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CHARACTERIZATIONS OF THE GENERALIZED
HUGHES PLANES

HEINZ LUNEBURG

Let P be a projective plane and Q a subplane of P. If lisa line of B, we let
T(LQ, 1) denote the group of all elations in P that have [/ as axis and leave Q
invariant. In [12, p. 921], Ostrom asked for a description of all finite planes P
that have a Baer subplane Q with the property that |7°(Q, I)| = o(Q)? for
all lines [ of Q. Here 0(Q) denotes the order of Q. Both the desarguesian planes
of square order and the generalized Hughes planes have this property (Hughes
[10], Ostrom [14], Dembowski [6]). One of the aims of this paper is to show
that these are the only planes having such a Baer subplane.

Given such a plane, we let G be the group generated by all the groups
7(LQ, ). Letting ¢ = 0(Q)), we can show that, if ¢ # 7, then the group G is
isomorphic to PSL(3, q). If ¢ = 7, then either G = PSL(3,7),0or G = SL(3,7).
In all cases, the plane P is uniquely determined up to isomorphism by the
action of G on PB. For this reason, we start by describing a class of planes, using
only the groups PSL(3, q), (or SL(3, ¢)), and certain of their subgroups. It is
shown in the course of Theorem 2 and Corollary 2 that these planes are in fact
precisely the desarguesian planes of square order and the generalized Hughes
planes. However, the new description is more convenient for our purposes.

The proof of Theorem 2 yields Corollaries 1 to 10. Most of the results stated
in Corollaries 1 and 3 to 9 are already known. For example, the full collineation
group of a generalized Hughes plane has been determined by Rosati [17; 19],
who proved in addition, that all such planes are self-dual (Rosati [18, 19]).
Also, Corollary 7 was already known to Ostrom [13; 14]. (In this context we
must mention that the formulation of Theorem 5.4.3 of Dembowski [4, p. 248]
is incorrect. It should read ‘‘generalized Hughes plane’” instead of just ‘“Hughes
plane”. This error in Dembowski’s book probably stems from the fact that
Ostrom [13] uses the words ‘“‘Hughes planes’” to describe what are usually
called “‘generalized Hughes planes’’.) Corollary 8 is found nowhere in the
literature, while Corollary 9 was previously known only for polarities.

Of exceptional interest is the plane of type E, for it admits a collineation
group generated by elations and containing Baer collineations. By the same
token, the planes of type G, G, and H are of interest, for in these cases the
group of collineations generated by all the homologies contains Baer collinea-
tions.

Unfortunately, I was unable to make use of the results of Dembowski [6]
and Unkelbach [22] in proving Theorem 2, since the proofs given by both these
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authors are incorrect, even though the results themselves are true. Yaqub [24]
fills the gap in Dembowski’s proof in the case ¢ £ 1 mod 3 by taking SL(3, q)
instead of GL (3, ¢). Unkelbach errs on page 156 in his exclusion of the special
case ¢ = 19. Also, his theorem on page 158, stating that |Ap 1 M Z| = 2(¢ + 1)
if Ap1is not cyclic is true only if ¢ = 3 mod 4. This last error was pointed out
to me by Mrs. Yaqub, whom I wish to thank here for the detailed conversation
we exchanged recently at the Geometry Conference in Toronto. It was due to
these talks that I once again turned my attention to a study of the Hughes
planes. I also wish to thank her for her careful reading of the manuscript and
the many valuable suggestions she made to improve the presentation of this
paper. Finally, I would like to thank Dr. G. Gunther of Toronto for the trans-
lation of this paper.

I refer the reader to Dembowski [4] and Huppert [11] for those concepts and
results that I do not specifically define or quote.

LeMmMA 1. Let V be a vector space over K. Suppose V.= P @ H, where P = wK
for w # 0. Suppose further that we are gwen p, o' € TL(V) such that

1) wr = w' € P,

(2) Ho = H = H”, and

B) if p'p~t #£ 1, then p'p~! is not a transvection.
If 0 and o' are transvections with axts H, and 1 and 7' are transvections with centre
P, then opr = 7'p'd’ implies that ¢ = ¢/ =1l or 7 =7 = 1.

Proof. Let ¢ be the linear form of V into K whose kernel is / and for which
¢(w) = 1. We can then find i, ¥’ € H so that x* = x 4+ he(x) and ' = x +
K o(x) for all x € V. We can also find linear forms ¢ and ¢’ of V into K with
Y(w) = 0 = ¢ (w) such that x™ = x + wy(x) and x” = x + wy’(x). Since
apt = 7'p’¢’, we conclude that p and p’ have the same companion automor-
phism a. Hence

x0T = xf + w(xr) + Y (h*)e(x)*] 4+ hee(x)e

and
Xm0 = o' 4wy (x)* + B o) + o )Y (x)].

Since opr = 7/'p’¢’ and w? = w*’, we deduce

(@) xr + wly(xr) + ¢ () (x)e] + ke (x) = x*" 4 wo/ (x)*
+ Wlex?) + o(w?)y (x)2] forallx € V.

Also, w? = w*’ € P C ker (¢) M ker (') and ¢(w) = 1, and hence we obtain
from (a) the equation

wy (he) + he = h'o(wr).
Hence wy (h*?) € H M P = {0}, and therefore ¢ (h*) = 0. Thus we have
(b) ¢(h*) = 0and h* = Ko (wr).
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Combining (a) and (b), we obtain

©) % =0+ wp(e) — e @) + o) — o) o) — ¥ ()] = 0
forall x € V.

As P» = P, we know that w? = wk for some k € K. For x € H, we know from
(2) that x» — x*" € H, and applying (c) we deduce

wly(x?) — kY (x)2] € HN P = {0}.
Hence ¢ (x?) = ky/(x)forall x € H. But P C ker () M ker (') and P> = P
allow us to write
(d) ¢(x°) = kY (x)* forallx € V.
Combining (c) and (d) yields

x0 — x? 4 helo(x)® — k7 lo(x?’) — ¢/ (x)2] =0 forallx € V.
This implies

w7 = x + hle(x) — E o) — Y (x)].
From (b) and (d), we know ky/ (h)* = ¢(h*) = 0. Hence

e(h) — k7o) — y'(h) = 0,

implying that p’p~' is a transvection. By (3), we therefore conclude that
’—1

p’p~! =1, and so
hle(x) — k= p(x" ) — Y/ (x)] =0 forallx € V.

If » =0, then (b) implies that 2’ = 0 and hence ¢ = ¢’ = 1. Ilf & # 0, then
ox) — ke lp(x?') — ' (x) =0 forallx ¢ V.

But this implies that ¢/ (x) = 0 for all x € H. Since P C ker ('), we therefore
conclude that ¢ = 0. But then ¢ = 0 from (d), and hence » = 7’ = 1 in this
case. This completes the proof.

LEMMA 2. Let V be a vector space over K such that dim V' = 3. Suppose V =
P ® Hwithdim P = 1. Let S be a subgroup of TL(V) p g that induces a group of
Sixed-point-free automorphisms on H. We denote by 1T (H) the group of all trans-
vections whose axis 1s H, and by T (P) the group of all transvections whose centre
is P. Let A = T(H)S and B = T'(P)S. Then AB N\ B4 = AU B.

Proof. Certainly 4\J B C AB M BA. Hence we need only show that
AB N BA C AU B. Choose § € AB M BA. Since S normalizes both 7(H)
and T'(P), we know that AB = T'(H)ST(P), and BA = T(P)ST(H). Hence
we can find o, ¢’ € T(H), p, o' € S and 7, 7 € T'(P) such that opr = £ =
7'p’d’. From Lemma 1, it is sufficient to show that p = p’. Suppose P = wK,
and w* = wa, w*’ = wb with ¢, b € K. Using the notation of Lemma 1, we
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then deduce
x7PT = xP + w[yb(x”) + ¢(h”)<p(X)“] + hp(p(x)zx

and
X7 = xo' 4 wby (%)% 4+ B (x?) + by (x)].

Because gpr = 7'p’¢’, we therefore deduce

(@) xr + wlyxr) + Y (he)e ()] + hre(x)® = x* + wby/ (x)
+ W) 4+ by’ (x)¢] forallx € V.

This implies that wa + wy (h*) + h* = wb + k', and so we have
(b) ¢(*) =b — aand h* = K'D.
Applying (a) to any x € H, we obtain

x? + wy(xr) = xP' + why (x)* + Kby (x)=.
Thus we have
() x» =x + Wby (x)* and ¢ (x*) = by'(x)* forall x € H.
Hence " = x — hy/(x) for all x € H. Since dim V = 3, we can therefore
find some u € ker (') M H such that u# # 0. For this choice of u#, we have
uf’?™ = 4. However, we know that p/p~! € S, and by assumption, .S induces
a group of fixed-point-free automorphisms on H. Hence we must conclude that
x*'?' = xforall x € H,implying that iy/(x) = Oforallx € H.If h = 0, then
h* = 0, and hence 0 = ¢ (h*) = b — a from (b). But then w*’* = w and so
p'pt = 1.1f h # 0, then ¢/ (x) = 0 for all x € H. But then, from (c), we have

= 00 = by’ (h)* = ¢ (h*), and hence a« = b also in this case, again implying
that p = p/.

Now let V' be a 3-dimensional vector space over the field GF(g). Suppose
V=P® H with dim P = 1, and let G = SL(V). Let S be a subgroup of
Gp.g of order ¢> — 1 which induces a group of fixed-point-free automorphisms
onH.Let4 = T(H)Sand B = T(P)S. From Lemma 2, we have AB M BA =
A U B. In addition,

|G: Al =|G:B| = (¢ +q+ Lglg—1).
We also know that A M B = S, and hence
IG: AN Bl = (¢+ ¢+ 1)g*(g — 1).

