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Abstract

In this paper we provide a new proof of strong convergence of resolvent operators associated with
boundary value problems on thin domains.

2010 Mathematics subject classification: primary 35B25.

Keywords and phrases: thin domains, resolvent convergence.

1. Introduction

Since the pioneer work by Hale and Raugel [15], the investigation of the asymptotic
behaviour of the nonlinear dynamics of semilinear reaction—diffusion equations in
thin domains has received the attention of several authors, mainly interested in the
continuity of global attractors with respect to specific metrics; see [1, 7, 10-19] and
their references.

Arrieta and Carvalho [3] and Carvalho and Piskarev [9] systematised a process to
obtain the continuity of global attractors with respect to singular perturbations. Their
ideas are based on a rigorous study of convergence properties of the linear part of the
equation. Motivated by their ideas, in this paper we present a simple and direct proof
of the convergence of resolvent operators of the singular problem considered in [17].
Although we are aware that the result itself has been proved by other authors, for
example [1, 17], the point is that our combination of ideas presented in [1, 4] opens up
the possibility of treating other classes of singular problems, such as those in [2, 4, 8].

The paper is organised as follows: in Section 2 we present the functional analytic
setting of the problem and we state the main result, Theorem 2.1, which is proved in
Section 3.

2. Preliminaries

Let Q be a smooth and bounded domain in R™*". A generic point of Q will be
denoted by (x, y) € R™ x R" and € will represent a small positive parameter.
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Considering the squeezing operator @, : R"*" — R™*" defined by ®.(x, y) = (x, €y),
we set up the thin domain Q. := ©(Q), €€ (0,1), and we analyse convergence
properties of the solutions of the family of linear equations

—Auf+uf=f° inQ,,
ouc
one

where 77 denotes the outward unitary normal vector field to 0€2..

In order to capture the limiting behaviour of u¢ as € — 0, we perform a dilatation
of the domain Q. by a factor € in the y-direction. Thus we obtain in Q the equivalent
equations

=0 onodQ,,

1 N
“Au— SAu+u=f° inQ,
“ (2.1)
Vau-ne+ =Vyu-ny,=0 ondQ,
€

where ff(x, y) = f€(x, €y), and 1 = (5, 17,) is the outward unitary normal vector field
to 0Q.
The relation between the spaces of functions defined in Q. and those defined in Q
is given by
O LX(Q) = LX(Q), uruod,

an isomorphism which restricts an isomorphism from H'(Q,) onto H'(Q).

Stressing the fact that the domains Q. vary in accordance with the parameter
€, collapsing themselves to a lower dimensional subset as € — 0, to preserve the
relative capacity of a measurable subset of (). we perform a dilatation of the (m + n)-
dimensional Lebesgue measure by a factor 1/e. With this measure, namely

1
Pe := — X Lebesgue measure,
€

we introduce the Lebesgue and Sobolev spaces L*(Qc;p.) and H'(Q; pe),
respectively. By considering in H'(Q) the equivalent norm

1 172
e = f (Ve + 19 + ) dxy)
Q €

it follows that the isomorphism
@} H'(Qe; pe) > HA(Q)

is indeed an isometry, where HQ(Q) = (H"(Q), ]| |l). A similar observation can be
made regarding @ : L*(Q; p.) — L*(Q).
We notice that H!(Q) is a Hilbert space with respect to the inner product

a.: H(Q) x H(Q) > R,

1
ac(u,v):= f(qu -V + ZVyu -Vyv+ uv) dx dy.
Q
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This inner product induces a self-adjoint unbounded linear operator with compact
resolvent
Ac: D(A,) c L(Q) = L*(Q),

