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Abstract. In this paper, general existence theorems are presented for the singular
equation

—(pp()) =f(t,u, ), 0 <1 <1
u(0) = u(1) = 0.

Throughout, our nonlinearity is allowed to change sign. The singularity may occur at
u=0,r=0andr=1.
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1. Introduction. In this paper, we study the singular boundary value problem

—(@p))Y =f(t,u,u), 0 <t <1 L1
u0)=u(l)=0 (.

where ¢,(s) = Isl”~25s, p > 1. The singularity may occur at u =0, =0 and 1 =1,
and the function f is allowed to change sign. Note / may not be a Carathéodory
function because of the singular behavior of the u variable. In the literature [6, 7, 10],
(1.1) has been discussed extensively when f(¢, u, v) = f (¢, u) and f is positive i.e. f :
(0, 1) x (0, 00) — (0, 00). Recently [1, 11], (1.1) was discussed when f(¢, u, v) = f (¢, u)
and f : (0, 1) x (0, o0) = R. The case when f depends on the ' variable has received
very little attention in the literature, see [2, 5] and references therein. This paper presents
a new and very general existence result for (1.1) when f : (0, 1) x (0, 00) x R — R.
Equation of the above form occur in the study of the p—Laplace equation, non-
Newtonian fluid theory, and the turbulent flow of a gas in a porous medium [9]. The
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case p = 2 and p # 2 are quite different. For example, (i) there exists a Green’s function
when p = 2 but not if p # 2; (i) ¢, !'(x) is continuously differentiable for 1 < p <2
but g, ! (x) is not continuously differentiable for p > 2. As a result the argument in the
case p # 2 is more difficult. Other differences between p = 2 and p # 2, can be found
in [12].

2. General Existence Theorem. First we consider the boundary value problem

—(pp)) =g(t,u,u'), 0 <t <1
u0) =a, u(l)y=>=

where g:(0,1) x R> - R is continuous and suppose that there exist positive
continuous functions g € C(0, 1) and ¥ : [0, +00) — (0, co) with

/01 q(t)dt < +o0
and
lg(t, u, v)| < g()®(|v]) for all (¢, u,v) € (0, 1) x R%.
For all p € (0, 1], define the operator
N, :C[0,1] - C][0, 1]

by

(Nou) (1) := g, (Au +0 fo ¢(@. (Ju) (1), u (7)) dr),

where

1
Jw)(t)=b— / u(s)ds

forall0 <t < 1,and 4, € (—o0, 00) is such that

! t
/ QO;I <Au+p/ g(T,(Ju)(T),M('L'))d[)d[:b_a
0 0

LEMMA 2.1.[S] (1) N, : C[0, 1] — CJ0, 1] is completely continuous.
(2) If @ C {z € C[0, 1] | (N,2)(1) = z(2)} and sup{supy 1;|z(1)| | z € Q} < oo, then
Q is a relatively compact set in C[0, 1].

LEMMA 2.2.[11] Let e, = [2,,% 11(n > 1), eg = @. If there exist a sequence {&,} | 0
and e, > 0 for n > 1, then there exist a function » € C'[0, 1] such that

(1) ¢, (M) € C'[0, 1] and maxo</<1 [(gp(A'())| > 0, and

) AM0)=A1(1)=0and0 < A(t) <e,, t € ey\ep_1, n > 1.

We next present a general existence theorem for BVP (1.1).
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THEOREM 2.1. Let ny € {1, 2, ...} be fixed and suppose the following conditions are
satisfied:

f:(0,1) x (0,00) x R— R is continuous 2.1

let n € {nyg,np + 1, ...} = Ny and associated with each n € Ny
we have a constant p, such that {p,} is a nonincreasing 22)
sequence with lim,_, o, p, = 0 and such that for ’

2"%5!5landveRwehavef(t,pn,v)zo

Ja € C[0,11NnC' (0, 1), ¢, () € C0,1), a(0) =0 = (),
a > 0 on (0, 1) such that (2.3)
—(pp(a)) < f(t, (1), v) for (z,v) € (0,1) x R

38 € C0, 11, (9, (B)) € CO,1),
with 8(f) > a(f), B(t) = p,, fort € [0, 1] and

(@B = /(1. B(2). B'1) for 1 € (0. 1) and @9
—(@p(B)) = f(Gazr, B(), B(1)) for t € (0, 305r)
and
there exist ¢ € C(0, 1) and
forany 0 < & < ap = sup,¢o, 1) B(7), there exists continuous function
v, : [0, 00) — (0, o0) such that (2.5)

lf (2, u, v)| < q()¥.(v]) for (¢, u, v) € (0, 1) x [&, ap] x R,
fo q(s)ds < oo and fo q(s)ds < [y~ T (w"(u))

where gop is the inverse function of ¢,. Then (1.1) has a solution u € C[0, 1]N
(0, 1), (¢,)) € C0,1) with (1) < u(r) < B(2) for ¢ € [0, 1].

Proof. Forn =ng,np+ 1, ... let

1 1
e, = |:2n+1, ] and 9, (t)_max{znﬂ, }, 0<r<l1

and

Ju (2, x, y) = max {f (0, (1), x, ). [ (£, x, p)}.

Next we define inductively

gnn (t’ X, ,V) :ﬁlo ([7 X, y)

and

g,,(t,x,y)=min{f,,0(t,x,y),...,f,,(l,x,y)}, n=ny+1, no+2,....