We now consider the following incidence structure J = J(G, .S): The points
of & are the right cosets Ax for x € G. The lines of 3 are the right cosets By
for y € G. We say that Ax is incident with By exactly if Ax M By 5 @. From
Higman and McLaughlin [9, Lemma 2 and Lemma 4] we know that J is an in-
cidence structure containing (¢* + ¢ + 1)g(¢ — 1) points and the same num-
ber of lines. Every line of § contains ¢? points, and every point of J lies on ¢?
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lines. Since AB M BA = A \U B, we also know that two distinct points are
joined by at most one line. Furthermore, G operates flag-transitively on § by
means of the mappings Ax — Axg and By — Byg.

LEMMA 3. Let Ax be a point. Then the points of S that are not connected with Ax,
together with Ax, form an orbit of x'Gp x1 (H)x.

Proof. The point Ax lies on ¢? lines, each of which contains ¢> — 1 points
distinct from Ax. Hence the points of & not connected with Ax, together with
Ax, form a set containing (¢> 4+ ¢+ 1)qg(g — 1) — ¢*(¢* — 1) = q(¢ — 1)
points. Now the index of 4 in Gp g7 (H) is g(¢ — 1). Let x4, . . ., x4—1 be a
set of coset representatives of S in Gp z. Then it follows that xy, ..., %1
is also a set of coset representatives of 4 in Gp xyT(H), for xx;7' € A implies
that xx, ' € ST(H) N\ Gpyg = SIT(H) N\ Gp y] = S. Hence x'xx, ...,
¥, —nX is a set of coset representatives of x~'4x in x~'Gp x1 (H)x, and
x~'4x is the stabilizer of the point Ax in G. Hence the images of Ax under
x71Gp yT (H)x are the points Axyx, ..., Ax,,—nx. But the points Axx and
Axx are connected if and only if xx;' € ABA (cf. Dembowski [4, 1.2.8]).
Since S normalizes both T'(H) and T'(P), we know that ABA = ST(H)1T (P)-
T'(H). Thus, if xx,~! € ABA, then we can write xx;7! = o7117973, With o € S,
71,73 € T'(H) and 7, € T(P). Then we have

H = H#ei™t = FHorirers — H‘rzf:s’
and hence H = H™s" = Hr, implying that 7, = 1. Also,
P = Prizil = Porits = PTIT.'S’

implying that 7,73 = 1. Hence xx,/! = ¢ € S, and so Ax; = Ax;, or equiva-
lently, Axx = Axjx.

Similarly, we prove

LEMMA 4. Let By be a line. Then the lines of I that do not intersect By in a
point, together with By, form an orbit of y='Gp xy1 (P)y.

Let Q be the projective plane associated with V. We combine Q and (G, .S)
to define the incidence structure P = B (G, S), as follows: The points of L are
the points of Q together with the points of 3. The lines of P are the lines of Q
together with the lines of J. Let X be a point and / be a line of .

(a) If X and / are elements of Q, then X and [ are incident in P if and only
if they are incident in Q.

(b) If X and / are elements of &, then X and [ are incident in P if and only
if they are incident in J.

(¢) If X = P*and ! = By, then X and [ are incident if and only if P* = Pv.

(d) If X = Axand ! = HY, then X and [ are incident if and only if H* = H.

We shall denote the incidence by I, that is, P I [ if and only if P is incident
with / and P £ otherwise.
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Clearly, the definition of incidence given in (c) and (d) is independent of
the choice of representatives x and y.

THEOREM 1. P(G, S) s a projective plane of order ¢* and Q 1s a subplane of
B(G, S) of order q. The group G operates (not necessarily faithfully) on B(G, S)
as a group of collineations. For all x € G, the groups T (H*) are groups of elations
of B(G, S) leaving L. invariant.

Proof. From the definition of B(G, S), we obtain immediately that G operates
as a collineation group on PB(G, S) and leaves Q invariant. Now let X and ¥V
be two distinct points of P (G, S). We shall show that X and Y have a unique
line in common.

Case 1: X and Y are points of Q. Since G acts transitively on Q, we may
assume that X = P. Then T" = P’ with P? 3 P. Trivially, X 4+ Y is the
unique line of L joining X and Y. So suppose / is another such line. Then I =
Bz. But then P I Bz would imply that P = P? and also P¥ I Bz implies that
PY = P? yielding the contradiction P¥ = P? = P PV

Case 2: Suppose X = P and ¥V = Ax. From the definition of incidence in
B(G,S), we know that ¥ is on a unique line of Q, namely H*. Suppose P C H?,
and suppose that / is a second line containing both P and V. Then I = By.
But P I By implies that P = PY, and Ax I By implies that Ax M By = @.
Hence there exist ¢ € 4 and b € B such that ax = by. But P = P? and hence
P% = PV = P, implying that P = P%. On the other hand, we have H* = H,
implying H%* = H* But P &€ H, and so P® € H%, or equivalently, P & H*.
Thus we have shown that if P C H?, then P and Y are joined by a unique line.
Now suppose that P & H?. Then P> & H, and so we can find some « € 4
such that P = P*" andso P = P%. Lety = ax. Then P = P?and so P I By.
Since Ax M By # @, we conclude that Ax I By, and therefore P and Ax have
at least one line in common. Now suppose Bz is a second line joining Ax and P.
Then P = P? and Ax M Bz # @. Thus we can find a¢ € 4 and by, € B such
that agx = bez. But then P%? = P%? = P? = P = P¥ and so P%*' = P,
But also H**" = H, and hence apa™! € Gp.y M A = S. Since S C B, we can
write ao = ca for some ¢ € B. But this implies bz = apx = cax = cy, and
so Bz = Bx.

Case 3: X = Ax and ¥V = Ay. Then H* and HY are the unique lines of Q
containing X, respectively Y. If X and Y are not joined in &, then Lemma 3
states that we can find some z € Gp g1 (H) such that 4zx = Ay. Hence y =
azx for some a € 4. But then HY = H** = H” and so H*® is the unique line
joining X and Y. Conversely, if HY = H*, then yx=! € Gp g1 (H). Then we
can write y = zx with 3 € Gp xy1 (H), implying by Lemma 3 that X and ¥V
are not connected in §.

Thus we have shown that two distinct points of B (G, S) are connected by a
unique line. Similarly, one can show that two distinct lines of (G, S) intersect

https://doi.org/10.4153/CJM-1976-039-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1976-039-7

382 HEINZ LUNEBURG

in a unique point. This is sufficient to conclude that B(G, S) is a projective
plane of order ¢2.

The only thing left to show is that T (H*) has the required properties. It is
sufficient to show this for T(H). The points of Q contained in H all stay in-
variant under 7'(H). The remaining points of H are all of the form A% where
H* = H. In other words, these are the points Ax with x € T(H)Gp g. If we
choose t € T(H), then xtx™! € T'(H) for all x € T(H)Gp g, and hence Axt =
Axtx— = Ax, completing the proof.

We now ask for a construction of such subgroups S of Gp y. Since G =
SL(V), we know that det ¢ = 1 for all ¢ € S. Now let P = wK, and let oo
be the restriction of ¢ to H. Then w* = w(det o)~ This implies that.S operates
faithfully on H. Since |H| = ¢? and |S| = ¢> — 1, we know therefore that S
operates transitively on H\{0}. Since S consists of K-linear transformations,
where K = GF(q), we see therefore that S and H define a near-field whose
kernel contains a subfield isomorphic to GF(q).

Conversely, suppose H is a nearfield of order ¢ whose kernel contains a
subfield K isomorphic to GF(q). Letting Sy be the multiplicative group of H,
we know that Sy consists of K-linear transformations. Let V' = K ® H. Given
oo € Sy, define ¢ by (B + k)? = k(det 0y)~! + hoyp. Let S be the set of all these

transformations o; then S is a group of the required kind.

TyprEs.—A) Let H = GF(g?). In this case, S is cyclic of order ¢> — 1. The
collineation group induced by G in B(G, S) is isomorphic to PSL(3, ¢). This is
trivial if ¢ £ 1 mod 3, as PSL(3, q) =2 .SL(3, ¢) in this case. Now suppose that
¢ = 1 mod 3. In this case, S contains the transformation x — x¢ with { € GF(¢)*
and o(¢) = 3. Hence | 3(G)| = 3. Moreover 3(G) C.S =4 M B. Since G/ 3(G)
is simple, we know from Higman and McLaughlin [9, Prop. 1] that G/ 3(G) is
isomorphic to the collineation group induced by G on B(G, S). The collineation
group induced by S in B(G, S) is also cyclic, and has order d=1(¢> — 1), where
d is the greatest common divisor of 3 and ¢ — 1. We shall see later that
the plane P (G, S) is desarguesian in this latter case.

B) Suppose ¢ is odd. Let H = GF(¢?). In H, we define a new multiplication
o by

con = J¥ if ¥ is a square in H,
Y = 1ty if y is not a square in H.

It 1s well known and easily checked that H (4, o) is a nearfield. Let S, be
the multiplicative group of H(+, 0). In .Sy, the set

{x|x € H\{0}, x is a square in GF(q?)}

is a cyclic subgroup of index 2 containing the multiplicative group of GF(q).
As for type A, we can show that the collineation group induced by G in B(G, S)
is isomorphic to PSL(3, ¢). The collineation group induced by .S has order
d='(g*> — 1), where d is again the greatest common divisor of 3 and ¢ — 1. In
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this case, S is not abelian; However, it contains a cyclic subgroup of index 2.
It turns out that the planes of type B are exactly the planes constructed by
Hughes [10].

For details on the exceptional nearfields used in the following examples, we
refer the reader to Zassenhaus [25] (see also Lemma 7).

C) Let ¢ = 5, and let H be the exceptional nearfield of order 52. Let .Sy be
the multiplicative group of H. Then S, is isomorphic to SL(2, 3). Since 5 % 1
mod 3, we know that PSL(3, 5) = SL(3, 5), and hence the collineation group
induced by G in B(G, S) is isomorphic to PSL (3, 5). In addition, S = SL(2, 3).