defined by
ac(u,v) = (A, v), YveH\(Q),YueDA,),

where (u, v) = fQ uv dx dy. It follows from the smoothness of JQ that

1
DA, = {u e H*(Q): V,u- Ny + —2Vyu -1y = 0 almost everywhere in 89},
€

and
1
Acau=—-Au— —szu +u, YueD(A,).
€

Now, for u € H'(Q), we notice that

=0 f (V.ul? + |u) dxdy if Vyu=0,
ac(u, u) — ¢ Ja

00 it Viu#0.
Therefore, in order to establish a formal limit for a., it is necessary to work in
a proper subspace of H'(Q) x H'(Q). In [17] the authors introduce the subspace
H 51 Q) :={ucH'(Q): V,u = 0 almost everywhere in Q} as well as the bilinear form
ap : H/(Q) x H!(Q) — R given by

ao(u, v) := f(qu -Vow+uwv)dxdy, VYu,ve Hsl Q).
Q

The subspace H!(Q) is an infinite dimensional closed subspace of H'(Q).
12(Q)
Defining L?(Q) =H!(Q) , it follows that a( defines a self-adjoint unbounded

linear operator with compact resolvent

Ao : D(Ag) C LA(Q) — L2(Q)

defined by
ao(u, v) = (Agu, vy, Vve H (Q), Yu e D(Ap).

Analogously, it follows from the smoothness of J€2 that
2 1 Ou :
D(Ap) = {u €EH(Q)NH;(Q): I = 0 almost everywhere in C')Q},
n

and
Aou=—-Au+u, VueD(Ay).
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Now we have the elements to state the main result of this paper.

TueoreM 2.1. Given a bounded family f€ € L*(Q), there exists f° € L*(Q) such that,
up to subsequence,

lim lAZ" = Ag' flle = 0.

€E—

RemARrk 2.2. After these considerations, at the limit where € =0, we must seek
solutions u € H § (Q) of the equations

—Axu+u=f0 in Q,

g—z=o on 0Q.

If each x-section Q, :={y € R": (x, y) € Q} is a connected set, then such solutions
are of the form u(x, y) = v(x) almost everywhere in Q, for a suitable function v defined
in P(Q) :={xeR": Q, # 0}. This justifies the expression ‘reduction of dimension’ in
such problems. Details can be found in [17].

3. Convergence results

In this section we are concerned with convergence properties of solutions of (2.1).
This means that, given f€ € LZ(Q), we will deal with the family of linear problems

Aeue = fe’

investigating convergence of u€ as € — 0.
At first glance, we are able to prove the following weak convergence result.

LemMa 3.1. Let f€€ L*(Q) be such that If€ll2 < ¢ for some constant c¢ not
dependent on € € (0, 1). There exists f° € L2(Q) and u° = Ay L9 e H(Q) such that,
up to subsequence,

AZ S, wHYQ) and s - LX(Q.
Proor. Setting u€ = AZ! € € H/(Q),
ac(us,v)={f,v), VveH\(Q).
In particular, taking v = u€ as a test function, it follows from Holder’s inequality that

2
12 g < e, u) < f zllecllin .

which means
g <c, Vee(0,1).

Since H'(Q) is a reflexive space and L*(Q) < H'(Q) compactly, taking a

0

. . 0
subsequence if necessary, there exists u’ e H'(Q) such that uE:u, weakly
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in H'(Q) and strongly in L*>(Q). Moreover, noticing that a.(u€, u€) < ¢?, one has that

IVyufll 2y < ce. Therefore, V,u€ e—_)? 0in L?(Q)" which means that Vyuo =0, proving
that actually u° € H Sl Q).

On the other hand, since [|f€||;2(q) < ¢, there exists %€ L*(Q) such that, up to a
subsequence, € — f in L?>(Q). Moreover, since

f(que-ng0+uEgo)dxdy:0>f(VXuo-ng0+u0go)dxdy, VgoeHsl(Q),
Q Q

and
L(quf Vo +up)dxdy = fQ fCodxdy, Nye HSI(Q),
we obtain
f (Vi - Vo + up) dx dy = f Podxdy, YeeH\(Q),
Q Q
that is, u® = Aj' f0. O

In the following lemma, similar to [1, Lemma 3.1], we strengthen the previous
convergence result.