Notice

SOx, )< .. g (6,X,Y) gt x,y) < ... < gy (4, X, )
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for (¢, x, y) € (0, 1] x (0, 00) x Rand

gn(t,x,y)=f(t, x,p) for (¢, x,y) € e, x (0,00) x R.

Without loss of generality assume p,, < min,e[l 2] a(t). Fix n € {ng,ng+1,...}. Let

3

t, €10, %] and s, € [%, 1] be such that

a(ty) =a(s,) = pp and a(t) < p, fort € [0, t,] U [sy,, 1].
Define

| pnifref0,4,]U[s,, 1]
() = a(r)if t € (t,, sp) .

We begin with the boundary value problem

~(@p)) = g, (tuul), 0 <1 <1
{ u(0) = u(1) = pu,
where
o (1, 0y, V) 1 (otny — 1), ull) < oy (1)
Gyt u, v) = &no (L, v7) oy (1) < () < B(D)
& (1, B, V) +r (B —uw), u() = (1)
with

My, v> M,
v'=1{v, M, <v<M,
My, v < —M,

and r : R — [—1, 1] is the radial retraction defined by

u, lul <1
rw) =1 u

R |u| > 1’

|ul

and M, > supyg ;;|8'(1)] is such that (with & = min,1j &, (?))

¥p (M"o) du 1
/ %mmﬁﬁmm

(2.6)

Q2.7

From [5], we know problem (2.6) has a solution u,, € C' [0, 1]with (pp(u,)) € C(0, 1).

We first show

iy (1) = 0ty (1) for ¢ € [0, 1].

2.8)

Suppose (2.8) is not true. Then u,, — oy, has a negative absolute minimum at t €
(0, 1). Now since 4 (0) — ay,(0) = 0 = 14,,,(1) — e, (1) there exists 7o, 71 € [0, 1] with
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T € (19, 71) and
Uny (T0) — 0tny (T0) = Uy (1) — @ty (11) =0
and
Uy, (1) — oy (1) < 0, 1 € (10, T1)-
We now claim
(pp(u,)) — (pp(e,))) < O forae. t € (w9, 1) (2.9)
If (2.9) is true, then (2.8) holds. Let
Wy (1) = Uy () — 0y (1) < O for ¢ € (70, 71).
Then
[ @)y~ ez o
On the other hand, using the inequality
(¢p(b) — @p(a))(b—a) = O fora,b e R

and the fact that there exists t* € (7, 71) with u, (t*) # a;, (t*), we have
| @00 = @l O dt
To

=— / 1(cﬂp(u;(,(f)) — @play, (D)), () — ey, (1)) dt
<0,

which is a contradiction. As a result if we show that (2.9) is true then (2.8) will follow.
To see that (2.9) is true we will in fact prove more, i.e., we will prove that

(0p(11,)) (1) — (p(ex;,)) (1) < O for t € (to, T1) provided ¢ # t,,, o1 £ # sp,.
Fix t € (19, 71) and assume f # t,, or ¢ # s,,. Then
(0p(1t,0)) (1) = (@p(ty,))) (1)
= — [gug (1, g (1), (143, (1)) + 1ty () — 14 (1)) + (p(x,))) ()]
B {— [0 (2, @(2), (uy, (1)) + 1@ () = 1 (1) + (@p(@)) (D] i 7 € (tny, Sny)
_[gno(ls Pny (u;10(l))*) + V(,Ono - uno(l))] if t € (0, lno) U (Snov 1).

Case (1).7 € [2”0%, D).
Then since g,, (¢, u, v) = f(t, u, v) for (4, v) € (0, 00) x R (note ¢ € e,,) we have
(0p(14,)) (1) — (@p(e,,)) (1)
_ {—[f(f, (1), (4, (0)*) + r(@(t) = tay (1) + (@p(@)) (D] if 1 € (tugs Sny)

~Uf (2, Pngs (@ (0)) + 1Py — thg (D)1 1 € (0, 1y) U (55 1)
<0,

from (2.2) and (2.3).
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Case (2). 1 € (0, 37).
Then since

gny(, u, v) = max {f (%, u, v), f(t, u, v)}

we have g, (¢, u, v) > f(¢, u, v) and gy, (¢, u, v) zf(z,‘o%, u, v) for (u, v) € (0, 00) x R.
Thus we have

(@ (t3,) (0 = (5 (@3,)) (1)
- —[ (1, (), (1}, (1)) + r(e(t) — uny (1)) + (9p (@) (O] £ € (tug, Suy)

B _[f(zuo%9 Pny (l/l;,lo([))*) +r (pn(] - un()(t))] ifz e (01 tn()) U (Smw l)
<0,

from (2.2) and (2.3).
Now case (1) and (2) guarantee that (2.9) holds, so (2.8) is satisfied. Thus

a(t) < opy(t) < uy,(¢) for t € [0, 1]. (2.10)
Next we show
U, (1) < B(t) for t € [0, 1]. (2.11)

If (2.11) is not true then u,, — 8 would have a positive absolute maximum at say
79 € (0, 1), in which case (u,, — ) (r0) = 0 and

(9p(u1,,)) (10) — (@p(B")) (70) < 0. (2.12)
See the proof in [5].
There are two cases to consider, namely 7y € [2,,0%, 1) and 7y € (0, 2"0%)‘

