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Abstract. An LP operator norm estimate of the difference between the Kac
operator and the Schrédinger semigroup is proved and used to give a variant of
the Trotter product formula for Schrédinger operators in the L? operator norm.
The method of the proof is probabilistic based on the Feynman-Kac formula.
The problem is discussed in the relativistic as well as nonrelativistic case.

§1. Introduction

In [8], we have given an estimate in the LP operator norm of the dif-
ference between the Kac operator e tV/2¢~tHoe=tV/2 and the Schrodinger
semigroup et = e~ t(Ho+V) where H = Hy+ V = —%A + V is the non-
relativistic Schrédinger operator with mass 1 and scalar potential V (z), a
real-valued continuous function bounded below, in the space LP(R%), 1 <
p < o0, and also in the Banach space Co (R?) of the continuous functions in
R vanishing at infinity. Here as the Kac operator we mention the transfer
matrix/operator for a Kac model [12] in statistical mechanics associated
with a potential V(z). The operator norm of this difference is estimated
by a power of small t > 0 with order greater than or equal to 1. As a
by-product a variant of the Trotter product formula for the nonrelativistic
Schrodinger operator in the LP operator norm is obtained.

Helffer ([5],[6]) was the first to treat this problem in L?, when V(z) is
a C®—function in R? bounded below by a constant b and satisfying

|0°V (z)] < Ca(1 + 332)(2—Ial)+/2
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for every multi-index o where a4 = max{a,0} = a V0, in order to relate in
some asymptotic limit the spectral properties of the Kac operator to those
of the nonrelativistic Schrédinger operator —3A + V. We have used in [8]
probabilistic methods to extend his result to the case of more general scalar
potentials V(z). For the related L? result with operator-theoretic methods,
we also refer to Doumeki-Ichinose-Tamura [2], where the problem in the
trace norm is also treated.

The aim of this paper is to present a unified approach to the relativistic
case as well as nonrelativistic case for this problem. The new result of the
paper is to give the proof for the relativistic case, which employs slightly
modified, though probabilistic, arguments of [8]. However, the present
method unifies the idea of proof in both the nonrelativistic and relativistic
cases. In fact, it enables us not only to improve slightly our previous result
in [8] for the nonrelativistic Schrédinger operator H = Ho+V = —%A +V,
but also to obtain an analogous new result for the relativistic Schrodinger
operator H" = Hj+V =+—-A 4+ 1—-14V. In this case the operator norm
of the difference between the Kac operator and the relativistic Schrédinger
semigroup reveals a slightly different behavior for small ¢ > 0, compared
with the nonrelativistic case.

In Section 2 we state our results, Theorems 2.1 and 2.2 for the nonrel-
ativistic case and Theorems 2.3 and 2.4 for the relativistic case. They are
proved in Sections 3 and 4, respectively, in a unified way.

§2. Statement of the results

To formulate our theorems we want to consider the nonrelativistic
Schrédinger operator

1
(2.1) H:HO-I—VE—EA—I—V
and the relativistic Schrodinger operator
(2.2) H =Hj+V=v-A+1-14V

with mass 1 and scalar potential V(z), not only in L? = L*(R%) but also
in LP = LP(R%), 1 < p < oo, and also in the Banach space Cy = Coo(R%)
of the continuous functions in R? vanishing at infinity, equipped with L>
norm.

If V(z) is a real-valued locally square-integrable function in R and
bounded below, both H and H™ are essentially selfadjoint on C5° =C§°(R9),
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which is shown by use of Kato’s inequality (Kato [13], Ichinose-Tsuchida
[11]). So their unique selfadjoint extensions are also denoted by the same
H=Hy+Vand H = Hj+ V.

Then their semigroups e *# and e *#" have the following path integral
representations (e.g. Simon [15], Ichinose-Tamura [10]):

ey () ) = Badewn(~ [ VOX(o)as) 70

24  (f)(@) = Eylexp(- / VK(s)ds) X)L,

for f € L?. Here E, (resp. ET) means the expectation or integral with
respect to the probability measure u, (resp. Az) on the space of the contin-
uous (resp. right-continuous) paths X : [0,00) — R? starting at X(0) =
such that

(2.5) B[] = exp(~ L 17?),

(2.6) ELePX0-9)] = exp(—t(\/pZ + 1 - 1)).

The measure p, is the Wiener measure and (2.3) is called the Feynman-Kac
formula, while the measure ), is the probability measure associated with a
Lévy process with characteristic function (2.6).

We can see via (2.3) and (2.4) that the operators e 7 and e7*#" defined
as bounded operators on L? extend from LP N L? to bounded operators on
LP for 1 < p < oo (cf. Simon [16]). Both e™*# and e™*" are strongly
continuous semigroups obeying

(2.7) le™ fllp < €17 llp,

(2.8) le™ ™ fllp < eI £1lp,

for f € LP, 1 < p < oco. We denote also the generators H, and H of these
semigroups in LP by the same H = Ho+ V and H" = Hj + V. When
p =00, et and e " are defined on L™ as the duals of the L' operators.
They are not strongly continuous, but (2.7) and (2.8) hold for the p = oo
operators. The p = oo operators Hy, and H[ are the adjoints of the p =1
operators H; and H7, respectively.

In addition, if V(x) is continuous, (2.3) and (2.4) define as well the
strongly continuous semigroups e *# and e *#" on C,, obeying (2.7) and
(2.8).
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In the following, || - |lp—p stands for the operator norm of bounded
operators on LP, 1 < p < o0, or on C.

