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NONUNIFORM DICHOTOMY OF EVOLUTIONARY PROCESSES
IN BANACH SPACES

PeTRE PReEDA AND MIHAIL MEGAN

In this paper we study nonuniform dichotomy concepts of linear
evolutionary processes which are defined in a general Banach
space and whose norms can increase no faster than an exponential.
Connections between the dichotomy concepts and (B, D)
admissibility properties are established. These connections have
been partially accomplished in an earlier paper by the authors

for the case when the process was a semigroup of class CO and

(8, D) = (£, 19)

1. Introduction

The dichotomy concepts for linear differential equations and their
connections with admissibility properties have been extensively studied
among others by Coppel [1] and Massera and Schaffer [3]. The study of the
asymptotical behaviour of linear time-varying systems underlines nonuniform
stability and nonuniform dichotomy properties (see for example [3], [5],
[7] and [{8]). Nonuniform dichotomic behaviours for the general case when
the evolution of the system is described by a linear evolutionary process
P(*, *) on a general Banach space are considered in this paper. Using a
fundamental inequality established in [3] we define the concept of (B, D)
dichotomic evolutionary process and give a sufficient condition for non-
uniform exponential dichotomy of a large class of such processes. We also

consider the connections between the dichotomy concepts and the (B, D)
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admissibility property for the case of a linear system described by
t

z(¢t, tos Tgs u) = P(t, to]xo + J P(t, s)uls)ds .

%o

The case when P(t, t,) = P(t-to, 0) , that is, P(+, *) is a Co™

semigroup, has been considered in [5]. The obtained results may be
regarded as generalizations of well-known results of Coppel, Massera and
Schaffer, Palmer and Reghis. They are applicable for a large class of

systems described in [2].

Thus this paper is in a sense a sequel to [5].

2. Notation, definitions and terminology

Let (X, I*ll} be a real or complex Banach space. The space of
continuous linear mappings from X into itself is denoted by L(X) . The

symbol A will denote the set defined by
A={(t, 8) : 0S8 =t <o},

DEFINITION 2.1. An application P(*, *) : A > L(X) will be called

an evolutionary process if and only if

(i) P(t, s)P(s, to) = p(¢t, to) for 0S¢t <sst,

(ii) P(t, t)x = x for every =x € X ,

(iii) P(t, 8) 1is strongly continuous in & on [0, ] and in

t on [s, @) ,
(iv) there exists a nondecreasing function
p:R =1[0,=) >R, = (0, )
such that
iP(t, 8)xll = p(t-s)ljxll for all (ft, 8) € A and x € X .

REMARK 2.1. 1If P(+, ) 1is an evolutionary process then its norm
can increase no faster than an exponential, that is, there exist M, w > O

such that

w(t-8)

lP(t, s} < Me for all (¢, s) € A .

Indeed, if ¥ =p(l) , w=1n M and n 1is the positive integer such
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that 7 = t-8 < n+l then

IA

lp(t, s)ll < IP(t, sn)ll * P(s+n, sm-1)] = ... » [|P(s+1, 8)ll

nw
Me

IA

< M@m(t-s)

REMARK 2.2. 1If the evolutionary process P(*, *)} satisfies the
condition

{v) P(t, s) = P(t-s, 0) for all (¢, s) € A, then P+, *) is

a semigroup of class CO .

The space of X-valued functions f almost defined on R+ such that

f is strongly measurable and locally integrable is denoted by Lioc(X)

. 1 .1 _ .
In particular Lloc(R) = Lloc . If I =1{a, b] is a real compact
interval, then the characteristic function of I will be denoted by P, -
In the particular cases a = 0 and respectively b = ® we use the

notation

o
Py =@ and respectively ®, =%, -

DEFINITION 2.2. A Banach space (S, I'IS) is said to be a Schdffer
space (and we write S € S ) if it has the following properties:

