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EMBEDDING SMOOTH DENDROIDS IN HYPERSPACES
J. GRISPOLAKIS AND E. D. TYMCHATYN

1. Preliminaries. A continuum will be a connected, compact, metric space.
By a mapping we mean a continuous function. By a partially ordered space X
we mean a continuum X together with a partial order which is closed when
regarded as a subset of X X X. We let 2¥ (resp. C(X)) denote the hyperspace
of closed subsets (resp. subcontinua) of X with the Vietoris topology which
coincides with the topology induced by the Hausdorff metric. The hyperspaces
2% and C(X) are arcwise connected metric continua (see [3, Theorem 2.7]).
If A C X welet C(4) denote the subspace of subcontinua of X which lie in 4.

If X is a partially ordered space we define two functions L, M : X — 2%
by setting for each x € X

L(x) ={y¢c X|ly=x} and M(x) = {y € X|x £ y}.

Then L and M are upper semi-continuous. If 4 C X we let L(4) =
U {LE&)x € A} and M(4) = U {M(x)|x € 4}. We also let Max (X) =
{x € X|M(x) = {«}} and Min (X) = {x € X|L(x) = {x}}.

A chain is a totally ordered set and an order arc is a compact and connected
chain. If for each x € X, L(x) is an order arc and Min (X) is a closed set, then
L is continuous (see, [6, Proposition 3.2]).

Let X be a uniquely arcwise connected continuum and let p € X. We define
a partial order =, on X by x =<, v if x lies on the irreducible arc from p to y.
If =, is a closed partial order we say that X is smooth at p. For x, vy € X, we
denote by [x, y] the unique arc from x to y.

A metric p for the partially ordered space X is said to be radially convex if
x = vy = z implies that p(x, 2) = p(x,y) + o(y, 2).

THEOREM 1.1. (Carruth, [1]). Every partially ordered space admits a radially
convex metric.

We denote by Cl (4) (resp. Bd (4)) the closure (resp. the boundary) of a
subset 4 of X.

A continuum X is said to be unicoherent if whenever X is written as the union
of two subcontinua P and Q, then P M Q is connected. It is said to be here-
ditarily unicoherent if each subcontinuum is unicoherent. A dendroid is an
arcwise connected, hereditarily unicoherent continuum. Clearly, a dendroid is
uniquely arcwise connected. A dendroid is said to be smooth if it is smooth at
some point. A continuum is said to be indecomposable if it cannot be written
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as the union of two proper subcontinua. A continuum is said to be khereditarily
indecomposadle if each of its subcontinua is indecomposable.

Nadler has proved in [5, (1.70)] that a dendroid which is embeddable in
C(X), where X is a hereditarily indecomposable continuum, is smooth. Ile
asked in [5, (1.74)] whether every smooth dendroid can be embedded in C(X)
for every hereditarily indecomposable continuum X. Nadler has answered his
question in the affirmative for the case of smooth fans, that is, smooth den-
droids with only one ramification point (see [5, (1.73)]), as well as for the case
of dendrites (see [5, (1.74.1)]). Our purpose in this paper is to give an affirma-
tive answer to this question for the general case.

Finally, we wish to give our sincere thanks to Professor S. B. Nadler, Jr. for
introducing us to this problem and for many very interesting discussions.

2. Smooth dendroids. For any subset of 4 of X and ¢ > 0 we denote by
S(4, €) the open e-ball about 4.

LemMma 2.1. Let D be a dendroid smooth at p. Let p be a radially convex metric
for X. If r, € > 0, then each component of C1 (S(p,r + e)\S(p, r)) has diameter
less than or equal to 2e and meets the boundary of S(p, r) in exactly one point.

Proof. Let K be a component of Cl (S(p,r + e)\S(p,7)). Let @ € K and let
¢ € Bd (S(p, r)) M\ L(a)). Since K is arcwise connected and D is uniquely
arcwise connected, it follows that ¢ € L(b) for each b € K. Since p is radially
convex, ¢ is the unique point in K M Bd (S(p,r)). If b € K, then r + ¢ =
o(p,b) = p(p,c) + p(c, b).Since p(p, ¢) = 7, wehave p(c, b) £ e. The Lemma
now follows from the triangle inequality.

The following lemma improves somewhat a result of J. B. Fugate
[2, Theorem 1]. This lemma may be used to obtain a simple proof of IFugate’s
result [2, Theorem 2] that smooth dendroids admit small retractions onto
finite trees.

