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ALMOST HERMITIAN HOMOGENEOUS STRUCTURES

by ELSA ABBENA and SERGIO GARBIERO*
(Received 13th November 1986)

1. Introduction

Let (M,g,J) be an almost Hermitian manifold. More precisely, M is a €%
differentiable manifold of dimension 2n, J is an almost complex structure on M, i.e. it is
a tensor field of type (1, 1) such that

JZ(X)= —X’

for any XeX(M), (X(M) is the Lie algebra of €= vector fields on M), and g is a
Riemannian metric compatible with J, i.e.

gUX,JY)=g(X,Y), X,YeX(M).

(M, g,J) i1s a homogeneous almost Hermitian manifold if there exists a transitive and
effective Lie group G of almost complex isometries acting on M. In other words, there is
a ¢~ differentiable map

GxM-M, (a,p)—LJp), aeG, peM,

with the following properties
(l) Lab(p) =La : Lb(p): a, bG G’ D€ M’
(ii) L, is an isometry of (M, g), for any a€gG,
(iii) if L,(p)=p for every pe M, then a=e (e is the unit element of G),

(iv) for every p,qe M, there is an element ae G such that L,(p)=gq,
(v) for all aeG, L, is an almost complex automorphism of (M, J), i.e.

(LB)* : J=J : (La)v
((L,), denotes the differential map of L,).
In 1958, Ambrose and Singer gave the following characterization of Riemannian

homogeneous manifolds (i.e. Riemannian manifolds admitting an effective and transitive
Lie group of isometries).
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Theorem 1.1 [3]. A connected, simply connected, complete Riemannian manifold (M, g)
is homogeneous if and only if there is a tensor field T of type (1,2) on M such that

@ Vg=0,

(i) VR=0,

(iii) VT=0,
where V=V —T, V is the Levi Civita connection of M and R is the curvature tensor of V.

In 1978, Sekigawa found a corresponding theorem for homogeneous almost
Hermitian manifolds.

Theorem 1.2 [13]. A connected, simply connected, complete almost Hermitian manifold
(M, g,J) is homogeneous if and only if there is a tensor field T of type (1,2) on M which
satisfies conditions (i), (ii), (iii) of Theorem 1.1 and (iv) VJ=0.

A tensor T verifying the conditions of the previous theorem will be called an almost
Hermitian homogeneous structure. The aim of this paper is to obtain a classification of
almost Hermitian homogeneous structures similar to the classification of Riemannian
homogeneous structures given in [16]. In the second section, we decompose the vector
space Z (V) of tensors with the same symmetries of the almost Hermitian homogeneous
structures in eight subspaces, invariant under the action of the unitary group U(n).
Besides, we prove that the decomposition is irreducible by means of the quadratic
invariants (see Section 3). Since some subspaces of the decomposition are equivalent in
the sense of the representation theory, it follows that there is an infinite number of
invariant subspaces of (V). As a consequence there are several decompositions. The
choice among the different possibilities is motivated by geometrical considerations. For
example, from the decomposition of Section 2 we obtain a characterization of
homogeneous Kihler manifolds. A second decomposition (see Section 4) is given in
order to obtain a connection with the decomposition of (V) under the action of the
orthogonal group O(2n) (see [16]). As a consequence, we obtain a classification of
naturally reductive homogeneous almost Hermitian manifolds in eight classes (see
Section 5). In the last section, some geometrical results and examples are given.

2. A decompeosition of 7 (¥) into invariant subspaces

Let V be a real vector space of dimension 2n endowed with a complex structure J
and a Hermitian inner product {,), that is

Ji=—1, (JXJY)=(X,Y),
for any X, YeV and I the identity isomorphism of V.

In this section, we study the vector space of the tensors which satisfy the symmetries
of the almost Hermitian homogeneous structures defined in Theorem 1.2, i.e.