(i) S c Lioc and there exists M > 0 such that

t
J( |F(s)|de = M - lflS for every S €S and t = 0 ;
0

(ii) if g € S and f is a real measurable function with
|fl = g almost everywhere on R+ then f € S and
1lg = lalg 5
(iii) for every f € S and t =2 0 the function
0 , if (t, s) €A ,
g.l8) =
fls-t) , it (s, t) €A ,

is also in § with |gt|5 = ‘fIS 5
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(iv) for every ¢t = 0 the function

t 1,

¢ (8) =
0, if (t, s) ¢4,

it (¢, s8) € A,

is in S .
REMARK 2.3. It is obvious that the following Banach spaces are

Schaffer spaces:

(1) P (where 1 = p < ® ), the space of real p-integrable

functions f on R+ with the norm

1/p

el = U |f<s>lpds] ;
P R
+

[e2]
(ii) L , the space of essentially bounded real measurable

functions f with the norm

ifll,, = ess sup [f(s)] ;

820

(iii) M (with 1 < p < ® ), the space of real measurable

functions f such that

1/p

T+l p
|71, = sup f lre)Fas| <=
tz0 t
o) [22) R
(iv) M =L with the norm |+| = [I*ll, ;

(v) C , the space of real bounded and continuous functions f

defined on R+ with the norm

el = sup |£(2)] .
t=0

If we denote by S(X) (where S € S ) the space of X-valued
functions f almost defined on R+ , such that f 1is strongly measurable
and J|Ifll € 5 then S(X) 1is a Banach space with the norm I”f”lS , which we
write without ambiguity as ”f”s .

For every S € S we associate the functions as, BS : R+ > R+

defined by
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t

ag(t) = infiM > 03 I If(e)|ds = M|flg, ¥f € S}
)

0
and respectively
_ 1.t
BS(t) = |‘P IS -
REMARK 2.4, 1In [3, pp. 61-67] it is shown that the function ag and

B

5 have the following properties:

(1) ¢ s og(t)Bg(t) =2t forall t=20 and 5¢€S;
(ii) if ¢ =t, then as(tl) Sozs(tz) and BS(tl) SBS(tz) ;

b
(iii) aS(t) = inf{M >0 ,[ |f(s)|ds < lels, Vf € §} for all
L a

a, b>0 with b-a=t¢t.
If S €S and to > 0 then we denote by St (X) the space of
0
functions f : [fo, w) =+ X with the property that ? : R+ + X defined by
fle) ,ir (¢, to) €4,
0 , if (t,to)kA,
is in S(X)
Throughout in this paper we suppose that for all D € S and to >0
the set
XD(tO] ={zx €x:p(, to)xo € Dto(x)}

is a closed complemented subspace.

if Xg(to) is a subspace such that

X= Xf(to) ® XD(to]

2

then we denote by Pl(to) the projection on to Xg(to] (that is
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Ker P, (t) = Xf(to] ) and we let P (¢} = I -P (t,) (where I is the

)

identity operator on X ), which is the projection on to Xf(to

We shall let

P (¢, t,) = P(t, t )P (t,)

and

P, (¢, t,) = P(e, to)pz[to) .

Now let us note two assumptions which will be used at various times.

ASSUMPTION 1. ©rLet B, D € S . We say that the pair (B, D)

satisfies Assumption 1 if

lim o (L)B (t) = = ,

( (
ioes B D

ASSUMPTION 2. The evolutionary process P{+, *)} satisfies

Assumption 2 if there are two applications m, 6 : R+ *lR: such that
+
lie, (¢ 6(t0) , to)xll > m(to) I|P2(t, to):x:||
for all (¢, t,) €4 and =z € x .

DEFINITION 2.3. ILet P(°*, *) be an evolutionary process. Then
P(+, *) is said to be

(i) a (nonuniformly) exponentially dichotomic process if and
only if there are N, v : R+ > R+ such that

-v (to) (t-s)

”P1 (¢, to)xll < N[to]e i, (s, to):z:ll

v(t

}(t-s)
1P, (2. t )=l = nlty)e

0
ey (s, ¢5)el

for all ¢t =2 s 2 to 20 and x € X

(ii) a (nonuniformly) dichotomic process if and only if there
exists N : P; > P+ such that
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HPl(t, to]xu < N(to]npl(s, to)x"

and

v

12, (¢, t,)all = ()P, (s, ¢,)=l

for all ¢t =28 = to >0 and x € X .