D) Let ¢ = 11, and let H be the exceptional nearfield of order 112, whose
multiplicative group .S, is soluble. Then we have Sy=Z; X SL(2, 3),
where Z; is the cyclic group of order 5. As 11 # 1 mod 3, we know that
G =~ PSL(3, 11), and that .S operates faithfully on B(G, S).

E) Let ¢ = 7, and let H be the exceptional nearfield of order 72. In this case,
S, contains a normal subgroup of index 2, which is isomorphic to SL(2, 3).
The Sylow 3-subgroup of Sy is of order 3 and is not normal. Hence S M 3(G) =
{1}. The collineation group induced by G is therefore isomorphic to SL (3, 7),
and S operates faithfully on B (G, S).

F) Let ¢ = 23, and let H be the exceptional nearfield of order 232. Since
SL(3, 23) =~ PSL(3, 23), we know that the group G operates faithfully on
B(G, S). Furthermore, we know that S = Z;; X S,, where Sy is the group
described under E).

G) Let ¢ = 11, and let H be the exceptional nearfield of order 112> whose
multiplicative group is isomorphic to SL(2, 5). In this case, we have G =
PSL(3, 11); further, G and S both operate faithfully on B(G, S).

H) Let ¢ = 29, and let H be the exceptional nearfield of order 292. Then
G = PSL(3, 29), and S = Z; X SL(2, 5).

I) Let ¢ = 59, and let H be the exceptional nearfield of order 592 Then
G = PSL(3,59) and S = Zsy X SL(2, 5).

It will turn out that the planes of type B to I are precisely the generalized
Hughes planes.

LEMMA 5. Let q be a power of the prime p. Let Q be a set containing g(q — 1)
elements. Let G be a group, isomorphic to SL(2, q), operating on Q. Suppose that
the action of the Sylow p-subgroup of G on Q is regular. Then the permutation
group H induced 1n Q by G 1s isomorphic to PSL(2, q), except in the following
cases: If ¢ = 2, then |H| = 2 and if ¢ = 3, then |H| = 3 or H = PSL(2, 3).

Proof. Suppose p = 2.If ¢ = 2, then |Q] = 2, and hence |H| = 2. So suppose
g > 2. Since ¢ is even, we know PSL(2, q) = SL(2, ¢q), and since ¢ > 2, we
know that PSL(2, q) is simple. Since the action of G on @ is non-trivial, we
therefore conclude that H = PSL(2, q).

Now suppose p > 2. Since G =< SL(2, g), we know that G contains a unique
involution ¢. If ¢ > 3, then (¢ ) is the only proper normal subgroup of G. If
g = 3, then (¢ ) is contained in every proper normal subgroup of G. We now
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assume that ¢ does not induce the identity on Q. Then G = H. Choosing
a € Q, we then have g(¢2 — 1) = |o||H,|. But |#| < ¢(¢ — 1), and therefore
|H,| = ¢ + 1. Furthermore (¢, |H.|) = 1. Using this and assuming that |H.,|
is odd, we deduce from Dickson [7, § 260] that |H,| < %(¢ + 1). Hence H,
has even order, implying ¢ € H,. As this holds for all « € Q, we see that ¢ does
induce the identity in Q.

If ¢ > 3, then G/ {0 ) is simple. Hence in this case we have H = PSL(2, q).

We know that PSL(2, 3) = 4,. Hence we have in the case ¢ = 3 that either
|H| = 3 or H= PSL(2, 3).

The next lemma can in essence already be found in Unkelbach [22, Lemma
4.4].

LemMA 6. Let g be a power of 2, and let Q be a set containing q(q — 1) elements.
Suppose G is a group, operating on Q, isomorphic to PSL(2, q). Suppose further
that the action of the Sylow 2-subgroups on Q is regular. Then G operates transi-
tiwely on Q. For a € Q, the group G, 1s cyclic of order ¢ + 1, and G, has exactly
one other fixed point.

Proof. Choose a € Q. Then ¢(¢> — 1) = |a%||G.|. We have [a¢ = ¢(¢g — 1)
and hence |G,| = ¢ + 1. Since 2 is not a divisor of |G,|, we use Dickson [7, § 260]
to deduce that G, is cyclic of order ¢ + 1. This implies that G operates transi-
tively on Q. Furthermore, again by Dickson (loc. cit.), we have [N (Gy) : Ga| =
2, so consequently, G, has exactly one more fixed point.

We can prove an analogous lemma for odd g. However, in this case one finds
over 30 different ways in which G can operate on Q. As most of these cases have
no bearing on the following, we prove a lemma for odd ¢ that only yields those
cases which are important in what follows. We should mention that this lemma,
too, has a predecessor in the literature (Prohaska [16]).

LEMMA 7. Let q be a power of the prime p > 2. Let Q be a set containing ¢(qg — 1)
elements. Suppose G is a group operating transitively on Q. Suppose furthermore
that G satisfies the following conditions:

a) The action of the Sylow p-subgroups of G on Q is regular.

b) G contains a normal subgroup S which is isomorphic to SL(2, q).

c) The group of automorphisms induced by G on S is isomorphic to PGL(2, q).
If H is the group induced by S on Q, then either ¢ = 3 = |H| or H is isomorphic
to PSL (2, q). If ¢ = 3 = |H|, then H has exactly two orbits of length 3 in Q and
the Sylow 2-subgroup of G operates trivially on Q. If H = PSL (2, q), then we
have one of the following cases:

1) H operates transitively on Q and for all @ € Q, the group H, is cyclic of order
3$(q + 1). In addition, H, has exactly one more fixed point.

2) ¢ = 3 mod 4 with ¢ > 7, and H 1is transitive on Q. The group H, is the di-
hedral group of order %(q + 1), and H, has exactly one more fixed point.
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3) ¢ > 3 and H has two orbits of length 3q(q — 1). For o € Q, the stabilizer
H, of o is the dihedral group of order ¢ + 1, and H, has exactly one other fixed
point B. The points a and B lie in distinct orbits of H.

4) q = 11 and H has 10 orbits of length 11. Moreover, H, = A5 and H, has
exactly five fixed points, no two of which lie in the same orbit of H.

5) ¢ = 19 and H has 6 orbits of length 19 - 3. The stabilizer H, is isomorphic
to Ay and has exactly 3 fixed points, no two of which lie in the same orbit of H.

6) ¢ = 29 and H has 4 orbits of length 29 - 7. Furthermore, H, =~ A5 and H,
has exactly two fixed points that lie in distinct orbits of H.

7) ¢ = 59 and H has two orbits of length 59 - 29. We have H, =~ A5 and H, has
exactly one fixed point.

8) ¢ = 7 and H has 6 orbits of length 7. Moreover, H, = Sy and H, has exactly
3 fixed points, no two of which lie in the same orbit of H.

9) ¢ = 23 and H has two orbits of length 23 - 11. If a € Q, then H, = S, and
a 15 the only fixed point of H,.

10) ¢ = 5 and H has 4 orbits of length 5. For a € Q, we have H, = A4, and
H, has exactly one fixed point in each orbit of H.

11) ¢ = 11, and H has two orbits of length 11 - 5. For a € Q, we have H, = A4,
and H, has exactly one fixed point in each orbit of H.

Proof. Since the action of the Sylow p-subgroups of G is regular on €, and
since G is transitive on Q, we know that the Sylow p-subgroups of G all have
order g. Since |S| = ¢(¢*> — 1), we therefore conclude that all the Sylow p-sub-
groups of G lie in S. Hence we may use Lemma 5 to conclude that either
qg=3=|H|,or H= PSL (2,q). If ¢ =3 = |H|, then |Q| = 3-2, and so H
has exactly two orbits of length 3. In this case, G contains exactly one Sylow
2-subgroup, which therefore operates trivially on Q. For the following, we
therefore assume that H = PSL (2, g¢). Then we know that |H| = 1q(¢®> — 1).
Fora € Q, we then have 3¢(¢> — 1) = |a||H,]. Since ¢ divides |a”|, we deduce
that [H,| = 3(¢? — 1). Furthermore, (g, |H.|) = 1. On the other hand, we
have || < q(g — 1), and so |H,| =2 %(q¢ + 1). Hence, by Dickson [7, § 260],
H, must be one of the following:

a) H, is cyclic of order (g + 1).

B) H, is a dihedral group of order ¢ + 1.

v) H, is a dihedral group of order ¢ — 1.

8) H, is an elementary abelian group of order 4.

€) ¢ = 3 mod 4 with ¢ > 3, and H, is a dihedral group of order %(¢ + 1).

¢) ¢ = 1 mod 10 and H, is isomorphic to 4.

7) ¢ = 1 mod 16 and H, is isomorphic to S.

94) H, is isomorphic to 4.

In all cases, we have that H, and Hp are conjugate in G for all @, 8 € Q, where
G denotes the permutation group induced by G on Q. Moreover, all the orbits
of H have the same length. These two remarks follow from the fact that H is
normal in G and that G acts transitively on Q.

i
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Ad ). In this case, H is transitive on Q. We have (N¢(H,) : Hy| = 2, and
hence H, has exactly two fixed points. This yields Case 1.

Ad B). Here H has exactly two orbits of length %g(g — 1). If ¢ > 3, then H,
is a maximal subgroup of H and hence has exactly one fixed point in o”.
For 8 € Q\a¥, the group H, and Hjy are conjugate in H, and hence H, also has
exactly one fixed point in Q\a?. If ¢ = 3, then H, is the normal subgroup of H
of order 4. Since it is a characteristic subgroup of H, we know that G normalizes
H,. Hence H, induces the identity in Q. But this means that the case ¢ = 3
cannot occur, and thus we have Case 3.

Ad v). Here all orbits would be of length 3¢(q + 1), which is obviously
impossible, unless ¢ = 3. But ¢ — 1 = 4, as H, is a dihedral group.

