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CLASS NUMBERS OF REAL QUADRATIC FIELDS,
CONTINUED FRACTIONS, REDUCED IDEALS,
PRIME-PRODUCING QUADRATIC POLYNOMIALS
AND QUADRATIC RESIDUE COVERS

S. LOUBOUTIN, R. A. MOLLIN AND H. C. WILLIAMS

ABSTRACT. In this paper we consider the relationship between real quadratic fields,
their class numbers and the continued fraction expansion of related ideals, as well as the
prime-producing capacity of certain canonical quadratic polynomials. This continues
and extends work in [10]-[31] and is related to work in [3]-[4].

1. Introduction. The first objective of this paper is to classify those square-free
positive integers d such that there are no split primes p < VA /2 where A is the dis-
criminant of Q(\/E); i.e., all primes p < \/K / 2 are inert or ramified. This continues and
extends work begun in [10], [17]-[19] and [29]. In particular, [29, Theorem 1.3, p. 144]
(which generalized [15, Theorem 1, p. 18], and [17, Theorem, p. 121]), classified all
those square-free d for which all primes p < V/A are inert. In fact the last two authors
showed in [29] that having all primes less than VA /2 inert forced d to be a very spe-
cial type; i.e., d = € + r with |r| € {1,4}, called narrow Richaud-Degert (RD) types.
In [22] the last two authors used the generalized Riemann hypothesis (GRH) to list all
of these forms. Moreover this situation is intimately linked to the prime-producing ca-
pacity of a certain canonical quadratic polynomial f;(x) (see Remark 2.2) similar to the
well-known Euler-Rabinowitsch polynomial (see Remark 3.3) which is related to the
class number one problem for complex quadratic fields, (see the elucidation in [19] for
example). Therefore, in [29] we were able to give a complete Rabinowitsch analogue
for real quadratic fields. We say complete because if we require f;(x) to be prime for
all xwithl < x < VA / 2 (as is the case for the Euler-Rabinowitsch polynomial) then
having this tantamount to h(d) = 1 forces d to be of narrow RD type. In [23] the last
two authors looked at other quadratic polynomials with large (not necessarily consecu-
tive) prime-producing capacity which were related to the i(d) = 1 problem for extended
Richaud-Degert (ERD)-types; i.e., those forms d = 22+ rwith4¢ = 0 (mod r). Using
the results of the second author in [18] and assuming the GRH the last two authors (in
[23]) used the techniques similar to that of [29] to complete the task of determining all
ERD-types with h(d) = 1, and left several conjectures pertaining to prime-producing
quadratic polynomials, all but one of which were verified by the first author in [12]. Sub-
sequent to [23] and [29] the last two authors were able to prove in [21], without the GRH
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assumption, that the listin [23] and [29] is complete, with one possible exceptional value
remaining which (given the proofs in [23] and [29]) would be a counterexample to the
Riemann hypothesis. This line of work led the last two authors to explore further the
connection between prime-producing quadratic polynomials and the class number one
problem for real quadratic fields in [22], and [24]-[31] where they introduced new tech-
niques based upon the triple connection between h(d) = 1, reduced ideals and the theory
of continued fractions (see Theorem 2.8 below for example, and see [20] for a detailed
elucidation). This new approach (also explored by the first author in [11]) led the last
two authors to seek a general real quadratic field analogue of the Rabinowitsch condi-
tion for complex quadratic fields having class number one. They did so by looking for a
precise prescription for the factorization (over the rational integers) of f;(x) investigated
in [29]. They had success for small period lengths of w (see Section 2) in [25], [27] and
[31]. However in [31] they exhausted the algebraic techniques available and suggested
therein that such a prescription would be extremely difficult to find in the completely
general case. This problem remains open.

The wealth of results which came out of the above investigation (including a new
record for prime-producing quadratic polynomials given in [26] which surpassed that of
the celebrated Euler polynomial) led the authors to question what it would mean to allow
ramified primes p < VA /2 (but no split primes); i.e., to relax the restriction which the
last two authors had so thoroughly investigated. This brings us back to the first main
result of this paper which is the classification of such d in Theorem 3.1. It turns out
that this situation also forces d to be of ERD-type but not necessarily of class number
one. The machinery used to prove Theorem 3.1 is contained in the preliminary Lem-
mas 3.1-3.8. Some of these preliminary results are of interest in their own right, and two
of them, Lemmas 3.5 and 3.7, generalize results of the first author in [10]. Moreover
these lemmas investigate the link between prime-producing quadratic polynomials and
the situation where there are no split primes less than VA /2. We also settle a question
of Halter-Koch raised in [4] which motivates the introduction of Lemmas 3.1-3.8. Af-
ter the proof of Theorem 3.1 we discuss the phenomenon of prime-producing quadratic
polynomials and the class number one problem for real quadratic fields as studied in
[4], [12], [21] and [23]-[24]. This motivates the general question: What is the largest
number of consecutive prime values that a quadratic polynomial can assume? Under the
assumption of the “prime k-tuples conjecture” we prove that the answer is: Any number
of consecutive prime values can be assumed.

In Section 4 we look at a refinement of a concept introduced by the last two authors
in [32]; viz; quadratic residue covers for real quadratic fields. This is a new technique
for investigating the class number one problem for real quadratic fields. We motivate the
discussion by first citing the solution by the last two authors in [30] of the class number
one problem for a sequence of Shanks, using quadratic residue covers. However, we are
also able to prove that certain open conjectures for the forms d = m>+2 and d = m*> — 8
cannot be resolved by using these covers. Among the forms which can be approached
using quadratic residue covers are those for which all the Q;/ Qy’s are powers of a single
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integer in the continued fraction expansion of w (see Section 2). In [22] the last two
authors completely classified those positive square-free positive d’s for which there are
three or more Q;/Qy’s in a row (as determined by the infrastructure of the principal class
(see [36])) as powers of a single integer. Section 5 is devoted to providing a list of all
positive square-free integers d such that h(d) = 1 and there are 3 or more Q;/Qq’s in a
row as powers of a single integer. Furthermore we prove that the list is complete with
one possible exceptional value remaining.

This paper provides a meeting point for all the ideas explored in [10]-[31] and depicts
the palatable results which can ensue from the interlinked use of theory of reduced ide-
als, continued fractions, prime-producing quadratic polynomials and quadratic residue
covers when applied to class number problems for real quadratic fields.

We now turn to the next section which sets the stage with the machinery needed. We
prove some results in Section 2 which are either not readily available in the literature or
are folklore and deserve to see the light of print with elementary proofs such as Theo-
rems 2.5 and 2.7.

