LINEARIZATION OF THE PRODUCT OF JACOBI
POLYNOMIALS. I

GEORGE GASPER

1. Introduction. Let P,@#®(x) be the Jacobi polynomial of degree #,
order (a,8), @, 8 > —1, defined by
("ll"d_n nta n+B
[9, p. 67], and let R,@® (x) = P, @8 (x)/P,@?(1). Then for n = m,

n+m

RP @R D) = 30 gl m,mED ),

k=n—m

1 — %)% + 2)°P, P (x) =

where

gmm) = h®) [ REP@RSD @R~ )L+ ) d,

1 -1
3) = ([ R @1 - 0ra 4 wr )
-1
Since R,@# (1) = 1, it follows that
(1) ; glk,n,m) = 1.

It is known that if @ = 8 = —3 (the ultraspherical case) or if &

=6+1
then g(k, n, m) = 0. See Hsii [7] and Hylleraas [8]. Hence, for a = 8 = —
ora = 8 + 1 we have:

@) ; lg(k, n, m)| = 1.

This gives a convolution structure to expansions in Jacobi polynomials and
permits the R,@# (x) to behave like characters on a compact group (see [3]).
Consequently, many parts of harmonic analysis, which cannot be extended
to orthogonal polynomials in general, can be extended to those Jacobi
polynomials for which (2) holds.

Askey [1] has extended (2) and conjectured thatifa = Banda+ 8+ 1 = 0,
then (2) holds. For a« =2 8 = —%, Askey and Wainger [4] have obtained
a weaker result:

®) 5 leCk,mm)| = 0(1)

uniformly in # and m. Then from the convolution structure given by (3)
they obtained a Wiener-Lévy theorem for Jacobi expansions and an analogue
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of the strong Szegd limit theorem for Toeplitz matrices associated with
Jacobi polynomials. For o = 8, (2) is one of the main tools used by Askey
and Wainger [5] to obtain a transplantation theorem for ultraspherical
coefficients, from which follows an analogue of the Marcinkiewicz multiplier
theorem and an analogue of a theorem of Hardy and Littlewood concerning
the Fourier coefficients of even functions, monotonically decreasing in (0, ).
Additional applications of (2) will be given elsewhere. In this paper we shall
prove that the above-mentioned conjecture is correct.

THEOREM. If « =2 B and o + 8+ 1 = 0, then g(k, n, m) = 0 for all k, n,
and m, and thus (2) holds.

An important step in our proof is the application of Descartes’ rule of signs
to part of a recurrence formula for d(k, #, m), a positive multiple of g(k, n, m).
In subsequent paperst we shall apply this method to related problems; for
instance, to determine those (a,f) satisfying « + 8 4+ 1 < 0 for which
g(k,n,m) = 0.

I wish to thank Professor R. Askey for bringing this problem to my attention.

2. Proof of the Theorem. Using
@hy _ L+ a+1)
Pt (1) = I'(n+ 1)T'(@+ 1)
and the recurrence formula [6, p. 169, (11)],
2n + 1)(n+a+ B4+ 1)2n + a + B)Pur@? (x)
=@n+a+B+ D@ +a+8)2n+a+ B+ 2)x + a? — 2P, (x)
—2n+a)n 4+ B)(2n + a + B+ 2)Py_P (x),

we obtain the explicit formula

2(a+ 1)
SRy B

Rn(a,ﬂ) (x)Rl(a.B) (x)
__2tet+pBt+1l)nt+a+1)
@ntatBt+2)@ntatpB+1)

a—8 [_ @+ B+ 2)(a+8) }mm
Tatstzl! T @ Tarsr @ tarplt @

Rn+l(a,ﬂ) (x)

1 2n(n + B)
Cn+a+pB+1)2n+a+ B)
Since @ = 8 > —1, (4) implies that g(k, n,1) = 0. Hence we may assume
that # = m = 2. We may also assume that @ + 8 + 1 > 0, for then the case
a4+ 84+ 1 = 0 follows by continuity. Observe that (4) implies that « = 8
is a necessary condition for g(k, n, m) = 0.

R *® (x).

tAdded in proof. See, for example, Linearization of the product of Jacobi polynomials. 11
(to appear in Can. J. Math.).
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In [8] Hylleraas let
and derived the recurrence formula for ¢, = ¢(k, n, m), where ¢; is defined by
n+m

YIm = 2 G n = m.

k=n—m

Since

n+ 8

n

@pqy _ (1t 04)

it follows that if we let p=a+p8+1, ¢g=8-+1, 2= (x4 1)/2, and

dlc = (' ].) Cry then
k n m

Rn(a,ﬁ) (x)Rm(a,ﬂ) (x) — k;ﬂl <k n B> (n - a> <m n a) dkRk(a,ﬂ) (x)

k 2 m

Clearly g, = g(k, n,m) is a (strictly) positive multiple of d;, and thus it
suffices to show that d, = 0.
In order to obtain more suitable formulas we also let

ea=a+B8+1 b=a—B, s=n—m, k=s-4].
Note that a > 0, b = 0, and s = 0. From the recurrence formula given by
Hylleraas [8, (4.13)] for ¢, we obtain:
G+1@s+2+1+a+0)Cn+ji+1+a)
@s+2/+1+a)
@em—j—1+a)@2s+j+ l)d
2s+2]+2+a) skl
=b[<j+1><2n+j+2a)(2m—j>(2s+j+ 1)
@2s+27+1+a)
_j(2n+j—1+2a><2m—j+1)<2s+j>]d .
(25 42 — 1 + a) e
G—1+a)@s+2/—1+a—-0)2n+j—1+4 2q)
(@s+2/—2+a)