Lemma 3.2. Let f€, uf, fO and u® be as in Lemma 3.1. Then

lim “I/le - MOHHI(Q) =0.
e—0

Proor. It follows from the weak convergence, u¢— u’ in H'(Q) (obtained in
Lemma 3.1), that

0y = [ (VP + WP dxy
Q
<lim inf f (V. uP + IVuf? + [u?) dx dy
€ Q

< lim sup f (V. + |V + |uf?) dx dy
Q

e—0

e—0

1
< lim Q(sz + SV + |uf|2) dx dy
=lim | fu®dxdy
-0 Jo
= fg fou’ = fg (VP + 1Py dx dy = 1l

which proves the statement. O
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Remark 3.3. Although we can obtain Theorem 2.1 immediately from Lemma 3.2,
which is actually done in [1], we prefer to use the technique employed in [4-6] to
obtain the expected convergence result. We think it is possible in this way to consider
more classes of singular perturbations problems as reaction—diffusion equations in

dumbbell type domains [4-6] and reaction—diffusion equations with large diffusion
phenomena [8], besides estimating their rates of convergence [2].

Lemma 3.4. Let f€, uf, f° and u® be as in Lemma 3.1. If
1 1
A° = —|luf|2 - f fudxdy= min {—||<p||§ - f fpdx dy},
2 Q peH (Q)\ 2 Q

1 1
0 _ ~ 4,012 _ 0.0 _ : - 2 _ 0
A= 2“” ”HI(Q) Lf u dXdy_LpETI]'?Q){ZHSD”Hl(Q) Lf SDdXd)’},
then lim._,o A, = Ag.

Proor. Taking u” as a test function for A€ and recalling that V,u° = 0,
1
A < E”uO“i]l(Q) - f feuo dx dy
1
= 51l ) = fﬁumw fq - fOu’ dxdy
=0 = s vy,

which leads to
lim sup A¢ < Ap.

e—0

On the other hand,
1
== f (VP + u®P) dx dy — f FOul dx dy
2 Q Q
1
=3 f (Vl® = Vou€ + Vi + |u® — u€ + ufP?) dx dy — f O’ — uydx dy
Q Q
- f(fo—ff)uf dxdy—fffuf dx dy
Q Q
1
=3 f (Vi = Vou? + u® — u?) dx dy + f (Voul® — Vo) - Vou€ dx dy
Q Q
1 1
+ = f IV u€* dx dy + f(uo —uu dxdy + = f € dx dy
2 Q Q 2 Q
- f £’ —uydxdy - f (f° = fOuc dx dy - f feus dx dy
Q Q
1
EHM —u ||H,(Q) + A+ f(quo = V) -V dxdy + f(uo —u)u dx dy
Q Q

- f £ - 1) dx dy - f (f° = e dxdy
Q Q
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1
0 0
—||M —u ”HI(Q) + A5+ ||V — qu€||L2(Q)”quE”L2(Q) +lu” = ME||L2(Q)||ME||L2(Q)

N

+ 1 Nzl = w2 - f(fE — O)u€ dx dy,
Q

which leads to A° < lim inf,_, A€, proving the lemma. O

CoroLLARY 3.5 (Proof of Theorem 2.1). If f€, u€, f* and u® are as in Lemma 3.1 then
lim [lu® - u°||c = 0.
e—0

Proor. Inspired by the proof of Lemma 3.4 and recalling that V, u’ =0,

1
A€ = §||u€||§—ff€u5 dx dy

—%Hu —u® + 40 fff(u u®) dx dy - f(ff—fo)uodxdy—ffouodxdy
Q Q

1
= §||uf - + §||u°||§,1(9) + f(quE -Vl -Vl dxdy + f(uf —u®)u® dx dy
Q Q

- f FOul dx dy - f Feue —u®) dx dy - f(ff — O dx dy
Q Q Q
1
= EHMO - u5||§ +2%+ f(quO - V) -V dxdy + f(uo —u)u dx dy
Q Q

- f Féue —u) dx dy — f (f€ = Ol dx dy.
Q Q
The result follows by arguing as in Lemma 3.4, recalling that A° 8. O
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