THEOREM 2.1. (The nonrelativistic case) Let 0 < § < 1. Let m be a
nonnegative integer such that mé < 1. Suppose that V(z) is a C™—function
in R% bounded below by a constant b which satisfies that

(2.9) 0%V (z)| < C(V(z) —b+ 1)1 0 <|a| <m,

with a constant C > 0, and further that 8%V (z),|a| = m, are Holder-
continuous:

(2.10) 0°V () = 9°V (y)| < Cle —y|*, =,y € R,

with constants C >0 and 0 < k <1 (By k = 0 we understand 0*V (z), |a]
= m, bounded). Then it holds that, ast | O,

O(tH_H/Q)? m =0,
(211) lle—tV/2e——tHoe—tV/2 . e—t(Ho—i—V)”p_’p — O(t1+26/\1+TK), m=1,
O(t1+29), m > 2.

Here we write min{a, b} = a A b. Note that the condition (2.10) with
k = 1 is equivalent to that 0%V (z), |a| = m + 1, are essentially bounded.

An immediate consequence of Theorem 2.1 with telescoping is the fol-
lowing variant of the Trotter product formula.

THEOREM 2.2. (The nonrelativistic case) For the same function V(z)
as in Theorem 2.1, it holds that, as n — oo,

(2.12) “(e—tV/Zn e—tHo/ne—tV/2n)n _ e—t<H0+V)Hp—~>p

n=r20(t1+"/2), m=0,0<k<1,
= p AR m=1,0<k <1,
n=280(£1+29), m > 2.

EXAMPLES. The function |z|? (harmonic oscillator potential) satisfies
the conditions (2.9) and (2.10) for V(z) in Theorem 2.1 with (§, m,k) =
(3,1,1) or (3,2,0), and the function |z|* —|z|? (double well potential) with
(6,m,k) = (%,3,1) or (3,4,0). The function |z|* satisfies the conditions
(2.9) and (2.10) with (6, m,x) = (1,0,p) for 0 < p < 1 and (6,m,k) =
(1/p,lpl,p — [p]) for p > 1, where [p] is the maximal integer that is not
greater than p. But, for instance, exp (|z|? + 1)%, a > 0, and exp |z|? do

not satisfy these conditions.
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Remark 1. 1t is Helffer [6] (cf. [5], [4]) that first proved (2.11) in the
L? operator norm (p = 2), with O(¢2) on the right-hand side of (2.11),
by the pseudo-differential operator calculus, when V(z) is a C*°—function
bounded below by b and satisfying |92V (z)| < Cy(1+22)2~12D+/2 for every
multi-index o with constants C. In fact, as his condition implies that

(2.13) 07V (2)] < C(V(x) - b+ 1)(-led/2)+

for the same «, so his result is included in the case p = 2 and (6 m,K) =
(3,1,1) or (6, m,k) = (3,2,0) in Theorem 2.1.

With the condition (2 13) Dia—Schatzman [1] also has recently given an
operator-theoretical proof of Helffer’s result.

Remark 2. Theorems 2.1 and 2.2 include [2, Theorem 2.1 and Lemma
2.2]. In fact, let —0co < p < 2 and let b be a real constant. Suppose that
V(z) is a real-valued C2?~function satisfying

V(z) 2 b+ Co(1+2°)°%,  10°V(2)] < Ca(l +2?)P7ID+/2 o] = 1,2.

Then if 1 < p < 2, we have |9°V(z)| < C(V(z) — b + 1)(I-lel/p)+ | for
la| = 1,2, so that (6, m,k) = (1/p,1,1), while if —co < p < 1, we have
|09V (z)| < Co < C(V(z) — b+ 1)19/2 for || = 1,2, so that (6, m, k) =
(3,1,1) or (3,2,0). Therefore we have by Theorems 2.1 and 2.2

||e—tV/2e—tHoe—tV/2 _ e_t(HO+V)llp—*p — O(tQ), t]o,

and

“(e—tV/2ne—tH0/ne~tV/2n)n _ e_t(H(H—V)“p—»p — n—lO(t2), N — 00.

Remark 3. Theorems 2.1 and 2.2 are valid with the operator Hy re-
placed by the magnetic Schrodinger operator Ho(A) = 3(—i0 — A(z))?
with vector potential A(z) including the case of constant magnetic fields
(see Ichinose-Takanobu [8], ¢f. Doumeki-Ichinose-Tamura [2]).

Remark 4. As for the Trotter product formula in operator norm, Ro-
gava [14] proved for nonnegative selfadjoint operators A and B in a Hilbert
space that, if the domain D[A] of A is included in the domain D[B] of B
and A + B is selfadjoint on D[A + B] = D[A] N D[B] = D[A], then, as
n — 0o,

“(6~tB/ne~tA/n)n _ e—t(A+B) ” - O(n_1/2 In n),
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”(e——tA/2ne—tB/ne—tA/2n)n _ e—t(A—’-B)“ — O(n—1/2 lnn).

In this case, B is A-bounded. Notice that in our Theorems 2.1 and 2.2,
neither V is Hg—bounded nor Hy is V-bounded.

For some complementary results to Rogava’s we refer to Ichinose—
Tamura [9)].

THEOREM 2.3. (The relativistic case) Let V(z) be the same function
as in Theorem 2.1. Then it holds that, ast | O,

(2'14) ”e—tV/Z e—tng—tV/2 _ e—t(H5+V)“p_)p
O(t**r), m=00<k<1,
O(t2llnt[)’ (m, k) = (0,1),
= ¢ O(t(t? vit|Int]), (m,x)=(1,0),
O(t1 12811, m=10<k<1,
O(t112), m> 2.

An immediate consequence of Theorem 2.3 is the following variant of
the Trotter product formula.