Case (1). 79 € [551. D).
Then uy, (v0) > B (%0) , ty,, (0) = B’ (7o) together with gy, (7o, u, v) = f (7o, u, v) for
(u, v) € (0, 00) x Rand M,, > supy 1;|8'(1)] gives

(@p(u,)) (T0) — (9p(B") (T0)
= —[gn, (10, B(70), (14, (0))") + r(B(T0) — 14, (70))] — (¢p(B")) (T0)
= —[(¢x(8")) (o) + f (20, B(10). B'(20))] = r(B(0) — 14 (T0))
>0

from (2.4), which is a contradiction.
Case (2). 19 € (0, 35:7)-
Then u,, (1) > B (1o) together with

gn, (T0, 4, V) = max {f (#, u, v) , f (10, u, v)}
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for (u, v) € (0, 00) x R gives
(e (14,,))" (@) = (@p(8) (x0)
=~ [max {7 (G A0 B0, f (08 o) ) |+ 8 20 = (10|
@) (10) > 0

from (2.4), which is a contradiction.
Thus (2.11) holds. Next we show that

!
1,
|nooo

= sup |u), (0] < My, (2.13)
1€[0,1]

Suppose that (2.13) is false. Let & = minp, 1j &y, (7). Without loss of generality assume
u, (1) £ My, for some ¢ € [0, 1]. Then since uy,(0) = uy,(1) = py, thereexists 7y € (0, 1)
with u;, (71) = 0 and so there exists 12, 73 € (0, 1) with u), (r3) = 0, u, (r2) = M}, and
0 < u, (s) < My, for s between 73 and 7,. Without loss of generality assume 73 < 1.
Now since a,,,(¢) < uy,(f) < B(¢) for ¢ € [0, 1] and

1
gny (¢, u, v) = max {f (W, u, v), f(t, u, v)}
for (¢, u, v) € (0, 1) x (0, 00) x R, we have for s € (13, o) that

(p (1)) (10) = 4(5)We (1t (5)),

o (M) du ™ (g (u, ))/ 1
v oo ") v o ® 5)ds.
TR AR A AT L AL

This contradicts (2.7). The other cases are treated similarly. As a result /(¢) < uy, (1) <
B(1) for 1 € [0, 1] and |u;, | < M,,. Thus u,, satisfies

and so

- ((pp (u;’lo))/ = gn0+1 (tv unoa u;,m) N O <t < 1

Next we consider the boundary value problem

—(pp)) =g (L), 0 <1< 1

(2.14)
u(0) = u(1) = puys1
where
Gngt1 (L, Ongi1, V) + 7 (g1 — 1), ul(t) < g 11(2)
o1 (1, V) = 1 &not1 (1, U, V7) 5 Ppg1 < u(8) < tyy(2)
gl’lo+1 ([1 unqv U*) + r(un() - H) ’ u(t) Z un()(l)
with

M)10+17 v > MnoJrl
*
v = v, _Mn0+] S v S Mn0+]
_M}’l0+1a V< —Mn0+];
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here M, +1 > M,, is such that (with ¢ = minyg,ij ot,,+1(¢)) and W, and ¢q are as described

in (2.5))
f (¢, u, v)] < q(t)¥(|v]) for (¢,u,v) € (0, 1) x [¢,00) X R
and
1 ©p(Myg11) du
/o q(s)ds </0 —‘1-’5 (%71(”)). (2.15)

From [5] we know there exists a solution u,,;; € C'[0, 1] with ((,op(uj10 1) € C0, 1) to
(2.14). We first show that

Upy+1(1) = 0oty 11(2), 1 €10, 1]. (2.16)
Suppose that (2.16) is not true. Then there exists 7y, 7; € [0, 1] with
Ung+1(T0) — &ng41(T0) = g1 (T1) — 1 (11) = 0
and
Upo11(1) — Ape41(1) < 0, 1 € (19, T1).

If we show

(0 () = (p (er),)) < O forae e (r, ), (2.17)
then as before (2.16) is true. Fix ¢ € (79, 71) and assume ¢ # t,, or t # s,,. Then
(7 (”;10)), ) — (¢ (al/lo))/ ()
. {_ [gn0+l ([a Ol(t), (u:10+1(t))*) + r(a(t) - un0+l(t)) + (q)p(a/)),(t)] if 1€ (tno+1» Sl10+1)
- [gl’lo+1 (t’ Png+1> (u;,()Jr](t))*) + r(pno+1 - Lln0+1(l))] ifte (07 Z‘}'loJrl) V) (SnoJrls 1) .

Case (1). 7 €[50, 1).
Then since gy, +1(¢, u, v) = f(¢, u, v) for (u, v) € (0, 00) x R (note ¢ € e,,+1) we have

(@9 (1)) 0 = (g5 (e11)) ()
= [ (o) (0, 1 0)") + 7@ () = 1) + (@) O] i1 € (g 52,40)

- [f ([’ Ion()-‘rlv (u;,0+1 (t))*) + r(pno-‘rl - Mn0+1(t))] lft € (Ov tn0+1) ) (Sl10+1a 1)
<0,

from (2.2) and (2.3).