3
-7(V)={TE® V*/Txyz= —szy},
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where Tyy;={TyY,Z), for any X, Y,ZeV (V* is the dual vector space of V). 7(V) has
a canonical inner product, induced by ¥, defined in the following way

2n

<T;T>= Z Te,e,e,Te,e,e,‘a

ijk=1

with ,TeJ (V) and (e,,...,e;,) an arbitrary orthonormal basis of V. The standard
representation p of the unitary group U(n) on V gives rise to a representation j of U(n)
on J (V) defined by ;

P@)Nxyz=T;-1xg-1v4-12 X,YZeV, geU(n), TeT (V)
It follows immediately that
PRTHT)=(T T, forany TTeT(V),
or, in other words, the map T—5(g)T is an isometry of 7 (V). Therefore, the orthogonal
complement of any invariant subspace of J(V) is still an invariant subspace and the
representation g is completely reducible. Let us first suppose that dim V'=2n, with n>2.
In order to obtain the decomposition into invariant subspaces, we define the
endomorphism « of (V) as follows
U TDxyz=Txsvsz» X,YZeV.
Since
o’=1 and a(p(e)T)=p(g)T), geU(n),
o admits the eigenvalues +1, —1 and the eigenspaces
TV)e ={TeT (V) Taxz=Tasrsz, X, , ZeV},
TWV)-={TeT (V) Tayz=—Txsyszs X, L Z€V},
are invariant and mutually orthogonal, because a is a symmetric operator with respect

to the inner product in 7 (V).
Moreover '

TWN=I V), ®T(V)-.

These subspaces are not irreducible under the action of U(n).
In the next theorem, a decomposition of (V). is given.

Theorem 2.1. In the case of dim V =2n, with n> 2, we have

-7(V)+=9f1633f2639f’3®x’4,
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where
H,={TeT(V)+/Tayz=HTzxy + Trzx + Tizxsy + Trvszx)s €1(T) =0},
H,={TeT (V)+/Txyz=<X, YOU(Z)— <X, ZXY (Y) +<X, I Y ¥,(JZ)
=X, IZ3 (V)= 2KIY, ZH,(JX), ¥, e V*},
Hy={TeT(V)+/Taxyz=—HToxy+ Tyzx + Tizxsr + Tivszx): €12(T) =0},
Ha={TeT (V)+/Tayz=<X, Y2U(Z)— (X, ZXY(Y) +<X, I YD¥,(JZ)
—LX, I+ 2 Y, ZHY,(UX), ¥, € V*},

for any X, Y,ZeV. c,, is defined by

2n
1 ATN(X)= -—21 T..x, Jforany XeV,

and (e,, ..., e,,) an arbitrary orthonormal basis of V.

T he subspaces #,, ,, Hs, #, are mutually orthogonal and invariant under the action

of U(n) on T (V),.
If dim V=2, then F (V),=#,. If dim V=4, then T(V), =K, DHDHK,.

Proof. Let B be the endomorphism of J(V), given by

B(Myxyz=HToxy+ Tyzx + Tizxsy + Tryszx) X, Y ZeV.

Since f?=1 and B commutes with the action of U(n), 7(V), can be decomposed into

the direct sum of two mutually orthogonal and invariant subspaces
P={TeT(V),/p(T)=+T),
2={TeT(V)./H(T)=~-T).
Using the trace, one can see that 2 and 2 further split in the following way
#,={TePlc,(T)=0},
Hy=H1,
H#y={T € 9c,(T)=0},
Hy=H é,

where #f(#;) is the orthogonal complement of J#,(5¢5) in $(2).
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By an explicit calculation we get the expressions of »#, and J#, and we find

50 =55 M, VD =gs M, Xe.

2An+1) +1)

Gray and Hervella [9] decomposed the vector space

3
W:{ae@V*/a(X, Y2)=—-oX,Z,Y)=-oX,JY,JZ), X,YZe V},

into four irreducible and invariant (under the action of U(n)) subspaces. Because
T (V)_ =W, the following theorem holds:

Theorem 2.2 [9]. If dim V=2n, n>2, we have: T (V)_ =5 D s D X, D Hy, where:

Hs={TeT (V)_/Tyxz=0},
”6={TG'7—(V)—/X¢;Z Txyz=0}a

#;={TeT (V)-/Txvz=Tixsvz, ¢12(T)=0},
Hy={TeT(V)-/Tayz=<X, Y2U(Z) <X, Z3¢3(Y) — (X, I Y )¢3(J2)
+X,JZX3(IY), Y3e V2,
Jor any X, Y,ZeV and ®yy, denotes the cyclic sum with respect to X, Y, Z. The

subspaces Hs, Ky, H; Hy are mutually orthogonal and invariant under the action of
U(n) on (V). Moreover, we have

Ya(X)= ¢12(T)(X), XeV.

2( 1)
If dim V=2 then T (V)={0}. If dim V=4 then T(V)_ = #;® H,.