THEOREM 2.4. (The relativistic case) For the same function V(zx) as
in Theorem 2.1, it holds that, as n — oo,

(2.15) ”(e-—tV/Qne—tHg/ne—tV/Zn)n _ 6_t(Hg+V)”p—>p

nrFO(t"), m=0,0<k<1,
O] n(t/n)]), (m, %) = (0,1),

=4 O v (02 n(t/n)))), (mok) = (1,0),
n~280(t1+28), m > 2.

The method of our proof is probabilistic based on the Feynman—Kac
formulas (2.3) and (2.4).

We need only to prove Theorems 2.1 and 2.3. To prove them we shall
estimate the integral kernel of the difference between the Kac operator and
the Schrodinger semigroup. They will be proved in Sections 3 and 4.
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§3. Proof of Theorem 2.1

Put
(3.1) Q) = e tV/2emtHog=tV/2 _ o—t(HotV) = ¢ 5

Without loss of generality, we may suppose that V(z) > 1, and the condition
(2.9) holds with b= 1.

Since Q(t) are uniformly bounded operators on LP and C in t > 0,
and since C§° is dense in LP,1 < p < 00, and C , we have only to show
that for f € C§° with ||f|l, = 1, [|Q(%) f||, has the order of the power of ¢
as in (2.11). Here note that the L™ case follows as the dual of the L' case.

By the Feynman-Kac formula (2.3) we have for f € C§°

(32) Q@) t
= Bl (—5 V@) + VX)) - e [ VEX(9)as) ) 1K

Let p(t, z) be the heat kernel, the integral kernel of e~*Ho:

(3.3) p(t, x) = (2mt)~H2e=7"/2,
We have
(3.4 [ 1aloptt,a)de = Clayee,

with a constant C'(a) depending on a > 0 and the dimension d.

To avoid notational complexity, we shall assume d = 1; there is no
essential change of the following proof in the multi-dimensional case.

We use the conditional expectation E| - | X (t) = y| to rewrite (3.2) as

(352)  (Qt)1)(x)
= [ stz = wEelexp(~5(V@) + V)
—exp(— fy V(X(s))ds) | X(t) = yldy
= /f(y)p(t,w —y)d(t, z, y)dy,
where
(3.5b) d(t,z,y) = Ealo(t,z,y) | X(t) = 9]
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with
(3.5¢) v(t,z,y) = exp(—%(V(x) + V(y))) - exp(— /Ot V(X(s))ds).

By Taylor’s theorem

e~ — e—b — _(1 . ea—b)e—a
m
1 .
o
=17’

1
_i(a )m+1/ d9(1 _ 9)me—(1—6‘)a—9b‘
m! 0

Putting

(3:) wlta) = 5(V(@) + V) - [ V(X()ds
t/2 t

—- [T - Vends - [ vX(s) - Vs,
0 t/2

this yields the following expansion of v(¢,z,y) in (3.5¢).

(3.7)
v(t, z,y)
= —w(t z y)e 3

‘Z w(t,z, y)e V@)

V(z)+V(y))

1
—mw(t,:c,y)m+1

t

y /O 401~ 6™ exp[ (1~ 0) S(V(2) + V(y)) — 0 /0 V(X (s))ds]
3
= Zvi(taxay)'
=1

Note in (3.7) that if m = 1, vy(t, z, y) is absent, and if m = 0, both v, (¢, z,y)
and vq(t,x,y) are absent.
Put

(3.8a) d(t,z,y) Zd(tmy,
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(3.8b) di(t,z,y) = Ez[vi(t,z,y) | X(t) =y], i=1,2,3.
Then the function
(3.9) q(t,z,y) = p(t,z — y)d(t, z,y)
3
i=1 i=1

is the integral kernel of the operator Q(t) in (3.1). Here, in (3.8ab), if
m =1, dy(t,z,y) is absent, and if m = 0, both d; (¢, z,y) and da(t, z,y) are
absent, and so are for ¢;(t,z,y) in (3.9).

For m > 1, we have by Taylor’s theorem

m—1
= PRRIEY
P k!
+ 1 2™ /1 dr(1 - T)m‘lv(””(m +72)
(m—-1" Jo
1
= Z %-'sz(k)(ac)
k=1 "
+-——L——zm /1 dr(1 — 1) (VI (z + 72) — VM ()
(m-=1" Jo '

Applying this to the integrands of the last member of (3.6) yields
(3.10) w(t,z,y)
t/2 m 1 t/2
=— [ (X -2a)V'(2)ds—> = [ (X(s) =)V (z)ds
0 = ko

1 ! —
-m/o dr(1—7) 1

- [ XK@ -avwis-3 5 [ (X6 0vOes

/2 k=2
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K@ 0 (V4 70X~ ) = V),

where the second and fifth terms — ) ;" , on the right are absent if m = 1.
It follows that

(3.11a) w(t,z,y) sz(t z,y),
with
(3.11b) ws (¢, z,y)

t/2 t
-~ {Vi@) [ X -e)is + V') /W(X(s) - y)ds},

(3.11c)  wa(t, z,y)
™1 t/2 :
Z E—'{ k)(:L‘ /0 (X(s) — :c)kds + V(k)(y) ./t/z(X(S) - y)kds},

k=2

(3.11d)  ws(t,z,y) = —(m—il—)l /01 dr(1 — 7)™
t/2
X {/0 / (X (s) —2)™ (V(m)(x +7(X(s) — z)) — V(m)(x))ds
b [ X6 - (Y r(X(6) ) - V) s},

t/2

where the second term ws(t,z,y) = — Y jeo - - is absent if m = 1.
According to the decomposmon (3.11a) of w(t,z,y) rewrite di(t,x,y)

as

(3.12a) 1t z,y) = Zdh (t,z,y),

(3.12b) dii(t, z,y)
= —E[wi(t,z,y) | X(2) = yle 3VEVW) | 1<i<3,

where di2(t, z,y) is absent if m = 1.
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We can use (2.9), (2.10) and that for a > 0
2
(3.13) tae=t/2 < (222 ¢ >0,
e

which for a = 0 we understand as e~*/2 < 1, to show the following lemma.
LEMMA 3.1. a) Ifm =0,
(3.14)  |(t,z,y)| < |w(t z,y)]

