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COMPACT INDUCED REPRESENTATIONS

ROBERT C. BUSBY AND IRWIN SCHOCHETMAN

1. Introduction. In [15; 16; 17], Horst Leptin introduced what he called
generalized group algebras. These Banach *-algebras are formed by letting a
locally compact group G act on a Banach *-algebra 4 both by *-auto-
morphisms and by a cocycle with values in the multiplier algebra, M (4), of 4.
We will review the precise construction later, but for now we remark that
examples include the group algebra of a group extension, the covariance
algebras of quantum field theory, the ‘““projective group algebras” of a group G
(that is, for each complex-valued cocycle \, called a multiplier in the literature,
the Banach *-algebra whose nondegenerate *-representations are in bijective
correspondence with the A-projective representations of G), and the twisted
group algebras of Edwards and Lewis [8; 9].

Essentially the same algebras (some minor technical differences are involved)
were studied in [4] and called twisted group algebras. We will follow this
construction throughout this paper. Representations of a twisted group algebra
induced from the object algebra A were defined in [4], and in the group exten-
sion example such representations correspond to those induced (in the sense
of Mackey) from a closed, normal subgroup. In [5], the authors and H. A.
Smith gave necessary and sufficient conditions for an induced representation,
in the above sense, to be compact; that is, to consist entirely of compact
operators. Irreducibility was not assumed either for the induced representation,
or the representation from which we induced. In this paper, we show (§ 3) that
if irreducibility is assumed for the induced representation, then what appear to
be stronger conditions than those in [5] are in fact necessary and sufficient for
the compactness of that induced representation. Specifically, if the representa-
tion from which we induce is denoted by 7 (7 must be irreducible if the repre-
sentation induced from it is), and if the group G is allowed to act on the dual
space 4 of A in the natural way, our conditions say that the orbit of = in 4
(under the action of G) should be a closed set, and the natural mapping of G
onto this orbit should be a homeomorphism.

In § 4 of the paper, we consider the case when the induced representation is
no longer irreducible. In this case, there may be a non-trivial stability subgroup
of G for 7 (this is the set of all x in G which leave 7 fixed). We show that if the
dual space of A is Hausdorff, then necessary and sufficient conditions will
consist of those previously given together with compactness of the stability
subgroup.

In § 5 we interpret all these results for group extensions.
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2. Review of needed background material. In the course of proving
the main theorem of this paper, we will need to use a number of results con-
cerning direct integrals of Hilbert spaces and direct integral decomposition of
representations. These results together with other miscellaneous definitions and
results are collected together in this section. In the rest of this paper, group will
always mean locally compact second countable group, algebra will mean
separable Banach *-algebra with bounded two-sided approximate identity,
and representation of an algebra 4 will always mean non-degenerate *-repre-
sentation of 4 on a separable Hilbert space.

We now review some basic facts and needed theorems from direct integral
theory. As a general reference, see [6, Ch. 8;7, Ch. 2]. For the theory of standard
and analytic measure spaces, see [18]. Let u be a Borel measure on an analytic
Borel space X. Suppose that [(H,), x € X] is a Borel family of Hilbert spaces
and

H = L@szp(x)

is the direct integral of this family (see [7, Ch. 2]). Crudely speaking, # is a
Hilbert space composed of sections x — &, (¢, € H,) which are measurable and
norm square integrable with respect to u, where sufficiently many such sections
are chosen so that their values over each x are dense in H,, and they form a
maximal set of sections with these properties. An example would be
L2(X, H, u), the p-square integrable functions from X to a Hilbert space H.
Now suppose also that we have a set [(r;), x € X] of representations of an
algebra A, such that each =, represents 4 on H, and such that, for each ¢ in 4,
the family [(7,(e)), x € X] is a Borel measurable family of operators in the
sense of [7, Ch. 2]. Pointwise multiplication of this field of operators with the
vector fields of 5 yields an operator on S# which is written

l@
jX ra(@)dp ().

The collection of such operators with operations defined in the obvious way
makes up a representation of 4 on S which is denoted

@
™ = f de#(x)y
X

and called a direct integral decomposition of 7. In a natural way (by pointwise
multiplication), the complex algebra L*(X, u) acts on 2 as an algebra of
operators. Since this correspondence between functions and operators is an
isometric isomorphism, we shall identify the two sets and think of L*(X, u) as
a set of operators on . The following facts are known (we retain the above
notations):

Remark 1. Let .o/ be the weak operator closure of the range of w. Then .o is a
von Neumann algebra whose commutant will be denoted .27".
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(@) L®(X, u) is always in &7, and L (X, u) is a maximal abelian subalgebra
of &/" if and only if , is an irreducible representation for u-almost all x in X.
[6; Lemma 8.5.1].