2. Notation and preliminaries. Throughout d will denote a positive square-free
integer, and K = Q(\/c'i). We let Ok denote the maximal order in K, and the discriminant
A, of K is 4d / 0* where

2 ifd=1 (mod 4)
1 ifd=2,3 (mod 4)

Let [, 8] be the module {ax + By : x,y € Z}, where Z denotes the rational integers.
Then we note that Oy = [1,w] where w = (0 — 1 + \/c_i)/o, and A = (w — @)? where @
is the algebraic conjugate w. The norm of « € K is denoted N(«) = a&. Equivalence of
two ideals I and J of Ok is denoted I ~ J, and a principal ideal generated by « is written
(o). Also {I} will denote the equivalence class of I in the class group Cg of K. It is well
known that / is an ideal in Ok if and only if I = [a, b+ cw] where a, b, ¢ € Z with c|b, c|a
and ac|N(b+cw). Moreover, if a > 0 then a is unique and is the smallest positive rational
integer in /, denoted by a = L(I), and N(I) = cL(I). Also, I=la,b+cx].Ifc=1thenl
is called a primitive ideal and N(I) = L(I). Moreover, since I = (c)[a/c, b/c + w], then
we may restrict our attention to primitive ideals and we do so in what follows.

In the following we give an elucidation of the theory for reduced ideals. Proofs of
these results and further details may be found in [39], (see also the description in [20])
and see [8]. A primitive ideal / is said to reduced if it does not contain any non-zero
element « satisfying both || < N(/) and |&| < N(I).

o =

THEOREM 2.1. (a) If I is any ideal of Ok then there exists a primitive ideal J such
that J ~ 1.

(b) If I is any ideal of Ok then there exists an ideal J of Ok such that J ~ I and J is
reduced.

THEOREM 2.2. [ is a reduced ideal of O if and only if there exists some (3 € I such
that [ = [N(I), 3], B > N(I) and —N(I) < 3 < 0.

THEOREM 2.3. (a) If I is reduced then N(I) < v/A.
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(b) If I is a primitive ideal of Ok and N(I) < \/3/2 then I is reduced.

The following involves a Minkowski-like bound (see for example [1, Corollary 1,
p. 135]).

THEOREM 2.4. If 1 is a reduced ideal of Ok then there exists an ideal J ~ I such
that N(J) < v/A/2.

Now we give an elucidation of the thoery of continued fractions as it pertains to the
above. We will use these results extensively throughout the paper. Let I = [N(I), b + w]
be primitive and denote the continued fraction expansion of (b + w) / N{) by
(a,ar,az, ..., a») where

(Po, Qo) = (0b+a — I,UN([)).

and, (fori > 0),
d =P +QiQii,

P,‘+| = a,-Q,~ — P,' where
ai|(P; + \/E)/Qij,

(with | | being the greatest integer function). Therefore, Q; < 2+/d. For convenience we
seta = ap.

From the well-known results in [38] we get that the continued fraction expansion of
(b+w)/N(I) yields all the reduced ideals in O equivalentto I;i.e.,I = Iy = [Qo /0, (Po+
Va) /o)~ 1 =101/0,(Pr+Vd) /o] ~ -+~ Ty = [Qr1 [0, (Pry +Vd) o).

Moreover, since Qp = Qr and Py = P, (mod Qp) then by [38, Section 3, p. 140] we
get I = 1. Therefore the (P; + \/3) / Q; are the complete quotients of (b + w) / N(I). We
call this expansion a cycle of reduced ideals and we note that the Q; / o’s represent norms
of all reduced ideals equivalent to /.

REMARK 2.1. The concept of caliber discussed in [9] is not new. In point of fact,
from the above, we see that if Cx = U"® {J;} and {J;} has #; equivalent (distinct)
reduced ideals then Zf’f’l) t; is the caliber.

The above development yields the following well-known result, which generalizes

Proposition 2 of [10, p. 63] which was only proved for ambiguous ideals.

THEOREM 2.5. Let I = [N(I), b+ w] be a reduced ideal of Ok.

(a) IfJ is a reduced ideal of Ok and I ~ J then N(I) = Q,-/Uf()rsome iwithl <i<
, where the Q;’s appear in the continued fraction expansion of (b + w)/N(I).

(b) IfJ and J are the only ideals of norm N(J), where J is reduced in Ok, and N(J) =
Qi/ o forsomeiwith1 < i < minthe continuedfraction expansion of (b+w)/N(I)
then either J = I, or J = I,.

REMARK 2.2. If J is primitive and either a product of ramified ideals, or a power of a
split ideal then J and J are the only ideals of norm N(J). In point of fact the above results
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are special cases of the ideal-theoretic interpretation of the very old idea of reducing
quadratic forms which is generally believed to have originated with Hermite (see [20]).
In what follows let

[ 4x+d—1)/4 ifd=1 (mod 4)
JaD =1\ _24a ifd=12,3 (mod 4)

Observe that f;(x) is a canonical choice in that it is “norm-induced” as was the poly-
nomial in Rabinowitsch’s well-known Theorem for complex quadratic field ([33]-[34])
of which the following is a real quadratic field analogue. Although Theorem 2.6 was ob-
served by the first author in [11, Theorem 4, p. 170], his proof requires adjustment. On
page 170-171 of [11] one must replace “which is supposed ... generated by wo — n,”
by: “then P is one of the Q;/ Qy’s so P is principal.”

THEOREM 2.6. h(d) = 1 if and only if whenever f;(x) = 0 (mod p) for any prime
p < \/Z/2andanyxwith 1<x< \/K/Z then p = Q;/ Qo for some i with1 <i <
in the continued fraction expansion of w.

PROOF. If h(d) = 1, and f;(x) = 0 (mod p) withp < \/Z/Z and 0 <x < \/Z/Z
then the result follows from Theorem 2.3 and 2.5. Conversely, let p < \/K / 2 divide
f4(x). The result now follows from Theorem 2.5(b) and Remark 2.1. n

We also need the following well-known result which we prove for convenience’s sake,
and because an appropriate reference is not readily available.

THEOREM 2.7. The class group Ck is generated by the non-inert primitive prime
ideals J with N(J) < v/A/2.

PROOF. By Theorems 2.1-2.4, Ck is generated by h(d) reduced ideals 1, ..., Iyy)
such that N(I;) < \/Z/2 for 1 <i < h(d). Since a reduced ideal is, a fortiori, primitive,
then any prime ideal P dividing /; is not inert and satisfies N(P) < N(I;) < \/Z/2 Now
it is clear that the finite set of non-inert prime ideals dividing any [;, for 1 < i < h(d),
generates Ck. [

There are many well-known criteria for Ck to have class number equal to 1. We list
some useful ones here.

