is the
following.

(C1) There exists v € Z, such that the supports supp(iuy) are all contained in the following
compact subset of Mat(N, F):

{X e Mat(N, F) | | X45] < ¢",Vi,j € N}
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Proof. The above condition (C1) is clearly sufficient for the sequence to be tight. Now suppose
that the sequence (p,)nen is tight. By assumption, suppose that pu, is the GL(n, Op) x GL(n,
Op)-orbital measure supported on an orbit generated by X,, € Mat(n, Op). By Lemma 2.4, we
may assume that

X, = diag(@\™, ..., z0), 2V > > 2.

Assume by contradiction that the condition (C1) is not satisfied. Then there exists a subsequence
(nk)ken of positive integers, such that

khm \xl )| = 0 (83)

Passing to a subsequence if necessary, we may assume that there exists a probability measure p
on Mat(N, F'), such that p,, = p. By Lemma 8.5, for any a € F', we have

|le lim 1 0 fin, (ae11) = ‘le w(aerr) = 1.
-0k

That is,

lim lim x(a - tr(g1Xn, g2e11)) dg1 dga = 1. (84)

la]—>0 k—oc0 K(ng)

By (74), the relation (84) implies that
ng

lim lim [[O(a- ")) =1. (85)

la]—0 k—o0 -
j:

Since |O(z)| < 1, for any a € F*, we have

lim
kaoo

’ lim |©(a-z{")| = 0.

k—o00

This contradicts to (85). Thus the condition (C}) is necessary for the sequence (pn)nen to be
tight. O

Recall that
A={k=(kj)jZ, | kj e ZU{—o0}liki =2 ky = -},

as a subset of (Z U {—oco})Y, is assumed to be equipped with the subspace topology of Tychonoff’s
product topology on (Z U {—oo})N.

LEMMA 8.7. Let ¢ € Z. Then

k> fk) =Y (kj + 01, 1es1y
7j=1

defines a continuous map from A to Z U {+o0o}.

Proof. Tt suffices to prove Lemma 8.7 for £ = 0. We want to prove that k — f(k) is continuous
at some point k(©) = (k‘j(-o))jeN €A.

Case 1: f(]k(o)) = 4o00. This means that k(o) > 1 for any j € N. Consequently, for any A € R, we
j=1k; ) > A. Then for any k € A sufficiently close to k(©),
for j =1,...,n. For such k, we have f(k) >>7"_, k; > A.

may take n large enough so that "
(0)

we have k; = k:j
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Case 2: f(k(©) < +00. Then choose n so that
kgo) > ... 2;@7(21 >0>k7(l0) > ...

For any k € A sufficiently close to k(©), we have k; = k:](-o) forj=1,...,n—1and k, < 0. For
such k, we have f(k) = Z?:_ll ki = f(k©).
The proof of Lemma 8.7 is completed. |

THEOREM 8.8. The map k — py induces a bijection between A and Perg(Mat(N, F)).

Proof. The injectivity of the map k — gy from A to Perg(Mat(N, F')) has already been proved
in Proposition 5.1. We only need to prove that the map is also surjective.

Let 1 € Perg(Mat(N, F)). By Theorem 8.1, p € OZB(Mat(N, F)). Consequently, there
exists a sequence (n;)ey of positive integers and a sequence (pn,)ieny of orbital measures such
that p,, € ORAB,,(Mat(n;, F')) and

P, => it as | — oo. (86)

By Lemma 2.4, we may assume that p,, is the K(n;)-orbital measure supported on the orbit
K(nyg) - Xy, with

. () _(np)
X, = diag(w M), k%nl) > > kM) > oo

ny

By Lemma 8.6, the convergence (86) implies that sup;cy k‘gm) < 0o. Consequently, passing to a
subsequence of (n;);en if necessary, we may assume that for any j € N, there exists k; € ZU {—o0}
such that

lim k" = k;. (87)