REMARK 2.5. It is obvious that

(i) 4if P(+, *) 1is an exponentially dichotomic process it is

dichotomic,

(ii) 4if P(+, *) is a dichotomic process then Assumption 2

holds.
REMARK 2.6. Let us denote

x () = {=y € x : P(, ¢ )z, € L] (D)

%

(i) 1f P(+, °) 1is a dichotomic process then Xf(to) c Xi(to)

Indeed, if , € xf(to) then
2, t)agll = w(ty)llzyl

for every t = t and hence xo € Xl(to]

0
(ii) If P(+, *) is an exponentially dichotomic process then
= >
xf[to) Xl(to) for all D €S and t; =0 .

For this, it is sufficient to observe that if z, € Xl(to] and

P,(t,)x, # O then

ez, o)z,
> HPQ(t, to]xoﬂ - npl(t, to)xon
v(t,) (e-t ) -v(t ) (t-t
z W{t,)e ° o . 1P, ()l - #{z,)e ° ) [ CAEN

implies that

lim [P(¢, to)zoll = =,

tc0
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which contradicts the fact that Z4 € Xl(to)

DEFINITION 2.4. 1Let B, D be two Schaffer spaces. The evolutionary
process P(-, ¢) is (B, D) dichotomic if and only if there exists a
fuaction N : R+ »> R+ such that

” w(t,)

Jt-ﬂs ( )
< 0. 12(s, t )x|ds
p Sag(d) j, 0

for all [t,to)eA,6>O andxex(t) k=1, 2.

Consider the linear system described by the following integral model

t
(P) z(t, t,, Zys u) = P(¢t, to)ag + J P(t, s)u(s)ds ,

%

where (¢, to) €b, xz €X, u€BN)

DEFINITION 2.5. Let B, D be two Schaffer spaces. We say that the
pair (B, D) is admissible for the system (P) if and only if for all

t . >0 and u. € B, (X) there exists x. € X such that
0 0 tO 0

0* oo uo) € D, (X)

0

x(-, t

(54
REMARK 2.7. 1If the pair (B, L ) is admissible for the system (P)

and

lim a, () = = |

toeo B

then (see Corollary 4.2) Assumption 2 holds.

3. Preliminary results

We prove the following lemmas which will be used in the sequel.

LEMMA 3.1. If f : A~ R, 1is a function with the property that
there is & : R~ R} such that 2f(t+8(¢,), t,) = £t ty) = 2f (s, t5)

v

for all s + G(to] zt = t, 2 0 then there exists v: RY > R* such

0
that

-v(t ) (t-s)
Fles ) sve % r(s, )
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forall t=zs=t 0.

>
02
Proof. If ¢t =8 = to 2 0 and n 1is the positive integer such that

né < t-s < (n+1)8 then

Fle, ¢5) = 2f[s+n6(to], to)

IA

2(5)"f (s, )
~(ne1)v(t )6 (2 )

Le 0

° f(,s’ to)

-v(t ) (t-s)
ke ( 0 . f(s, to) ,

A

where v(t ) = 1n 2/6(t)

LEMMA 3.2. et f : A >R, be a function with the property that
there is & : R_> R} such that f(s, t) < 2f (¢, ty) = fle+s(ty). ¢)

for all s + 6(t0] Z2t2821%,20 then there is v : R_~> R} such that

v(t,) (t-s)
Lr(e, to) >¢ O - fls, to)

for all tzs = ty 2 0.

Proof. This is similar to the proof of the preceding lemma.

LEMMA 3.3. Let (B, D) be a pair of Schaffer spaces which satisfy
Assumption 1. If the evolutionary process P(+, -) is (B, D) dichotomic
then there exists an application n : R, + R} such that

t+8 5+6
(i) 2 Jt HPl(T, to)deT < [s ”Pl(T, to]deT for all
szt; 20, 8§zn(t,) ., tze+n(t,) aod z€x, and
s+8 t+6
(ii) 2 fs ”PZ(T’ to]x"dT = It HP2(T, to)x”dr for all

szt =0, 6>n(t0], tzs+2n(t)) and z€x.