Case (2). 1 € (0, 30=).
Then since gy, +1(t1, 4, v) equals

min {max {f (%,u, v), f(t, u, v)},max {f (ﬁ,u, v), f(t, u, v)}}

we have

gﬂ0+1(t’ u, U) Zf(t, u, U)
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and

. 1 1
Zno+1(2, u, v) > min {f (W’ u, v) f <W’ u, v)}

for (u, v) € (0, 00) x R. Thus we have

((01; (u;loJrl))/ (t) - (WI’ (Olf/ﬂhLl))/ (t)
= (. (4,1 0)") + 7@ ) = 1) + (2 @) O]

ift € (tl’lo-H , Sn0+])

- [min {f (zTIH’ Pny+15 (”;:OH(I))*) S (ﬁ’ Pno+15 (“;10+1(l))*>}
+r(prl0+1 - u}’lo-l-l(l))] lft € (09 tn0+1) U (Sn()+1’ 1)
<0,

from (2.2) and (2.3) since

1 e 1 , .
! <ﬁ Pro+1 (U 41(0) ) > 0 and f (W’Pmﬂ’ (#p,1 (0) ) >0

because
’ * _1
f (t, Prg+1> (un0+1(l)) ) z 0 forz e 2n()+2 ’ 1

and 57 €[50, 1].
Consequently (2.16) is true. Thus

o(t) < apg1(8) < upy11(2) for t € [0, 1]. (2.18)
Next we show that
Unyg1+1(2) < up,(2) for ¢ € [0, 1] . (2.19)

If (2.19) is not true then u, 41 — u,, would have a positive absolute maximum at say
79 € (0, 1), in which case (u,+1 — ty,) (70) = 0 and

(00 (1) 41)) (z0) — (0 (4,)) (z0) < 0. (2.20)

The proof is as above. Then wuy, 41 (7o) > Uy, (ro) together with g, (zo, u, v) >
Gno+1 (To, 4, v) for (u,v) € (0,00) x R gives (note (u, ()" = (u,(0))* = u, (v0)
since My, 11 > My, and |u, |0 < My,)

(90 (ty41))" (@0) = (25 (11,)) " (z0)
= - [gno-H (TO, Up, (z0), (u;,OJrl (TO))*) + r(uno (7o) — Upy+1 (7:0))] - ((pp (”;10)), (t0)
> —[(e (“;,0))/ (70) + &ny (T0+ thng (T0) . 14, (70))] — 7 (g (T0) — tny1 (T0))

= —1 (U, (T0) — Uny+1 (T0))
> 0,
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which is a contradiction. Thus (2.19) holds. Next we show that

|u;70+1|oo < Myyt1- (2.21)
Essentially the same argument as before guarantees that (2.21) holds. As a result

= (99 (1) = Gt (8 1, 4,11) o0 0, 1).

Now proceed inductively to construct w2, ty,+3, - - - as follows. Suppose we have uy
for some k € {ng + 1, ng + 2} with a(?) < o () < ur(t) < up_; (1) (< B(1)) for t € [0, 1].
Then consider the boundary value problem

- (ﬁop (”/))/ =g Guu) (0<t<1),

(2.22)
u(0) = u(1) = prs1,
where
gt1(t, pict1, V) + r(Pr1 — u), u(t) < iy
Gt (1w, v) = Gt (1, u, V%), preyt < () < (1)
i1 (1, upe, v*) 4 (e — u), u(t) = wy(1)
with

M1, v > My
vi= v, —Mpy <v < Miy
M1, v<—Mi;

here M1 > M is such that (with & = minp 1jox+1(¢) and W, and ¢ are as described
in (2.5))

If (2, u, v)] < q()¥.(|v]) for (¢, u,v) € (0, 1) x [g,00) x R

1 Op(M11)
/ q(s)ds < / d—_ul
0 0 W, (¢ ' ()

There exists a solution w4 € C'[0, 1] with (p(u)) € C(0, 1) to (2.22) and essentially
the same reasoning as above yields

and

a(t) < o1 (1) < w1 (1) < ur(t), |1ty ()| < My for ¢ € 10, 1] (2.23)
with
—(0p(up 1)) = g1 (t, tpqr, upy ) for 0 < ¢ < 1.

Now consider the interval [20% 1 - 20%] . We claim that

{Hr(zj)}f,inoﬂﬁ j=20,1, is a bounded, equicontinuous

. 1 | (2.24)
family on [W’ 1 - W] .
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First note that

[t | oo < |u,,,0|<>O <supf(f) =ap fort €[0,1] andn > ny + 1. (2.25)
[0.1]

Let

&= min a(r).
Then (2.5) guarantees the existence of W, and ¢ (as described in (2.5)) with
If (2, u, v)] < q()¥(|v]) for (¢, u, v) € (0, 1) x [g, 00) x R.

This implies that

/ / 1 1
lgn(t, un(2), w, ()| < q(O)Ve(lu, (0)]) for ¢ € [a, b] = [W’ 1— W] C ey,

and n > ng + 1. As a result
[(p ()| < q(t)¥.(|u,(1)]) for t € [a, b] and n > ny + 1. (2.26)
The mean value theorem implies that there exists 7; , € (a, b) with

u(b) — u@)| _ 2y

|u(tl,n)|: b—a = b_ua

= d,, forn > ny.