>0 7

The convergence (86) and the relation (74) now imply that, for any ¢ € Z, we have

(ng)
—k;

)

oo
~ - . —L
=1 I | )
w(w err) l—l>noloj:1 (w '

—> 00

o0

= llim exp(—logq . Zl(kj(-nl) + 6)1{k§_nl)+£>l}>.
J:

By Lemma 8.7 and (87), we get

fi(wferr) = exp<—logq . Z(k‘] + 5)1{kj+g>1}>. (88)

j=1
Let us define k := (k) jeny € A. Comparing (99) with the formula (40) in Proposition 4.1, we get
fi(wterr) = p(w ery) forall £ e Z. (89)

But by the multiplicativity of i established in Theorem 8.9 and the multiplicativity of fig
established in Proposition 4.1, the above identity (89) implies u = p.
The proof of Theorem 8.8 is completed. |
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8.2 The case of Perg(Sym(N, F))

THEOREM 8.9 (Multiplicativity theorem for orbital limit measures). Let v be an element in
ORPB~(Sym(N, F)). Then for any r € N and for any finite sequence (z1,...,z,) in F, we
have

D(diag(x1, ..., 2,,0,0,...)) = [ [ P(wienr).
j=1

In particular, we have
Proof. The proof is similar to that of Theorem 8.1. O

COROLLARY 8.10 (Ismagilov—Olshanski multiplicativity). An invariant probability measure p €
Pinv(Sym(N, F)) is ergodic if and only if for any r € N and for any finite sequence x1,...,x, in
F', we have

,
v(diag(z1,...,2,,0,0,...)) = H v(xzjerr).
j=1

LEMMA 8.11. Let v be a Borel probability measure on Sym(N, F'). Then we have

lim v(ze;) = 1.
|z|—0

Proof. The proof is similar to that of Lemma 8.5. O

LEMMA 8.12. Assume that we are given a sequence of probability measures (v )nen, such that
Up € OB, (Sym(N, F)). The necessary and sufficient condition for this sequence to be tight is
the following.

(Ca) There exists v € Z, such that the supports supp(v,,) are all contained in the following
compact subset of Sym(N, F'):

{X c Sym(N,F) ’ |XZJ’ < qV,Vi,j c N}

Proof. The above condition (Cs) is clearly sufficient for the sequence to be tight. Now suppose
that the sequence is tight, we shall prove that (C3) is satisfied. By assumption, suppose that
Uy, is the GL(n, Op)-orbital measure supported on the orbit GL(n, O) - X,,. By Lemma 2.7, we
may assume that

X, = diag(@\™, ..., z0), 2V > > 2,

n

Now we argue by contradiction. If the condition is not satisfied, then there exists a subsequence
(nk)ken of positive integers such that

klim |x§n’“)| = 00. (90)

Passing to a subsequence if necessary, we may assume that there exists a probability measure v
on Sym(N, F'), such that v,, = v. By Lemma 8.11, for any a € F', we have

lim lim 7, (ae;;) = lim v(aer;) = 1.
|a|—0 k—o0 la]—0
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That is,

lim lim x(a-tr(gXn,g'e11)) dg = 1. (91)
|a]—0 k—o0 GL(ng,0F)
By (78) in Theorem 7.5, the relation (91) implies that

N

lim lim || 6(a- xgnk)) =1 (92)

la]—0 k—oo -
J:

Using the elementary inequality |f(x)| < 1 and (90) and Proposition 4.5, for any a € F*, we
have

lim
k*)OO

z{™) ‘ < lim [0(a-2{"™)| =0,

This contradicts to (92). Thus the condition (C3) is necessary for the sequence (v,)nen to be
tight. O

8.2.1 Classification of Perg(Sym(N, F')). Recall that by Lemma 4.7, for any a € F' and any
k = (kj)jen € A, we may define an infinite product [];2, 6(a - w k).
LEMMA 8.13. Let a € F' be a fixed element. Then
o0
k= (kj)jen > [[0(a- =)
j=1
defines a continuous map from A to C.