Proof. If P(-, *) is a (B, D) dichotomic process then there
exists an application W : R+ > R+ such that the inequality from

Definition 2.L holds.
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For every to > 0 let 60 = n(to] > 0 be sufficiently large to

satisfy
an(z,)
o‘B(‘SojBD(‘So] <
Let now s = to =0, ¢ = 60 and let 7n Dbe the positive integer
such that néo =6 < (n+1)60 . If we denote by 61 = §/n then for

t=>s + 60 and T = 8 + kél ., k=0,1, ..., n-1 we obtain

T+t—s+5

1P, (u, tp)elidu = ap(s))le P (v, )l

T4t-s T+6

vt e (5,)
< —2 b1, J 12, (u, . )zldu
= 78,508, . 1@ o,
" T+§
< ___E;§:$%E%__T . J ° ”Pl[u, to]deu
0 %51 T

u (¢,) fT+do :
< PR OATR AR P
agldolBpldg) g
T+60
<% f 12 (s to)lidu -
T

to]x“du

Taking T = 8 + kél , k=0,1, 2, ..., n-1 and adding we obtain

t+6 s+8
f HPl(u, to]deu <X f HPl(u, to)deu ,
t s

which proves the inequality (7).

For the proof of (i) let s 2 to , t=s + 260 and T = 8§ + kél

with k=0,1, ..., n-1 . Then as before we obtain
T+61
[ Iy to)alldu = ap(6) o™, (o ¢ )a ”
T
T+t-5+6
570

IA
N

HPe(u, to]deu
T+t-8
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and adding, we obtain the inequality (Z%).

LEMMA 3.4, et (B, D) be a pair of Schaffer spaces which satisfy
Assumption 1. If the evolutionary process P(*, *) is (B, D) dichotomic
then there are v : R_~ R: s M R_oX Ri > R: such that

t+8 -v[to)(t-s)

(z) Jt HPl(u, to]deu = M(to, 8)e HPl[s, to)xH and
s+6 -v(to](t—s)

@i [ Iyl g)elde = ey, S)e I2, (¢, ¢,)zl

8

for all tzs 2 to 20, 6>0 and x € X .

Proof. Let n(*) be the function defined in the preceding theorem.

For 6§ >0 and & € X consider the function

J»t-f-né

Fea~R o, £t t)) = 12, (u, t)=ldu ,

t

where 7 = n(to, 8) 1is sufficiently large such that n§ > hn(to]

From the preceding lemma we have
ef[tm(to), t) = f(e, t)

and for & + n(to] ztzs2 to Z 0 the following inequalities hold:

s+n6+n(t0]

f ) 1P, (e, ¢, )l

1A

f(t, to)

s+n(t0)

Js HPl(u, to]deu +

3
5" fles %)

2f(s, to] .

IA

s+nd
J HPi(u, to)x”du

IA

1A

By Lemma 3.1 it follows that there is v : R+ - R: such that
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T+
I 1Py (4> t)alldu = £(t, t)
¢

-v(t,) (t-8)
sk 0 Flss to)
~v(to) (t-s)  (ems
< lg . J 1P(u, s}|ldu ° "Pl(s’ to)x”
s
-v(t ) (t-s)
= u(ty, 6) ° - IP,(s5 tp)all

where M : R+ X RI > R+ is defined by
M(to, §) = inSp(ns) .

Thus the inequality (Z) is proved.

For the proof of (7Z) we consider the function

g AR, gt t) =

t+mé
f HPz[u, to]deu s

where #n 1s a natural number such that né > hn(to) . It is easy to see

that
gl{e+en(ty)» to) 2 29(ts ty) = glss 2)

for all s+n(to)ztzsztozo.