LemMa 2.2, Let D be a dendroid smooth at p, and let p be a radially convex
metric for D such that p(x, p) = 1 for each x € D. Then there exists a sequence
of finite closed comverings Uy, U, . ..of D such that the following conditions
are satisfied:

DU, > Uy > ...,

G)U,=U\\J...\JU, .,

(i) %0 = {CL(S(p, 1/29))},

(V) Ui;=1Uisn - Ujmiih

(v) Ui Uy =¢ fork # K,

Vi) U yu oo Y Uiy = CLS(, §/2\S(p, (G — 1)/29),
(vii) diameter of U, ;» < 3/2%,
(viii) ifx,y € Uspandx € L(y), then L(y) N\ M(x) C Uy jx,
(ix) f LU, j01.6) N Ui .00, then U; ji1 C MU,y 51.).

https://doi.org/10.4153/CJM-1979-014-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1979-014-4

132 J. GRISPOLAKIS AND E. D. TYMCHATYN

Proof. Suppose that for some 7 = 1 and for some j such that 1 < j < 2¢,
Uiy oo., U yand U, ..., %, ;have been defined to satisfy the conditions

(i) — (ix).

By Lemma 2.1, each of the sets
Uit o N MUs ;0) N CL(S(p, G+ 1)/20\S(p, 7/29)

may be decomposed into a collection ¥”; , of finitely many disjoint closed sets
each of diameter <3/2%. Let % ;3.1 = U (¥, |k € {1,...,n,,} and

r el .., my ey el

To show that the members of % ; ;1 satisfy (viii) notice that if K is a com-
ponent of Cl1 (S(p, ( + 1)/29)\S(p, j/2%)) and x,y € K with x € L(y), then
L(y) M M(x) C K. The rest of the properties (i) — (ix) are clearly satisfied.
By induction the proof of Lemma 2.2 is complete.

TueoRrREM 2.3. If D is a dendroid smooth at p, then D can be embedded in a
dendroid Y which is smooth at ¢, Max (V) 1s closed and Y admits a radially con-
vex metric p such that p(q, x) = 1 for each x € Max (V).

Proof. Let f : C — D be a mapping of the Cantor set C onto D. Let d be a
radially convex metric for D such that d(p, x) £ 1/2 for each x € D. Define
an equivalence relation ~ on C X [0, 1] by setting (¢, x) ~ (e,y) in C X [0, 1]
if and only if x = yand ¢ = e or there exists z € L(f(c)) M L(f(e)) such that
d(p, z) = x = y. Suppose that (cq, x;))ico and (e;, y;))ico are sequences in
C X [0, 1] which converge to (¢, x) and (e, y), respectively, and such that
(¢iy x:) » (ey, ;) for each 7. For each i let z; € L(f(c;)) M L(f(e,)) such that

limd(p,2;) =limx; =x = limy,; = y.

5w i i
Let z = lim;,, 2;. Then z € L(f(c)) M L(f(e)) and d(z, p) = x. Thus, (¢, x)
~ (e, ), and hence, ~ is upper semi-continuous. Let = : C X [0, 1] —
(C X [0, 1])/~ = X be the natural projection of C X [0, 1] onto X. Define
g: D — X by letting g(x) = 7((c, d(p, x))) for ¢ € f~1(x). Then it is easy to
check that g is a well-defined mapping which carries D homeomorphically
onto g(X) C X, and that X is arcwise connected. The set X\g(X) is home-
omorphic to an open subset of C X [0, 1] which meets {¢} X [0, 1] in a con-
nected set for each ¢ € C. To see that X is hereditarily unicoherent notice
that if K is a subcontinuum of X, then K M g(D) is connected and also that if
KN g(D) % ¢ and 7((c, a)) € K\g(D), then =({c} X [d(p, f(c)), a]) C K.
It follows, now, that since g(D) is hereditarily unicoherent, X is also. Thus, X
is a dendroid. It is easy to check that X is smooth at the point ¢ = 7 (C X {0}),
and that

Max (X) = 7#(C X {1}).
Since Max (X) M g(D) = ¢, it is easy to see that Carruth’s proof of Theorem
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1.1 (see [1]) may be modified to give a radially convex matric p on X such that
p(g, x) > 1 for each x € Max (X) and p(g, x) < 1/2 for each x € g(D). Let
V = {x € Xlp(g,x) £ 1}. Then Y is easily seen to be the required smooth
dendroid.