Ad§). In thiscase, 3(¢g + 1) = 4,and henceq = 3,50r 7. If ¢ = 3, we could
show as above that |H| = 3, which is not the case. Hence we are left with
g =5orqg = "7.1f g = 5, then H would have an orbit of length 5-3. But 5-3
is not a divisor of |9 = 5-4. If ¢ = 7, then H would be transitive on Q.
But 7= —1 mod 8. Using Dickson [7, § 260], we therefore know that PSL (2,7)
contains two conjugate classes of Klein 4-groups which fuse under PGL (2,7)
into one conjugate class. Combining this with ¢) yields a contradiction.

Ad €). 1f ¢ = 7, then H, is a Klein 4-group, which, as we saw, is impossible.
Hence ¢ > 7. But this implies that |N;(H,) : H.] = 2, and hence we have
Case 2.

Ad ¢). Here we have $(¢ + 1) £ 60 < 3(¢> — 1). Combining this with
g*> = 1 mod 10 and (g, 60) = 1, we obtain

g € {11, 19, 29, 31, 41, 49, 59, 61, 71, 89, 101, 109}.

But this, together with the fact that ¢(¢® — 1)/120 is a divisor of ¢(qg — 1),
yields that ¢ € {11, 19, 29, 59}. In all these cases, we know from Dickson
(7, § 259] that PSL (2, ¢) contains exactly two conjugacy classes of groups that
are isomorphic to 4;. These two conjugacy classes fuse under PGL (2, ¢) into
one conjugacy class. Moreover, all these groups are their own normalizers.
Hence H, will have a fixed point in exactly half the orbits, giving Cases 4),
5), 6), and 7).

Adn). Inthiscase, (¢ + 1) < 24 < 1(¢*> — 1). Combining this with ¢ = 1
mod 16 yields ¢ € {7, 17, 23, 31, 41, 47}. But ¢(¢> — 1)/48 is a divisor of
g(qg — 1), and hence ¢ = 7, 23, or 47. Now, using Dickson [7, § 257], gives us
Cases 8) and 9).

Ad ¢). Here we have 3(¢+ 1) £ 12 < 3(¢> — 1), implying that ¢ €
{5, 7, 11, 13, 17, 23}. But g(¢® — 1)/24 is a divisor of g(¢ — 1). Therefore,
g + 1 is a divisor of 24. Hence ¢ € {5, 7, 11, 23}. If ¢ = 5 or 11, then by
Dickson [7, § 257], H contains exactly one conjugacy class of subgroups iso-
morphic to 4, and in addition, all these groups are their own normalizers.
This then yields Cases 10) and 11).

If ¢ =7, then H has precisely 3 orbits of length 7 - 2. Furthermore, by
Dickson [7, § 257], H contains exactly two conjugacy classes of subgroups
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isomorphic to 44. These two conjugacy classes fuse into one under PGL (2, 7).
Hence H, has exactly two fixed points in each of exactly half of the orbits
which is impossible, as the number of orbits is odd. By similar means, we can
show that ¢ = 23 cannot arise. Thus we have proved the lemma.

LeMMA 8. Let B be a projective plane. Let Q be a subplane of B. Suppose that
Q s a Moufang plane and that every elation of Q is induced by an elation of PB.
Let G be the group generated by all those elations of B that induce elations in Q,
and let G' be the commutator subgroup of G. Then G = G'.

Proof. The following proof is due to P. Dembowski. He gave this proof
several years ago at Oberwolfach, while showing that the little projective
group of a Moufang plane is simple. To the best of my knowledge, this proof
has been published only in my lecture notes [12]. Because of the limited circula-
tion of these notes, I shall reproduce the proof here. Another proof which works
only for finite planes has been published by Hering in [8].

First we observe that G operates transitively on the set of triples (P, Q, [)
where P and Q are distinct points of £ and where / is a line of Q such that
P, Q £l Let ¢ and 7 be two non-trivial elations of P that induce elations
in Q. Let I be the axis of ¢ and m be the axis of 7. Choose points P and Q in Q
with P #1land Q£ m. Then P ## P’ F1l and Q # Q" £ m. Hence there exists
v € G with Pr = Q, P = Q7 and I* = m. Hence y~l¢y is an elation with
axis m. Also, Q7' = P = (7, and hence v~ !¢y = 7. Therefore, all the non-
trivial elations in G are conjugate in G.

Finally, let 7 and m be distinct lines of Q. Let B = I/ m and choose a
second point A # Bin Q lyingon /. Let ¢ # 1 be an elation in G with centre 4
and axis [, and let 7 % 1 be an elation in G with centre B and axis m. Then
771¢7 1s an elation with axis /, and hence also ¢~ !7~1¢7 is such an elation. If we
assume o~ 77 lgr = 1, then A7 = 4 and hence r = 1. Therefore ¢~ 77167 # 1.
Hence one and therefore all elations of G are commutators, proving G = G'.

LEMMA 9. Let g be a prime power such that ¢ = 1 mod 3. Suppose 37 is the
highest power of 3 that divides ¢ — 1. Let 2 be a Sylow 3-subgroup of PSL (3, q).
Then we can find elements o, B € Z such that T = {a, 8) and

a)a® = 1.

b) 8 = 1.

C) a63r-1 — Bar-la.

d) B~ la" B = a'BaB L.

e) a1~ af"! = afal.

If P, Q, R are three non-collinear points of the desarguesian projective plane of
order q with {P, Q, R}* = {P, Q, R}, then we can choose the generators a and B8
in such a way that B~ 'a"Ba is a (P, Q 4+ R)-homology of order 37=1. Conversely,
if Zo1s a group with generators o and B and the presentation a) to e), then Zg is
isomorphic to 2.
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Proof. Asq = 1 mod 3", we have ¢ + ¢ + 1 = 3 mod 3". Hence ¢> + ¢ + 1
is divisible by 3. If r > 1, then ¢* + ¢ + 1 is not divisible by 9. If » = 1, then
g=4or7mod9, and hence ¢> + ¢ + 1 = 3 mod 9. Thus we see that also
in this case 9 does not divide ¢? 4 ¢ + 1. Since

|PSL (3,9)| = 3(¢* + ¢ + Dg*(g + 1) (g — 1)?

we deduce that |Z| = 32",

Let {b1, bs, b3} be a basis of the 3-dimensional vector space over K = GF(g).
Let P = 53K, Q = b1K and R = b.K. Let { be an element of order 3" in the
multiplicative group of K. Let @ and 8 be the collineations defined with
respect to the given basis by the matrices

010 10 0
A=|0 0 1| respectively B=[0 ¢ 0 |.
1 00 0 0 ¢

Since det 4 = det B = 1, we know that a, 8 € PSL (3, ¢). Obviously, o® =
1 = B%. In addition.

oo
ABA =] 0 1 0
0 0 ¢

and hence

¢« 0 0
B1A-'BA = A'BAB'=| 0 ¢! 0|.
0 0 ¢

Consequently, 8o~ fa = a~Bafisa (P, Q + R)-homology. A simple check
shows that its order is 3"~1. Similarly, it is easy to see that =18~ 1af~! = afa~L
Hence o'« and B generate an abelian group 7 that is normalized by «. Since
T leaves invariant the three points P, Q, and R, we deduce thata ¢ 7". Hence
the order of T {a ) is equal to 3| 7.

From o8’ = B7, we deduce

o 0 vy 0 0][1 0 o
0 o[=|0 v ollo ¢ o ].
0 o0 ¢ 0 0 v|]l0o 0 ¢

But det B =1 = det (4-'BA), and hence 4® = 1. Furthermore, we have
Ti=1,1 = y¢fand {* = {7 But this implies that ¢ = jand 37 = 0 mod 37,
and therefore 7 = 0 mod 3"!. Thus we have shown that | (@~ 8a ) M (8)]| =< 3.
On the other hand, if j = 7 = 3 'and v = (¥ then clearly

¥y 0 O
A7'B'4 ={0 ~ 0 |B.

0 0 v

= O
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Hence ¢) holds; also | («=8a) M (B8)| = 3, implying that |7] = 32"~ Conse-
quently T'{a) is a Sylow 3-subgroup of PSL(3, ¢q). The second assertion of
the lemma now follows, since PSL(3, ¢) is transitive on the set of ordered
triangles of the desarguesian plane of order q.

Now suppose G is a group generated by the elements « and 8 with the
defining relations a) to e). Then Z is a homomorphic image of G. From d), we
know that N = (8, a'8a ) is an abelian subgroup of G. From b) and c¢) we
deduce that the order of N is 32"-!. From e) and a) it follows that NV is a normal
subgroup of G. Hence G = N (a), and so from a), we conclude that |G| = 3?.

THEOREM 2. Suppose B s a finite projective plane. Then the following condi-
tions are equivalent:

a) P is isomorphic to one of the planes of type A to 1.

b) B contains a Baer-subplane O with the property that |T(Q,1)| = o(Q)? for
all lines | of Q.

c) B contains a proper subplane L with the property that the subgroup of the
Sfull collineation group of B which leaves invariant Q. operates flag-transitively
on P\Q.

d) B contains a Baer-subplane O with the property that the subgroup of the
full collineation group of B which leaves L) tnvariant is doubly transitive on the

set of points of Q.

Proof. Assume that P is a plane of one of the types A to I. Then it follows
from Theorem 1 that P satisfies b). c) follows from b) by Dembowski [5, (4) p.
131]. (We note that Dembowski’s proof of (4) only makes use of b).) We now
show that d) follows from c¢). In this case, then, P has a proper subplane Q
and a collineation group G that fixes £ and operates flag-transitively on
B\LQ. This means in particular that G is transitive on the set of lines of B\ Q.
Let P be a point of Q and let [ be a line of P\Q passing through P. Such a
line exists, since L) is a proper subplane of B. Letting m be any line of B\ Q,
we can find some vy € G such that* = m. Hence m contains the point P of Q.
This implies that every line of P carries a point of Q, and hence Q is a Baer-
subplane of PB. Then d) follows from c¢) by Dembowski [5, proof of Theorem
5.1].