< c(/ot/2 X (s) — z|*ds + /t/: 1%X(s) — 9]"ds).

b) Ifm>1,

(3.15a) vy (t,z,y) = z)m@xy E:m@xysz“HWW

=1

and
(315b) ’Un(t T y)

t/2 t

={ve [ ) —ads 1 V) [ (xX(6) —vyas)
t/2
e 3 V@V @),

ifm > 2,

(3.15¢)  |via(t, z,y)|

<30 ixto =atase [ 100 -t

ifm>1,
(315d) I’Ulg(t,.'l:,y)l
C t/2 mrkK ¢ m-rK
<= ([ -ar ds+/t/2|x<s>—y| +ds).
If m>2,

(3.16) |va(t,z,9)|

< Z{Zo rlﬂké)( / v 1X(s) — zP*ds + /t ; 1X (s) — yljkds)

7=2 k=1

+ oY (/Ot/2 X (s) — o™ R ds + /t:2 X (s) — y!j(m+n)d5) }
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If m>1,

(3.17) |us(t, z,y)]

s t/2 t
< Zo(t—1+(m+1)k6) (/ |X (s) — 9L‘|(m+1)kds + / 1X(s) — y|(m+1)kds)
k=1 0 /2
t/2 ¢
+O(t™) ( / | X (s) — x| ARG 4 / X (s) — yl(m“)(mJ“")ds).
0 t/2

We give here only a few words for the proof of Lemma 3.1. As mentioned
before, we make use of (2.9), (2.10) with (3.13). (3.14) follows directly
from (3.6). (3.15b) follows immediately from (3.11b). (3.15¢c) and (3.15d)
follow from (3.11c) and (3.11d), respectively, while (3.16) and (3.17) are
obtained by using the expression (3.10) of w(t,z,y) to calculate w(t, z,y)’
and w(t,z,y)™ L.

Therefore, to prove Theorem 2.1, we need to calculate the conditional
expectation Ey[- | X(t) = y] of some basic quantities as in the following
lemma. We note here that for 0 < s <t

(3.18) E.lp(X(s)) | X(t) = y]
=p(t,x —y) " Eulp(t — 5, X (s) — y)p(X(s))]

for a nonnegative measurable function ¢(z).

LEMMA 3.2. Lett > 0.
(i) Let0O<s<t.

Eo[X(s) = | X()) =9) =;(y— o)
(3.19)

EnX(s) =y | X() =9] =——(@—y)
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(i) Leta > 0.

t/2
/O EL[|X(s) — 27 | X(t) = y)ds
lt|a: —y|*+ C( )W”1 0<ac<l,

1
90~ 1(§t|:r y|“+ C( Y e > 1;

/ E,(|X(s) -yl | X(t) = ylds
t/2

(3.20)

—t|x —-yl*+ 20(a)7f“/2+1 0<a<l,
20~ 1(%1?]3: yl* + = C’(a)t“/2+1) a>1.
Proof. (i) We have by (3.18), using the Parseval equality and integrat-
ing by parts,
Bo[X(s) - | X(t) = ]
p(t,z —y) " Exlp(t — 5, X (s) — y)(X(s) — )]
p(t =)™ [ (2= 2ot = 5,2 = v)ps,2 — o)z

(27r) p(t,z — y)"l /e—ipye—(t—S)pz/Ze—ipz(Z-ap)e_spyzdp

Il

(27T) (t Z — y)—l /eip(x—y)e_(t_s)P2/2(isp)e—spz/zdp
S ) Lt e

= (27T)—1§p(t,:r -yt /(iapei”(’:"y))e"tpz/?dp

- —%(m —y)plt,z — )" (2r)"! /eip(m“y)e‘tpz/zdp
= ;(y - z).

Similarly we have

Ex[X(s) —y | X(t) =]
=p(t,z —y) " Eap(t — 5, X (s) — y)(X(s) — )]

=p(t,z—y)™ " /(z —y)p(t — s,z —y)p(s,z — z)dz
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= (20 pltyz ) [ e e T

~em) pta—y) [ D2 i)

t— }
= —(27r)"1—t—sp(t, x—y)! /(iape’p(""_y))e_tp2/2dp

t—s

= T(m —y)p(t,z — y)_1(27r)_1 /eip(x—y)e—tp2/2dp

=" —(@-y)
Thus we have shown (3.19).
(ii) For 0 < s < t/2, we have by (3.18) and (3.4)
(3.21)  Eo[|X(s) —z|* | X(¢) = v]
= p(t,z — y) " Ealp(t — 5, X (s) — 9)|X (5) — /]

:p(t,x—y)_1/|z—x|“p(t—s,z—y)p(s,z—x)dz

=p(t,z—y)~ / |2|*p(t — 5,2 + & — y)p(s, 2)dz
<plto-y) " [Glo=sl+ |+ 5@ -y

xp(t —s,z+z —y)p(s,z)dz
< max{1,2 Jp(t,o =) [(G)rle—sl® + 12+ S - )1

xp(t—s,z+z —y)p(s,z)dz
< max{1,2°7'}(jz — y|* + C(a)s*/?).