3. Some facts on hereditarily indecomposable continua. If X is a
continuum, then a Whitney map tor X is a mapping u : C(X) — [0, 1] such that
w({X}) =1, u({x}) = 0foreachx € X,andif 4 C B, 4 # B then u(4d) <
w(B). It is known that Whitney maps exist for each continuum X (see [8]).
They are monotone (see [5]). In the sequel we shall use the mapping
v: C(X)— [0, 1] defined by »(4) = 1 — u(A4) for each 4 € C(X).

The following simple results seem to be known but not all of them, as far as
the authors are aware, appear in the literature.

If X is a hereditarily indecomposable continuvm, then C(X) is uniquely
arcwise connected (see [3, Theorem 8.4]) and a partial order is defined on
C(X) by reverse inclusion. Then, Min (C(X)) = {X}, Max (C(X)) =
{{x}|x € X} and for each 4 € C(X)\{X} L(4) is an order arc. This partial
order is closed, and hence, C(X) is an order-isomorphism on each maximal
order arc.

ProrositioN 3.1. If X s a hereditarily indecomposable continuum, then the
Sfunction M : C(X) — C(C(X)) defined by M(A) = C(A4) for each A ¢ C(X)
1S continuous.

Proof. We already know that M is upper semi-continuous. It suffices to
prove, therefore, that if 44, 4, . . . is a sequence of subcontinua of X converg-
ing to Ao, then every subcontinuum By of 4, is the limit of a sequence By, Bo, . . .
where, for each n, B, is a subcontinuum of 4,. Leta, € A,forn =0,1,2,. ..

be such that lim,_ a, = @o. Consider the unique arcs [41, a,], (42, a2], . . . in
C(X). Then Lim,_,, [4.,, a,] = [Ao, ao], since C(X) issmooth at { X|. Therefore,
if By € [A4y, ao] there exists a sequence By, By, . . . such that B, € [4,, a,] tor
eachn =1,2,...andlim,_, B, = B,.

Remark. Nadler [5] calls the continua for which the function M of Proposi-
tion 3.1 is continuous C*-smooth.

ProposiTION 3.2. Let X be a hereditarily indecomposable continuum and let
A € C(X). If U 1is an open neighbourhood of A in C(X), then L(U) =
{B € C(X)|B D C for some C € U} is a neighbourhood of [X, A].

Proof. 1t suffices to prove thatif Q € L(U) and Q,).c. is a sequence of points
of C(X) such that lim,_ . Q, = Q, then Q,).c. is eventually in L(U). For this
consider the sequence M (Q,))nco. Since M is continuous, we have

’1!152 M(Q.) = M(Q).

But Q € L(U) implies that M (Q) N U # ¢, and hence, there exists some
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integer ny such that M (Q,) M U # ¢ for each n = no. Let A, € M(Q,) N U
for each # = no. Then Q, € L(4,) for each n = n,. Thus, the sequence Q,)c.
is eventually in L(U).

LemMA 3.3. Let X be a hereditarily indecomposable continuum, R, Q € C(X)
such that Q € M(R)\{R}, and Qv. .., Q, € M(Q) N v~ (Q1) wherev : C(X) —
[0, 1] 7s the function defined above. Let Uy, . .., U, be disjoint neighbourhoods
of Qu, ..., Q,, respectively, and let V be a neighbourhood of Q in C(X). If m is a
positive integer, then there exist distinct points Py, ..., Pn € ¥ My (Q)
such that

MP)NU; # ¢, foreachi € {1,...,m};j€{1,...,n}, and
L(P;,) N\L(P;) = L(R), for each 1 = 7;1,7 € {1,...,m].

Proof. Let S denote the composant of Q in R. Then by using the proof of
Proposition 3.1 we have that Cl [C(R\S)] = C(R) and there is a sequence
Py, Py, ... of subcontinua of R\S, which lie in distinct composants of R and
such that »(P;) = »(Q) for each 7 € {1,2,...}, and lim,, P, = Q. By
Proposition 3.1, M is a continuous function, and hence, lim,, , M (P,) =
M(Q). By Proposition 3.2,

=1

is a neighbourhood of L(Q). Then, the sequence P,) i, is eventually in 7" M T,
and hence, we can pick up distinct elements Py, ..., Py, in 7 M 1. Clearly,
MPy) N\ U; # ¢ for each k€ {1,...,m}; j€{1,...,n}, and by the
choice of the sequence Pi, P, ... we have

LP,) YL(P,) = L(R) foreachk #s;k, s € {1,...,m}.