We now show that b) follows from d). For this, we let G be a collineation
group of P which leaves L invariant and which is doubly transitive on the set
of points of Q. By Ostrom & Wagner [15, Theorem 5], we know that Q is
desarguesian, and the collineation group H induced on Q by G contains the
little projective group PSL(3, ¢), where ¢ is the order of Q. Since PSL(3, q)
operates doubly transitively on £, we may assume that H = PSL(3, q).
Now let K be the kernel of the restriction of G to Q.

Case 1: Suppose ¢ is a power of 2. Let / be a line of 2 and let 2 be a Sylow
2-subgroup of G that leaves / invariant. Then Z contains a subgroup T that
induces the group of all elations with axis / in Q. We have |T| = ¢%. From
Dembowski [5, Theorem 3.5] there exists + € T which induces an involution
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in Q and which in addition has a fixed point on I not belonging to Q.. Further-
more, {(r) operates faithfully on Q, implying 72 = 1. Since = has more than
g + 1 fixed points on /, we deduce that 7 is not a Baer involution. Hence
r € T(Q, 1), implying that T(Q, ) # {1}.

Case 2: Suppose ¢ is odd. We first show that for every non-incident point-
line pair (P, [) of Q there exists in G an involutory (P, /)-homology of P.
Let = be a Sylow 2-subgroup of Gp ;. Let 2" be the highest power of 2 that
divides ¢ — 1, and 2° the highest power of 2 that divides |K|. Then we can find
a subgroup Z of Z such that |Z| = 2% and Z induces a group of (P, /)-homo-
logies of order 27 in Q. There are ¢(¢ — 1) points on / not belonging to Q, and
hence there exists some A on [, A not in Q, such that |A* < 27. Hence
|Z4] = 2% Let o be an involution in Z,. As ¢ has more than ¢ + 1 fixed points
on I, we know that ¢ is an involutory homology of 3, and hence ¢ is an involu-
tory (P, I)-homology of B. We may therefore assume that Z, = {1} for all 4.
Hence |K]| is odd and |4%| = 27 for all the possible choices of 4. Now 2+ is
not a divisor of g(¢ — 1), and so we can find some 4 on [ such that |Z| =
27|Z4]. Since |Z M Z,4| = 1, we deduce that = = ZZ,. We saw that |K| is odd,
and hence that X operates faithfully on Q. Let us now denote the groups
induced in Q by the same symbols Z,Z and Z,. The group H » ; is isomorphic
to a subgroup of GL(2, ¢) which contains SL(2,q). In particular, Z lies in the
centre of Hp ;. Since Z splits over Z, we can use Gaschiitz’ Theorem (see,
for example, Huppert [11, Theorem 1.17.4]) to find a complement C of Z in
Hp . This complement C will then contain SL(2, ¢). But since |SL(2, ¢) M
Z| = 2, we then deduce the contradiction 2 < |C M Z| = 1. This contradic-
tion shows that there does exist an involutory (P, I)-homology of B. As this
holds for all choices of non-incident point-line pairs (P, [), we therefore have
7(Q, 1) ## {1} for all lines [ of Q (André [1]).

As we saw, H is the little projective group of Q. Hence H is transitive on
the set of triples (P, Q, 1), where P and Q are distinct points of Q and [ is
a line of Q which contains neither P nor Q. This implies that |7(Q, I)| = ¢?
for all lines [ of Q, and hence we have b).

Finally, we show that b) implies a). Let ¢ be the order of {Q, so that ¢? is
the order of PB. In the following, we write 7°(/) instead of 7°(Q, /). We let
G = (T'(1)|l is a line of Q). The plane Q is desarguesian, and G induces the
little projective group of Q in Q. By Lemma 8, we know that G = G'. We let
H be the restriction of G to Q, and K the kernel of this restriction.

(1) K = 3().

Since G/K =2 PSL(3, q), and PSL(3, q) is simple, we know that 3(G) C
K. On the other hand, choose 7 € T'() and « € K. Then « 7« € 1T°(I¥) = T°(1).
If P is any point of Q with P I [, then also P*'7x = P = P7 and hence
"tk = 7, implying that x € 3(G).

Let / and m be distinct lines of 2. Suppose P = [ M m, and T°(P, m) is the
group of all elations in 7' (m) whose centre is P. Then 7 (P, m) normalizes
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T(l). Hence T'(P, m)T (I) is a group of order ¢* which operates faithfully on Q,
and hence its intersection with K is trivial. Now ¢ = p’ for some prime p. Let
II, be a Sylow p-subgroup of K. Then I = U7 (P, m) T (I) is a group of order
|TT,|¢3, and so II is a Sylow p-subgroup of G. By (1), I, is an abelian normal
subgroup of G. Also II; has a complement in II. Hence, by Gaschiitz’ Theorem
(loc. cit.), we conclude that II, has a complement C in G. This implies by (1)
that C is normal in G. The factor group G/C is isomorphic to Iy, and is there-
fore abelian. Hence G = G’ C C, implying that I, = {1}. Consequently, p
does not divide |K|.

Now let / be a line of Q. Since Q is a maximal subplane of B, we know that
the action of K on the set of points of / not belonging to Q is regular. Hence
|K| divides q(g — 1). Since p does not divide |K|, we have therefore proved

(2) |K| divides ¢ — 1.
We next observe

(3) If g is odd, then the Sylow 2-subgroup of H 1is isomorphic to a Sylow 2-sub-
group of GL(2, q).

This follows from the observation that every Sylow 2-subgroup of H leaves
invariant a non-incident point-line pair of {, and from the fact that the
index of PSL(3, q) in PGL(3, q) is either 1 or 3.

4) Ifq= 3mod 4, then |K| is odd.

Let 2 be a Sylow 2-subgroup of H. From (3) and from Carter & Fong [2, p.
142], we then deduce that Z is a semi-dihedral group. From Schur [21, p. 108],
we know that the Schur multiplier of this group must be {1}. Hence the Schur
multiplier of PSL (3, ¢) is of odd order (Schur [20, Theorem X, p. 49]). Since
G = G’ and K = 3(G), we therefore know from Schur [20, Theorem II, p. 31],
that K is isomorphic to a subgroup of the Schur multiplier of PSL(3, ¢).
But this implies (4).

(5) Ifqg=2or3, then K = {1}.
This follows at once from (2), resp. (2) and (4).

(5) Let (P, 1) be a non-incident point-line pair of Q. Let L be the group gener-
ated by all the T'(Q, QP), where Q is a point of | belonging to Q. Then L is iso-
morphic to SL(2, q).

Let L be the restriction of L to Q. Since L is desarguesian, we know that
L=>~SL(2,q). AlsoL=>=L/(LNK).Ifqg=2or3,then by (5) we know that
LN K = {1}, and hence in these cases, we have L = SL(2, ¢). So assume that
g > 3,then L' = L, implying that L = L’(L M K). Using (2), we then deduce
that 7(Q, QP) C L' for all Q, and hence L’ = L. But this implies that L N\ K
C L’ M B(L). By Schur (loc. cit.) we therefore conclude that L M K is iso-
morphic to a subgroup of the Schur multiplier of SL(2, ¢). Now suppose that
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LN K # {1}. Then from Schur {21, Theorem IX, p. 119] and the following
remarks we could deduce that ¢ = 4 and |L N K| = 2, or that ¢ = 9 and
[L N K| = 3, both in contradiction to (2). Thus L N\ K = {1}, implying that
L>=TL>~SL(2,q).

Let (P, /) be a non-incident point-line pair of Q. Then G, = T(I) Gp,; and
so the groups G, and Gp,; induce the same permutation group on /. Let Q be
the set of points of / not belonging to Q. Then the proof of (4) in Dembowski
[5, p. 131] shows that G;, and hence Gp,, operate transitively on Q. Here one
uses the fact that every point of Q lies on exactly one line of Q, namely /. Let L
be the group described in (6). Then L is normal in Gp, ; and the group of
automorphisms induced in L be Gp ; is isomorphic to PGL(2, q). Using (2),
we see that the Sylow p-subgroups of Gp,, are the groups 7°(Q, QP). As their
action on @ is regular, we may apply Lemmas 5, 6 and 7.

Our next aim is to prove

(7) Suppose |K| > 2. Then ¢ = 7 or ¢ = 19 and |K| = 3 in either case. Let
L be the permutation group induced on Q by L, and choose a« € Q. If ¢ = 7, then
the group Ly is isomorphic to Sy. If ¢ = 19, then L is isomorphic to As.

To show this, we choose some a € Q. Now K = 3(G), and the action of K
on Q is regular. Hence |K| divides the number of fixed points of L,. Using
Lemmas 6 and 7, we therefore know that ¢ = 11, 19, 7 or 5. If ¢ = 7 or 19,
then ¢ = 3 mod 4, and hence, by (4), |K| is odd. Thus Lemma 7 yields that
|K| = 3, as well as the required properties of L.

Now suppose ¢ = 11. By Lemma 7, we deduce that |K| = 5. Since 11 # 1
mod 3, we know that Gp ; induces GL(2, 11) on Q. Let £ be the pre-image
in G of the group of all (P, I)-homologies in Q. Let II be a Sylow 5-subgroup
of Z. Then |II| = 25. Since II fixes all the points of / belonging to Q, we know
that II centralizes L. Let IT; be a Sylow 5-subgroup of LII. Then II C I, and
II; = IIIl,, where T, is a Sylow 5-subgroup of L. But |IIo| = 5, and hence
II; is abelian. The group II N K operates transitively on the five fixed points
of L,. Hence I = (I N K)M,, implying that ILII, is a complement of
IIN K in ;. We have

|G| = 5|PSL(3,11)] = 5(112 4+ 11 4+ 1)113(11 + 1) (11 — 1)?,

and hence II; is a Sylow 5-subgroup of G. By Gaschiitz’ Theorem (loc. cit.) we
therefore conclude that IT M K has a complement in G, in contradiction to
G=0G.