(d) L™(X, u) contains the center of &/ (that is, & N.%/") if and only if =,
is a factor representation (its image generates a von Neumann algebra which is
a factor) for u-almost all x in X. [6, Lemma 8.4.1]. If L™(X, u) = &/ N &,
then we have a central direct integral decomposition.

Definition 1. If 7" is abelian then we say that = is multiplicity free.
Remark 2. Suppose that
D
T = J T du(x)
p'e

is a type I representation and this is the central direct integral decomposition.
Then p-almost all 7, are type I factor representations [6, Proposition 8.4.8].

PROPOSITION 1. Suppose that H is a direct integral

J. * M)

on an analytic Borel space X with Borel measure u. Let

= i

be a corresponding direct integral decomposition on X, and suppose that = is type 1
and p-almost all m, are wrreducible. Then there exists an analytic Borel space Y,
a Borel measure v on Y, and direct integrals

H = fny'dv(y)

p= feapydl/(y)

Y

and

such that:
(1) p =, and the decomposition over Y is central (see Remark 1);

(2) For v-almost all y in Y, there is a point B(y) in X and a (possibly infinite)
cardinal n(y) such that p, is unitarily equivalent with n(y)mse).

Proof. The proof of this proposition is essentially Mackey’s. It is a very
slightly altered version of the proof of [18, Theorem 10.5].

As Mackey shows in the above reference, there is a measurable equivalence
relation in X, a measure » in the set ¥ of equivalence classes, and for eachyin ¥V
a measure v, in the class y such that

f@ Todp(x) = fy@ J::D oy, ()dv (v)

X
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(each v, is considered to be an analytic measure on X), and the outside decom-
position is central. This is done by noting that L*(X, u) is maximal abelian in
the commutant of # (Remark 1) and so contains the center. Then a point in ¥V
is taken to be the equivalence class obtained by saying x; =~ x, if x; and x, are
not separated by functions in the center. In a natural way,the functions in the
center correspond to L”(Y, ») for a natural measure ». Now, Remarks 1 and 2
above show that for »-almost all y in Y the integral

@
Py = J Wrdyy(x)
X

is a type I factor and so is a multiple of a unique (up to equivalence) irreducible
representation which must be one of the m, in the support of »,. Thus,
oy =2 n(y)msqy for some B(y) € X, for y,-almost all y € V.

Remark 3. Suppose that (X1, u1) and (X, p2) are two analytic Borel spaces
with Borel measures. Suppose that

., .@ .
}fi = J Hzldl-‘i(x)
Xi
are direct integrals of Hilbert spaces over these Borel spaces and that

D )
T = J Tzld#i(x)
Xq

are direct integrals of representations of 4,7 = 1, 2. Finally, suppose that there
is an isomorphism U of S, onto 5 carrying = onto my and L* (X, ;) onto
L® (X3, u2). Then there must exist:

(i) Borel sets N; of u; measure zero (z = 1, 2),
(ii) A Borel isomorphism 5 of X; — N; onto X, — N, which transforms u;
into a measure s equivalent with u,
(iii) An isomorphism U, from H,! to H?,, for each ¥ in X; — Ny, which
transforms m;! into w2y,