For the last inequality of (3.21) we have used
[+ @ —ep(e = 5,2+ 0 - y)p(s, s

(z +z—y)?

22
t—s 2%

= (2n(t - 9)20) 2 [[Jo 4 5o = )l exp(-
= (2n(t — 5)271'3) 172
/|z + —(z — y)|* exp(— ( s — (24 = (:n —))?)e —(z=y)?/2t g,
O(@)( )2t~ 5)*p(t, 2 — )
< C(a)s™?p(t,z —y).
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For t/2 < s < t, we have similarly
(3.22)  Ei[|X(s)—yl* | X(t) =]
=p(t,z —y) " Efp(t — 5, X(s) — y)| X (s) — y|*]
=p(t,z — y)—1 / |z —y|%(t — s,z — y)p(s, z — z)dz
= bt - )" [ 1Dt~ 5, 2)pls, 2+ y ~ a)ds
< max{1,2°7}(|z — y|® + C(a)(t — 5)*/?).

Integrating (3.21) and (3.22) yields (3.20). This ends the proof of Lemma
3.2.

Now we complete the proof of Theorem 2.1, using Lemmas 3.1 and 3.2.
To do so first we use (3.4) to get that for a > 0,

(3.23) | / p(t, e —9)] o~y f @)ldylly < C@2|flpy  f € IP,

for 1 < p < co. This is obvious for p = co and seen for 1 < p < co by the
Holder inequality.
Then for m = 0 we have from Lemma 3.1, (3.14), with Lemma 3.2 (ii),
(3.20)
(3:24)  |dlt,a,9) = |Ealo(t,3,p) | X(8) =]
t/2
<o [ BalX(o) —al | X () = slds
0
t
+ [ BLlIX(6) = ol | X(0) = wids)
t/2
= |& — y|"O(t) + O(t'*/?).

Hence for m = 0 it follows with (3.23) that

(3.25) u / la(t, o, | F@)ldylly < O+ 2|1l

For m > 1 we note here by Lemma 3.1, (3.15b) and Lemma 3.2 (i),
(3.19) that

(3.26) dii(t, z,y)
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= Ex[vll(t7$7y) l X(t) = y]
t/2
~{Vi@ [ B o] X0 = s

t
+V'(y) /t B E[X(s)—y | X(t) = y]ds}e—g(wz)w(y))

= — 2@~ y)(V'(2) - V/(y))e 5V @VO,

Here it is crucial in this paper that we don’t take the absolute values of
X(s) —z and X (s) — y inside the conditional expectation E,[- | X (t) = y]
in the third member of (3.26), so as to use Lemma 3.2 (i), (3.19).

For m =1, we have d(t,z,y) = di(t,x,y) + d3(t, z,y) with dy(¢t,z,y) =
d11(t,z,y) + dis(t,z,y), so that (3.9) turns out q(t,z,y) = ¢i(t, z,y) +
gs3(t,z,y). We have from (3.26) with (2.10)

(3.27a) |di1(t,z, )| < |z —y|MTO(1).
We have from Lemma 3.1, (3.15d) and (3.17) with Lemma 3.2 (ii),
(3.20)
(327b) |d13 (ta €z, y)l
= |Ealvis(t, 2,y) | X(t) =]
t/2
<c([| BlX(s)-al**| X(t) = ylds
0
t
+ [ BIX(s) =yl X () = wlds)
t/2
= [z —y|'TrO() + O FITI/2),
and

(328)  lds(t, )]
= |E.fos(t,2.9) | X(0) =]
t/2
<o 0)( [ B ()~ of | X(t) = yids
; /t/z E,[1X(s) ~ o | X(2) = y)ds)

t/2
YO ([ BlIX(s) = 2l | X (1) = wlds
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+ |, BellX(6) =y | X(0) = y)ds)
— lx _ ylzo(t%) + O(tl-}-%) + |33 y|2 1+x O(t2) + O(t3+n).

Thus for m = 1 it follows from (3.27ab) and (3.28) by (3.9) and (3.23) that

(3.29) | / la(t, o, )| F (@) ldylly < OE+HAEY £l

For m > 2 we have from (3.26) by Taylor’s theorem with (2.9), (2.10)
and (3.13)

(3.30a)  |dii(t,z,y)| = [Bzlon(t, z,y) | X(t) = |
m
< _le = yl'O(”) + |z -y O().
We have from Lemma 3.1, (3.15cd), (3.16) and (3.17) with Lemma 3.2
(i), (3.20)

(330b) |d12(ta xay)l
= |Eg[vi2(t, z,y) | X(t) = y]|

m t/2
<> o ([ Bllx ()~ | X(0) = ulds
k=2 0

¥ /t/g E.[1X(s) ~ yl* | X () = y]ds)

Z [kO tké) + O( (1+26)k/2))
k=2
(3.30¢) ldi3(t, z,y)]

= |Eafons(t,2,9) | X(1) = ]
t/2
S Ex () = almr | X(t) = wlds

m!:

INA

t
+ [ BX) —u | X0 = ylds)

=|z— y|m+mo(t) + O(tl+(m+/€)/2);
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and

(331) |d2(t,$,y)|
= |Exlv2(t, z,y) | X(t) =y

2
< {3 0e ([ B ot | X0 = vl
+ /t//iEx[lX(S) — gl | X(0) = yids)
0w ([ B 2P | X(6) = ylds
[ Bl =g | X0 = jds)}
- Z{Z — yPRO %) + O(t(1+20)ik/2))

j=2 k=1
+|$ _ ylj(m-i-/i)o(tj) + O(t(m+2+n)j/2)};

(3.32) |ds(t, z,y)|
= Ey[us(t,z,y) | X(t) = ]|

m t/2
<Y om0 ([T B (X () — 2l ¢ | X(0) = y)ds
k=1

0
t/2
# [ Bx () =~y ™R X(0) = ylds)
t/
2o ([ BlX(0) -2l | x() = g
+ [ BlX )~y | X(0) = )

= Z(]x - yl(m+1)k0(t(m+1)’“5) + O(t(1+26)(m+1)k/2))
k=1
+lx — yi(m+1)(m+n)o(tm+l) + O(t(m'i'l)(l"'(m‘*"‘)/?))'