Theorem 2.3. Let dim V=6, then T (V) is the orthogonal direct sum of the invariant
subspaces X, i=1,...,8 given by

={TeT (V)| Tayz=¥Toxy + Tyzx + Trzxsy + Trvszx), €12(T) =0},
Hy={TeT (V)[Txyz=<X, Y)Y (Z2) <X, Z)Y(Y) +<X, JY Y¢,(JZ)
—LX,IZXY,(IY)=2IY, ZHY,(JX), y e V*},

Hy={TeT (V) Txyz= —HToxy+ Tyzx + Tyzxsy + Tivszx), €12(T) =0},
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={TeT (V) Txyz=<X, Y YZ) — <X, Z)Y,(V) +{X,IY)Y,(JZ)
—LX,IZW I+ 2 Y, ZHY(JX), Y, e V*},
Hs={TeT (V)/Tayz= — Tyxz= — Txsrsz}>
He={T €T (V)/®xyzTxyz=0, Txvz=— Txsysz},
={TeT(V)/Txyz= — Txsvsz= Tixsrz: ¢12(T) =0},
Hy={TeT (V) Tayz=<X, Y U3(Z) — <X, Z)Y3(Y) +<{X,IZD},(JY)
— (X, TY 3(JZ), Ys€ V*).
If dim V=2, then T (V)= %,

If dim V=4, then T(V)=H,® H,® H, D H;® K.

3. Irreducibility of the decomposition and dimensions of the subspaces

In order to prove that the decomposition given in Theorem 2.3 is irreducible under
the action of U(n), it is necessary to find a set of generators for the vector space of the -
quadratic invariants of (V).

In fact the following theorem holds:

Theorem 3.1. A subspace of (XY V*, invariant under the action of U(n), is irreducible if
and only if the vector space of its quadratzc invariants has dimension one (see for example

[19)).

The quadratic invariants of 7 (V) can be obtained, by restriction, from those of
X)?V*. We have:

Theorem 3.2. The vector space of the quadratic invariants of 7 (V) is generated by

il(T)=“T”2 Z Telejeh’

lZ(T)_”ch(n” = Z eee, ejejek’

2n

l3(’1.‘) = i,j§= L ’Te,eje. T;Ie,ep

2n

14(T) = A ]; T;,e,zj Te,e,.lep
i, j k=1
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2n

lS(T) = . j;— Te.ew;Tlekekep

2n

i6( T) =i j?: Te;e,e. Tleleiep

2n
i7( T) z Te;e,e. T}elle,e,’
i, k=1

2n

lB(T) = . ; eejet'l-‘ellejlek,
i,j,k=1

2n
19(T) = ; Te(ejek T.‘Ie,,.le;el’
i jTe

2n
110( Z ejezey e.Je,Jep

2n
L 1(T) = l',j.;= ‘ nie,elnzjlzle.’

2n

i1(T)= . j; n,e,ejrle,‘e,‘.le]’
l’ 'y =

2n

i13(T)= . j; . Tle(e;.le]n,.lekek,
i k=

2n

i14(T) = Z Tle,e,ejTe,Jeke,‘:
i,j.k=1
ll 5(T) Z ,Je,e‘ erle,‘e,"
_ 2n
llG(T) = “cl 2(T)”2 =i jg— . Tle,elejrlz,,e.el,
where (e,, ..., e,,) is an arbitrary orthonormal basis of V and T e T (V).
Proof. From [12], we know that each quadratic invariant of (X)* V* can be written as

AT)= Z ey, €8, elflzel /‘(ell, €i)€i3,€,€, ejs)

P C

where TeJ (V) and 4 is a linear invariant of (X)°V*, ie. # is a linear combination of
elements of the following type
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Faiasas(X 150 X6) =y (X 51y Xo(2)) e (X o3 X 00y (X o5 X 006))s
for X;eV,i=1,...,6; ¢ is a permutation of (1,...,6), ¢,=0,1 and
Qo(X,V)=(X,Y), Q(X,YV)=(X,JY).
A straightforward, but lengthy, computation gives the above result.
By checking directly that Theorem 3.1 is satisfied for any subspace 4%, i=1,...,8, one

has

Theorem 3.3. The decomposition of (V) given in Theorem 2.3 is irreducible under
the action of U(n).

The dimensions of the irreducible subspace are the following (see also [9]):
Theorem 3.4. If dim V=2n, n>2, then
dim 5#, =dim #, =n(n+ 1)(n—2),
dim 5, =dim #, =dim 3 =2n,
dim %, =n(n—1)(n+2),
dim #s =Lin(n—1)(n—-2),
dim H#s=4n(n—1)(n+1).