such that U is the composition of the isomorphism

J. @ Usdu(x)

(with the expected meaning, see [7, Ch. 2]) with the natural isomorphism of

@
j szdﬁz(X')
X2
on %2.
This important theorem was proved by von Neumann and is stated and
proved in [6, Proposition 8.2.4], with appropriate references.
A left centralizer on an algebra A is a bounded linear mapping m from 4 to A
such that for all a, b in 4, m(ab) = (ma)b. A double centralizer on 4 is a pair
(m1, m2) of bounded linear mappings from A4 to 4 such that for all ¢, b in 4,
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a(mib) = (mea)b. The double centralizers form an algebra M (4) ‘“containing’
A as a closed two-sided ideal. If m = (my, my) is in M (A4), then m; (res-
pectively, m,) is a left (respectively, right) centralizer (given our assumptions
on A) and we write m;(a) = ma and my(a) = am. The left centralizers also
form an algebra M, (4). If = is a representation of 4 on H, it extends uniquely
to a representation of M (A4) on H and (if we also denote the extended repre-
sentation by 7) 7(M(A)) is contained in the weak operator closure of 7 (4).
If ¢ is an isometric isomorphism of an algebra 4; with an algebra 4., ¢ extends
uniquely to an isometric isomorphism (also denoted by ¢) of M (A4;) on M (4.,).
For all these facts, see [14]. The strict topology on M (4) is that given by the
seminorms m — ||mal|, and m — |lam||, ¢ in 4 (see [2]).

We now briefly review the construction of twisted group algebras and induced
representations. Let G be a group, 4 an algebra, and p and A a left Haar
measure for G and the corresponding modular function, respectively. Let
L'(4, G) be the Banach space of Bochner integrable 4 -valued functions on G.
Let 7" be a Borel map from G to the set Aut! (4) of isometric *-automorphisms
of A (Aut! (4) has the pointwise convergence topology), and let « be a Borel
map from G X G to U(4) (with the strict topology) such that:

(1) T and « are continuous in a neighborhood of the identity in G and
G X G, respectively.

(2) (T, @) is a twisting pair for (G, 4) (see [4] for the definition). Note that
the smoothness requirements imposed on (7', @) are stronger than those im-
posed in [4] and [5]. This will be explained in the proof of Theorem 1. We then
define multiplication and involution on L'(4, G) as follows:

(3) (fog)lx) = Lf(y)(T(y)g(y‘lx))a(y,y‘IX)du(y)-

#) SE) = ale, x~)* (T (x)f (e )*)A(x™).

Here, x, y are in G and f, g are in L'(4, G). The resulting algebra is denoted
LY(4,G; T, a).

Now let 7 be a representation of 4 on H, and let # = L2(G, H, u). We then
define, for each x in G and a in 4, operators U7 (x) and #(a) on S as follows:

() (Ur@)h) () = 7(e(, x))h(yx)A ()"
(6) (@ (a)h) (x) = m (T (x)a)h(x).

Here, hisin 5, ain A, x,y in G. We can apply = to a by previous remarks on
extending representations. Now, if f is in L'(4,G; T, a), we define the
representation IT induced from = by:

n() = [ #0 @U@,

(For complete details see [4].) We will need the following remarks:

https://doi.org/10.4153/CJM-1972-002-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1972-002-3

10 R. C. BUSBY AND I. SCHOCHETMAN

Remark 4. The representation # of 4 on# defined by equation (6) above
(it is trivial to verify that this is a representation) is the direct integral -

J;@ T du(x),

where for all ¥ in G, m(¢) = 7(T'(x)a). This is immediate from the con-
struction of .

Remark 5. (We use notation analogous to that used above.) Let m; and
be representations of 4 on H; and H, respectively, and let II; and II, be the
corresponding induced representations of L'(4,G;T,a) on S#; and 3£,
respectively. Then if II; and II, are unitarily equivalent, so are the repre-
sentations 71 and 72 of 4.

Proof. Itis shown in [4] that 4 can be embedded in the left centralizer algebra
of L1(4,G; T, a) and that if the induced representation II, is extended to A4
by first extending to M, (L'(4, G; 1", a) and then restricting to 4, the resulting
representation is precisely 7; (¢ = 1, 2). It is easily seen that if two repre-
sentations of an algebra are unitarily equivalent, so are the extensions of these
representations to the left centralizer algebras (for example, one can examine
the construction of the extension; see [14, § 9]). The result follows from this.

3. The main result. Suppose that (T',«) is a twisting pair for (4, G) as
above. If B C Aut! (4) is the set of inner automorphisms of 4 by unitaries
in M(A4), and p is the natural projection of Aut! (4) on the quotient group
C = Aut! (4)/B, then 7 is a group homomorphism. Assume that p7 is
continuous. This is true of all the examples of [4], including the group extension
example. Since C acts in a natural way on the dual space 4 of A (with the
hull-kernel topology) as a topological transformation group, it follows that G
also acts on 4 in this way (x acting on =, written x - , equals m,—1). We will not
distinguish between an irreducible representation and its unitary equivalence
class as long as no confusion results. We let = be in 4, and denote by G, and
6 () respectively, the stability subgroup of « in G and the orbit of « in 4 under
the action of G. Finally, we define a map ¢, from G to 4 by:

Yr(X) = Tp—1 = x - .