Fix n > ny + 1 and let ¢ € [a, b] . Without loss of generality assume that u, (¢) > d,.
Then there exists t; € (@, b) with u), (t1) = d,,, and u),(s) > d,, for s between 7, and .
Without loss of generality assume that t; < ¢. From (2.26) we have

(9p(11,(5)))
v $)) < ¢q(s) for s € (11, 1),

so integration from t; to ¢ yields

0y (1,(D) du 1
— Y 1 ds.
‘/‘p (d"o) lIlS (‘pp_l(u)) S /0 q(S) s

p

#p(2)
Let Ly () = [0 ) aremay S

(0] < I, ( fo q(f)dv> = R, (2.27)

A similar bound is obtained for the other cases, so

1 1
|u;(s)| = Rno fors e [a’ b] - [2n0+l - 2”0+1i|

and n > ny + 1. Now (2.25), (2.26) and (2.27) guarantee that (2.24) holds. The Arzela-
Ascoli theorem guarantees the existence of a subsequence N, of integers and a function
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()

zno eC 1[2,10+l , 1= zn(}ﬂ] with u ,j =0, 1, converging uniformly to z;,

] as n — oo through N, . Similarly

1
on [5r, 1 —

2n0+1

{u }n 2 o2 ] =0, 1, is a bounded, equicontinuous
1— ;]7

family on s S072

271O+2 9

so there is a subsequence N, . of N,, and a function

Jor
Zm+1 € C me+2’ - omt2

with u ] =0, 1, converging uniformly to zﬁl’)

1
41 on [2,,0+2, 1— 2,,OH] as n — oo through
Nyo+1. Note zp41 = z,, On [2“0“’

obtain subsequences of integers

1-— 2n0+1] since Ny +1 € N,,. Proceed inductively to

Ny 2Nps12.n.... DNyD......

and functions

C! Loyt
Zk € o+’ T Dngtl

with

1 1
(/) . V)]
, j=0,1, converging uniformly to z;” on |: St 1 — o +1i|

as n — oo through Ng, and

1 1
Zk = Zj—1 ON i,l—? .

Define a function u : [0, 1] — [0, 00) by u(r) = z(r) on [54. 1 — 7] and u(0) =
u(1) = 0. Notice u is well defined and

a(t) < u(t) < u,, (t) < B(t) for t € (0, 1).

Now let [a, b] C (0, 1), be a compact interval. There is an index »* such that [a, b] C
[557. 1 — 5] for all n > n* and therefore, for all n > n*

—(pp(u)) = f(t, uy, ui,)) fora <t < b.

On the other hand, @ € C[0, 1], «(¢) > Oforall 0 < ¢ < 1 so let r = min,<,<p @(?) > 0.
Moreover, (2.5) guarantees that there exists ¢ and W,(|v|) (with & = r) such that

(1, u, v)| < q(O)¥(v]), (1, u,v) € (0,1) x [e, 00) x R.
It is easy to see that there exists a continuous function f : (0, 1) x R> — R such that

(1, u, v)| < g(OWe(lv]), (1, u,v) € (0,1) x R?
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and
f(t,u,v) = £(t,u,v) for all (¢, u, v) € (0, 1) x [, 50) x R.
It is clear that u, () > ¢, a < t < b for all n > ny. Moreover
— (@ (u;))/ =f (t,up, 1) fora<t<b.

There exists a subsequence S of {rn* + 1, n* + 2, - - -} with

max |u,(f) — u(f)] — 0 and max |u, (f) — u/(1)] - 0 asn — oo.
a<t<b a<t<b

Now (¢, () € Cla, b] and
—(p()) =f(t,u,u') fora <t <b.
Since [a, b] C (0, 1) is arbitrary, we find that
(pp()) € C0,1) and — (@,()) =f(t,u,u') for0 <t < 1.

It remains to show u is continuous at 0 and 1. Let ¢ > 0 be given. Now since
lim,,, oo u,(0) = O there exists ny € {ng, no + 1, ...} with u, (0) < 5. Next since u,, €
C[0, 1] there exists 8,, > 0 with

(1) < 5 for 1€ [0.5,,].

Now for n > n; we have, since {u,(7)} is nonincreasing for each 7 € [0, 1],

neNo
a@fwmf%@<§hmem%]
Consequently
Mﬂfﬂﬂf%<e%ﬁe®ﬁ“
and so u is continuous at 0. Similarly u is continuous at 1. As aresult u € C[0, 1].

Suppose that (2.1)-(2.3), (2.5) hold and in addition assume the following
conditions are satisfied:

—(@p()) < f(t,u, & (1)) for (t,u) € (0, 1) x {u € (0,00) : u < (1)} (2.28)
and

38 € C'[0, 1], (p(B") € CO, 1),
with B(#) > p,, for t € [0, 1] and
—(gp(B)) = f(1, B(0), B'(1)) for ¢ € (0, 1) and (2.29)

~(@p(B) = f (. B, B(1)) for t € (0, zr).
Then the result in Theorem 2.1 is again true. This follows immediately from

Theorem 2.1 once we show that (2.5) holds i.e. once we show that () > « (¢) for
t € [0, 1]. Suppose it is false. Then o — B would have a positive absolute maximum
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at say 0 € (0.1), 50 (@ —B) () =0 and (g, (@) () — (¢, (8)) () < 0. Now
a (19) > B (10) and (2.28) implies that

S (70, B(0), B'(10)) + (gp(a")) (0) = f (70, B(0), &'(70)) + (gp(a)) (0) > 0,

and this together with (2.29) yields the inequality

(ep(e))'(r0) = (¢p(B") (r0) = (@p(er)) (70) + f (0. B(70), B'(T0)) > O,

which is a contradiction. Thus we have the following result.