If dim V' =2,4 we get the particular cases described in Theorem 2.3.

Proof. In the case of dim V=2n, n>2, the dimensions of ), s, #,, H, can be
found in [9, remark on page 39]. Obviously, ¥, and 5, have dimension 2n. Hence it
follows that

dim #, @ 3 =dim T (V) —dim (O, @ #, D T (V)_)=2n(n*-2).
Writing down explicitly the conditions which must be satisfied by the components of a

tensor T € #,, the dimension of J#, follows from a long, but elementary, calculation.

4. Another decomposition of 7 (V)

In this section we give a different decomposition of 7 (V), with respect to the action
of U(n). This one will be strictly related to the decomposition found by Tricerri and
Vanhecke if (V) is acted on by the orthogonal group O(2n). In fact, according to
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Theorem 3.1 of [16], we have that
TN =T, (V)@ T V) T5(V),
where
T(V)={TeT (V) Txyz=<X, Y)0(2)— <X, Z>$(Y), pe V*},
T V)={T €T (V)/®xyzTxyz=0,¢,(T)=0},
T(V)={TeT (V)/Txyz+ Tyxz=0},

with X, ¥, ZeV and Gyy, denotes the cyclic sum with respect to X, Y Z. Moreover,
T(V), Ty(V), F5(V) are irreducible and invariant with respect to O(2n). They are
invariant under the action of U(n), too.

On the other hand, Gray and Hervella [9] gave a decomposition of the vector space
# under the action of U(n). Here, #~ denotes the vector space of the tensors with the
same symmetries as VF, where F is the Kihler form of an almost Hermitian manifold
and V is the Levi Civita connection of the Hermitian metric. More precisely, if

W ={aeXR*V*/uX,Y,Z)=-X,Z,Y)=—(X,J Y, JZ)},
we have
where
Wy={ae W /uX,X,Z)=0},
#,={ae W)X, Y, Z)+a(Z, X, Y) +a(¥, Z, X) =0},
Wi={aeW/uX,Y,Z)—au(JX,JY, Z)=0, c,5(x) =0},

+(X, JZnUIY), neV*),

for any X, Y, Ze V. The subspaces #, i=1,...,4, are irreducible and invariant under the
action of U(n). ‘

Let (M, g,J) be a homogeneous almost Hermitian manifold. From condition (iv) of
Theorem 1.2, we deduce the following relation between the tensor T and VF '

(VxF)Y, Z)=Txsyz+ Taviz X, Y, ZeX(M).
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This suggests we consider the homomorphism
Y:T7WV)=W, ¥(Dxyz=Tasvz+ Txviz, X,Y,ZeV.
Obviously, ¥ commutes with the action of the unitary group U(n). Let ¢, i=1,2,3, be

the restriction of  to the subspaces Z(V), i=1,2,3. We have

Theorem 4.1. The homomorphisms
T V)W,
Y3:75(V)->H# 1 @W,0 ¥,
are isomorphisms and they commute with the action of U(n).

Proof. It is clear thai Y, is an isomorphism between (V) and . If TeJ5(V),
then

Y (Dxxy —¥Y(Txsxy=0, X,YeV,
that is Y(TeW,® W, D ¥, (see [9]). Since dim T (V)=dm¥#, ® ¥, D ¥#,=(})
(see [9] and [16]), it is enough to show that ¢, is injective. But Kery;=
{T € T3(V)/Txyz="Tx,ysz} is trivial as can be seen by the following computation. Let
T eKery,, then from

Tivz=—Tyxz=Txsvsz» X,Y.ZeV,
we obtain

Tivz=Tixyzs X, Y. ZeV.

Since T is a 3-form on V, we finally get

Tixyz= Tx.nz =—Txysz=— Tizxy= — Toxy=Tixzr= — Ty xvz» X, Y ZeV.

The last part of the theorem is obvious.

Theorem 4.2. The homomorphism
Y2: 7AV)- W, @ W, 0¥,

is surjective and commutes with the action of U(n).
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Proof. If TeTy(V),

Gxyz {('/’ TNxyz—W T)JXJYZ} =0,
ie. (T eW,®W,D ¥, By definition:
Kery,= {Teg—(V)/@xszxyz =0, Tyyz=Tysysz,¢12(T)=0, X, Y, Z€ V}-

Let (ey,...,ep€ne1=Jey,...,e5,=Je,) be an orthonormal basis of V. The above
conditions imply that T e Ker y, is completely determined by the relations

2n

T, Y Toee,=0, i=1,...,2n, a,b=1,...,n.
k=1

€i€a€n+p €i€hn+g®

It follows that

n(n+1)
2

dim Kery, = 2n—2n=n(n—1)(n+2).