THEOREM 1. Suppose that the representation 1L of L' (A, G; T', ) tnduced from
w 1s irreducible. Then the following statements are equivalent:

(1) I zs compact.

(2) 7 is compact and for all a in A, the function v, from G to R*, given by
vo(x) = ||m—1(a)||, vanishes at infinity on G.

(3) () is closed in A and ¥ is a homeomorphism of G onto 6(x).

(4) Yy is a proper (equivalently closed) injection map from G to A in the sense
of Bourbaki (see [1, Ch. 1, § 10]).
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Proof. yr is one-to-one because the irreducibility of II implies that G, trivial
(see [4, Proposition 4.8]). Thus, (3) < (4) follows from [1, Ch. 1, § 10, no. 1,
Proposition 2].

(3) = (2). First of all, (3) implies that {r} is closed in 4, so = is compact.
Now, for a given @ in 4 and ¢ > 0, the set K(a, ¢) of all = in A for which
[|7(a)|| = eis a compact (not necessarily Hausdorff) set in 4 (see [6, Proposi-
tion 3.3.7]). Now, {x|y,(x) = ¢ is just ¢« 1(K(q, €)), and so is compact
[1, Ch. 1, § 10, No. 2, Proposition 6]. Since ¢ and e are arbitrary, we get (2).

(2) = (1) is a special case of [5, Theorem 4.1].

(1) = (3). We first show that 8(r) is closed. We are given that II is
irreducible and compact. Suppose that ¢ is in 4, and ¢ € (8(x))~ (closure of
6(m)). Let ¢ and = have the same relationship with ¢ as # and II have with =.
Now, Fell has investigated weak containment for induced representations of
groups in [10] and [11], and in [3] it is shown that his main result in [10] goes
over to twisted group algebras. (Specifically, inducing preserves weak con-
tainment.) In particular, { 2} is weakly contained in the set of representations
induced from representations in 6(r) and (by [4, Theorem 4.4.a]) the latter
set is (up to unitary equivalence) just {II}. On the other hand, since II is
assumed to be compact and irreducible, it follows from [13, Theorem 4] that the
set {II} is closed in the dual of L'(4, G; T, a). By [6, Theorem 8.5.2], we can
write T as the direct integral of irreducible representations of L'(4, G; T, a),
and by [10, Theorem 3.1] the set of irreducibles essentially involved in this
decomposition is weakly equivalent with {Z} and so weakly contained in {II}.
The fact that the latter set is closed then shows that Z is unitarily equivalent
with a (possibly infinite) multiple #» I of II.

We now know that Z is unitarily equivalent with the representation induced
from nw, and Remark 5 of § 2 then shows us that ¢ is unitarily equivalent with
nr = ni. (Inducing preserves direct sums.) The fact that = is type I and G,
is trivial, coupled with a technique of Blattner (explicitly given in the twisted
group algebra setting in the proof of [4, Theorem 4.14]) shows that # is multi-
plicitly free. Thus, ¢ (being equivalent with a multiple of #) is type I and,
applying Proposition 1 of § 2, we get a central decomposition

&)
i = | w0t
with respect to a Borel measure on an analytic Borel space. Our conditions on G

imply that G with Haar measure is an analytic (in fact, standard) Borel space.
We note that, since

®
G = fy n(y)asedrv(y)

and

@
nw = fG nmdu(x)
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are central decompositions (the latter since # is multiplicity free), the unitary
equivalence between them takes L®(Y,») onto L*(G, u) (it must take the
center of the algebra generated by ¢ onto the center of the algebra generated by
nw). Thus, all the conditions necessary to apply Remark 3 of § 2 hold, and that
remark implies that for some x and some vy, nw, and 7(y)os, are unitarily
equivalent. Since 7 and ¢ are irreducible, ¢ is equivalent to some 7., and so o
is in 6(w). Thus, 6(r) is closed.

To prove that the map ¢, is a homeomorphism onto 8 (), we first notice that
since () is closed it is locally compact, and G acts on it as a transitive topo-
logical transformation group. Since (=) is the dual space of a C*-algebra (a
quotient algebra of the enveloping C*-algebra of A4), all of whose irreducible
representations are compact, the conditions necessary to apply [12, Theorem 1]
are satisfied, and this theorem then shows that ¢, is a homeomorphism.