Proof. If a = 0, the assertion is obvious. Now assume that |a| = ¢7 with v € Z. Suppose that
k(™ = (kj(n))jeN converges to k = (k;)jen. That is, for any j € N,

Tim_ K = ;. (93)
We need to show that
(n> s
lim H 0(a-w ™ )= H 0(a-w k). (94)
j=1 j=1

First write k :=limj_ o k; € Z U {—00}.

Case 1: k+~v < 0.
In this case, there exists jo € N, such that k:jo + 7 < 0. Since Z U {—o0} is a discrete space,
by (93), there exists ng € N, such that for any n > ny,

sup(k( )—i—’y)—k( )—i—'y\(). (95)

Jjzjo
Hence by property (i) in Proposition 4.5, for any j > jo and n > ng, we have

ba-w ") = f(a @) = 1.

Consequently, we have

Jo—1 jo—1

i (n) (n) e
lim H@(a-w_kﬂ' ) = lim H G(a-w_kﬂ‘ )= H H(a-w_kﬂ') = He(a.w—’%‘)'
j=1 j=1 j= J=1
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Case 2: k+~ > 0.
In this case, by the previous argument, we have

H 0(a-w ki) =0.
j=1

By (93), for any N € N, there exists ng € N, such that for any n > ng and any 1 < j < jo + N,
we have k](-n) = k;. This implies

> (n) oy (n)
lim sup H 0(a-w " )| < limsup <lim sup H 0(a-w " ) >

n— 00 j=1 N—oo n— 00 j=1

jo+N 1S9
< lim sup O(a-wr)| = O(a-w k)| =0.

msup| ][ 6( )| = |10 =)

7=1 7j=1
Hence the desired relation (94) holds. O

THEOREM &.14. Assume that F' is non-dyadic. Then the map h — vy, induces a bijection between
Q0 and Perg(Sym(N, F)).

Proof. The injectivity of the map h — v, from Q to Pere(Sym(N, F')) has already been proved

in Proposition 5.3. We only need to prove that the map is also surjective.
Assume that v € Perg(Sym(N, F)). Since

Perg(sym(N’ F)) = ﬁ%'@oo(sym(l\LF)))

there exists a sequence (vp,)ien of orbital measures satisfying v, € OZ A, (Sym(n;, F')) such
that

Vp, =>V asl— oo. (96)

By Lemma 2.7, we may assume that v, is the GL(n;, Op)-orbital measure supported on the
orbit GL(n;, Of) - X,,, with

X, = diag(xgm), . ,l’,ggl)), :L'gnl), e ,17%”) eT,
where 7T is given in (26). If for any multi-set’ B with elements in F, we denote by B* the
multi-set of non-zero elements of B. Then there exist

K" = (k") jen, KO = (k") jen € A

such that the following two multi-sets coincide:

()

1(ng)
{e™, ey = ({w B

|jeNU{ew ™ [jeN})™
By Lemma 8.12, the weak convergence (96) implies that

sup kgnl) <oo and sup k;(m) < 0.

leN leN

! By multi-set, we mean that the multiplicities of elements are respected. In particular, if B is a multi-set, then
B U B will be a multi-set, such that the multiplicities for each element is multiplied by 2.
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Consequently, passing to a subsequence if necessary, we may assume that for any j € N, there
exist kj, K € Z U {—oco} and we have

lim k™ =k, lim K = &, (97)

l— o0 l— o0

Now by the weak convergence (96) and the relation (78), for any x € F', we have

oo
(n) /(n)
vU(zey1) = lim H9 (2" H O(zeww i )
n— o0

J=1 J=1
' e’} —k(nl) 0 —k:/-(nl)
= lim || 0(zw™ " ) || O(zeww™ "