From [16] and [9], we get

8n(n+ 1)(n—1)
3

n(n—1)(5n+2)

dim (V)= and dim ¥, ®W,DW,= 3 .

hence the theorem holds.

From the last two theorems we have:
Theorem 4.3. Let dim V=2n, n>2, then
TV)=T(V)OKery,@#,@¥,@W, QW @W30¥%
where
V.(W)=W; i=273,4, Ys(WN=w"; j=13,4
If dim V=2, then 7(V)=7,(V). If dim V=4, then
T(V)=T(V)DKery,@¥#, W, W,

Moreover, all the subspaces are mutually orthogonal, irreducible and invariant under the
action of U(n).

Proof. We need only to prove the irreducibility of the decomposition. For this
purpose we apply Theorem 3.1.
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Remarks. (a) Using the above homomorphisms, one can see that, if dim V=2n,
n>2, the dimensions of the subspaces are

dim 7(V)=dim ¥, =dim # 7, =2n,
dimKer y,=n(n—1)(n+2)
dim %] =4n(n—1)(n—2),
dim %, =4$n(n+1)(n—1),
dim % =dim ¥ 3=n(n+ 1)(n—2).
(b) The reason why there are several decompositions of the space J (V) under the

action of U(n) is due to the fact that there exist equivalent irreducible subspaces
(according to the representation theory).

More precisely, the subspaces 7,(V), #7, and #7; are isomorphic to each other and
", is isomorphic to #7%. It can be seen that these isomorphisms commute with the
induced representation of U(n).

This implies that there is an infinite number of invariant subspaces of (V). The

choice among the different decompositions is due to the geometrical aspects of the
problem which is studied.

In the next theorem we give the explicit definitions of the eight invariant subspaces of
Theorem 4.3.

Theorem 4.4. If dim V =2n, we have
T\(V)={T e T (V) Tayz=<X, Y)NZ) <X, Z>§(Y), pe V*},
Kery,={TeT(V)/Tyyz=Txsvszs®xyzTxyz=0, ¢,2(T)=0},
Wy ={TeT (V)/®xyzTxyz=0; Texz=—HTixsvz+ Tixvsz+ Tasvsd)}s
Wy={T€T (V) Tavz=Tixsvz+ Tixvsz+ Tasrsz

= —2Tyysz+ Trszsx+ Tzaxay, €12(T) =0},

W;={Tef(V)/Tm=<x, YWD~ (X, 2N+ 2 (KK, JZUIX)

—(X,JYIWIZ)— X, ZWIY)), ve V‘},

Wi1={TeT (V) Tyyz=—Tyxz= — Tixsyz}
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Wi={TeT (V) Txyz= — Tyxz= Txsvsz+ Tixsvz+ Tixvsz> €12(T) =0},
Wi={Te T (V)/Tayz=JX, Y)UZ)+JIZ, XHUY)+{IY, 2)UX), Ee V*},

where X,Y,Z eV, Gy, denotes the cyclic sum with respect to X,Y,Z and

2n 2n
1 THX)= _Z,l T exs ¢ (T)X)= _Zl T, yexs XeV,
(ess...,e,,) is an orthonormal basis of V.

Proof. The defining conditions for #'], #75, #7; can be easily obtained using the
isomorphism 5 (see Theorem 4.1). We need only to consider the subspace (V).
First of all, let us define

TAV)={TeT(V)/¢,(T)=0}.
It is clear that FYV) is an invariant subspace of Z,(V) and

T (V=TT V)"

Obviously, (V) coincides with #7, and its explicit expression is a matter of
computation.
Next, we introduce the endomorphism & of 7 (V) given by

ENxyz=¥Txyz— Trxsvz— Tixvsz— Txsviz)s X, Y, ZeV.

It is easy to check that

(i) ¢ commutes with the action of U(n),
(i) &=¢,
(iii) Y,:Im &> is an isomorphism,
(iv) 79=Ker¢é @ Im¢ and Keré=Kery, ® #, IméE=%",.
By (iv) we have the explicit description of #7,. Moreover the endomorphism y of Ker ¢
given by

UMD xyz=4BTxyz—2Txsvsz+ Tyszsx + Tosxar) X, Y, ZeV,

has the following properties
(i) x commutes with the action of U(n),
(i) *=x
(iii) Keré=Kery@Imy and Ker y=Kery,, Imy=%".