THEOREM 2.8. The following are equivalent, (where all Q;’s, refer to the continued
fraction expansion of w),
(1) hid)=1
(2) p= Q,-/Q() whenever p < \/K/Z and p divides f(x) when 1 < x < \/Z/Z
(3) m= Q,-/Qo exactly v(m) times for | <i < mandallmwith1 < m\/Kl_g where
v(m) is the number of primitive ideals of norm m.
(4) p= Qi/Qof()r some i with 1| <i < m — 1 whenever p is a non-inert prime less

than \/A /2.
(5) ELiai+6 =X (d)+X(d)
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where the a;’s are from the continued fraction expansion of w, and A (d) is the number of
solutions of > +4yz = Awithx,y,z > 0, \a(d) is the number of solutions of > +4y* = A
withx,y > 0, and

ifd=1 (mod 4), 7 = 2n,a, odd,
ifd=1 (mod 4), ™ = 2n,ay, even,
ifd=1 (mod 4), 7 odd,

ifd=2,3 (mod 4), 7 = 2n,a, odd,
ifd=2,3 (mod 4), 7 = 2n,a, even,
, ifd=2,3 (mod 4), 7 odd.

NN == —=0

PROOF. The equivalence of (1) and (2) is Theorem 2.6. The equivalence of (1) and
(3) proceeds as follows. If 4(d) = 1 then since there always exists a primitive ideal / in
each class, with norm < \/Z/B, (e.g. see [2, Theorem 62, p. 79]), then all primitive ideals
of norm m must occur as some Q;/Qp by Theorem 2.5(a); i.e., v(m) times. Conversely,
since N(I) = m < \/K]_S < \/zi/_4 implies that / is reduced then by Theorem 2.5 and
the discussion before it we have all v(m) ideals equivalent to / being principal; whence,
h(d) = 1. The equivalence of (1) and (4) is merely the observation that all non-inert
primes p < \/—A-/Z divide f;(x), (see Lemma 3.1 below). The equivalence of (1) and (5)
is [14, Theorem 2, p. 119]. .

For certain special forms of d we have results concerning h(d) = 1 which will be
useful to us later.

THEOREM 2.9. (a)Ifd = (2" + 3)> — 8 then h(d) = 1 if and only if p is inert for all
odd primes p < \/d /2.

(b)Ifd = m* +r = 1 (mod 4) where |r| € {1,4} then h(d) = 1 if and only if p is
inert for all primes p < v/d /2.

PROOE.  (a) It can be shown that for such forms Q; is always a power of 2 (see [28]).
The result now follows from Theorem 2.5
(b) This is proved in [29]. [

3. Prime producing quadratic polynomials and class numbers. The last two au-
thors investigated criteria for a real quadratic field analogue of the well-known Euler-
Rabinowitsch result for complex quadratic fields (see [23]-[25], [27] and [29]). As with
the Euler polynomial, the prime-producing capacity of certain canonical polynomials
was linked to the class number one problem. Although Theorem 2.6 is a well-known
general criteria for a real quadratic field to have class number one in terms of the fac-
torization of a “norm-induced” quadratic polynomial f;(x), the last two authors sought a
more precise description of the factorization of that polynomial. They were able to do this
in [25] and [27] by intimately linking the problem to the period length 7 of the continued
fraction expansion of w. The detailed description which this allowed, however, meant
that the algebraic calisthenics necessary to be performed were extremely intricate, and
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after solving the problem for 7 < 5 they had exhausted the algebraic techniques avail-
able. It is an open problem as to whether or not an algorithm exists for extending their
algebraic techniques to the general case.

With the exhaustion of the techniques mentioned above the last two authors turned
their attention to other polynomials in [23]-[24]. This allowed them to look at the class
number one problem for the general ERD-types, which they began in [29] for narrow
RD-types, (whose class number one was characterized therein by the (strictly) prime-
producing capacity of f;(x)). They left conjectures pertaining to the relationship between
the class number one problem for ERD-types and these new polynomials in [23]-[24].
The first author investigated and solved all but one case of these conjectures in [12]. Now
we examine 2 conjectures concerning these new prime-producing quadratic polynomials.
In [4] Halter-Koch remarked that his result, [4, Theorem 3.1, p. 75], might only hold for
ERD-types when d is positive. The following shows this to be false.

Consider the polynomial f,(x) = px +px+(p—q)/4 where d = pg withp =g =3
(mod 4) and p < q. It follows from the Halter-Koch result that if |f,(x)| is 1 or prime for
all integers x with 0 < x < 1/2(,/d/5 — 1) then h(d) < 2. (In fact from Gauss’ genus
theory it follows that 4(d) = 1). Halter-Koch stated in [4, Remark, p. 76] that it is not
known whether or not the above holds for non-ERD-types. Here is an example of a non-
ERD-type for which the above does hold. Let d = 341,and f;;(x) = 11x°+11x—5 = px*+
px+(p—¢q)/4 where p = 11 and g = 31. Then |fi;(x)| = 5,17,61,127 forx = 0,1,2,3
where L(\/:175 — 1)/2] = 3 here. However d is not of ERD-type. Another example is
d = 917 = 7 - 131 which is not of ERD-type, but for which f;(x) = 7x* + 7x — 31 and
|f7(x0)] is prime for 0 < x < 6.

Now we prove a result (similar to the Halter-Koch result [ibid.]) which does yield an
ERD-inference. In what follows f,(x) is as in Section 2. We first need some very useful
and informative preliminary lemmas. Although some of these results are contained in
[10] we include them here in order to make this paper as self-contained as possible.
Moreover the proofs presented here are, for the most part, more elementary than those
in [10]. Furthermore, some of these results are useful generalizations of results in [10]
and [11] from the principal class to arbitrary classes. The reader will thereby be led in a
step-wise fashion to the main result. Finally the results in the Lemmas are of interest in
their own right. In what follows (/) is the Kronecker symbol.

LEMMA 3.1. Letp < \/(_1/2 be prime, then fy(x) = 0 (mod p) for some x with
1 <x <+V/A/2ifand only if (d/p) # —1; (i.e., all non-inert primes p < \/A/?2 divide
fa(x) and they are the only such prime divisors less than \/K/Z).