Jj=1 Jj=

—

By the continuity of the map in Lemma 8.13 and (97), we get
oo o
v(zeq1) H xw H vew ). (98)

Now by using the identity 6(zw %)% = §(zew™ J’) for any z € F and j € N and by moving
certain elements (in Z and with multiplicities larger than 1) from (k})jen to the sequence (k ) jEN,

we get a new non-increasing sequence (k;) ;e and a new strictly decreasing sequence (k' )jen of
finite or infinite lengths in Z U {—oo} such that the identity (98) is transformed to

v(zerr) H O(xw™ ) ﬁ 9($5w_%}). (99)
j=1

Assume first that lim;_, o kj = —oo. Then
h = (—oc; (k )jeN; (% )jen)
is an element in §2. Comparing (99) with the formula in Proposition 4.4, we get
v(ze11) = vp(xeyy) forall z € F.

But by the multiplicativity of 7 established in Theorem 8.9 and the multiplicativity of 7y
established in Proposition 4.4, the above identity implies v = 1,.
Assume now that lim;_, o k; = k € Z. Then using the relation (51), we have

[[6Gaw ) =10,z ] 62w ™). (100)
=1 je{nlkn>k}

Moreover, we also have

0 ~
1o, (xw™ H zew M) = = 1o, (zw ") H (e "9). (101)
=1 J€{nlky >k}
It suffices to check for 2 € F such that |zeo™*| < 1. For E; such that 74:3 < k (if they exist), we

have \xewikﬂ = ]acw*kewkfk;‘] < 1. Hence H(xawfk;') = 1 by property (i) in Proposition 4.5.

The identity (101) is proved. Write

~ Ej if %j >k, =~ %g if %g >k,
kj = - and kj = -
—oo ifkj=k —oco if k; <k.
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Now, h = (k; (Ej)jeN,(E‘;)jeN), being an element in {k} x A[k] x Af[k], is an element of €.
Combining (99)—(101), we obtain

o0

D(wen) = [[ 8aw ™) [ 6(ze™)
j=1 i=1

1o, (zw ") H G(mw*%j) H G(mew%)] .
je{n|kn >k} je{n|kl, >k}
In this case, we also have

U(ze11) = vp(zeyy) forall z € F.

By the same argument as above in using the multiplicativities of ¥ and 7y, we get v = 1y,.
The proof of Theorem 8.14 is completed. O

9. Properties of the parametrization

9.1 The parametrizations are homeomorphisms
Proof of Theorem 1.3. By Theorem 8.8, we only need to prove that the map k — py from A to
Perg(Mat(N, F')) and its inverse are both continuous. Note that since A and Perg(Mat(N, F)) are
metrizable, their topologies are determined by convergence of sequences.

If a sequence (k(”))neN converges in A to a point k(©) € A, then

sup k](.n) < 00. (102)
n,j
Consequently, the family of the measures yi,(»), all being supported on a common compact subset
of Mat(N, F'), is tight. Thus to prove that p ) converges weakly to p (o), it suffices to prove
that the latter one is the unique accumulation point of the former family of measures. Now let
p be an accumulation point of the sequence (g () )nen. By definition, there exists a subsequence
(nj)jen such that

= lim ni) -
po= )

Since k(™ — k() by explicit formula (40) in Proposition 4.1 and Lemma 8.7, the characteristic
function of y is given by

fi(diag(w™",..., @ %,0,0,...))
= lim fi, () (dlag(@™,..., @ ,0,0,...))

Jj—> o0
= iy (diag(w™,..., @ ,0,0,...)), (¢ € 7).

This implies that we have u = (o).

Conversely, if 4y x) converges to fy). By using the same argument as in the proof of
Lemma 8.6, we can still get the relation (102). Again by compactness argument, it suffices to show
that k(© is the unique accumulation point for the sequence k(™). But if k is an accumulation
point of k(™ then py is an accumulation point of My (ny, Whence g = fiy0). Combining with
Proposition 5.1 we have k = k(©).