4. The case when 4 has Hausdorff dual. We now suppose that
A is Hausdorff and = € 4. Continuing the notation of §3, we will form
LY(4,G; T, a) and the induced representation II of this algebra, but we will
not assume that II is irreducible. In this case, there may be a non trivial stability
subgroup G, of G, which, since 4 is Hausdorff, must be closed. As before, 6 (r)
represents the orbit of = in 4, and for all @ in 4, v, (x) is defined to be ||m—1(a)||.
The authors are indebted to E. Effros for valuable conversations concerning the
next proposition.

PROPOSITION 2. For every a in A, the function v, is uniformly continuous on G.

Proof. Since 4 is Hausdorff, each of the functions ¢ — ||o(a)|| is continuous
and vanishes at infinity on 4 (see [6, Proposition 3.3.7 and Corollary 3.3.9]).
Now [1, Ch. 3, § 4, No. 5, Theorem 1(a)] tells us that if K is compact in 4 and
U is open in 4, then the set (U: K) of all x in G such that x - K € Uisopen in
G. Choose ¢ > 0, let Uy = {o € A| ||o(a)|| > ¢/3}, Ko = K(a, ¢/2) (notation
as in the proof of Theorem 1, § 3), K = K (a, ¢/3). For each ¢ in K, there is an
open neighborhood U, of ¢ such that if 6 € U,, then

[le@I] = lls@)[l | < e/2.
It follows that if 81, 85 are in U, then
| 182(@)|] — {[82(a)]] | < e.

For each ¢, choose an open neighborhood W, of ¢ such that W, is compact and
contained in U,, and cover K with a finite number Wy, ..., W, of the W,.
Denote the corresponding sets U, by Ui, ..., U,, and denote W, by K,.
Finally, let V be the (non-empty) open neighborhood of the identity in G given
by

Ve 0 (W KN (W K.
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Now, suppose that s and ¢ are in G and st~!is in V (then, also, ts71isin V).
If tr € K,, then st = (st7!)tx is in Uy and so both ¢r and sr are in K. The same
is true if sw € K. Thus, in either case, tr € K and so for some ¢, tr € K; C U,.
Since st~lisin (U;: K,), we also have sw € U,. Itfollows that |y, (t) — y.(s)| < s.
On the other hand, if, neither ¢r nor sw is in K, then

1Ya@®) — va ()] = |l (@) + [lsw(@)]] < e/2 + /2 = e
This completes the proof.

We recall from [5] that a real valued function % on G is said to almost vanish
at infinity with respect to u if for every e > 0, the set S, consisting of all x such
that |2 (x)| = ¢, is thin at infinity. Thin at infinity is a measure theoretic
generalization of compactness which means that for every compact neighbor-
hood I of the identity in G, the function u(Ix M S.)/A(x) vanishes at infinity on
G (recall that u is a left Haar measure). It follows from [5, Theorem 4.1], that
in the above situation the induced representation II is compact (whether or
not it is irreducible) if and only if 7 is compact, and each of the functionsy, (x)
almost vanishes at infinity.

ProrositioN 3. Let G be a group with left Haar measure u and modular
SJunction A. Let h be a real valued function on G which is uniformly continuous and
almost vanishes at infinity with respect to u. Then h vanishes at infinity.

Proof. Choose € > 0, let S. = {x € G| |h(x)| = ¢/2}, let V be a compact
neighborhood of the identity in G such that if yx~! € V, |h(x) — h(y)| < €/2,
and let K be a compact set in G such that if x is not in K,

p(Ve M S)/A) < u(V).

Then if x ¢ K, Vx ¢ S since u(Vx)/A(x) = u(V). We can then find vy in Vx
such that |k(y)] < ¢/2. Since yx~! € V we know that |[k(y) — k(x)| < ¢/2
and so |k (x)| < e whenever x ¢ K. Since e is arbitrary, & vanishes at infinity.

We are now in a position to prove the main result of this section.

THEOREM 2. Suppose that A is Hausdorff, = € A, and 11 is the representation
of L'(4, G; T, &) induced from w. Then the following are equivalent:

(1) 1 is compact.

(2) For all a in A, the function vy, vanishes at infinity.