PROOF. If d(p) # —1 then there exists an integer y with 1 < y < pandd = y*
(mod p). Hence, if d # 1 (mod 4) then setting y = x yields the result. If d = 1 (mod 4)
and p > 2 then we may assume that y is odd (since we may otherwise replace it by p —y).
Thus setting x = (y + 1)/2 yields the result. If p = 2 then d = 1 (mod 8) necessarily
and f;(x) is clearly always even in this case.
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Conversely, if p < VA /2 and fy(x) = 0 (mod p) for 1 < x < /A/2 then, since
fux) = —=x* = 2x(c — 1) /o + (d — (0 — 1))/02, we have d = (ox + 0 — 1)> (mod p);
whence, p is not inert. u

In what follows R denotes the subgroup of Cx generated by the ramified prime ideals;
(whence, Ry is of exponent 2 since P = P for all ramified primes).

LEMMA 3.2. If(d/p) # 1 forall p < v/A/2 then Cx = Rg.
PROOF.  This follows immediately from Theorem 2.7. ]

LEMMA 3.3. The following are equivalent.
(1) (d/p)# 1forallp < \/Z/Z; (whence Cx = Rg).
(2) Iffs(x) =0 (mod p) for some p < \/AJ2 and | < x < /A2 then p divides A.

PROOE. The result is immediate from Lemmas 3.1-3.2 ]

REMARK 3.1. Lemma 3.3 is also noted in [10, Proposition 13, p. 71] by different
techniques.

LEMMA 34, LeatA=m?+4rwithl <r<m /2; then A can be written in exactly
one way; viz. m = |\/A| in the case of the “+” sign andm = |\/A| — 1 for the “—"
sign.

PROOE. IfA=m’+4randl < r <m/2thenm® <A < m*+2m < (m+1)*; whence
m= L\/ZJ IfA=m?’—4rand 1 <r<m/2then(m—1)* <m*—4(m/2—1) <A <m?
whence, m = | VA + 1. "

The following generalizes [11, Lemma b, p. 172], and is also buried in [10, Proposi-
tion 7] in totally different terms. However we include it here to highlight it, to make the
paper more self-contained, and to point out the more elementary techniques for achieving
the result.

LEMMA 3.5. Let I = [N(I),b + w] # (1) be a reduced ambiguous ideal. Thus, if
Q:/ o # N(I) then Q; ] 0 is a square-free divisor of A in the continued fraction expansion
of (b+w)/N() if and only if T = 2i.

PROOE. By [38, Theorem 7.4, p. 640] we get that 1 # N(I) is a square-free divisor
of A. Let S = {primes p : p|N(D)}, and let P, be the primitive ideal over p. Since there is
exactly one primitive ideal of norm N(/) then I = [[,c5 &,. Now set J = [I,c 5 F, where
S ={pld:p & S} We see that S’ # 0, since otherwise N(I) > d contradicting that 1
is reduced by Theorem 2.3. Thus 1J = (v/d) unless possibly 2|N(I),d = 3 (mod 4) and
‘P, is not principal. In that case IJP, ~ 1, so we assume that I; = J in the former case
and I; = J'P, in the latter case. From [38, Theorem 7.3, p. 640] and the fact that there is
exactly one primitive ideal of norm N(/) we may assume that /; is reduced.

Thus, by Theorem 2.5(a), N(I}) = Q; / o for some i with 1 < i < 7 in the continued
fraction expansion of (b +w) / N(I). Also N(I}) # N(I) so in fact 0 < i < . Moreover by
(38, Theorem 7.4, p. 640], N(I})|A. Now, since d = P? + Q;Q;_; then Q;|2P;. However,
2P;/ Qi < (Pi++/d)] Q; < 2P;/ Q; + 1. Therefore a; = | (P; ++/d)/ Q;| = 2P:/ Q. Since
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Pii = a;Q;i — Pi then P; = P,y Alsod = P2+ Q;Qi_1 = P, +Q;Qiv1; whence, Qi =
Qi-1. Furthermore, @iy = [(Pis1 + Vd)/ Qi1 | = |(Pi + Vd)/Qi1| = [(ai1Qiy —
Py +vVd)/ Qi1 ] = lai +(Vd— Pii)/Qi].

However, 1 > (\/;i — PH)/QH > 0; whence, a;;; = a;_;. Continuing in this
fashion, and using the symmetry within the period we get 7 = 2i. =

REMARK 3.2. It is worth noting with regard to the above that if I = Iy, 1;,..., [,
is the complete cycle of reduced ideals equivalent to I (see Section 2), and I is a reduced
ambiguous ideal then m = I,—; (see [10, Lemma 4, p. 64]).

LEMMA 3.6. Let I = [N(I),b + w] be a reduced ideal. If Q; > /d in the continued
fraction expansion of (b + w)/N(I) then a; = 1.

PROOE. 2\/(—1' > P+ L\/(-” >a;,Q; > a,’\/g. ]
The following improves upon [10, Proposition 14, p. 71].

LEMMA 3.7. If (d/p) # 1 for all primes p < \/3/2 and 1 = [NU),b+ w]isa
reduced ambiguous ideal then in the continued fraction expansion of (b + w)/N(I), the
period length T divides 4. Moreover, if m = 1 thend = m* + 4 ord = 2. If 7 = 2 then
A = m?+4rwithr > 1 and rim; and if 7 = 4 then A = m> — 4r with r > 1, and r|m.

PROOF. IfI # (1) and I? # (2) then by [37, Theorem 7.4, p. 640] we get that 1 #
N(I) is a square-free divisor of A. However if 7 = 1,d = P} + 0°N(I)?, a contradiction.
Thusif 7 = 1 then/ = (1) or > = (2).If I = (1) thend = P} +4ifc = 2ord = P} + 1
if ¢ = 1. However in the latter case any prime p divisor of P; satisfies p < V/d and
(d/p) = 1, a contradiction; whence d = 2. If I* = (2)theno = land d = Pf +4, a
contradiction since d Z 1 (mod 4), and d is square-free.

Now we assume that 7 > 1;i.e., Q| # oN(I).

CLamM 1. Ifo < Q) < +/d then Q, /o divides A and Q, /o is square-free, whence
m=2.

If a prime g divides Q) /o then g dividesfd((Pl —o+ 1)/0), and so by Lemma 3.3 g
divides A = 4d/0® = (4P| + 4N(1)Q,0) / 0*. Therefore, if ¢*|(Q; /o) then ¢*|A. How-
ever, ¢*|A if and only if ¢> = 4, in which case 0 = 1 and d = P? + N()Q,, which
is a contradiction because the facts that 4|Q; and that d is square-free together imply
thatd = 1 (mod 4). Therefore Q) /o is square-free and since / is a reduced ideal and
Q1/0 # N(I) then = = 2. Moreover, d = P} + oN(DQ; with ged(N(1), Q1) = 1 so
N([)Ql/o divides P;; i.e., A = m? + 4r with r dividing m and r > 1.