By Lemma 3.2 we obtain

Js+n6

s+é
J HP2[u, to)x”du < ”Pz(u, to)xudu
F

s
= g(s, to)

v () (£-s)

be ‘ g(t, to)

-v(¢,) (¢-8)

1A

t+nd
he f

- liny (s £p)ll - I1P(e, ) ldu

-v(¢,) (t-s)
M(tys 8)e 0

IA

”Pg[t’ to)x”

and (1) is proved.
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4. The main results
We prove the following

THEQREM 4.1. If the pair (B, D) <is admissible for the system (P)
then there exists an application N : R+ > R} such that for all to =20
and u € B, (X) there is an unique xz(u) € Xg(to) with the properties

%

(i) z(-, £y xe(u), u) € DtO(X) >, and

(i) (e, ty, zy(u), wllly =0« fully

Proof. By admissiblity of (B, D) for the system (P) it follows that

for all tO 20 and u € B, (X) there is zy € X such that
0
x(-, t

u) €D, (X

’x,
0 0 o

If we let ;= Pk(to)xo (k =1, 2) then from

x(e, to, s u) = P(-, to)xl + x(e, to, z,, u) € Dto(X)
and P(-, to)xl € DtO(X) it follows that z(-, s Zyo u) € DtO(X) and
hence for all ¢, 20 and u € B, (X) there exists x, € Xg(to] such
0
that x(-, to, x2, u) € DtO(X)
If we suppose that for u € B, (X) there exist xé, xg € Xg(to] such
0
that
a(+, t,, o5, ) €D, (X) and (-, t, =¥, u) €D, (X
0 0
then

z(+, ¢t 'oou) - x(e, t., x, U

0’ T2 0> % z(+, t,, z)-z, 0)

0* 272>
= 1
= P(¢, t ) (w)-x7) ¢ Dto(X) ,

which implies
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x! xé’ € Xf(to] n XD(tO) = {0} ,

2 - 2

'~ et
and hence x2 :z:2 .

Consider the Banach space Y, (x) = Xg[to] x D, (X) with the norm

0 0
I(zys d)lly = Dyl + Il -

Let 4 : B, (x) » Y, (X) ©be the linear operator defined by
0 0

Au = (xe(u), .’E(', to, x (u), u])

2

To establish property (ZZ) it is enough by the closed graph theorem to

show that A 1is a closed operator.

Let u, > u in BtO(X) and Au > (xz, y) in YtO(X) . Then
xz(un) >z, in Xg(to] and (-, tos xz(un), un) +y in Dto(X) . From
D(Xx) — Lioc(X) it follows that there exists a subsequence (un ) of

k

[un) such that

y(t) = lim x(t, to, x

koo

(u )’ u )
2 nk nk
almost everywhere.

From

ly(8)-z(t, t,. z,, Wl

< ly(£)-x(¢, £ty xe[un ), u, VI + e (e, t xz(un ), u, J-z(t, tys Ty u) |l
k k k k
< ”y(t)-x(t, to, xz(un ), u, )Il + IIP(t, to)" . ”xg(un )—x2||
k k k
t
+ f (¢, s)lllu (s)-uls)|ds
n
tO k

1A

ly(t)-=(t, ty» (u"k) . unk] || + p(t-to) (II::::2 (unk)-x2||+a3(t)-]Iunk-uIIB) s

for k =+ © we obtain that
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y(t) = =t ¢y, z,, u)

almost everywhere. Hence x(-, to, x2, u] € D, (X) , which implies that

tO
x, = xe(u) and
Au = (xg(u), :L‘(t, to, xe(u)a u)] = (.’C2, y] .
COROLLARY 4.2. If the pair (B, L”) is admissible for the system
(P) and

1lim aB(t) =
T

then there is M : R~ RY such that
HPZ(t, to]xll < M(to) lip(t+1, to)xll
for all (t, to) €A and x € X .

Proof. Let (t, to) €A, x € X and the input function

t+2

u:R >X, uls) = ®ril

. (x)P(s, tO]m .
From

lue)l = p(1)obra(s) = [IP(t+1, ¢ )al

it follows that u € B, (X) and
0

fullg = P(1)B4(2) - IP(t+1, to)xu ;

From
&t
z(s, t —Pe(to]x, u) = -P2[s, to)x + It ¢t+l(u)P(s, to)xdu
0
Pl(s, to]x , if 8 2 t+2 ,

tA

'Pz(s’ to)x , if & = t+l

@
o ~Polty)z, W) ¢ LtO(X)

it follows that x(', t

By Theorem k.1 there is an application N : R+ > R: such that
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= 0{ty)p(L)B (VP41 t )=l

A

M(to)nP(t+1, to)xH

for all (¢, t,) € A and =z € X .