COROLLARY 2.2. Let ny € {1, 2, ...} be fixed and suppose (2.1)-(2.3), (2.5), (2.28)
and (2.29) hold. Then (1.1) has a solutionu € C[0, 11N CY(0, 1) with (g, (W)Y € C(0, 1)
and with a(t) < u(t) < (1) for t € [0, 1].

REMARK 2.1. (i) If in (2.2) we replace 2% <t<lwith0<zr=<l- 2—1+, then one
would replace (2.4) with

3B C'0,1], (9, (B)) € C(O, 1),
with B(¢) > «a(?), B(f) > py, fort € [0, 1] and

— (9, (B)) = £ (1, B(0), B'(1)) for t € (0,1) and (2.30)
— (e (8) =/ (1= 5. B, B (1)) fort e (1= 5. 1).

(if) If in (2.2) we replace 2% <t =<1 with ﬁ <t<l1- 2% then one would replace
(2.4) with

3B e C0.1]. (g, (B)) € C0. 1),

with B(#) > a(f), B(¢) > py, fort € [0, 1] and

—(9p (B)) = f (1. B(1). B(1)) for 1 € (0, 1) and 2.31)
~ (@ B 21 (3. B0, B ) for 1 € (0, 7=)

— (0 (8) = f (1= 5. B). B ) fort e (1= 5=.1).

This is clear once one change the definition of e, and 6,. For example in case (ii), take
1 1 1 . 1
E"Z[W’l_ﬁ} and@n(t):max{W,mln{t,l—WH.

3. Construction of « and 8. Suppose the following condition is satisfied:

let n € {ng,no + 1, ...} and associated with each n we
have a constant p, such that {p,} is a decreasing

sequence with lim,_, , p, = 0 and there exists a constant (3.1
ko > Osuchthatforz,,% <t<1, 0 <u<p,and v € R we have
f(t, u,v) > k.

We will show if (3.1) holds then (2.3) (and of course (2.2)) and (2.28) are satisfied.
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Using Lemma 2.2, we know there exists a function A € C! [0, 1] such that ¢,(1') €
C'0, 1], A(0) = A(1) = 0, M = maxo<<i |(¢,(A(1)))| > 0 and

0<A?t) < p, t€e,\e,—q forn>1.
Let r = sup A (2)|. From (3.1) there exists ky > 0 with
[0.1]

ft,u,v) > koforte(0,1), 0 <u < A(f)and v € R.

m=minjil, | — .
M

Let a(t) = mA(¢) for ¢t € [0, 1]. Then

I(@p(@)) | = @p(m)(@p(A))'|
< ‘Pp(m)M

Let

=< @M = ko,
M
SO
(@p(e)) + f(t, a(1), v) = ko — ko = 0 for (1,v) € (0, 1) x R (3.2)
i.e. (2.3) is satisfied. On the other hand

(@) +f(t,u, &' (t)) = f(,u, &' (1)) — ko
> ko — ko
=0for(t,u) € (0,1) x {u € (0,00) : u < ()},
so (2.28) is satisfied.

Now we discuss the existence of an upper solution 8.
Consider the following conditions:

there exist continuous functions ¢ : (0, 1) — [0, c0), ¥ : [0, c0) — (0, 00) and
there exist # > 0 continuous and nondecreasing on [0, co) such that (3.3)
(2, u, vl < g(Dh ) W(Jv]) for (z,u, v) € (0, 1] x [pn,, 00) x R

there exist M > p,, and N > 0 such that

1 - ©p(N) du (34)
M — puy, > ¢, (Ch(M))by (3.5

where

by = max {fo% ;" (qu(r)dr)ds, f%l ;! (f%%](r)dr) ds} and

C = max_y<,=y ¥(|v))

(3.6)
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for any ¢ > 0, there exists a continuous function
v, : [0, 00) — (0, 00) such that
f (£, u, V)| < g(O)W, (Iz]) for (1,u,v) € (0, 1) x [s, M] x R, (3.7)

Jy 4(s)ds < 0o and [y g (s)ds < [ \pg.(sz,‘ul )

and

1
f(t, u, v) is nonincreasing on (0, W) for each fixed (u, v) € [pn,, M] X [-N, N].
(3.8)

We show if conditions (3.3)—(3.5), (3.7), (3.8) (here by and C are as in (3.6)) hold then
(2.4) and (2.5) hold.
Consider the problem
{ —(pp()yY =f*(t,u,u), 0 <t <1

3.9
u(0) = u(1) = py, )

where

f(l, Pny s v*)+r(:0no —u), u< Pny
f[ftuv)y =1 f(tu, v,  p,<us<M
f, M, v)+r(M —u), u>M

with

v =

v, - N<v<N

N, v>N
—N, v < —N.

From [5] we know that (3.9) has a solution u € C'[0, 1] with (g, () € C(0, 1). We
first show that

u(t) = ppy, t€[0,1]. (3.10)

Suppose that (3.10) is not true. Then there existsa #y € (0, 1) withu(#) < p,,, 4’ (tp) =0
and

(@p(u)) (to) = 0.