Thus for m > 2 it follows from (3.30abc), (3.31) and (3.32) by (3.9) and
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(3.23) that

(333) | / la(t, .01 )y,

< {Z O(t(1+26)l/2) n O(t1+(m+n)/2)
1=2

m
+ Z O(t(1+26)k/2) + O(t1+(m+fc)/2)
k=2
m+1l m

+ D7 (3 0@ 4 oI b £,

j=2 k=1
= O(t"*)|flp-

This ends the proof of Theorem 2.1.

Remark. In view of (3.9) we have obtained, with (3.24) for m = 0,
(3.27ab)—(3.28) for m = 1 and (3.30abc)—(3.31)—(3.32) for m > 2 above, an
estimate of the integral kernel q(¢, z,y) in terms of p(¢, z — y) times a finite
positive linear combination of powers of |x — y| and t.

84. Proof of Theorem 2.3
Put
(4.1) QT‘(t) — e—tV/Qe—tng—tV/2 . e—t(Hg'FV), t > 0

For f in C§°, Q"(t)f has the same representation as Q(t)f in (3.2) and
(3.5ab) with E, replaced by E” and p(t, ) replaced by

(4.2) P (t,2) = 2(2m) "D 2eet(v/a2 +12) T DK ) o (Va? +12),

which is the integral kernel of e *#6 (e.g. Ichinose [7, (2.4a), p. 269]). Here
K, (z) is the modified Bessel function of the third kind of order v. It has
the following integral representations:

L[> —L(s+1/s)
Kl,(t)=§ s e 2T ds
0
— ltv /oo slu—le—%(s+t2/s)d8
2 Jo

oo
=m0 (v +1/2) 7 (2t) Ve / e s 12 (s + 2t) "/ 2ds,
0
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where the first and second expressions hold for v real and the last one for
v>—1/2 (see [3, 7.12. (23), p. 82; 7.3.4. (16), p. 19]). Hence we have

(4-2)1 P’ (t, (IZ) — (27r)*(d+1)/2t6t /OO S_(d+3)/26—%(s+(m2+t2)/s)d8
0

— (27T)—1/2tet / p(s, w)3—3/26——%(s+t2/s)ds,
0
where p(t, z) is the heat kernel in (3.3), so that
(4.3) [ 1alew ¢, 2)dz = €@ K sy,

where C’(a) = (2/7)Y/?C(a) with C(a) in (3.4).

To avoid notational complexity we shall assume d = 1 again; there is
no essential change in the proof in the multi-demensional case.

The proof proceeds in the same way as that of Theorem 2.1. The
integral kernel ¢"(t,z,y) of Q"(¢) in (4.1) is decomposed in the same way
as in (3.9) with p(t,z — y) on the right replaced by p"(¢,z — y) in (4.2). We
have the same statements as in Lemma 3.1, but have to replace Lemma 3.2
by the following lemma. We note again that the formula (3.18) holds with
B[ | X(t) =y, p(t,x—y) and p(t —s, X(s) —y) replaced by E7|- | X(t) =
yl, p"(t,z —y) and p"(t — s, X (s) — y), respectively.

LEMMA 4.1. Lett > 0.
(i) Let 0 < s < t.

EfX(s)—z | X(t)=y] =3(y—2x);

EjlX(s) -y | X(t) =y =5(z—y).

(4.4)

(ii) Leta >0 and 0 < t < 1.
t/2
EL[1X(s) —=|* | X(¢) = ylds
tlz — y|* + Cy(a)t*t?, 0<a<l,
<! tlz—y|+ Ci(DE3(|Int] + 1), a=1,
207 (tle —yl® + C1(a)t?),  a> 1

/ ET[|X(s) < 4" | X(t) = y)ds
t/2

tlz — y|* + Ci(a)ttl, 0<a<l,
<< tlz—y|+ Ci(DE3(|Int] + 1), a=1,
291tz — y|@ + C1(a)t?), a>1.

(4.5)
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Here Ci(a) is a constant depending on a > 0.

Proof. (i) By (3.18) we have, using the Parseval equality and integrat-
ing by parts,

Eg[X(s) —z | X(t) =]
=p"(t,x —y) T Eo[p'(t — 5, X(s) —y)(X(s) — z)]
=p'(t,x—y)" f(z —x)p"(t — 5,2 —y)p (5,2 — x)dz
= (2m) " p"(t,x —y)~?

X/ —ipy o —(t— s)(v/p?+1-1) —zpa:(za) —s(y/p?+1— l)dp

=@2m) Yt —y)!
x/e p(z—y) o= (t—s)(v/P2+1-1) __°F _s(\/pg—ﬂ_l)dp
¢p—+1
= (2m) " (t, x _y)—1/ez‘p(z—y)_ﬂ_e—t(\/;2ﬁ_1)d
VPR +1

= 2m) "tz —y)” 1/eip(‘”_y);(—iap)e‘twp?“—l)dp

= em) 2y a -y / (1B, e7E1))e—UV/PFH-D g,
= —%(w —y)p'(t,z —y)7H(2n) 7 / eiPle=)—t/PH-D) g

S

= Z(y - ).