We are left with the case ¢ = 5. By Lemma 7, |K| = 4 in this case. Again,
let = be the pre-image of the group of all (P, I)-homologies of Q. Then |Z| = 16
and £ = KZ,. Furthermore, we know that Z is abelian, since £/K is cyclic.
Let m be a line of Q passing through P, and let Q be a point of Q on / other
than / M m. Define L, with respect to Q and m the same way L was defined for
P and I. Now 35(5 4+ 1) is odd, and so there exists exactly one Sylow 2-sub-
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group T of L, satisfying {P, INm}" = {P, 1N m}". Since 2 fixes all the
points of / belonging to Q, we therefore conclude that Z normalizes T. Also,
T contains a unique involution. Since this involution has Q and / N m as its
only fixed points on /, we see that T N Z = {1}. We know [SL(2, 5)| = 120,
and hence |T| = 8, implying that |[TZ| = 16 - 8. We also have

|G| = 4|PSL(3,5)| = 4(3* + 5+ 1)5*(5 + 1) (5 — 1)%,

and so we know that TZ is a Sylow 2-subgroup of G. But note TZ = K(Z,T),
and so, again using the Theorem of Gaschiitz, we obtain a contradiction. This
completes the proof of (7).

(8) If g ~ 7 or 19, then K = {1}.

Suppose K # {1}. Then |K| = 2 by (7), and by (2) and (4) ¢ = 1 mod 4.
Let 2 be the pre-image of a Sylow 2-subgroup of the group of all (P, /)-homol-
ogies of Q) that belong to H. Then |Z| = 27!, where 27 is the highest power of
2 that divides ¢ — 1. Suppose there exists @ € @ with |@2| = 2. Then a® = of
and thus 2 = KZ,. Let m be some line of Q passing through P. On [, choose
a point Q of Q distinct from [ M m. Define L; with respect to Q and m the
same way L was defined for P and /. Since ¢ = 1 mod 4, there exists a unique
Sylow 2-subgroup T of L, satisfying {P, I\ m}™ = {P, 1 N m}. Hence T is
normalized by 2. The group T contains a unique involution. Its only fixed
points on [ are Q and I M m. Hence £ M T = {1}. This implies that the order
of ZT is 2*+2, We have

|G| = 2|PSL(3, ¢)| = d2(¢* + ¢ + 1)¢*(g + 1) (g — 1)?

where d = (3, ¢ — 1). Hence ZT is a Sylow 2-subgroup of G. On the other
hand, 2T = K(2,T), and so the Theorem of Gaschiitz again provides a
contradiction. We conclude that |« 2| is divisible by 4 for all « € Q. Since =
centralizes L, this implies that the number of fixed points of L, is divisible by 4.
Using Lemma 7, we therefore deduce that ¢ = 5. Since the group Z/K is
cyclic of order 4, we can find ¢ € 2 such that 2(¢) = K. If KN {(¢) = {1},
then the argument used above again yields a contradiction. Hence K M (o) #
{1}, and thus K C (o), implying that Z is a cyclic group of order 8. Since the
unique involution of 2 is contained in K, we know that 2 has no fixed points
in Q. But this implies that 8 divides || = 5 - 4, which is a contradiction. Thus
we have proved (8).

9) If g =19, then G =% PSL(3, 19), and for X € Q, the group Ly 1is not
isomorphic to SL(2, 5).

If G is not isomorphic to PSL(3, 19), then by (4) and (7), the order of K is
equal to 3, and Ly = SL (2,5). If G = PSL(3, 19),assume that Ly = SL(2, 5).
Let 2, be a Sylow 3-subgroup of Lx. Then there exist exactly two points Q
and R of £ lying on / that remain fixed by Z,. Let Z be a Sylow 3-subgroup
of Gip o r that contains Zo. Then 2 is also a Sylow 3-subgroup of G. Let
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21 = Zp o,z Then Z;is a normal subgroup of index 3 in Z, and Z; normalizes
the group L, g. But this group is cyclic of order 18, and hence £, normalizes
Z. By Lemma 9, we know that Z;/K contains three cyclic groups of order 9,
and thus Z;/K contains 3 - 6 = 18 elements of order 9. Furthermore, Z,/K
contains an elementary abelian 3-group A4 of order 9. As 18 4+ 9 = 27 =
|Z:/K|, we see therefore, that £,K/K C A. But 2, does not induce a group of
homologies in Q, since Z, is a subgroup of L of order 3. Hence Z,K/K =
3(Z/K).

By Lemma 9, there exist a, 8 € 2 and 4;,...,1; € Kso that £/K =
(@K, BK ) and «, 8 satisfy the relations:

a) ad = ’1:1.

b) B = 1,.

c) aB? = 138%:.

d) B~ la1Ba = 140 BB

e) a1 B! = 15afal.

Also we can choose a and § in such a way that 8~la~'8a induces a (P, /)-
homology of order 3 in Q.

G p,;induces a group of automorphisms in L which is isomorphic to the group
PGL(2,19). Moreover, Gp; € GL(2,19). We therefore conclude from
Dickson [7, § 259], that Gx xr = Z X Ly, where Z is a cyclic group of order 1
or 3 which is contained in the centre of Gp, ;. Since Gp,; acts transitively on Q,
we therefore conclude that Z is a group of (P, [)-homologies of .

Now let K # {1}. Then |Z| = 3. Hence there exists some z € Z and some
1 € K such that f~la~!fa = zi, implying that 1 = (8~la~'Ba)?. This in turn
implies that

1 = (8707 1Ba) (B~ a7 Ba)ia o™ = 1467 (@ Baf~ )a BB~}

— ’i4i4_lﬁ_l(6—1(1_1301)0!_1620‘6_1 — ﬁ—2a~1‘33a‘3—1 = 1'3—1_
Hence B2 lies in the centre of Z. This conclusion is equally valid if we assume
that K = {1}. But then (8*)K/K & 3(Z/K) = ZK/K, and so ZK =
(B*)K. Thus Z,K = 3(Z). But this implies in particular that Z,* = Z,.
Hence 2 fixes some subplane R of order m pointwise, since Z; has more than
two fixed points on /. The points P, Q, and R are the only fixed points of Z,
in Q and PQ, QR and RP are the only fixed lines of Z, in Q. Now suppose
W is some point of N not belonging to Q. Then W lies on a unique line of Q.
This line is fixed by Zg, since both W and Q stay invariant under Z,. Hence W
lies on one of the three lines PQ, QR or RP. Since these are lines of N, we know
that each of them carries m + 1 points of ). Hence we have 3(m — 1) =
m*+m—+1—3=m—1)(m—+ 2). Thus3 = m + 2, or equivalently m =
1. This is a contradiction, and hence (9) is proved.

(10) If g £ 7, then G = PSL(3, q). If ¢ = 7, then either G = PSL(3,7) or
G=SL(3,7).

If G is not isomorphic to PSL(3, ¢), then by (8) and (9), we know that
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g = 7. Then (4) and (7) imply that |K| = 3. Since PSL(3,7) = PSL(3,7),
we know from Schur [20, Theorem IV, p. 38] that PSL(3, 7) has exactly one
representation group D. By Schur [21, Theorem III, p. 99], there exists a
subgroup Z of the centre of D such that G = D/Z. For the same reasons, there
also exists a subgroup Z, of the centre of D with SL (3, 7) = D/Z,. We must
show Z = Z,. Certainly, Z M Z, contains all elements of 3(D) whose orders
are not divisible by 3. Furthermore, 3|Z| = 3|Z¢| = |3(D)|. Hence we need
only show that 9 is not a divisor of | 3(D)|. By Lemma 9, the Sylow 3-subgroup
> of PSL(3, 7) is an elementary abelian group of order 9. By Schur [21,
Theorem VIII, p. 113], we know that the Schur multiplier of Z is of order 3.
Again by Schur [20, Theorem X, p. 49], we therefore conclude that 9 is not a
divisor of |3(D)|. This proves (10).

From Dembowski [5, (4) p. 131], we know that G is flag transitive on
P\Q. Let (X, y) be a flag of P\Q. Let 4 = Gx, B = G, and C = Gx,,. Let !
be the unique line of Q through X, and let P be the unique point of Q on y.
Then 7(Q, 1) € 4 and T(Q, P) C B, where T(Q, P) denotes the group of
all elations with centre P that leave Q invariant. Thus 4 = T(Q, [)C, B =
T7(Q, P)Cand A N\ B = C. By Higman & McLaughlin [9] we see therefore
that P\Q is uniquely determined by C. But by Dembowski [4, p. 317, footnote
1], we know that P is uniquely determined by P\LQ up to isomorphism. Hence,
all we must show is that there exists a plane P(G, S) of type A toI, so that C
is conjugate in Gp ; to the collineation group induced by .S on B (G, S).

If G= PSL (3, q), then |C| = (38,9 — 1)71(¢* — 1), if G = SL(3, 7), then
|C| = 72 — 1. Furthermore, Ly = C N L, and Ly is normal in C since L is
normal in Gp ;.

If g is even, then by Lemma 6, |Lx| = |Lx| = ¢ + 1 and Ly is cyclic. The
normalizer of Ly in Gp,; has order 2(3, ¢ — 1)~!(¢> — 1) (by Dickson [7,
§ 260]), and is a dihedral group. But Cis contained in this normalizer and is of
order (3, ¢ — 1)~1(¢®> — 1), and hence is cyclic of this order. It follows from
Dickson [7, § 260], that all the cyclic subgroups of order (3, ¢ — 1)71(¢> — 1)
are conjugate in Gp, ;. Hence P is of type A in this case.