These complete the proof of the theorem.
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By explicit calculations, one gets

¢(X)=5— c1(NX),

UX) = C1(T)(UX),

3
4(1-n%

dAX)=5—==0(T)X), XeV.

-1

5. Geometric results

Let (M,g,J) be a homogeneous almost Hermitian manifold of dimension 2n. For
every peM, (T,M,g,,J,) is a Hermitian vector space. Given an orthonormal basis
(e1,..., e, Jey,...,Je,) of T,M, there is a standard representation of U(n) on T,M.
Hence it is possible to decompose the vector space 7 (T,M) as in section 2 or 4. Let o
denote a subspace of 7 (T,M) invariant with respect to the representation of U(n).

We say that M is of type o if T,e ¥, for all pe M, where T is the corresponding
homogeneous almost Hermitian structure (see Theorem 1.2). Then we simply write:
Mest.

We deduce now some geometrical consequences from the decomposition given in
Theorem 4.4. In [16], Tricerri and Vanhecke proved the following theorem.

Theorem 5.1. Let (M, g) be a connected, complete and simply connected Riemannian
manifold. Then (M, g) admits a nonvanishing homogeneous (Riemannian) structure TeJ,
if and only if (M, g) is isometric to the hyperbolic space.

Let H*={(y,...,y*) €R>"| y! >0} be the hyperbolic space of dimension 2n with the
metric

2n
ds?=(cy")" 2 ) (@)%, ceR, ¢>0.
i=1

The tensor T given by
Ty Y=g(X,Y)—g(, )X, X,YeX(H?),
where g denotes the Riemannian metric on H?" and {=c?y'(9/dy'), is a (Riemannian)

homogeneous structure.
If J is an almost complex structure on H?", let us put

d _2'. k _a_ k of [I2m _
J(ay,,>_k;11,,(ayk>, Jie¥=(H*™, h=1,...,2n
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An easy computation shows that J satisfies the condition VJ=0 (see Theorem 1.2) if
and only if the components J} are constant on H?". Hence it is possible to find a
coordinate system, obtained from the previous one by a linear combination with
constant coefficients, such that J has the same expression as the standard complex
structure of C". So we have

Theorem 5.2. Let (M,§,J) be a connected, complete and simply connected almost
Hermitian manifold of dimension 2n>2. M admits a nonvanishing almost Hermitian
homogeneous structure of type J, if and only if there is a holomorphic isometry from
(M, g,J) onto (H*", g, J).

Moreover M is globally conformal Kdihler but not Kdhler.

About the last remark, we recall that M is a locally conformal Kihler manifold if
there exists a globally defined 1-form w satisfying

dF=wAF and dw=0,

where F is the Kahler, form of M; w is called the Lee form.

If @ is also exact, M is a globally conformal Kihler manifold and this happens, for
example, if M is simply connected.

If dim M >4, in [9] it is shown that M is a locally conformal Kéhler manifold if and
only if VF e #/,.

Finally, we remark that the homogeneous structure T corresponds to the
representation of H2" as a solvable Lie group which is the semidirect product of the
multiplicative group Ry ={xeR|x>0} and the additive group R*"~* with the product:
(x4 .., xO, .y =ty xty? +x, L, xty?" +x2"). The complex structure J
considered above is left invariant but H2" is not a complex Lie group (see Theorem 2.3

of [2]).

Theorem 5.3. The connected, simply connected, almost Hermitian naturally reductive
homogeneous manifolds of dimension 2n26 are classified into eight classes, given by all the
invariant subspaces of the decomposition

Ts=Wi1PW5DW%;.

Proof. This follows from the Theorem 4.1 and from the fact that a homogeneous
Riemannian manifold M belongs to the class 7 if and only if it is naturally reductive
(see [16, Chaptgr 6]).

From Remark (b) of Theorem 4.3, in this case, there are no equivalent components
and we obtain a complete classification.

In the case of dim M =4, we get I,=#",=y; '(#,). Gray and Hervella [9] proved
that if dim M =4, #, is the class of Hermitian manifold (i.e. the Nijenhuis tensor of M
vanishes). So, it follows that:

https://doi.org/10.1017/50013091500006775 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500006775

390 E. ABBENA AND S. GARBIERO

Corollary 54. A four dimensional almost Hermitian, naturally reductive, homogeneous
manifold is a Hermitian manifold.