THEOREM 4.3. If the pair (Ll, Lm) is admissible for the system

then P(+, *) s a dichotomic process.

Proof. Let (s, to) €A, x € X and

8+1

u(t) = o, (t)p(t, to)x ;

Clearly u € Lt (X) and from

0

tA
[/+]

>

—Pg(t, to]x , if ¢t

x(t, to, —P2(to]x, u] =

Vv

P (t, t)z ,if tze+l,

it follows that x(-, to,

0
-P,(ty)e, u) € L, (1)
0
By Theorem 4.1 there is N : R+ +|R: such that

Iz, (¢, to)xH < N(to)p(l) * IP(s, ty)zll for a1l ¢ =z sl

and

P, (£, t)=ll = w(t)p(1) - lipfe, t)zll for t=s .

If t € {8, 8+1] then
IIPl (t, to]:z:ll =< p(1) - IIPlf_s, to)xll
p(L)(lIB(s, t))zll+lp,(s, t )l

(e )IP(s, )l

IA

1A

where

M(to) = max{N(to)p(l), p(1)+N(to)p(1)2} .

Finally we obtain
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> > >
P, (£, to)=ll = M(z )lP(s, t )l for all t2z szt =0
and
12, (8, ty)zll = M(z }lP(s, t )zl for 0=t stss .
These inequalities show that P(-, ¢) 1is a dichotomic process.

THEOREM 4.4. Let (B, D) be a pair of Schaffer spaces satisfying
Assumption 1 and suppose that Assumption 2 holds. If P(+, *) 4s (B, D)
dichotomic then it is expomentially dichotomic.

Proof. ILet t 28 2 to 20 and x € X. If ¢ = s+l and
u € [t-1, t] then

nPl(t, to]xH < lp(¢, w) * le(u, to]xH < p(t-u)HPl(u, t )zl -

. * . 4
By Lemma 3.4 there are Vv : R+ - R+ , M : R+ X R+ +|R+ such that

1A

t
J P(t—u)HPl(u, to]deu

e, (¢, t. )zl
1 0 -1

1A

t
p(1) [ 1P, (u, £ )l + du
£-1 1 0
-v(t ) (t-s)
< 0 i
= p(L(t,, 1)e Ie, (s, to)ell

for t 28+l and s = to =0 .

If t € (s, s+1] then

v(z,) -v(to](t—s)
HPl[t, to)xH < p(t—s)HPl[s, to]xu < p(l)e e . HPl[s, to)x” .

Finally we obtain

-v(t

) (t-8)
HPl(t, to)xn < Nl(to)e

0
Ie, (s, ¢ )=l

forall t2s8=2t =20 and x € X , where

0
v(to]} ‘

Nl(to] = max{p(l)M ty. 1, p(l)e

Let m, § : R+ > R: given by Assumption 2 and let 60 = é(to) and
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my - 1P,(s, t)xll = B, (s+8, to)all = ps+s ) « 1P, (x, t )=l

for all (s, to] €A, ucels, s+50] and z € X .

By integration in raport with u on [s, s+60] from Lemma 3.4 we
have

+
séo

mOGOIIPz(s, to)xll < p(éo) . L ”P2 (u, to)xlldu

-v [1;0] (t-s)

= p(s,)mlt,. 6,) - e - e, (2, £p)all

for all tZsZtOZO and x € X .

THEOREM 4.5. If the pair (B, D) is admissible for the system
then the evolutionary process P(+, *) is (B, D) dichotomic.

Proof. Let to >0, 6>0 and zx € X such that

Pl(t, t))z # 0 forall t2t, .
Then P(t, to) # 0 for every ¢t = to .

For each (t, to] € A we consider the function

Ps,ty)x
HOEALE it s € [t, t+6] ,
uy(s) = °
0 , if s § [¢t, t+8] ,
t+8
¢, (s)P[s,tO)x
1P(s,z ]l

From

llug ()l = 85(8)
it results that u, € B, (X) and ||u0|IB < BB(S) . If

0 0
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t+68

flt, 2) = I Pls,t )=l °

t 0

ana z = -f(¢, to]Pe(tO)x then

r(t, tO)Pl(s, to]x , if § = t+6 |

x(s, to, xo, uo) =

-f(¢, to)Pz(s, to)x ,if tyssst,

and hence x(', tO’ x , uo) € DtO(X)

Since x, € Xg(to) , by Theorem 4.1 we have that there is N : R+ > R:
such that

(s, g zs u )l = H(8g) - luglly = Wz )BL(8) .