Now suppose ¢ is odd. The involutions of G are all contained in the same
conjugacy class. By Lemma 5, the only involution in L is a (P, I)-homology.
Hence all the involutions in G are homologies, that also induce homologies in Q.
Now let ¢ be an involution in C. Then X° = X, and hence ¢ isa (P, I)-homol-
ogy. Thus C contains exactly one involution. This implies that the Sylow
2-subgroups of C are either cyclic, or generalized quaternion groups.

Suppose ¢ = 1 mod 4. Let ¢ be an element of order 4 in C. Then o? =

0o -1
hence there exists an element ¢ of order 4 in GF(g), so that ¢ is conjugate to

[g §02:| . This implies that {2 = —1 = 2" Hencet =1orz = 3. If 1 = 3,

then det ¢ = 1, and so ¢ € Ly.

[—1 0 ] . Since ¢ = 1 mod 4, we know that o operates reducibly, and
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Now suppose Ly is of type 3) as in Lemma 7. Then the order of Ly is
2(¢ 4+ 1), and Ly contains elements of order 4. Choose some ¢ € C\Lx such
6 ?] , and hence o lies
in the centre of C. On the other hand, Ly contains cyclic groups of order 4, and
this implies that the Sylow 2-subgroups of C are neither cyclic nor generalized
quaternion groups. This is a contradiction. Consequently, all elements of order
4 belong to Ly. Since |Lx| = 2(q 4+ 1), the Sylow 2-subgroups of Lx have
order 4 and hence are cyclic. Since the elements of order 4 in C already lie in
Ly, we deduce that the Sylow 2-subgroups of C are also cyclic. Suppose 27 is
the highest power of 2 that divides ¢ — 1. Then C contains an element p =

that o(¢) = 4. Then by the above argument, ¢ = I:

b . . .
l:(cl d] of order 271, This element must operate irreducibly, whereas p? acts

reducibly. Hence we have

N O|l=]a b|la b|=]| a*+bc (a+d)]|.

0 A\ ¢c dflc d ala +d) cb+ d
Where ) is an element of GF(q)* of order 27. If a +d # 0, then b = ¢ = 0,
implying that p is reducible. Hence ¢ = —d, and so A = A% But the element

N
0 ar

is of order 4, and hence lies in Ly. Therefore, the determinant of this matrix is 1.
But this yields 1 = A\ = —1, a contradiction. Thus Ly is not of type 3).

If Ly is of type 1), then Ly is a cyclic group of order ¢ + 1, and hence con-
tains no element of order 4. Therefore, the elements of order 4 in C lie in the
centre of C, implying that the Sylow 2-subgroups of C are cyclic. If C itself is
cyclic, then as above, we show that P is of type A. So assume that C is not
cyclic, and choose some element p in C such that the order of p is 2"+1. Again
as above, we see that p? lies in the centre of Gp,;. Moreover, p? generates the
Sylow 2-subgroup of 3(Gp,;). Hence, as Ly has precisely two fixed points in Q,
we have 3(Gp,;) € C. The group C/3(Gp,;) is not cyclic, as otherwise C
would be abelian, and hence cyclic. Therefore, C/3(Gp,,;) is a dihedral group
of order ¢ + 1. The group PGL (2, g) contains exactly two conjugacy classes of
dihedral groups of order ¢ 4+ 1, the groups of one of these classes all lie in
PSL(2, ¢q), whereas the groups of the other class do not. Now p3(Gp. ;) ¢
L3(Gp.1)/R(Gp,1), and hence all the groups C in question are conjugate in
Gp,i. Thus P is of type B.

Now suppose ¢ = 3 mod 4. In this case the Sylow 2-subgroups of Gp ; are
quasidihedral groups by Carter & Fong [2, p. 142]. These contain only one
generalized quaternion group of index 2, which consequently lies in L. If Ly
is a dihedral group, then the Sylow 2-subgroup of C is a generalized quaternion
group, which therefore must lie in Ly, implying by comparing orders that Ly
cannot be of type 2) in Lemma 7. Assume for the moment that ¢ = 3. Then
|C| = 8. If Cis a quaternion group, then C = Ly, i.e. C is a Sylow 2-subgroup
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of L. Hence P is of type B. If C is cyclic, then P is of type A, since all the
cyclic subgroups of order 8 are conjugate in GL(2, 3). So suppose ¢ > 3, and
suppose Ly is of type 1), 2) or 3) of Lemma 7. Then by the above, Ly is of
type 1) or 3). Suppose Ly is of type 3). Then |Lx| = 2(¢ + 1) and [Lxy N
B(Gp,1)| = 2. This implies by Lemma 7, that 3(Gp,;) € C, and hence C =
B(Gp . 1)Lx. Since all subgroups of L that are isomorphic to Ly are conjugate
to Ly in L, we deduce that all the groups C under discussion are conjugate in
Gp,;. Hence P is of type B.

Now suppose Ly is cyclic of order (¢ + 1). Then Ly is cyclic of order
q + 1, and the Sylow 2-subgroups of C are cyclic. Let = be a Sylow 2-subgroup
of C. Since Z operates irreducibly, we know that the centralizer D of Z in
Gp,; has order (3, ¢ — 1)7!(¢g®> — 1) (see, for example, Huppert [11, 11.7.3]).
Furthermore, D is cyclic. The number of fixed points of Z in Q is even, as |Q]| is
even. It is actually 2. This can be seen as follows: Since all the cyclic subgroups
of order (g + 1) of PSL(2, q) are conjugate within PSL(2, ¢), the group L
acts on / as a subgroup of PGL(2, ¢%) in its usual action on the projective line
over GF(g?). Hence the identity is the only permutation in L fixing more than
two points on /. From this we infer that £ M Ly and hence £ has exactly two
fixed points in Q. Hence both these fixed points are fixed points of D. Thus D
and C are conjugate in Gp ;, implying that C is cyclic. Hence P is of type A.

We are left with a discussion of types 4) to 11) of Lemma 7.

Ad 4: Here Ly = SL(2, 5) and |C| = 112 — 1 = |Lx|. Hence C = Ly.
From Dickson [7, § 259], we deduce that P is of type G.

Ad 5: By (9), this case does not occur.

Ad 6: Here Ly = SL(2,5), and |C| = 292 — 1 = 7|Lyx|. From Dickson
[7,§ 259]) and Gp,; © GL(2,29), we deduce C = ZLy, where Z is the subgroup
of order 7 in the centre of Gp, ;. Since all subgroups of SL(2, 29) that are iso-
morphic to SL(2, 5) are conjugate to Lx (7, § 259], we know that P is of type H.

Ad7: Here Ly =~ SL(2, 5), and |C| = 29|Lx|. Asunder Ad 6, we deduce that
B is of type I.

Ad 8: Here Ly =~ S,, and |C| = 3d(7% — 1), where d = 1 if G =~ PSL(3,7)
and d = 3if G = SL(3, 7). Since |S,| = 24, we know that |C| is divisible by 3.
Hence d = 3, and so G = SL(3, 7). From Dickson [7, §257] and Gp,; C
GL (2,7) we deduce that P is of type E.

Ad 9: Again, Ly = S,. Further, we have |C| = 232 — 1 = 11|Lx|. From
Dickson (7, § 257]) and Gp,; © GL(2, 11), we deduce that C = ZLy, where Z
is the subgroup of order 11 of 3(Gp,;). Hence we have type F.

Ad 10: We have Ly = SL(2, 3), and |C| = 24 = |Lx|. Then Dickson
[7, § 257] implies that we have type C.

Ad 11: We have Ly = SL(2, 3) and |C| = 112 — 1 = 5|Ly|. Hence, C =
ZLy, where Z is the subgroup of order 5 of 3(Gp.;). This yields type D.

This completes the proof of the theorem.

The proof of Theorem 2 also yields:
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CoROLLARY 1. Let P;(z = 1, 2) be two projective planes of order g% Let Q; be
a Baer subplane of By, and let G; = (T (Qy, )|l is a line of Q). Let S; be the
stabilizer in G; of a flag of BN\ If G, acts flag-transitively on BN\LQ;, then
By and PBo are isomorphic if and only if S1 and S, are isomorphic.

From Corollary 1 and Dembowski [6, Theorem 5.7], we obtain:

COROLLARY 2. The planes of type A are the desarguesian planes of square order
and the planes of type B to 1 are the generalized Hughes planes.

The next corollary is a direct consequence of Corollary 1. It was proved by
Rosati [18; 19].

CoRrOLLARY 3. If B 7s a generalized Hughes plane, then B 1s self-dual.

COROLLARY 4. Let C and L be defined as above. Then C has exactly two fixed
points on Q, except in the following cases:

a) g =11,and C = Ly = SL(2,5). In this case, C has exactly five fixed points.

b) ¢ = 59, and Ly = SL(2, 5). In this case, C has exactly one fixed point.

c) q ="7,and Ly = S,. Then C has exactly three fixed points.

d) ¢ = 23, and Ly = S,. Then C has exactly one fixed point.

e) g =>5,and C = Ly = SL(2, 3). Then C has exactly four fixed points.

f) ¢ = 3, and C = Ly is the quaternion group of order 8. Then C has exactly
six fixed points.

With the exception of Case f), all this was shown in the proof of Theorem 2.
But f) follows from the fact that SL(2, 3) contains precisely one quaternion
group, and that Ly = Ly forall X, Y € Q.

CorOLLARY 5 (Rosati). Let K be the group of all collineations of B which fix
Q pointwise. Then |K| = 2, unless we have:

a) g =11, and Ly = SL(2, 5). Then |K| = 5.
59, and Ly =~ SL(2, 5). Then |K| = 1.

b) ¢ =
c)q="1and Ly = S,. Then |K| = 3.
d) ¢ = 23, and Ly = Sy. Then |K| = 1.

e) g =5, and Ly = SL(2, 3). Then K 1s cyclic of order 4.
f) ¢ = 3, and Ly is the quaternion group of order 8. Then K = S;.