Now we assume that Q; > \/3 By Lemma 3.6 we must have a; = 1. Therefore
Py = Q) — Py and Q; = 2P, +oN(I) — Q. Since d = P53+ 0,0, then clearly 0 < Q5 <
\/(_1. Moreover, by the same argument as in Claim 1, O, / o is square-free and divides A;
whence, 7 = 4 by Lemma 3.5. In fact, d = (Pl + crN([))2 — 0N([)(2P1 +oN(I) — Ql);
ie.,d = m* — 4r where r divides m. [

Moreover we get [10, Lemma 9, p. 68],
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COROLLARY 3.1. Let I and J be reduced ambiguous ideals with I ~ J and N(I) = a,
N(J) = b. If (d/p) # 1 for all primes p < \/A/2 then A = m* + 4r with r = ab.

PROOF. This is immediate from the proof of Lemma 3.7. (]

LEMMA 3.8. Let A = m* =+ 4r with r dividingm and 1 < r < m/2. Let § be a

square-free integer dividing r. If I ~ I5 (where I is the unique reduced ambiguous ideal
of norm é) and N(I) < \/K/Z then N(I) divides A.

PROOF.  For convenience sake and simplicity of notation we only prove the case
where A = d = 1 (mod 4) since the other case is essentially the same.
IfA=m?+4rthenl; = [6,(m + VA /2] and the continued fraction expansion of
(m++/A)/26 is
i 0 1 2
P: m m m
Qi 6 r/é §
ai m/é6 mb/r m/b

If A = m? — 4r then L[5, (m — 26 + \/K) /2] and the continued fraction expansion of
(m—26++/A)/26 is

i 0 1 2 3 4
P m m— 26 m—2r/é m—2r/é m — 26
O 26 2m—26—2r/6  2r/6  2m—26—2r/b 26
az m/b—1 1 mb/r—2 1 m/§—1

The result now follows from Theorems 2.3 and 2.5. (Observe that 2m—26—2r / 6> \/Z).
Now we prove the main result.

THEOREM 3.1.  The following are equivalent.

(a) (d/p) # 1 forall primes p < \//S/Z

(b) Iff;(x) =0 (mod p) for some p < \/Z/Z and1 <x < \/Z/2 then p divides A.
(c) One of the following statements holds.

(1) d = m®> +4 is prime and h(d) = 1.

(2) d = m* — 1 and either m — 1 or m+ 1 is prime form > 1, and Cx = R.

(3) d = m* — 4 and either m — 2 or m + 2 is prime form > 2, and Cx = Ry.

(4) d = m?> + m with either m or m + 1 prime for m > 0 and Cx = Rk.

(5) A =m?+4rwith1 < r < m/2 and rlm. Moreover, Cx = Rk and Ck is
generated by the primes with norm dividing r. Finally if A =1 (mod 4)
then A/r is prime, and if A = 0 (mod 4) then the odd part of A/r is
prime.

PROOF. The equivalence of (a) and (b) is Lemma 3.3. Now assume (a) and prove
(c). By Lemma 3.2 we have Cx = Rk. By Theorem 2.7, Ck is generated by the non-inert
primes of norm < v/A/2.

Let I = [N(I),b + w] be a reduced prime ideal with N(I) < \/K/2 Consider the
continued fraction expansion of (b + w)/N(I). If # = 1 then by Lemma 3.7 either d = 2
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which falls into case (4) or d = m* + 4 which is case (1). If 4 is not prime then using
Lemma 3.7 again on one of the prime divisors we would get # = 1 for that continued
fraction expansion, contradicting the existence of the prime, (since in that expansion
d = P} + 4p? where p divides d). Moreover by Theorem 2.7, h(d) = 1 is forced.

Now assume 7 = 2. By Lemma 3.7, A = m? + 4r where rjm. If r < m/2 then we
are in case (5). By Lemma 3.4, d can only be written in one such way. Therefore the
continued fraction expansion for any ramified prime P with N(P) < VA /2 yields that
p|r. By Theorem 2.7 then Ck is generated by the primes with norm dividing r. For case
(5) it suffices to complete the case by showing that if A= 1 (mod 4) then A/r is prime
since the remainder is similar. If it were not prime then there exist 1 < d; < d, such that
d/r = dd,. Since d/dy = rd, > d» > d,, the ideal of norm d; is reduced; so its norm
d, divides r, a contradiction.

If 7 = 2 and we are not in case (5), then from the proof of Lemma 3.7 we have
N(DQ; > P,. However by Lemma 3.5, N(I)Q,|2P,, so 2P; = N(I)Q,{ > P, {; whence
¢ =1or2.Now,ifoc = 1thend = P} + 2P, when { = 1 andd = P} + P when { = 2.
Ifo =2thend = P} +4P, when { = l andd = P} +2P; # 1 (mod 4), a contradiction
when ¢ = 2. Thus we are in cases (2), (3) and (4).

It suffices to show the primality of one of the factors for any of the cases since they
all have the same proof. We take d = P? + 2P; = (P; + 1) — 1. If P, and P| +2 have
divisors d; < \/Fl and dy < /P + 2 then the ideal with norm d,d, is reduced and so by
Corollary 3.1, d = m? £ 4r with d,d,|r. However d can only be written thus in 3 ways;
viz,d = (Py+2)* —2(P1+2),d = (Pi+1)>—1andd = (P, — 1)>+2(P; — 1) so
d\dy|2(Py +2) or 2(Py — 1), a contradiction since ged(P; +2,dy) = 1 = ged(Py — 1,d)).

Finally the analysis for the case m = 4 is similar to that of m = 2 so we do not repeat
it. Hence (a) = (¢).