From the classification of the almost Hermitian manifolds, [9], we get:

Theorem 5.5. Let M be a connected, simply connected almost Hermitian homogeneous
manifold of dimension 2n=6. Then ‘

(a) MeW#"| if and only if M is a naturally reductive nearly Kdhler manifold.
(b) Me#, if and only if M is a naturally reductive locally conformal Kéhler manifold.
(c) Mew' 3 @W, if and only if M is a naturally reductive Hermitian manifold.

Proof. By definition, M is a nearly Kdhler manifold if V,(F)(X, Y)=0, X, Y e ¥(M),
and F is the Kahler form on M. In [9] it is shown that M is a nearly Kahler manifold if
and only if VFe#/. (b) and (¢) follow from the observations concerning Theorem 5.2
and Corollary 54.

Theorem 5.6. The almost Hermitian homogeneous structures of type 7, are classified
into sixteen classes, given by all the invariant subspaces of the decomposition

Ty=Kery,®@W, 0% W%,
Proof. It follows directly from Theorem 4.2.

For the almost Kihler manifold it is possible to deduce a nice property.

Theorem 5.7. An almost Kdhler, naturally reductive, homogeneous manifold is locally
Hermitian symmetric.

Proof. M is an almost Kahler manifold if its Kdhler form is closed. Gray and
Hervella [9] proved that every almost Kihler manifold belongs to the class %/,. From
the previous theorems it follows that an almost Hermitian homogeneous structure
TeJ5 on an almost Kahler homogeneous manifold vanishes. Then the manifold is
locally Hermitian symmetric (see [10] and [16]).

Remark. Theorem 5.7 provides a generalization and a direct verification of a result
of Deloff [6] concerning Kihler manifolds.

Theorem 5.8. A homogeneous almost Hermitian manifold is Kdéhlerian if and only if it
belongs to the subspace ., defined in Theorem 2.1.

Proof. The covariant derivative of the Kéihler form of a Kédhler manifold vanishes.
Then, from condition (iv) of Theorem 1.2 one gets

Tasyz+ Txys;2=0, X, Y, ZeX(M),

where T is an almost Hermitian homogeneous structure. But this is precisely the
definition of 7.
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Remarks. (a) Let M be a connected homogeneous almost Hermitian manifold of
dimension 2n26. Then M e ¥, if and only if M is a naturally reductive nearly Kahler
manifold. This follows from Theorem 5.5(a) and from the definition of »#s and #77.

(b) If dim V=2, then J(V)=5¢, (see Theorem 2.3) and Te ¥, can be written as
follows

LiY=(X, Y)Y OX—AX, JY)J+IXOHIX+ 22X, 0HIY, X, YeV,

where eV is defined by {{, X>=y(X), XeV.
By means of the identity

CIPX =<X, DL+LX, IO, XeV,
it is easy to show that
TLY=4[KX, Y){—<Y DX}, X,YeV.

Hence, the class #, coincides with (V) and we may deduce the consequences of
Theorem 5.2.

6. Examples

(a) Let (M, g) be a 3-symmetric Riemannian space, i.. for each pe M there exists an
isometry 6, of M such that

(i) p is an isolated fixed point of 8,

(ii) (83), =1, where I denotes the identity isomorphism of T,M.
It is well known that a 3-symmetric space can be endowed with an almost complex
structure J which is compatible with metric g [8]. Hence, for every pe M, 6, becomes a
holomorphic isometry with respect to J. In particular, (M,g,J) satisfies the conditions

(V)N + (Vi NUY)=0,  X,YeX(M),

that is: M belongs to the class #,@®#, of the classification of almost Hermitian
manifolds [9]; further, the tensor field T given by

TX Y= J2LJ(VXJ)( Y), X: Ye I(Al)’

is an almost Hermitian homogeneous structure on M. Tricerri and Vanhecke [16]
proved also that TeZ,® T, and TeZ; if and only if (M,g,J) is a nearly Kihler
3-symmetric space. Moreover, TeZ, if and only if (M,g,J) is an almost Kihler
3-symmetric manifold. The same results are easily deduced from Theorems 4.1 and 4.2.
In fact, nearly Kéhler manifolds and almost Kihler manifolds belong, respectively, to the
classes #, and %/, as has been observed.