4. Embedding smooth dendroids in hyperspaces. We are now ready to
prove our main result.

THEOREM 4.1. Let X be a hereditarily indecomposable continuum, and let D be
a smooth dendroid. Then D 1is embeddable in C(X).

Proof. Let p € D such that D is smooth at p and let p be a radially convex
metric for D (see [1]). Let v : C(X) — [0, 1] be as before. By Theorem 2.3,
we may assume that Max (D) is a closed subset of D and that p(p, x) = 1 for
each x € Max (D).

Let %1, U, ... be a sequence of finite closed covers of D which satisfies
the hypotheses of Lemma 2.2.

Let gi,1,1 € v™1(1/2) and let Q11 = {¢1.1.1}. Let

gi,2,15 -« - q1,2m , cv (1) N 1”(91,1,1)
be distinct points such that

L(g1,2,0) M L(q1,2.5) = L(g11,1) foreachi = j
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(see Lemma 3.3). For each ¢ = 1,...,#n;2 let V; , be a neighbourhood of
q1,2,¢ such that

L(CL(Vy,0)) N L(CL (V1)) CS(L(g111), 1), and
diameter L(V,,) Ny1(e) < 1

foreachj =1,...,mand foreach0 < e = 1. Let Q1 = Q1,1 U Q1,2, where

Q12 = {g1.201,... 791,2,7“.2}'

Let Fy = L(Q;2) and let f; : D — F; be the mapping such that »(fi(x)) =
p(p, x) for each x € D and such that f1 (U1 ;1) C L(q1,;x) for each j € {1, 2},
and each k € {1,...,n .

Suppose that for each 7€ {1,...,m}, Qi =Q:1\U...UQ0, F,=
L(Qi2t), Vity..., Viniws and f;: D — F; have been defined so that the
following conditions are satisfied:

1) Qin = '{91,1,1} Crvr(1/29 N (X, giaa)y Qus = {qugnr -0 Qugmiy) C
v1(j/2%),

2) lf Ui,j,k C L<U1‘1'2i~lrs) ﬂ AM<U1J_1‘,), then 91,j,k € L<Vt—1,2‘—1,,9) f\
Mgy -1,,) for each j=1,...,2% and each kB € {1,...,n,4, s€
{1, . ,ni_1’25~1}_, (S {], ey 111'1_1}.

3) L(qi;n) M L(gss.0) = L(gen,) if Upyp I Uy, C M(Uyp,) but
Ui J Uiy @& M(Ujpias) forj € {1,...,24, k, t € {1,..., 1,
with B £ ¢, h € {1,...,7 — 1}, r € {1,...,n,;,} and any s €
{],...,1’1»1';,4,1}.

4) giot; € Vyiy, Viyis open in C(X), diameter of L(V, ;) My 1(€) <
1/2% foreach 0 < e = 1, and such thatif U; e, ;\J Uyeiy C M(Uyp,,)
and U;oi; \J Ujsoiy ¢ M(U; 41, for each j, B € {1,..., 1,24},
refl,...,2t — 1} withj =k, s € {1,..., 0.}, 0 € {1,..., 1,1},
then L(Cl (V. ) N L(CL (V) CS(L(gq.r.s), 1/21),

ni,2 ni-1,21—1

5) EJI L(Cl (V4,5) C EJI L(Vi,;), and

6) fi: D — F; is the mapping such that »(f,(x)) = p(p, x) for each x € D
and such that f,(U; ;) C L(g: ;) for each j € {1,...,2% and each
ke {l,...,n,,.