To show that (c) = (a) we only have to prove that (5) = (a) since the other cases
appear in [10]. We need to show that there are no split primes P of norm N(P) < v/A/2.
This follows from Theorems 2.3 and 2.5 together with Lemma 3.8. L]

REMARK 3.2. Assuming a suitable Riemann hypothesis the first author showed in
Theorem 18 of [10] that there are 60 real quadratic fields that satisfy any of the 3 equiv-
alent conditions of Theorem 3.1 above. Concerning Halter-Koch’s Remark [4, op. cit.],
the first author clearly shows in [12] that when one chooses an upper bound less than
Vd/4 — 1/2 for x in the polynomial px* + px + (p — q)/4 then one gets a family
strictly bigger than ERD-types. Moreover in [12, Lemma 11, p. 355] he explains how
to determine this family. The interesting problem left open is to consider d = pg = 5
(mod 8) where p = g = 3 (mod 4) and p < g are primes, and determine the upper
bound B in the set of consecutive integers x with 0 < x < B such that the polynomial
|px>+px+(p—q) /4| = |f,(x)| takes on only prime values (or 1). The first author managed
to get this upper bound B in the case of imaginary quadratic fields (Theorem 2(b) of [13]).
In fact, from [12], the first author conjectures that for such d of ERD-type, if h(d) = 1
then |f,,(x)| is prime or 1 whenever 0 < x < Vd /3 — 1. He proves the converse in [12,
Theorem 10, p. 333], (where we note here that the family d = 4p*s® +p should have been
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excluded from consideration therein (and previously in [12, p. 330]) since A(d) > 1 for
this family). The conjecture can be proved using the techniques of [23]-[24] to be true,
with one possible exceptional value remaining. Given the techniques of [21], this excep-
tional value would be a counterexample to the Riemann hypothesis. However, proving
the conjecture by algebraic means seems to be highly difficult since the upper bound in
the conjecture is not a “Minkowksi-type” bound.

Given the above comments one might wonder about the more general question: What
is the largest number of consecutive prime values that a quadratic polynomial can as-
sume? There is reason to believe that the answer is: Any number of consecutive prime
values may be assumed. We are indebted to Andrew Granville for the following eluci-
dation which illustrates this contention.

Hardy and Littlewood considered a generalization of the twin prime conjecture. Es-
sentially they reasoned as follows.

The consensus is that both p and p + 2 are prime infinitely often, (where p is prime).
Can we have p, p +2, and p + 4 simultaneously prime infinitely often? For the following
reasons the answer is no. Clearly p Z 0 (mod 3). If p = —1 (mod 3)thenp+4 = 0
(mod 3) and if p = 1 (mod 3) then p+2 = 0 (mod 3). A similar argument holds for
p,p+2,p+6,p+8, p+24tohave one of them always divisible by 5. To generalize
this idea, consider a finite set of positive integers R = {ry,r2,...r.}. Clearly if g is a
prime such that for each n, 1 < n < g we have Hf:l(n +r;) = 0 (mod g), then there
cannot exist infinitely many values p such that {p + r; }*_, are all simultaneously prime.
If such a prime g exists then R is called inadmissable. Otherwise R is admissible;i.e., R
is admissable if and only if for all primes g there exists an integer a, with 1 <a, < g
such that [¥_,(ag + ;) Z 0 (mod g).

Hardy and Littlewood reasoned that if there is no good reason why p+ry, p+ra, ..., p+
ry cannot all be simultaneously prime infinitely often then they should be; or, more ac-
curately,

THE PRIME k-TUPLES CONJECTURE (HARDY AND LITTLEWOOD (SEE [5]-[6])). IfR
is an admissable set then there are infinitely many integers n such that n + r is prime for
each r € R. (The twin prime conjecture is then the case R = {0, 2}).

Now, with reference to the previous discussion, we have

THEOREM 3.3.  Suppose that the prime k-tuples conjecture is true. Then for any given
integer M > O there exists a quadratic polynomial of the form f (x) = x* +x +n such that
f(x) is prime for all integers x such that 1 < x < M.

PROOF. Letr; =f(j)=j*+jforj=1,2,3,....M.

CLAIM. Theset R = {ri,r2,...,ry} is admissable.

If g = 2 then let a, = 1. Now, each r; is even so Hj"il(rj + 1) is odd. For each odd
prime q let b, be any quadratic non-residue modulo ¢, and set a;, = (1 —b,)/4 (mod g).
IfTTY, (r; + ag) = 0 (mod g) then r; +a, = 0 (mod g) for some j with 1 <j < M;ie,
ri = —a, (mod q). Therefore, (2j + 1) = 4r;+ 1 = 1 — 4a, = b, (mod g). Thus we
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achieve the contradiction that b, is a quadratic residue modulo ¢g. We have shown that
Hjﬁi ((rj+ay) #0 (mod g); whence, the claim is secured.

Now, by the prime k-tuples conjecture we know that there exist arbitrarily large values
of n for which {n +f;}*, are primes. Pick such an n and we see that f(x) = x* +x +n is
prime forx = 1,2,..., M. u

REMARK 3.3. From a non-theoretical (heuristic) point of view, it becomes an inter-
esting question to see if we can find an n in Theorem 3.3 for M = 50 say. The largest
number of known consecutive distinct (initial) prime values taken on by a quadratic poly-
nomial is 45 (see [25] for such an example which supplants Euler’s celebrated polyno-
mial x> — x + 41 where M = 40). The methodology for doing this would be to pick n so
that 1 — 4n is a quadratic non-residue for all primes g < 200 say. Then one can look at
values of n is some residue classes modulo [T,<200 - Perhaps some sieve methods would
provide us with a desired value of n. This is a problem for future investigation.

4. Quadratic residue covers and quadratic polynomials. First we refine the con-
cept of a quadratic residue cover introduced by Mollin—Williams in [32].

DEFINITION 4.1. A finite set C of prime integers is called a quadratic residue cover
of a family F of real quadratic fields whenever, for each field k of F, there exists a
prime p in C such that p splits in k, and such that the prime ideals above p are principal
for only finitely many fields of ¥, i.e., the prime ideals above p are not prinicpal “presque
partout”.

The last two authors proved in [30] that (d / 127) = 1 whenever d = (2" + 3)> — 8,
and that the prime ideals above 127 are not principal whenever 127 < Vd /2. Thus,
C = {127} is a quadratic residue cover of the family F = {Q(v/d) : d = (2"+3)> —8}.
Using this fact they were able to prove in [29] their conjecture (posed in [28]), which
now follows readily from Theorem 2.9 above.

THEOREM 4.1.  Ifd = (2"+3)2—8 then h(d) = 1 ifand only ifd € {17,41, 113,353,
1217}

REMARK 4.1. Theorem 4.1 is related to an investigation by Shanks of such forms d
and their relationship to A(d) = 1.