The proof of Theorem 1.3 is completed. ]

Proof of Theorem 1.8. By Theorem 8.14, we only need to prove that the map h — vy, from €2
t0 Perg (Sym(N, F')) and its inverse are both continuous. The proof of this part is similar to that
of Theorem 1.3 as above. u
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9.2 The parametrizations are semi-group homomorphisms
On A is equipped with an Abelian semi-group structure. Given any two points k = (kj, )nen and
k' = (k) )nen in A, we define k ®a k' as follows.

(i) If inf k,, = inf k], = —o0, then we define kdak’ € A to be the non-increasing rearrangement
of the sequence (E)neN, where

kfgz,:::kn and k?gvn::k:; (n=1,2,...).

(ii) If ¥ = max{infk,,infk},} € Z, then we define k ® k' € A to be the non-increasing
rearrangement of the sequence (k}),cn, that is any sequence exhausting the integers larger than
k and from k and k', repeated with corresponding multiplicity. For instance, if k = (6,2,2, —3,
-3,-3,-3,...),k =(4,3,0,—1, —c0, - - -), then we define

k®a k' =(6,4,3,2,2,0,—1,-3,-3,-3,-3,...).
Clearly, we have the following.

PROPOSITION 9.1. The map k — py defines a semi-group isomorphism between (A, ®a) and
(Perg(Mat(N, F')), x). More precisely, we have

Mk * fk' = Hkdak’ -

An Abelian semigroup structure ®q on 2 such that h — 14, defines semi-groups isomorphism
between (€2, ®q) and (Perg(Sym(N, F')), *) is introduced in the same way.

10. Proof of Proposition 4.5

In this section, we always assume that F' is non-dyadic. We will use the following change of
variables in the integration over a local field. To introduce the formula for change of variables,
we need the notion of F-analytic functions. A function ¢ : U — V, with U, V open subsets of F,
is called F-analytic, if in some neighbourhood of any point in U it is given by a convergent power
series, it is called F-bi-analytic, if ¢ is invertible such that both ¢ : U — V and o' : V — U
are F-analytic.

THEOREM 10.1 (Change of variables, see Schoissengeier [Sch92]). Let ¢ : U — V be a F-bi-
analytic function. Then for any integrable function f : U — C, we have

/ F@)! ()] do = / f(v) dy,
U 1%

where ¢’ is the formal derivative of .

We will also need the following classical result from number theory concerning Gauss sums
for finite field F,. For the reader’s convenience, we include its standard proof in Appendix A.
Denote by A2 the unique multiplicative character for F;* of order 2, that is,

_J1 ifae (F)Y)?
)\2((1)_{—1 if a ¢ (F)2.

By convention, we extend the definition of Xy to the whole finite field F; by setting A2(0) = 0.

Denote the set of additive characters of F, by f‘q. Given any 7 € fq\{l} (that is, 7 is
a non-trivial character of Fy) and any a € F,, denote by 7, the character of F, defined by
To(z) = 7(a - ). It is a standard fact that the map a — 7, is an group isomorphism between F,
and F,.
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LEMMA 10.2 (Gauss sums). Fix an element T € f‘q\{l}. Then for any a € F, we have

> ma(@®) = Xa(a) - > T(2?). (103)

z€F, z€F,
Moreover,

{ 3 raa?)

zeF,

a € FqX} = {0gv/0: —0q 4}

Denote by O% the set of non-zero elements in Op and denote by (O%)? the square elements
in OF, that is,
(0%)? := {a € Of: there exists b € F such that a = b*}.

Denote the square function x — 2 by () = 22.

ProprosITION 10.3. There exists a partition
Or = Uy UUs,,
such that the square function ¢(x) = x? induces two F-bi-analytic functions:
VU — (08)?% i=1,2.

Recall that by Lemma 2.5, the group (O5)? is a disjoint union of (¢ — 1)/2 balls of radius
-1
g

(05)* = |_| (a +wOp).

a€(Cq)?