Similarly we have
EL[X(s) —y | X(t) =]
=p' (e —y) T Eu[p"(t - 5, X(s) = y)(X(s) — y)]
=p'(tz—y)™! /(z —y)p'(t—s,2—y)p'(s,2 — z)dz
= (2m) "'tz —y) 7!
X/e—ipy(iape—(t—S)(m—l))e~ipwe—5(\/1—>5ﬁ—1)dp

= —(27r)—1pr(t,$ — y)—l /eip(w—y)t ; 8(—i6p)e-t( /p2+1_1)dp

= —(zﬂ)—lt_TspT(t,m — )71 /(iapeip(r—y))e—t(,/p2+1—1)dp
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Thus we have shown (4.4).
(ii) First note by the integral representation of K, that for 0 <t <1

{ O(JInt|+1), wv=0,
(4.6) 0<K,(t)=K_,(t) =

o@™), v >0,
and that for v > 0and t/2 <7<t
(47 K,(Vz?+t?) < K,(Vz?+132)
. < max{2'/2,2"}e!""K, (Vz? + t2).

In fact, (4.6) is easy to see by the last expression of K,(t). The first
half of (4.7), K, (Vz? +12) < K, (V% + 72), is evident because K, (t) is
decreasing in t. For the second half of (4.7), we see for v —1/2 > 0 that

K, (Vz?+72)
=7 2T (v +1/2) 71 (222 + 72) Ve VT

X / e=s""12(s + 2/x2 4+ 72)" Vs
0

2 2
<72 +1/2) 1 25 2+ t )~ VIR VTR AT

oo
x [T s 2a )
0
< 2Ye"TK, (Va2 + 12),
and for v — 1/2 < 0 that

Ku( V -’132 + 7'2)
=72D(v +1/2) 712V a2 + 72) VeV a2

X / eV 12 (s + 2¢/22 + 72)" "V 2ds
0

9 V2 + 12 )—ue\/n:2+t2—\/z2+7'2€—\/zc2+t2
2

< 20w +1/2) 7
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x/ oS gV~ 1/2(5+2V~'U + 12 124
< 2V2TK, (Va? + 12),

because /22 + t2 — /22 + 72 < t — 7. Thus we have confirmed (4.7).
Now we show (4.5). Let 0 <t < 1. For 0 < s < t/2, we have by (3.18),
(4.3) and (4.6), noting that

/pr(t —s,z4+z—y)p'(s,z)dz=p"(t,z — y),

(4~8) EL[1X(s) —2|* | X(t) = 9]

Ptz —y) T EL T (t — 5, X (5) — )| X (s) — 2]
Ptz —y)~ /|z z|*p"(t — s,z —y)p' (8,2 — x)dz
Ptz -y~

x(/ +/ )|z—a:|“pr(t—s,z—y)pr(s,z——a:)dz
lz—y|<lz—y| J|z—y|>|z—y|

S pr(tv x— y)‘l

X (/,z W<l yl(lz oyl e —y) (=5, 2 — )P (s, 2 — z)d2
Z—xaTt_s’z_ TS,Z—:L‘dZ
+/|z yl>l y|| "' y)p"( ) )

< max{1,2°"}p" (t, 2 — )" / (2 — 9l + |z — 4|%)
|z—y|<lz—y|

xp"(t— s,z —y)p'(s,2 — z)dz

+p (e —y) P (t— s,z —y) |z —2|"p"(s, 2 — z)dz
lz=y|>]|z—y|
_ a " (t — S, T — a s
< max{1,2°7 12|z — y|* + Cl(a)%ﬁtﬁS( /2 K1-a)/2(s)
2|z — y|® + Ci(a)s?, 0<a<l,
< ¢ 2)z —y|+ Ci(a)s(|lns| + 1), a=1,
2971 2]z — y|* + Ci(a)s), a>1.

Here Ci(a) is a constant depending on a and we have used the fact that

Al
sup sup 0P <0
t/2<t<t 2 pT(t,z)
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which we can see in virtue of (4.7), observing the expression (4.2) of p" (¢, z).
For t/2 < s < t, we have similarly

(4.9) EL[|X(s) —yl* | X(t) =]
=p (t,x —y) T Egp"(t — 5, X(s) —y)| X (s) — y|%]
=p'(t,x—y)" / |z —y|"p"(t — 8,2 —y)p"(s,2 — 2)dz

=p (t,x —y)

x(/ +/ >|z—y]“pr(t—s,z—y)pr(s,z—x)dz
lz—z|<|lz—y| J|z—a|>|c—y]

< max{1,2°71}2|z — y|°
o \P(5 T —y)
ey
2|z —y|® + Ci(a)(t — 5)°, 0<a<l,
< 2z —y|l+Ci(a)(t —s)(|In(t =) +1), a=1,
2071(2]z — y|* + C1(a)(t — 5)), a>1.

Integrating (4.8) and (4.9) yields (4.5). This ends the proof of Lemma
4.1.

(t =)@K (1) ot — )

Now we can prove Theorem 2.3, using Lemmas 3.1 and 4.1.

To do so first we use (4.3) to get that for a > 0,

(4.10) | / Pt e — e —ylf @)ldylly
< (@)t 2K O fll,, € LP,

for 1 < p < oo. This is obvious for p = 0o and seen for 1 < p < oo by the
Holder inequality.