(3) 0(x) is closed in A, G, is compact, and the natural map of G/G, onto 6 ()
induced by Y is a homeomorphism.

(4) ¥, is a proper map from G into A.

Proof. (1) & (2) follows from [5, Theorem 4.1] and Propositions 2 and 3
above.

(2) & (3). Notice first that each of the functions v, is constant on G,, and
since they vanish at infinity, G, must be compact. We now show that 6(r)
is closed. Let 6 be in the closure of (). A typical basic neighborhood for § is
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the set K (a, €) [6, Ch. 3], where for instance ¢ may be chosen to be %||6(a)]|.
(There exists @ in 4 for which §(a) £ 0.) 6 must be in the closure of the set
S = K(a, e) N 0(r). Now, v, (¢, +0)) = M is compact by hypothesis. It
is easy to see that S = ¢, (M) and so S is the continuous image of a compact
set and so is compact. Since 4 is Hausdorff, S is closed and so 8 € S C 6(x).
This proves that (=) is closed. The final statement of (3) follows as it did in
Theorem 1 of § 3.

(3) = (4). It follows from the compactness of G, that the natural projection
p of G onto G/G, is a closed map. This, together with the fact that G/G,
is homeomorphic with 6(7), shows that ¢, is a closed map. The inverse image
under ¥, of any point in 4 is vacuous or a coset of G,, and so is compact. It
then follows from [1, Ch. 1, § 10, No. 2, Theorem 1] that ¢, is proper.

(4) = (3). The theorem quoted immediately above shows that 6(x) is
closed, G, is compact, and ¢, is closed. The natural one-to-one map from G/G,
to 6(w) is then a closed map. On the other hand, since ¢, is continuous and the
projection from G to G/G. is open, the correspondence between G/G, and
6(w) is a homeomorphism.

(3) = (2). If we denote by ¢, the mapping of G/G, onto () induced by
¥r, and let p be the projection of G onto G/G,, then

{xlva(x) 2 e = p @ (K(a, €))).

Since K (a, €) is compact, (3) tells us that ¢»~1(K (¢, ¢)) = C is compact in
G/G,. Since G, is compact, it is easy to see that p~1(C) is compact and the
theorem is proved.

5. Induced representations of groups. The usual notations and ter-
minology for induced representations of groups differ a little from those we have
used. Therefore, we give in this section the translations of Theorems 1 and 2
for the case of group extensions.

Let e > H — G — K — ¢ be a group extension (always second countable,
locally compact groups). G acts on H by inner automorphisms and thus, by
composition, G acts on the dual H of H. Then, using the results of [4] to trans-
late into the language of twisted group algebras, we get the following inter-
pretations of Theorems 1 and 2 (see [5, § 5]).

THEOREM 1. Let s be a strongly continuous unitary representation of H on a
Hilbert space, and let U* be the irreducible induced representation of G in Mackey's
sense. Then the following statements are equivalent:

(1) U is compact (which, by definition, means that the natural extension to
LY(G) is compact).

(2) s s compact, and for all f in L*(H), the function

e= | J. s o)
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(which is constant on H cosets and so may be considered as a function on K)
vanishes at infinity on K.

(3) 6(s) is closed in H and V induces a homeomorphism from G/H = K
onto 0(s) (the notation is as in Theorem 1. Here, ¥, is defined on G).

(4) ¢, induces a proper injection map from K to H.

Remark. The twisting pair (7, «) in the group extension case need not be
continuous in a neighborhood of the identity, although it is continuous at
the identity [5]. The extra smoothness was needed solely to conclude that
inducing representations of twisted group algebras preserves weak contain-
ment [3]. However, this is well known to be true for inducing representations of
groups [10; 11]. Thus, the proof of Theorem 1 is valid here.

THEOREM 2. Suppose that H is Hausdorff and s € H. The stability subgroup
G; of sinGis a subgroup which contains H (notice that this usage differs from that of
the previous section. In the previous sense, the stability group would be G;/H). Then
the following are equivalent:

1) U® is compact.

(2) For all f in L'(H), the function

g—)

Lf(h)s(g"hg)dh ”

vanishes at infinity modulo H (i.e., as a function on K).

(3) 6(s) is closed in H, G,/H is compact in K, and the map of G/G, (which
equals K/(Gs/H)) onto 0(s) induced by ¥, is a homeomorphism.

(4) ¥, induces a proper map from K into H.
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