LEMMA 10.4. Any element a € (O})? has two square roots ay, as € Oy such that (a; +w@wOp)N
(a2 + wOp) = @ and we have

w(aﬁ—wop) Ca+wOp, i=1,2. (104)
Moreover, we have two bijective maps:

N _.2
o; +wOp mi) a+w@wOp, i=1,2. (105)

Proof. For any a € (OF)?, there exist exactly two elements ay, as € OF, such that
oy =—ay and o} =a3 =a.

Hence |a; — ag| = |2a| = |a| =1 and
(1 + wOF) N (a2 + wOF) = 0.

For any z € O and i = 1,2, we have

(i + w2)? = a + w(2zq; + w2?) € a4+ wOF.
This proves (104).
By Hensel’s lemma (24), for ¢ = 1,2, if @’ € a + wOp, then there exists o), € o; + wOp
such that (a})? = a’. Hence the maps (105) for i = 1,2 are both surjective. Now fix i € {1,2}.
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If 41, 09 € a; + wOpF are such that 6% = 5%, then either 61 = do or 61 = —do. However, if §1 = —do,
then
|01 — d2| = |261] = |2]]61] = 1.

This contradicts to the following estimate:
|61 — 02| = (61 — i) — (82 — )| < max(|dy — e, |62 — i) < g
Hence we must have 8; = (2. This proves the injectivity of the map (105). O

Proof of Proposition 10.3. Clearly, we have

Or=||="0; and (0F)? |_|w
k=0

For any k = 0,1,..., the square map ¢ maps w‘O} surjectively into w?*(O})?. For proving
Proposition 10.3, it suffices to prove that for any £ = 0,1,..., the set wk(’); can be divided
into two parts, such that the square map 1 maps each part surjectively into ka(O;)Q and the
restriction of 1 on each part is F-bi-analytic.

We only need to prove this assertion for k£ = 0, since the other k£ > 1 can be reduced to the case
k = 0 by a suitable dilation. By Lemma 10.4, O can be divided into two parts Op = V; U V5,
such that the two maps ¢ : V; — (O;)Q,i = 1,2 are both bijective. The analyticity of the inverse
maps (|y;) ! follows from the Inverse Mapping Theorem in non-Archimedean setting, see, e.g.,
Abhyankar [Abh64, p. 87]. O

COROLLARY 10.5. For any integrable function f : Op — C, we have
=2 [ f)dy (106)
(0F)?

Proof. Note that since F' is non-dyadic, 2 € Op. Using the notation in Proposition 10.3 and
Theorem 10.1

[ Skl = [ sl |dz—§j/f W=z [ s o

Proof of Proposition 4.5. Property (i) in Proposition 4.5 is trivial. We proceed with the proof of
properties (ii) and (iii).
For any = € F*, define

f(z) = |Z|11/2x(xz).

Then by substituting f into the identity (106), we get

9(3:):/0 x(z2%) dz = i f(2%)]22| dz

1
= 2/( s fly)dy = 2/0* e me( zy) dy. (107)
F
Define
2
g(y) = Wl(o;)2(@/)- (108)
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It is a standard fact that g € L!(F,dx). The identity (107) can now be rewritten as

Since we have

o0

(O})Z — I_I ka(O;‘)Q — |_| (w%a + w2k+1OF),
k=0 k=0 ae(c))2

)

the function g defined by formula (108) can be written in the form

oo
g(y) = Qqu Z lw2ka+w2k+loF (y)
k=0 ae(cy)?
Consequently, we have

0(z) =g(x) =2 ¢ " aip,(x) Y x(@az). (109)
k=0 a€(Cg)?

Property (ii) in Proposition 4.5. If ordp(z) = —2ko with ko > 1, then z = =2y with u € OF.
Substituting = w20y into (109) and using the assumption (28) on , we obtain

9(56) -9 io: q—k—l Z X(aw2k—2kou)

ke=ko ag(Cq)?