However note

() (t0) = =L/ (t0, Puy» (W (10))") + 1(n, — u(29))]
= - [f(t()a Pny s 0)+r (pno - u(IO))]
<0,

a contradiction.
Consequently (3.10) is true. Next we show

u(t) < M fort €0, 1]. (3.11)

Suppose (3.11) is false. Now since u (0) = u(1) = p,, there exists either (i) 71, 1> €
(0, 1) with p,, <u(t) <M for t €[0, 1), u(tz) =M and u(t) > M on (t2, t;) with
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u (1)) =0; or (i) 3,14 € (0, 1), tsa < t3 with p,, <u <M for t € (13, 1), u(t3) =M
and u (f) > M on (14, t3) with v/ (¢4) = 0.

We can assume without loss of generality that either #; < % or 14 > % Suppose
that 7; < % Notice that for 7 € (1, t;) we have

(0, = f*(t,u, /) < Cq()h (M) (C is defined in (3.6)). (3.12)

Integrate (3.12) from £, to ¢; to obtain
n
00l = CHOD) [ a9 ds
5]

and this together with the fact that u (¢;) = M yields

1
0,0(1)) = CH) [ a(o) s (3.13)
15}
Also for t € (0, t;) we have

—(@p()) = f*(t,u, 1)
= Cq(D)h(u(r))
= Cq((M).

Integrate from 7 (¢ € (0, t,)) to ¢, to obtain

ot (12)) + 9,0 (1) < Ch(M) / 4s)ds,

o)
@p(u' (1)) < Ch(M) /t ’ q(s) ds + ¢p( (12)).
This together with (3.13) yields
@p(u' (1)) < Ch(M) /rl q(s)ds for t € (0, 1p).
‘
Thus
/(0 = g5 hong; ([ ey ) or e 0.1,
‘
Integrate from 0 to 7, to obtain
M=o < g5 (o) | s ( / "4 ds) .
That is
M=oy < g (CHOD) [ ( [ 4 ds) di
< ¢, (Ch(M) by.
This contradicts (3.5) so (3.11) holds (a similar argument yields a contradiction if

1
14 = j)'
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Thus we have
Py < u(t) < M fort €0, 1].
Next we show that

[U|oo = sup [/ ()] < N. (3.14)
1€[0,1]

Suppose (3.14) is false. Without loss of generality assume /(f) £ N for some ¢ € [0, 1].
Then since u(0) = u(1) = p,, there exists 7; € (0, 1) with #/(7;) = 0, and so there exists
7, 73 € (0, 1) with #/(r3) = 0, ¢/(12) = N and 0 < /(s) < N for s between 73 and 1,.
Without loss of generality assume that 73 < 72. Now since p,,, < u(f) < M for t € [0, 1]
and (with ¢ = p,,)

(0p()) = q(OM(M)We(p(1d (1)),

and so

©p(N) du _ 7 ((pp(u/))/ _ 1
/0 (g, () /ﬁ W, (u/(5)) ds < h(M)./o q(s) ds.

This contradicts (3.4). The other cases are treated similarly. As a result p,, < u(f) < M
fort € [0, 1]and || < N.
Let (1) = u(z) for ¢ € [0, 1]. Then

{ﬁ € C'[0,1], (¢,B)) € C(0, 1),
with B(f) > py,, for t € [0, 1] and

—(pp(B)) = /(1. B(1). B'(1)) for 1 € (0, 1)

and
/ 1 1

As a result (2.4) and (2.5) are satisfied.

THEOREM 3.1. Suppose (2.1), (3.1) and (3.3) — (3.5), (3.7), (3.8) (here by and C
are as in (3.6)) hold. Then problem (1.1) has a solution u e C[0, 11N CY(0, 1) with

(pp()) € CO0, 1).

4. Examples.

ExAMPLE 1. Consider the boundary value problem

{ —u = \Lﬁ (L =D h(u|+1), 0<t<1

4.1
u(0) = u(1) = 0 @D

with

Y2 4 0.05 for0 <u<+/2
h(u) =
> — 1.9 for 2 < u.

Then (4.1) has a solution u € C[0, 11N C'(0, 1) with (g, (1)) € C(0, 1).
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To see that (4.1) has a solution we will apply Theorem 3.1. Let n € {1,2, -},
p=2andpn=ﬁ.Letkozo.OS.Then,for# <t<1,0<u<p,and v € Rwe
have

St ) = % (% - 1) hu(lo] + 1)

> h(u)(n+ 1) — 1) > 0.05 = ko,

so (3.1) is satisfied.
Let np =1 s0 py, = g, and let M = +/2 and N = 10. Let (1) = and Y(v) =
|v| + 1. Then

1
) 3
C= max W)= 11, / d’_zbo //—ds—i,
0

ve[—N. 6
SO

(2, u, ) < q(O)h () W(Jv]) for (2, u, v) € (0, 1] x [p1, 00) X R.

Also notice that

1
h(M) /0 g(t)dt = 0.2,

N
/ 10223026,
0

W(v)
M — Pl = «/— f {
and
V2 _11V2

Ch(M)by =11 x0.1 x — = ——

(M)bo x 0.1 x — <0

As a result (3.3)—(3.5) are satisfied. We next establish (3.7).
Let W, (v) = (% 4+ 1) (lv] + 1). Then

(2, u, v)| < q()W,(|v]) for (1, u, v) € (0, 1) x [e, M] x R.