Let Qmi11 = {Gmy11) C v 1(1/2™1) M L(g11,1). Suppose that Q.1 ; has
been defined for some 1 < j < 2™+, Let

{7+ 1
Ontt 541 = {Gmit 41,1, - - - ,qm+1,j+1,nm+x.j+1} Cv ! (J2m+1 )
such that if Uyi1, 010 C L(Upam,r) (O M(Upat j.s), then
Gmir, 41,6 € L(Vinam ) (O M (Gt 5.5),
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and such that

L(Gmi1.511.0) OV L(Gni1,501,0) = L(Gnsrn,r)
if
Unit, 10 Ungrpr,e C M (Ungan,r)
but
Unit,it1 Y Unire,e @ M (Upr Bra )
for &, t € {1,.. . fpg1 01} With B =6, R {1,..., 7}, r € {1,.. ., #prrn)

and any s € {1, ..., fpy1.np1).
This is possible by Lemma 3.3. Hence, we may assume that Q1. is defined
for each 7 € {1,..., 2™},

Let Fpi = L(Quy1.2n+1) and define fpi1: D — F,y to be the mapping
such that »(fs1(x)) = p(p, x) for each x € D and such that fry1(Upsr 56) C
L(gmy1.50) foreachj € {1,...,2™"} and each k € {1,..., %1, Let

Vm+1,1y ) I/WH—l,nm4»1,2"““

be neighbourhoods of

gm+1'2m+1‘1, ey qm+1’2m+l’"m+1v2m+l’

respectively, such that diameter L(¥ i) Ny 1(€) < 1/2™% for each
i€ {l,..., Bpi1omy1} and each 0 < e < 1, if

Um+1’2m+1’j U Um+1,2m+lyk C M(Um+1,r”,-) and

Um+1,2m+1,.7 Y Um+1,2m+11/\: CZ M(Um+1,7+1,t)

for j, k € {1,..., Bpp1ome1} with j = k, 7 € {1,...,2" — 1},

s {1,..., fm1sd, € {1, ., Bpyr. i}, then

L(CL (Vi 1)) N L(CL (V1)) CSL(Gmr,r,6), 1/2772),
and if

Uniromer 3 C Up,am i,
then

L(CT (Viug1,5)) C LV ).

By induction, the mappings f, : D — C(X) of D into C(X) are defined for
each positive integer ¢. The mappings fi, fo, . . . form a Cauchy sequence, since
for each 7 and each x € D,j > ¢ implies that f;(x) € v~ (p(p, x)) N L(V )
for some k € {1,..., %2} and the set on the right has diameter <1/2%1,
Hence, f = lim,, f; exists and is a mapping.

If z € f(D), then f~1(z) C {x € Dl|p(p, x) = v(z)}. Let x, y € D such that
p(p, x) = p(p,y). Let 3 < 7 be a positive integer so that 1/273 < p(x, y). If
j, k are integers such that x € L(U;si ;) and y € L(U,; 2 ;) and 7 is the
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smallest integer such that x € U, , ; for some s, then
L(CL (V) NVL(CL(Vi0) Nyt (f(x)) = ¢,
since

L(ge2,5) M L(gi20) C L(qe0.s)
for some t < r — 2. We have
L(ClL (Vy3)) M L(CL(Vix)) CS(L(gs,1.5), 1/2%1)

CS{X}, ¢+ 1)/29), and
t+1/20 = (r = 1)/2" <»(fx)).

Hence, f(x) € L(CL(V,;)) M v (f(x))) and f(y) € L(Cl (Vix) N
(v (f(x))) imply that f(x) # f(y). This shows that f is one-to-one. Thus, f
is an embedding of D into C(X).

COROLLARY 4.2. Let D be an arcwise connected one-dimensional continuum.
Then the following are equivalent:
(i) D s smooth dendroid,
(11) D s embeddable in C(X) for some hereditarily indecomposable con-
tinuum X,
(iii) D s embeddable in C(X) for every hereditarily indecomposable con-
tinuum X.

Proof. J. Krasinkiewicz proved in [4, Corollary 4.2] that an arcwise con-
nected one-dimensional continuum which is embeddable in C(X) for some
hereditarily indecomposable continuum X is a contractible dendroid. Nadler
proved in [5, (1.70)] that it is smooth. The result, now, foilows from Theorem
4.1.

Remarks. 1. Corollary 4.2 generalizes Theorem 1.73 in [5], where it is proved
that a fan is smootbh if and only if it is embeddable in C(X) for any hereditarily
indecomposable continuum X.

2. Theorem 4.1 together with the result that the hyperspaces of one-dimen-
sional hereditarily indecomposable plane continua (e.g. pseudo-arc) are
embeddable in E£? in such a way that Whitney levels embed into horizontal
planes (see [7]) gives a proof that every smooth dendroid embeds into £? so
that all order arcs project into the z-axis in a one-to-one fashion.
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