(b) The following example shows that the inclusion between ¢, ® ;@ ), and
Ky H D K, P K, is strict. Let us consider the 4-dimensional Lie group G given by
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1 x z O
01y O
= teR}.
¢ 001 o]*rre
0 0 0 eZm't

Endowed with the left invariant metric
ds? =dx? +dy* +(dz— x dy)* + dt?,

G becomes a Riemannian homogeneous manifold, diffeomorphic to R3x S!. In fact G
can be considered as the direct product of the Heisenberg group and the circle. An
orthonormal basis of the Lie algebra g of G is given by

0 o 0 0 0

™ ez=6_y+6_z’ €3=7 €=z

€
From the Cartan structural equations, we deduce the connection 1-forms for the Levi
Civita connection of g
w1,=—Hdz—xdy), ©;3=—3dy, wy;3=%dx, ©14=Wy3=w;34=0.
Hence the nonzero components of the Riemannian curvature tensor are:

=3 =1 —1
ejere ez 4> Rezegeze;‘«b Re ezejey— 4
1€2€1€2 1€3€1€3

Let us define an almost complex structure J on G as follows:
Je,=—e,, Je,=e,.
(G, g, J) is an almost Kdhler homogeneous manifold because the Kihler form of G
F=dt ndx+dy A (dz—xdy)
is closed; but (G, g, J) is not a Kihler manifold (for detailed computations, see [1]). By
solving explicitly the Ambrose—Singer—Sekigawa equations, one can find that on G there
is only one almost Hermitian homogeneous structure T given by:
T.e; =}es, T e5= —3es, T.,es =1y, T e = —1e;,
T.e,=—%es T.e,=%e, T, e;=0 otherwise.
By a direct calculation, it is possible to find the class which T belongs to:

TeH,® H, D K, D Hs. From Theorem 5.8, we have: T¢ i, D WD H, If we
consider the second decomposition, we find that: T e %,
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In [1] the compact manifold M =G/T is studied, where G is the above Lie group and
T is the discrete subgroup of G generated by the matrices of G whose entries are
integers. M is the Thurston example [14] of a compact symplectic manifold admitting
no Kihler structure. On the other hand, according to Theorem 4.10 of [20], if M=G/K
is a symplectic homogeneous manifold and G is a nilpotent Lie group, G must be
abelian. Then the manifold M =G/T" and its generalizations ([4 and §]) are not almost
Kihler homogeneous manifolds because they are not symplectic homogeneous
manifolds. However, they are examples of locally homogeneous almost Kdhler manifolds
which are not homogeneous, [15].

(c) We describe now a family of examples of homogeneous almost Hermitian
manifolds of class 7, (see [11] for the computations). Let us consider the Lie group

e 0 0 x
0 e 0y

G= 0 emr o 5| x,y,z,teR, o, f#0, a, fe R, constant 3,
0 0 01

with the metrics:
ds>=e 2% dx2 + e~ 2Pt dy? + 2@+ P 72 4 (dt —u et P dz)?

o, p,ueR; a, f£0.
An orthonormal frame field on G is given by

0 0 G|

J
~or e,=e" e3=elt —, e,=e TP —pyu—

é ox’ oy oz ot
In general, if G is a Lie group with a left invariant metric g, the tensor T is given by

28(TyY,Z)=g([X, Y], Z)-g([Y, Z], X) +g([Z, X], Y), X,YZeg,

where g denotes the Lie algebra of G.

Let V the Levi Civita connection on G, the metric connection V=V —T satisfies:
V,Y=0, for all X,Yeg. Hence, the curvature tensor R of V vanishes and T is an
homogeneous structure on G, [16].

In our case, T is given by

Tezel =aey, Tesel = e, ’I:uel = —(a+ Pes, 72232 =—aey,
T, .e3=— ey, T, .es=(x+ Pley, T, e;=0 otherwise.

Let J be any left invariant almost complex structure on G, compatible with ds. It is -
clear that, by the definition of ¥, the fourth condition of Theorem 1.2 is always satisfied.
It follows that (G,ds?,J) is an almost Hermitian homogeneous manifold. It can be
checked that G belongs to the class 4,. In fact, it is the unique irreducible four
dimensional manifold of type 4, which is not a 3-symmetric space [11].
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Computing the trace ¢, ,(THX)=Y{-; T, j.,x» X €8, one realizes that ¢,,(T)=0 if and
only if a4+ 8=0.

Hence, if a+f=0, G belongs to Kery,®¥,®#" but G does not belong to
Kery,u#,uw?.

If «+ B#0, G does not belong to Kery,u#,uW#,u¥#7,.
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