Then for m = 0 we have from Lemma 3.1, (3.14), with Lemma 4.1 (ii),
(4.5)

(1) ldlt,z,v)] = 1Bl ,9) | X(0) =]
t/2
<o [ BX() =l | X() = ulds

t
[ BEIX )~ X = )

|z — y|"O(t) + O(t1*"), 0<k<1,
{ |z — y|O(t) + O(t?|Int]), k= 1.
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Hence for m = 0 it follows with (4.10) that

O™ ) fll,, 0=<r<1,
O nt))|fllp, r=1.

For m > 1 we note here by Lemma 4.1 (i), (4.4) that (3.26) again holds
with E,[- | X(t) = y] replaced by E%[- | X(¢t) = y].

For m = 1, we have d(t, z,y) = di(t,z,y) + d3(t, z,y) with di (¢, z,y) =
di1(t, z,y)+diz(t, x,y), so that (3.9) turns out again q(t, z,y) = q1 (¢, z,y)+
qs(t,z,y). We have from (3.26) with (2.10)

(4.12) H/Iqr(t,%y)llf(y)ldyllpS{

(4138) du(t,z,y)| = |Effon(t,2,y) | X(8) = y]| < |z —y["TO().
We have from Lemma 3.1, (3.15d) and (3.17) with Lemma 4.1 (ii), (4.5)

(4.13b)  |ds(t,z,y)| = [Ex[nis(t,z,y) | X(t) = y]|

1/2
<[ B () = ol X(2) = slds

/ EZ[|X(s) ~ y[** | X (1) = y]ds)

|z — y|O(t) + O(t?|Int]), &=0,
|z — y|"tF o) + O(?), 0< k<1,

and

(414) |d3(t7x’y>l
= |Ez[vs(t, z,y) | X(¢) =yl

t/2
<o) ([ BN ) — of? | X(6) = uids
# B ol | X0) = )
t/2 A
o0)( [ ELlX () a4 | X(0) = ylds

4 ftﬂ EL[1X(s) — yP4 | X (1) = y]ds)

= [z — yPO(*) + O("2) + & — y 2O (12) + O(#).
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Thus for m = 1 it follows from (4.13ab) and (4.14) by (4.10) and (3.9) with
q(t,z,y) and p(t,z — y) replaced by ¢" (¢, z,y) and p" (¢, z — y) that
@15) | [ Id t.0.0) I1£)ldul

O v & nt|)||fllp, &=0,

O ") fllp, 0<w<l

For m > 2 we have from (3.26) by Taylor’s theorem with (2.9), (2.10)
and (3.13)

(4.16a) |d11(t, z,y)| = |Eg[vii(t, 2, y) | X(t) = y]
<Y le = yl'0(t?) + |z — y|"TrO(1).
1=2
We have
(4.16b)  |dia(t, z,v)]
= IET[vu(t z,y) | X( ) =yll

< 3o ([ B el 1 X = lds
k=2
[ EEXG) — o | X0 = )

m

Z IkO tké + O(tl-l—k&))
k=2

(4.16C) |d13(ta may)I
= |Ez[vis(t, 2, y) | X(t) = y]|

t/2
<2 [ Bl (6) - 2 | X(0) = ylds

t
# B G) = | X0) = )
=z~ y™0(1) + O(P);
and

(4.17) |da(t, =, )|
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= |Ez[va(t, z,y) | X(t) = y]|
noe _ t/2 )
< {0 ([ BLx ) — ot | X(e) = yids
k=1

=2

+ [ B 1 X0 = ds)
. t/2 .
o) [ ElX ()~ P | X(0) = s
+ [ BEIXGE) =y | X0) = gids)}

= 3 {3 (e - sPF0wH) + 0+

m
j=2 k=1

Hz — yP o) + O(tj“)};
(418)  ds(t, z,)|
= |EZus(t, ) | X(0) =]
m t/2
< Yootk ([T L (s) - a0 | X(0) = ulds
k=1 0

+ B~ 3l | X () = 1))

¢/2
+O(E™) (| ERIX () =2 | X (1) = ylds
0
t
+ [ BLIX(s) =yl | X (e) = yls)
t/2
= Z([m - y[(m+1)k0(t(m+1)k5) + O(t1+(m+1)k5))
k=1

+|'T _ y|(m+1)(m+m)0(tm+1) + O(tm+2).
Thus for m > 2 it follows from (4.16abc), (4.17) and (4.18) by (4.10) and

(3.9) with g(t,z,y) and p(t,z — y) replaced by q"(t,z,y) and p"(t,z — y)
that

(4.19) n / 14" (5, 0, )1 F ()|l
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< {i Ot 1) + O(t?) + i O(t'T*8) 1 O(t?)
=2 k=2

£330 4 o)

i=2 k=1

+ YO IR L O™ Y| £l
k=1

= O(t"™*)| flp-
This ends the proof of Theorem 2.3.

Remark. In view of (3.9) we have obtained, with (4.11) for m = 0,
(4.13ab)—(4.14) for m = 1 and (4.16abc) — (4.17) — (4.18) for m > 2 above,
an estimate of the integral kernel ¢" (¢, z,y) in terms of p"(¢,x — y) times a
finite positive linear combination of 2| Int|, powers of |z — y| and ¢.

Finally, before closing this final section, we make a comment on the
present approach compared with our previous work [8]. It dealt only with
the nonrelativistic case and its calculation was done by using, via the condi-
tional expectation Ey[- | X (¢) = 0], the Brownian bridge to rewrite (3.5a).
But this procedure cannot work out in the relativistic case. So in this paper
we have used the conditional expectation E.[- | X (t) = y] itself through-
out, so that both the nonrelativistic and relativistic cases can be discussed
in a unified way.
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