(2m—j+1)(23+j—1—|-a)d
(2s+2i —1+a) sHi-1-

PP (x) = (__1)"< )F(—n, n+a+B+1;8+1; (x+1)/2)

[6, p. 170, (16)] and

(5)

X

_|_
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From [8, (3.3) and (3.8)] we obtain:
<2n—l—a—1><2m—l—a— 1><n+m+ (@—b— 1)/2)

n m n+m

Qnim <n+(a_b_1)/2><m+(a—b——l)/2>(2n+2m+a——l>

n m n+ m

<2m +a-— 1><n><n + @+b— 1)/2)
(o)

Since ¢ >0, a=(@+b—1)/2> —1 and B=(a—b—1)/2 > —1, it
follows that d,n > 0 and d,—, > 0. Setting j = 0 in (5) and using d,_; = 0,
we see that

dnm =

4bm(n 4+ a)(2s + 2 + a)
&G Filtatd)@mtitaem—1t+a?

Forj = 1 weletJ = j — 1 and write the coefficient of dsy;in (5) in the form

HV

0.

ds+1 =

bE(J)
@s+27+3+a)@+27+1+a)’

where (recall that s = n — m)

F() T+2)(J+2n+2a+1)Cm—T—1) J+25s4+2) (2T +2s+a+1)
— T+ DT +2n+20)@m —T)J + 25 + 1) (2T + 25 + a + 3)
= —6J4 — 12[25 + a + 2]J° + 2[— 1652 — 4(da + 9)s + 4m(n + a)
— 3a% — 190 — 17]J2 + 2[—8s* — 4(3a + 8)s* + 2{4m(n + a) — 2a°
— 17a¢ — 17}s +4m(n + a)(a + 2) — 7a® — 19a — 10]J
4f4n+a+1)m — 1)s2+2C2n 4+ an + a®> + 3a + 2)(m — 1)s
+ 4+ 3an+3a+ 1)(m — 1) + am + a2(3m — 2)].

6) coef(dsys) =

I

Notice that the coefficients of J* and J?® are negative and the constant term
is positive. Denoting the coefficient of J* in F(J) by coef(J*) and recalling
that #» = m = 2, we obtain

) coef (J) — 2s coef (J?) = 48s3 4+ 40(a + 2)s? + 4a(a + 2)s
+ 2a(8m + 4mn — 19) + 2a2(dm — 7) + 4(4dmn — 5) > 0.
If coef (J?) = 0, then it is obvious that F(J) has only one variation of sign.
If coef(J2) > 0, then by (7), coef(J) > 0 and thus again F(J) has only one
variation of sign. Consequently, by Descartes’ rule, F(J) has exactly one

positive root (temporarily considering J as a real variable), and hence there
exists a positive integer Jo depending on %, m, and @ such that F(J) = 0,
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J=0,1,...,Jo—1,and F(J)<0,J = Jo,Jo+ 1,... . Therefore, by (6),
coef(dsr)) 20,7 =1,2,...,J0,and coef(ds1;) £0,7=Jo+ 1, Jo+ 2,... .
In (5) itisclear that coef(dst541) > 0,7=1,2,...,2m — 1, and coef (ds1 ;1) > 0,
i=12...,2m.

If Jo < 2m, then by successive applications of (5) we obtain dsy ;41 = 0,
7=1,2,...,Jo and (transposing the term d, ; to the other side of the equal
sign and using dsiomi1 = 0) dgrjm1 = 0,7 = 2m,2m — 1,2m — 2,...,Jo+ 1.
Similarly, if Jo = 2m, then dy3541 =2 0,7 =1,2,...,2m — 1. In either case,

dery 20, §=2,8...,2m—1,

which completes the proof.

REFERENCES

1. R. Askey, Linearization of the product of orthogonal polynomials (to appear in a volume
dedicated to S. Bochner, published by Princeton Univ. Press).
A transplantation theorem for Jacobi coefficients, Pacific J. Math. 21 (1967), 393-404.
. R. Askey and 1. I. Hirschman, Jr., Weighted quadratic norms and ultraspherical polynomsials.
I, Trans. Amer. Math. Soc. 91 (1959), 294-313.
4. R. Askey and S. Wainger, A dual convolution structure for Jacobi polynomsials, pp. 25-36 in
Orthogonal expansions and their continuous analogues, Proc. Conf., Edwardsville,
Illinois, 1967 (Southern Illinois Univ. Press, Carbondale, Illinois, 1968).

w

5. A transplantation theorem for ultraspherical coefficients, Pacific J. Math. 16 (1966),
393-405.
6. A. Erdélyi, Higher transcendental functions, Vol. 2 (McGraw-Hill, New York, 1953).

N}

. H.-Y. Hsii, Certain integrals and infinite series involving ultraspherical polynomials and
Bessel functions, Duke Math. J. 4 (1938), 374-383.
8. E. A. Hylleraas, Linearization of products of Jacobi polynomials, Math. Scand. 10 (1962),
189-200.
9. G. Szeg6, Orthogonal Polynomials, Amer. Math. Soc. Collog. Publ., Vol. 23 (Amer. Math.
Soc., Providence, R.1., 1967).

University of Toronto,
Toronto, Ontario

https://doi.org/10.4153/CJM-1970-020-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1970-020-2