_9 —k—1 | — gFo — |p-1/2.
> g 5 =4 |
k=ko

We thus complete the proof of property (ii) in Proposition 4.5.

Property (i) in Proposition 4.5. If ordp(x) = —2ky — 1 with ky > 0, then z = w2kl with
u € OF. By substituting z = w2k0~1y into (109) and using the fact that aw?*~2k0~1y ¢ Op
for any a € (CqX)Q, k > ko + 1 and the assumption (28) on the choice of x, we obtain

H(ZE) -9 i q—k—l Z X(aw2k—2kg—1u)

k=ko  ae(cy)?
o

-1
= ¢ ko1 Z x(awtu) + 2 Z g k1.1~

aE(C? )2 k=ko+1

_qkol<2 > X(awlu)+1>. (110)

ae(Cy)?

Now define a function z — y(z@~'u) for z € Op. Since this function takes same value on every
coset of wOp in Op, we define a non-trivial additive character 7 on Fy = Op/@wOF by the
following formula:

7(z + wOF) := x (2w ).
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Thus we have

O(z) = g Fo~1( 2 Z T(a+wOp) + 1)
a€(Cy)?
=g Y 72+ @Op). (111)
z+wOpeF,

Indeed, the second equality in (111) follows from the fact that for every element in a € (C))?,
there exist exactly two distinct square roots: z + wOp and —z + wOp, that is,

(24 wOp)? = (=2 4+ wOr)? = 2 + wOp = a + wOp(mod wOF).
Now by applying Theorem 10.2, we have
@) = a0 = a2

Now assume that v € OF\(OF)% Then by changing z to vz (equivalently, changing u to v - u)
in (110) and applying (103), we obtain

O(va) = g Fo~1 (2 > xlawou) + 1)

a€g(Cy)?

= ¢ ho-t (2 Z T(v-a+wOf) + 1>
ae(Cy)?
— g o1 Z 7(v- 22 + wOr) = —0(x).
z+wOFreF,

We thus complete the proof of property (iii) in Proposition 4.5. O
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Appendix A

A.1 Proof of Proposition 8.4
LEMMA A.1. Let m € N be a positive integer. Suppose that (o, )nen Is a sequence of probability
measures on ', such that

lim 0,(z) = ¢(x) forallz e F™.
n—oQ

Assume that the function ¢ is continuous at the origin 0 € F™. Then there exists a probability
measure o on F'™, such that o(x) = ¢(z) and

Op =>0 asmn-— 0. (A.1)
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Proof. First we show that under the hypothesis of Lemma A.1, the sequence of probability
measures (o, )pen is tight. By using Fubini’s theorem and Lemma 3.3, for any k& € N, we have

][ (1= 6 (x)) dvol(z)
(wkOp)™

_ ]{wmﬂm dvol(x) / (1= x(-2)) o)

= don(z 1—x(z-2))dvol(x
Lo Gt vl
— [ - Laropn () don(2)

= on({z € F™: ||zl > ¢*}).

By bounded convergence theorem, we have
][ (1 —n(x)) dvol(z) = (1 — p(x)) dvol(z).
(@kOp)™ (wkOp)m

By assumption, ¢ is continuous at 0. Since ¢(0) = 1, for any € > 0 there exists k large enough
such that

][ (1— ¢(z)) dvol(x) < £/2.
(wkOp)™

Fix such an integer k£ € N, and choose ng € N such that for any n > ng, we have
][ (1= G(x)) dvol(z) < e.
(kaF)m

That is, for any n > ng, we have o,,({z € F™ : ||z|| > ¢*}) < . Note that we may choose k' large
enough such that

sup op,({z € F™:|z| > qk/}) <e.
1<n<ng

Hence by taking K = max(k, k'), we get

supo,({z € F™ 1 ||z|| = qK}) <e.
neN

This proves the tightness of the sequence (op,)nen.
Now, for proving (A.1l), we only need to show that any weakly convergent subsequence
(0, )ken has the same limit point o. Indeed, assume that o,, = 0. Then