In [28] the last two authors also conjectured that if d = m? + 2 then h(d) = 1 if and
only if d € {2,3,6,11,38,83,227}. Part (a) of Theorem 4.2 below shows that such a
conjecture cannot be proved using quadratic residue covers. Indeed, for these fields 2 is
ramified and the prime ideal above 2 is principal (since N(m + Vd) = —2), so we can
assume that any quadratic residue cover does not contain 2. Whenever d = m> — 8 then
2 splits, and the ideals above 2 are principal, (since N ((m + \/3) / 2) = 2). Therefore,
again we can assume that any quadratic residue does not contain 2. Thus part (b) of
Theorem 4.2 below shows that there does not exist any quadratic residue cover for this
family. However, Theorem 4.1 shows that there exists one for a sub-family of this family.
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THEOREM 4.2. Let C be any finite set of odd prime integers. Then,
(a) There exist infinitely many d = m* + 2 such that (d/p) = —1forallp € C.
(b) There exist infinitely many d = m* — 8 such that (d /p) = —1 forallp € C.

Theorem 4.2 will be proved using the following.

THEOREM 4.3. (a) Let f(x) = ax* + bx + ¢, f(x) Z O (mod 4), where a,b,c € Z,
a # 0and ged(a, b, ¢) is square-free. Then there are infinitely many n € Z such that f (n)
is a square-free integer.

(b) Let f(x) = ax* + bx + ¢ € Z[x], f(x) Z 0 (mod 4), a > 0 be with discriminant
D = b*> — 4ac such that ged(a, b, ¢) is square-free. Let C be any finite set of odd prime
integers not dividing D. Then there exist infinitely many n € Z such that f(n) is a square-
[free positive integer with (f(n)/p) = —l,andp € C, except whenp =3 € C,a =2
(mod 3), and D =1 (mod 3); in which case, (f(n)/3) #—-1,nez

REMARK 4.2. Theorem 4.2 shows, for example, that there is no hope of ever finding
any quadratic residue cover for the family F = {Q(\/c—i) :d=m*+r =25 (mod 8)}.
For if we write m = 2n + 1 then d = f(n) with f(x) = 4x* + 4x + 5 with D = —2°. Since
2 is inert in the fields contained in ¥, we may assume that any quadratic cover does not
contain 2.

THEOREM 4.4. Let p be an odd prime, b € F, \ {0} and ¢ = £1. Then,

(a) The set {x tXEF,(x/p)=¢ and((x+b)/p) = 1} has
%(p —-2—(/p)— e(l + (—b/p))) elements.

(b) The set {x :x € Fy,(x/p) =€cand ((x+b)/p) # —l} has
%(p —(b/p) —e(l —(=b/ p))) elements. Thus, this set is non-empty except when
p=3b=1ande = 1.

PROOF. (a) This follows from [7, Theorem 8.1], using the following expression for
the number of elements of our set

1/43 (1 +ex/p))(1 +x+b)/p))

where the sum ranges over all b € F,, and x # 0, —b.
(b) This follows from (a). »

PROOF OF THEOREM 4.3. (a) follows from [35]. For (b) we have that f(x) =
z";{(2ax +b)?> — A}. If p € C and p does not divide a then let a,, be such that (a,/p) =
—(a/p) and such that (a,,+A/p) # —1. Let b, be such that (2ab,,+b)2 =a,+A (mod p).
If p € C dividesa, then p does not divide b, and we let b, be such that ((bb,+c) /p) = —1.
Let b~ € Z such that b = b, (mod p), p € C. Hence (f(bc)/p) =—-1,p e C. Let
n=bc+kNc, k € Zwith N¢ = Il,ec p. Then (f(n)/p) = —1,p € C, and (a) gives us
that there exist infinitely many f(n) square-free. Indeed

f(n) = aNZk* + f'(b )Nk + f(b)
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and if p? divides gcd(aNZC,f’(b)NC,f(b)) then p does not divide N (For if p divides
N then p divides f(b), which contradicts (f(bc)/p) = —1,p € C). Thus p? divides
gcd(a,f’(bc),f(bc)) = gcd(a, b, ¢) which is not possible. Hence (a) provides us with the
result. L]

In [31] Mollin and Williams introduced the concept of quadratic residue covers (re-
fined at the beginning of this section) to study those forms d such that in the continued
fraction expansion of w, all Q;/ Qy’s are powers of a given prime p, and the relationship
with h(d) = 1. As noted in [32], if A(d) = 1 then given all Q,~/Q0’s as powers of a single
integer a > 0, a must in fact be prime. In particular they solved a conjecture for the case
p = 2 as noted above. They also listed all A(d) = 1 when Q;/Qy’s are all powers of p
for p < 19, with one possible exception. They felt that this might be all possible values
of d where h(d) = 1 and Q;/ Qy’s are p powers. The following section proves them to be
correct.

5. Consecutive powers of the Q;/Qy’s and h(d) = 1. Let

d = (o(qa" + (@ — 1)/(1)/2)2 +o%a"

be square-free. In [21] we showed that if there are 3 or more Q; / o’s (in the continued
fraction expansion of w) in a row as powers of a then d must be of the above form. The
purpose of this section is to discover, (with one possible exception) all those values of d
for which the class number A(d) is 1.

We first note that if Q; /o is not a power of a, then Q;/o > a". This is very easy to
show by the results on the continued fraction expansion of w given in [22]. Thus ifa > 2,
we can never get a value of Q;/o = 2. If d # 5 (mod 8) there exists a prime ideal P
lying over 2 such that N(P) = 2 < \/Z/2 Thus if A(d) = 1, P should be among the
reduced principal ideals of K. Since this cannot be the case, we must have h(d) > 1 when
d # 5 (mod 8) and a # 2. Hence we must have 0 = 2 if h(d) = 1. Therefore in the
sequel we will assume that o = 2.

If a is composite, let p be any prime divisor of a. It follows that (d/p) = 1; hence,
there exists a prime ideal P lying over p such that N(P) = pand p < a/2 < \/Z/2
Hence h(d) # 1, as P cannot be among the reduced principal ideals of Ok. Thus, if
h(d) = 1 we must have a being a prime. If gcd(n, k) > 1 then by referring once again
to the continued fraction expansion of w given in [22] we see that no value of Q; /o can
be a. If h(d) = 1 then a is a prime, (d/a) =landa < \/2/2, which means that some
Qi / o = 1, a contradiction. We know from [22] that if all Q; / o are powers of a, then k
divides n. Therefore if h(d) = 1 we must have k = 1 in this case.