Also
/K dv & /K dv
0o Ye(v) 1+4+e2J, v+1
> lj_:z In(K+1)— oo (as K — 00)
ie.
o dv _
/0 v (o' ()
and
Udt
o Vi
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Then

1 1 o0 du
/Oq(s)ds<ooand/0 q(s)dS</O Wv

so (3.7) holds. Finally f(¢, u, v) is nonincreasing on (O, 41'1) for each fixed (u,v) €
[pm,,M] x [=N, N], so (3.8) is satisfied. Theorem 3.1 guarantees that (4.1) has a
solution u € C[0, 11N CY(0, 1) with (¢, W)) € C(0,1).

ExAMPLE 2. Consider the boundary value problem

{ —(|u/ P2y = ﬁ + )P —r(), 0<t<1 4.2)
u(0) = u(1) = 0

withp > 1,0 > 0,r € C[0, 1]and B > 0 is such that
/’Oo dv
T N °
)

Then (4.2) has a solution u € C[0, 11N C'(0, 1).

Letne{l,2,---}and p, = m where C; = max;ejo,1] [r(£)| . Also let ko = 1,
1
1

soforzm§t§1,0<u§pnandveRwehave

ftuv) = iz + P —1(0)
el

v

e
i
>L%—C121=ko

and so (3.1) holds. Next let

hw) =1+ 3+ C1. q() =
and W(v) = (v + 1)? for v € [0, 00).

For (¢, u, v) € (0, 1] x [p1, 00) X R, we have

(vl < i + G+ W(l))

IA

L[5+ i+ wv))]

IA

X (1 + 5+ Cl) W(lv)).

Let N > 0 be such that
¢p(N) d 1
f — 2 (1 +—+ Cl)
0 ( L 1) P

vt 4
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and M > 0 be such that
1
1 =)
M > pi +by(N + )i <1+p—a+C1>
1
where
% 1 1 1
by = max :/ («/E - Zﬁ)kl ds, / (2\/3 - ﬁ)”" ds}
0 3

Then (3.3)—(3.5) are satisfied. We next establish (3.7).
For any ¢ > 0, let

W, (v) = (1 + Eia + Cl) (v+1)? for v € [0, 00).

Now for (¢, u, v) € (0, 1] x [e, M] x R, we have,
f(t.u.v) < 5 + Cr+ (vl + 1P
< 2 (F+ G+ v+ 1))
<q) (14 =+ C) (| + D
= q()¥e([v]).
Also

K o K
/ di)l = £ / dv 7 — 00 (as K — 00)
o Vel '@) T THIECE o ()

$0
e dv
| % ')
As a result
[ s <coama [qwas< [T
0 0 0 Welepy (W)
s0 (3.7) holds. Finally f(t,u, v) is nonincreasing on (0, 1) for each fixed (u,v) €

[o1, M] x [-N, NJ,so (3.8) is satisfied. Theorem 3.1 guarantees that (4.2) has a solution
ue C[0,1]1n CY(0, 1) with (¢, (1)) € C(O, 1).

REFERENCES

1. R. Agarwal, H. Lii and D. O’Regan, Existence theorems for the one-dimensional
singular p—Laplacian equation with sign changing nonlinearities, Appl. Math. Comp. 143 (2003),
15-38.

2. R. Agarwal, D. O’Regan and R. Precup, Construction of upper and lower solutions with
applications to singular boundary value problems, J. Computational Analysis and Applications,
to appear.

https://doi.org/10.1017/50017089505002697 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089505002697

460 HAISHEN LU, DONAL O'REGAN AND RAVI P. AGARWAL

3. P. Habets and F. Zanolin, Upper and lower solutions for a generalized Emden-Fowler
equation, J. Math. Anal. Appl. 181 (1994), 684-700.
4. D. D. Hai and R. Shivaji, An existence result for a class of superlinear p—Laplacian
semipositone systems, Diff. Int. Equ. 14 (2001), 231-240.
5. H. Li, D. O’'Regan and C. Zhong, Existence of positive solutions for the singular
equation (¢,()")) + g(t, v, »') = 0, Nonlinear Oscillations 6 (2003), 117-132.
6. H. Li and C. Zhong, A note on singular nonlinear boundary value problems for the
one-dimensional p—Laplacian, Appl. Math. Letters 14 (2001), 189-194.
7. H. Li, D. O’Regan and C. Zhong, Multiple positive solutions for the one-dimensional
singular p—Laplacian, Appl. Math. Comp. 133 (2002), 407-722.
8. R. F. Manasevich and F. Zanolin, Time-mapping and multiplicity of solutions for the
one-dimensional p—Laplacian, Nonlinear Analysis 21 (1993), 269-291.
9. D. O’Regan, Some general existence principle and results for (¢(y)) = qf (¢, y,)),
0<t<1, SIAM J Math. Anal. 24 (1993), 648-668.
10. J. Wang and W. Gao, A singular boundary value problem for the one-dimensional
p—Laplacian, J. Math. Anal. Appl. 201 (1996), 851-866.
11. Q. Yao and H. Lii, Positive solutions of one-dimensional singular p—Laplace equations,
Acta Mathematica Sinica, 41(6), (1998), 1253-1264.
12. P. Drabek, On the Fredholm alternative for nonlinear homogeneous operators, Applied
Nonlinear Analysis, (Kluwer Academic/Plenum Publishers, New York, 1999), 41-48.

https://doi.org/10.1017/50017089505002697 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089505002697