Proof. K centralizes G (see the proof of (1) in the proof of Theorem 2).
Further, the action of K on @ is regular. Hence |K| divides the number of
fixed points of C in Q. Let X, Y be two fixed points of C in Q. Then 4 =
Gx = T(Q,1)C = Gy,and B = Gpy = T(Q, P)C = Gpy. By Higman &
McLaughlin [9], we can therefore find an isomorphism o of P\ Q onto F (G, C)
with (X7)? = Ay, and an isomorphism 7 from P\Q onto F(G, C) with (¥7)" =
A~ for all ¥ € G. Thus, or~1is a collineation of P\Q such that Xr ' = v
for all ¥ € G. But I* = Xv¥Y7 = XX Since ¢r~! has an extension to a
collineation of P (by Dembowski [4, p. 317, footnote 1]), we deduce that 7!
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is a collineation fixing all the lines of L, as there passes exactly one line of Q
through each point of P\LQ. Since X and ¥ were arbitrarily chosen fixed
points of C in @, we conclude that |K| is the number of fixed points of C in Q.
This, combined with Corollary 3, yields the result except for showing that K
is cyclic in Case e), and isomorphic to S in Case f).

In Casee), G = PGL(3, 5). By Dickson {7, § 257], we can find a 2-element
£ in the normalizer of C which induces an involutory automorphism in C such
that ¢ 3(Gp,;) € L3(Gp,1)/B3(Gp,1). Hence 0(§) = 8and £ € 3(Gp,,;). Thus
the fixed points of C are the points X, X¢ X and X¥, if X is a fixed point of C.
Now we can find ¥ € K such that X* = X¢£ Since K centralizes the group G,
we know that X¢* = X«* = X#*' Hence o(x) = 4. So we see that K is indeed
cyclic in this case.

In Case f), |K| = 6. Also, C = Ly, and C fixes all the points of ©. The
group Gp,;/C is of order 6, and is not abelian, and so Gp ;/C is isomorphic to
Ss. If we identify the action of Gp,;/C on @ with the right regular representa-
tion of Gp ;/C, then the transitivity of K on Q together with the fact that K
centralizes Gp, , imply that the action of K on Q is similar to the left regular
representation of Gp ;/C. Hence K is isomorphic to S, and this completes
the proof.

The full collineation group of the generalized Hughes planes were also
determined by Rosati [17; 19].

COROLLARY 6. Let B be a generalized Hughes plane of order ¢>. Let 11 be the
full collineation group of B, and let K be the collineation group of B which fix
Q pointwise. Then we have:

a) If G = PSL(3, q), then Il = T X K, where T is a group isomorphic to
PTL(3, q).

b) If G = SL(3, 7), then |1l : G| = 3, and 1 induces the group PGL(3, 7)
on Q. Also, we have K = 3(G) = 3(II).

Proof. 1t follows from Wagner’s celebrated theorem [23, Theorem 1] that
IT fixes the subplane Q.

a) Let NV be the normalizer of C in PTL(3, ¢). Since P and [ are the only
fixed elements of C in the desarguesian plane Q, we have N C PTL(3, ¢)p,:-
Hence we see that N normalizes the groups 7°(Q, /) and 7(Q, P), implying
that N is a group of collineations of P. But all the subgroups of G, that are
isomorphic to C, and that were used in the censtruction of the generalized
Hughes planes, are already conjugate to C in Gp, ;. Hence, using the Frattini
argument, we deduce that NG = PTL(3, ¢), and so we see that II really con-
tains a subgroup T' which is isomorphic to PTL(3, ¢). Since T induces in Q
the full collineation group of Q, we conclude that I = T'K. If |K| £ 2, then
I' is normal in II. Also, I' N\ K = {1}, and hence T = I' X K. So suppose
|K| =z 3. By Corollaries 5 and 4, we then know that ¢ = 11, 5 or 3. In all three
cases, we have I' = G, and thus we always have T = ' X K.
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b) The group GL(3, 7) contains a subgroup II, of index 2. This contains
SL(3, 7). As in a), we deduce that the normalizer N of C in II, normalizes
the groups T'(Q, 1) and T(LQ, P), and hence is a subgroup of the collineation
group of PB. Again, we have I, = NG, implying that II, is a collineation
group of P which induces the group PGL(3, 7) on Q. Thus I = I,K =
NGK = NG.

CoroLLARY 7 (Ostrom [13; 14]). Let P be a generalized Hughes plane. Let Q
be defined as above. Then every homology of Q2 can be extended to a homology of P.

Proof. This is certainly correct if o(P) = 9, since 3 — 1 = 2. So assume
g > 3. Let G be the collineation group of P which is generated by all the
elations, and suppose first that G = PSL(3, q). Then G C T. Also, T' contains
a group G* such that G © G* = PSL(3, q). Let C* be the stabilizer in G* of a
flag of P\Q. Then |C*| = ¢ — 1. But also, |C*: C| = (3, ¢ — 1). If B is of
type B, then C 2 B(Gp,;). Since Gp,; operates transitively on @, we conclude
that the elements of 8(Gp ;) are all (P, [)-homologies. We also know that in
this case, C has exactly two fixed points in Q. Since |3(Gp.*) : 3(Gp.)| =
(3, ¢ — 1), we conclude that the fixed points of C are also fixed points of
3(Gp,*). Hence 3(Gp, *) is a group of (P, I)-homologies. The order of this
group is ¢ — 1, which completes the proof in this case.

If Bisof type D, F or I, then 3(Gp,;) © C. In these cases |C] = ¢ — 1,
and so the assertion follows.

If B is of type G, we have ¢ = 5, and |3(Gp,;) N C| = 2. Choose § €
B(Gp,;) with 0(8) = 4, and let X be a fixed point of C in Q. Then there exists
N € K such that X® = X. Now &\ centralizes the group Gp ;, and Gp, ; is
transitive on Q. Hence 8\ is a (P, I)-homology. Also, § and é\ induce the same
collineation on Q. Hence 6\ is a homology of order 4. This proves Corollary 6 in
this case. Moreover, since |3(Gp.;) M C| = 2, we know that §2 lies in C, and
hence 8?2 is the only involutory (P, I)-homology of B. On the other hand, we
know that (67\)% = §2\? is also an involutory (P, I)-homology. Hence A\? = 1.
Since G=2 PGL(3, 5), we therefore know that the index of G{(\) in GK is 2, and
that G (\) is the group generated by all homologies.

Similarly, for types G and H, we deduce that all (P, /)-homologies of Q can
be extended to (P, I)-homologies of BB. Also we obtain in both cases that the
full collineation group of P is generated by homologies.

We are left with the case that P is of type E. In this case G = SL(3, 7). It
is easily seen that Gp * = 3(G)L, where L = GL(2, 7) and where G* is the
full collineation group of P. This again yields that all homologies of Q can be
extended to homologies of B, and that the full collineation group of P is
generated by homologies. This proves Corollary 7.

Also, we have proved

CorOLLARY 8. Let B be a generalized Hughes plane of order q®. Then the
collineation group A generated by all the homologies of B is isomorphic to
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PGL (3, q), unless B 1s of type G, E, G or H. If B 1s of type C, then A has index 2
in the full collineation group. In the remaining cases, A is the full collineation

group of P.
The next corollary was proved by Ostrom [14] for orthogonal polarities of Q.

COROLLARY 9. Let P be a generalized Hughes plane. Let 8, be a duality of Q.
Then 8y can be extended to a duality & of B such thato(8) = 0(8¢). In particular,
every polarity of Q extends to a polarity of B.

Proof. We consider the group PT*L (3, q), consisting of all collineations and
dualities of Q. If G = PSL(3, ¢), then, again by using the Frattini argument,
we deduce that PT*L(3, ¢) = N*G, where N* is the normalizer of C in
PT*L(3, q). Also, we see that {P, I}** = {P, I}, and hence N* is a group of
collineations and dualities of P. This implies that PT*L(3, ¢) is a group of
collineations and dualities of P. Thus the corollary holds in this case.

Now suppose that G =< SL(3, 7). By Corollary 2, we can find some duality
e of P. This must leave Q invariant. Since the full collineation group I of P
induces the group PGL (3, 7) on Q, we can find a collineation = € I such that
8o and e induce the same duality on Q. Hence §, can be extended to a duality
6 of P.

If 3 does not divide 0(8y), then (8y) = (80 ), and of course, 0(8;) = 0(5¢%).
Hence there exists some ¢, such that §, and 8%’ induce the same duality on Q.
Moreover, 0(6;) = o0(83%).

Finally, we have to consider the case, where 3 divides 0(5y). From Daues &
Heineken [3] we then know that 0(8,) = 3 or 0(8;) = 12. Choose j in such
a way that 0(6’) = 3. Again by [3], we know that 8,7 € PSL(3, q)p,; for a
suitable, non-incident point-line pair (P, [) of Q. Hence 6 € SL(3, ¢), and
47 can be written as

a 0 O
=10 b c¢].
0 d e

Also,

700
5 =10 f 0],
00 f

where f2 = 1. Hence we have a® = f, and so a® = 1. Therefore, ¢* = 1, im-
plying that f = 1. Hence 9 does not divide 0(§). But this implies that 0(8,) =
0(8).

CoROLLARY 10. Suppose q is a prime power, and suppose ¢ = 1 mod 3.
Let B be a projective plane of order ¢2, and suppose that G is a group of collinea-
tions of B which is isomorphic to SL(3, q). Then ¢ = 7, and P s the plane of
type E.
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Proof. G fixes a Baer subplane Q of P. The proof of this is precisely the same

as the proof of Theorem 1 in Unkelbach [22]. This proof also shows that G acts
doubly transitively on the set of points of Q. By Theorem 2, we therefore
know that P is either desarguesian, or a generalized Hughes plane. Since

q

1
2

w

= 1 mod 3, we have |3(G)| = 3, and thus ¢ = 7 and P is of type E.
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