Now we proceed to prove Conjecture 3.2 of [32]; i.e., that if #(d) = 1 and all Qi/Q()’s
are powers of p then p < 19 and the list given in [32] is complete; i.e.,

THEOREM 5.2.  Assume that in the continued fraction expansion of w we have 3 or
more Q;/ Qo’s in a row as powers of a single integer a; then h(d) = 1 if and only ifa = p,
a prime and either
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(a) m=1andd € {2,5,13,29,53,173,293}
or
(b) m>1and
1)forp=2,de{3,6,11,17,38,41,83,113,227,353,857, 1217},
2)forp =3,d € {13,21,37,61,93,157,237,397,453,7213},
3)forp =35, d € {101,461,941},
4)forp="1,4d € {77,197,317,557,1253,1877},
S)forp =11,d € {773,1133},
6)forp =19, d = 437,
with only one possible value remaining, the existence of which would be a counterexam-
ple to the Riemann hypothesis.

PROOF.  From, [37] we have (with one possible exceptional value A remaining), that
(1) L(1,xs) >.6657A" for 0 < n < 1/2and A > max{er,e!'2}.

Also from the well known analytic class number formula we know that
&) 2h(d)R = VAL(L xa),
and we letd = (qa" + (d* — 1)/q)2 +4a".

For our numbers we have ga” > a* and R < (g—cl‘(ii('—lk—)) log VA+1 by Theorems 6.1-6.2

of [22]. Now v/A > ga" +(d* —1)/q > ga" > a" and since ga”" > a* we have VA > d*.
It follows that
3) max(k, n) < log \/Z/ loga
and
4) R < (logA)*/(2loga) + 1
If we select 7 = 1/ logA+.001, then > 1/ logA and by (1), (2), (3), (4) we get
499 499
h(d) > ((log A)3 ‘/2:)261 +2 logA) 2 g) = ((log A)3 /2;:2 + 210gA>

Putting A = 10'°, we see that g(A) > 1. Since g(A) is an increasing function of A when
A > 10'% we have h(d) > | whenever d = A > 10'? (with one possible exception).

In the special case of k = 1 we know by previous results [32] that we need only deal
with values of @ > 13 as all the values of d whena < 11 and k = 1 for h(d) = 1 are

known.
Now. 1 1,,logA
n+ og
By (1) and (2) we get
. 24A4°
h(d
@ > ((logA)3/2loga + (logA)2)
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when € =.001.

If ga" + (a — 1)/ q > 6000, then A > 36,000,000 and by using the above inequality
we see that h(d) > 1. If ga"+(a—1) / g < 6000 then there can only be a few possibilities
for g, a and n. For each of these possibilities it is easy to check that the corresponding
d value has either a small (< \/Z/Z) prime divisor or prime divisor (= 1 (mod 4)) or
there exists a small prime p (< VA /2) such that (A/p) = 1 and p # a. In each of these
we cannot have h(d) = 1. Thus with one possible exception we know all the values of d
such that i(d) = 1 whenk = 1.

To deal with the remaining cases we need to prove the following claim.

CLAIM. Ifk > 1 and p is any prime such that p < a", p # a and (d/p) # —1 then
h(d) > 1.

Since (d/p) # —1 there must exist a prime ideal © lying over p such that N(P) =
p < a". Furthermore, since k > 1 we cannot have h(d) = 1 when all Qi/a values are
powers of a. Thus we may assume the existence of some Q; /o which is not a power of
a,and p < @' < Qi/o < +/d/o = \/A/2. Thus if h(d) = 1 then p must be one of the
Qi/ o values, which, since p # a is impossible. This completes the claim.

Now, if h(d) = 1 we must have I(a,n, k,q) = ga" + (d* — 1)/q < 10°and a > 2;
whence n < 16. Also@*™" < g < 10°/a". Hence a* < 10° and k < 16. Also ged(n, k) =
1. We can add some further restrictions by noting the identity

k21, al? — 1.2
4d/o* = (ga" + a 2a" +
Jo =G+ (2 e+ (P21
where 2|k, ¢ = q192, q1|@*/> — 1 and ¢|a*/> + 1. By puttingo = 2, n = k, ¢ = q» = 1

and a = 1, we see that this is a generalization of the well-known identity of Aurifeuille.
Since x> +y> = 0,1,2 (mod 4) we see that d # p, 2p|, p1p> where p, p; and p, are
primes and p; = p, = —1 (mod 4) unless all of the following hold:

nisodd, gisodd,a = —1 (mod 4).

Thus if A(d) = 1 we must have all of these conditions above being true when 2|k.
One case which is useful to eliminate is that of n = 1, k = 2. In this case

R <3logvVA+1

and
L24A499

3(logA)? + 2logA’
If A > 13,000, 000, then h(d) > 1. Thus we need only consider

h(d) >

qa+(a* —1)/q < 3606.

Since ga > a2, this means that a < 61. We note that if a = —1 (mod 3) and a # —1
(mod 9) then

ga+(a* — 1)/q#0 (mod 3).

https://doi.org/10.4153/CJM-1992-049-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1992-049-0

CLASS NUMBERS OF REAL QUADRATIC FIELDS 841

Hence d = 0 (mod 3). Thus, if a > 3, then A(d) > 1, by the claim. Since a = —1
(mod 4), in order that h(d) = 1 we geta € {3,7,19,31,43}. When a = 3,7, 31 there is
no odd divisor g of a* — 1 such that ¢ > a. When a = 19, 43 there is only one possible
divisor g of @*> — 1 such that ¢ > a and a < 3606 /a. Each of the resulting d values is
divisible by a small prime p < a (p = 5 when a = 19 and p = 11 when a = 43). Thus
the case n = 1, k = 2 has been eliminated, (with one possible exception).

Since we have k # 1 and n > 3 when k = 2 and ga" > a* we must have a® < 10°
which means that since a must be a prime for h(d) = 1, we get a < 43.

By running a computer program on the remaining values of a, n, k, g we produced all
the possible values of 1(a, n, k, g). If we found a prime p < a”" such that

(I(a,n,k,;])2+4a") 4

then we eliminated the corresponding set of values of a, n, k, g from further consideration.
This left us with a total of 14 square-free values of d for which A(d) might be 1. Of these
9 are composite and have a prime factor congruent to 1 (mod 4); hence, h(d) > 1 for
these. Of the 5 remaining numbers 857, 15641, 25301, 385661, 15280301 we found that
h(d) = 1, 3,3 and 7 for the first four. Also 15280301 = 1 (mod 7) and 7 is not a value of
any Q;/o in the continued fraction expansion of w (where the period length is 15 for this
number). Hence h(d) > 1 for this value. Thus the only new value of d for which A(d) = 1
beyond those computed earlier is d = 857 (wherea =2,n =2,k =3,q=17). =
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