From here, Remark 2.4 and by Schwartz's inequality we obtain

A O P DAQA G to)a]

D
2N(tO)BB(6)
on(t. )8 (6) t+6
<0 [ ple, tp)ales
8 t

w(t.) t+s
.“0 .
<gadr [, 1e(c )ear

If for x= € X there is 2 t, such that P{t;, t )z = 0 then

1
Jr=0 forall t=t

P(t, ty)a = P(t, t)P(t , ¢ and thus z € xf(tol .

0
which implies x = Pl[to)x .

1

let T be a positive number such that P(T, to]: =0 and

p(t, to)z #0 for every t € [to, 1 .

Let t2 ¢ §>0, t2 € (t, t+8] and 62 > 0 such that

0 b
t + 62 < t2 . If t + 6 < 1T then we consider the input function defined

by
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[ P(s st )x
- 0 .
Blatlel  * 10 ¢ € [ 88l

u(s) =4 Pls,t))x
8>t .
(-0, t)N it s e [t,6,. 2]

{o , it s ¢ [3, t2] .

From Remarks 2.1 and 2.4 it follows that there exists ®w > 0 such

that
wd

lully = e 2. BB(G)

Hence y € B, (X) anad
%o

-8
2% 8
du 2
. , t
12, (ust)ll * HPl(t2—62,t0]xHJ Pl(s NE:

z(s> ty> 0» u) = [J

t

for all g = t2 .

Because O € Xg(to) and x(o, too 0, u) € Dto(X) from Theorem 4.l we

obtain that there is § : R+ - Ri such that

w§
2
(= to> 0 u)ll, = H(2,)B,(8)e

Hence

t276, ws,

du <
oy (12, (- to)ell, - [t ToTaal = M08yl o)

for every 62 >0 with ¢ + 52 < t2 .

If t2 = ¢+ + § and 52 -+ O then

1A

N(tO)BB(G)

t+é du
”¢t+5(.)Pl(.’ tO)x”D * It ”Pl(u’tojx”

As in the preceding case (using Remark 2.4 and Schwartz's inequality)

we obtain

https://doi.org/10.1017/50004972700011473 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700011473

Dichotomy of evolutionary processes 51

logus( P, (0 to)all = 5orey 1P (u, t,)alldu .

If ¢t + 8 =2 1 +this inequality remains obviously true. Thus

IogastI7, (5 2o)ally = lloyys02, (o todely + [0 - 2, (0 eg)e]

1A

2n(t.) t+8
- 0
[, tela
t
for all (t, to] €A, 6§>0 and x € X . This shows that P(-, ) is
(B, D) dichotomic.

COROLLARY 4.6, ret (B, D) be a pair of Schiaffer spaces satisfying
Assumption 1 and suppose that Assumption 2 holds.

If the pair (B, D) tis admissible for the system (P) then the process

pP(+, ) 1is exponentially dichotomic.
Proof, This is a consequence of Theorems 4.4 and 4.5.

COROLLARY 4.7. Let P(+, *) be an evolutionary process satisfying
Assumption 2. If

(i) B=IP, p>1 or B=MW , pz21l or B=C and
DeS, or

(ii) B€S and D=1, qg<® or D=¢C
and (B, D) is admissible for the system (P) then P(+, *) is an
exponential dichotomic process.

Proof. 1In the above hypotheses we have (see [3], pp. 61-67 that the
pair (B, D) verifies Assumption 1. Then the result is obvious from the

preceding corollary.

COROLLARY 4.8. If lim oy(t) == and the pair (B, L) 4s

troo
admissible for the system (P) then the evolutionary process P(+, *) 1is
exponentially dichotomic.

Proof. This results from Remark 2.7 and Corollary L.6.
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