5(a) = Jim 5,,(¢) = 9(a).

which does not depend on the choice of the subsequence. We now complete the proof by using
the fact that the measure is uniquely determined by its characteristic function. O

LEMMA A.2. Let m € N be a positive integer. Suppose that (o,)nen and o are probability
measures on ™. Then o, = 0 as n — oo if and only if 6,,(x) converges uniformly to o(x) for
x in any compact subset of F™.
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Proof. Assume first that 7, (x) converges uniformly to o(z) on any compact subset of F™. Then,
by Lemma A.1, 0, = 0 as n — oc.

Conversely, assume that o, = o as n — oo. For any x € F™, the function z — x(z - 2)
is bounded and continuous, hence 7, (x) converges to o(x). By the Arzela—Ascoli theorem, for
proving the uniform convergence of &, on any compact subset, it suffices to prove the sequence of
characteristic functions o, is equicontinuous on any compact subset of F. In fact, let us prove
that these characteristic functions are equicontinuous on the whole space F™. For any € > 0,

since the sequence (0, )nen of probability measures is tight, there exists & € N large enough, such
that

supon({z € F™: 2] = ¢"}) < /2.
neN

Now if y € F™ is such that ||y|| < ¢~%, then for any € F™, we have
Yy

[Gulz + 1) — Fa(2)] < / Xy - 2) — 1] do(=)
Fm
<20,({z€ F™: 2] = ¢*}) <&
This proves the equicontinuity of the sequence (6, )nen and completes the proof of Lemma A.2.
O

Now we may prove Proposition 8.4 by using the following two points.

— Characteristic functions fi,, and i are all invariant under the action of the group K(oco) =

(}L(OO,CDPQ X (}L(OO,C)F).

— Checking the convergence p,, = u is equivalent to checking, for all » € N, the convergence
(CUt®)apin = (Cut®).p

A.2 Proof of Lemma 10.2
Let a € FqX. First we claim that

Y ma@®) =D Aa(w)7al). (A.2)

z€F, z€F,

Indeed,

D Xa(@)rala) = ) (Z Lyeen) (y) — 1>Ta(x)

zeF, z€Fy “yeF,
=2 2 L @)nl@) = 3 nl@) = D 7aly?)
yeF, z€F, yeF, yeF,

Consequently, by using the fact that Ay is a multiplicative character of F ', we have

3 @) = Y N@)raz) = 3 Aalay)r(y)

zeF, zeF, zeF,

= 2o(a™) 37 M) = M) - 3 (@),

zeF, zeF,

Hence the identity (103) is proved.
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Let us now show that [}, cp,_ To(2?)| = /q. Indeed, by (A.2), we have

2
S nl)] = 3 B0 n@n)
zeF, z,yeF,
= > D @he@)ly — ).
zeFy yeF,

For fixed z € F, by change of variables y = xz, we get

2
Z Ta(2?)| = Z Z Ao () Ao (22) 70 (22 — )
z€F, xeFX z€Fy
= Z Z Ao (2)7o(z2 — T)
2€Fq zcF
=(@-D+ > M) > malz(z-1)
z€F\{1} z€FY
(¢—1) Z Ao (z
z€F,\{1}

For concluding the proof, we need to show that

> r(a?) €0 R. (A.3)

z€Fy

However, if —1 ¢ (F;)Q, then A2(a) = —1 and we have

)= Y ) = 2 ) = - Y v,

zeF, zeF, zeF, zeF,

It follows that erFq 7(2?) € iR. By similar argument, we can show that if —1 € (F;)?, then

erFq 7(2?) € R. By definition of g, and the cyclic structure of the group F ', we get the desired
relation (A.3).
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