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MULTIOBJECTIVE FRACTIONAL DUALITY

RicHARD R. EGupo

The concept of efficiency (Pareto optimum) is used to formulate duality for multiobjective
fractional programming problems. We consider programs where the components of the
objective function have non-negative and convex numerators while the denominators are
concave and positive. For this case the Mond-Weir extension of Bector dual analogy is
given. We also give the Schaible type vector dual. The case where functions are p-convex
{weakly or strongly convex) is also considered.

1 INTRODUCTION AND PRELIMINARIES
Consider the following multiobjective fractional programming problem:

. inimis fi(z) fal=) fo(®)
(FP): Min e(gl(w)’yz(ffﬁ)""’gp(-'lﬂ))’

subject to
(1) h(z) = 0;

where fi: R® - R, g;:R®™ = R for ¢ = 1,2,...,p and h: R®™ — R™ are differentiable

functions and minimisation entails obtaining efficient solutions.

Definition 1. A feasible solution z? for (FP) is an efficient solution for (FP) if there
exists no other feasible solution z for (FP) such that for some i € P = {1,2,...,p},
fiz) (=) L fi(z)  £(0)
Go an < 5

gi(z) ~ gi(z?) gi(z) = gi(=%)
In the case of maximisation problems the signs in the above two inequalities are

forall j€P.

reversed.

In [11], Singh gave a duality result for a class of multiobjective fractional pro-
grams (FP), where he assumed that among the denominators gi,gs,...,9gp, there is
one which when multiplied by the other components (that is, fi/g;, ¢ = 1,2,...,p)
gives convex functions. Also Weir [15], considered a special class of (FP) whereby all
the denominators are equal to g{z). Recently Weir (14] used proper efficienty {5], to
obtain a dual to (FP) when fi(z) 2 0 and convex, and gi(z) > 0 and concave for
each i = 1,2,...,p. Weir’s dual [14], is simpler than Singh {11] in that it does away
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with the condition of identifying a denominator which produces convex functions when
multiplied with the objective function components. It also generalises Singh [11] in the
sense that a programn which satisfies Weir conditions [14] may fail to satisfy conditions
required by Singh [11]. Weir’s dual [14] is an analogue of the Mond-Weir [8] extension
of the Bector dual [2] in the single objective non-linear programming case.

In this paper we use the concept of efficiency (Pareto optimum) rather than proper
efficiency to formulate duality between (FP) and the following two multiobjective non-

linear programming problems:

‘Weir type dual.

(FD1): Maximise

w, Ty

(fx(u) fa(w) fp(u)>
91(u)" g2(u)’ " gplu) )
subject to

P
(2) Y mv
=1

ff(:i) + Vy'h(u) = 0

gi(u)
(3) yth(u) 20
(4) y20
P
(5) T 20, ¢ =1,2,...,p, ZT,:I
i=1
and

Schaible type dual.

(FD2): Maximise (Ay, Az,...,Ap),
U, Ty
subject to
P
(6) Z Ti(V fi(u) = Migi(w)) + Vy'h(u) =0
i=1
filu) :
= X; = R
(7) g.-(u) iy i 1,2, P

and (3) to (5).

The program (FD1) is slightly more general than Weir’s dual [14] in that we no
longer require all the objective component multipliers 7;’s to be strictly positive but
they should be non-negative with at least one of them strictly positive. This relaxation
is possible because instead of using proper efficiency we use efficiency to formulate
duality relations between (FP) and (FD1). The program (FD2) is our multiohjective
analogue of the Mond-Weir [8] extension of the Schaible [9, 10] dual in a single objective
optimisation.

The following result will be required in the proofs of strong duality results.
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LEMMA 1. «° is an eflicient solution for (FP) if and only if z° solves

(FP«(c?)): Minimise %,

subject to

£i(=) o ¢ for all j #k,

where ¢} = f;(z°)/g;(2°); for each k = 1,2,...,p.

The proof of Lemma 1 is the same as the proof of Theorem 4.1 of Chankong and
Haimes [3].
If g;(z) >0, for each j = 1,2,...,p, then FP(e’) can be rewritten as

fr(z)

FP! (%) ): Minimise
( k( )) gk(x)’

subject to

fi(z) = €jg;(z) S 0 for all j # k,
h(z) £ 0.

LEMMA 2. Assume that g;j(z) > 0 for each j = 1,2,...,p in (FP). Then z° is an
efficient solution of (FP) if and only if z° solves FP} (¢") for each k =1,2,...,p.

PROOF: Let z° be an efficient solution for (FP) and suppose that = does not
solve FP (¢°) for some k € P = {1,2,...,p}. Then there exists a feasible = for (FP)
such that

fe(z) _ fi(2)

®) o(z) < 9u(=)

and

(9) fil®) — €2g5(=) S 0 for all j # k.

Since gj(z) > 0 for all j =1,2,...,p, we rewrite (9) as

fil®) ¢ o _ £i(=") Lk
(10) g;(:c) < e‘} = %@ for all j # k.
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Now (8) and (10) contradict the efficiency of z° for (FP).
To show the converse, assume that z° solves FP;(EO) for all k € P. Then there

is no feasible ¢ in (FP) such that for some k& € P

and
. g 0
fil=) S f; (10) forall € P
9i(z) = gi(=°)
which is the definition of efficieny of z° for (FP). [ ]

2 WEIR TYPE DUALITY
In this section we prove weak and strong duality results between (FP) and {(FD1).
THEOREM 1 (WEAK DUALITY). Assume that for all feasible z in (FP) and all

(w,7,y) in (FD1), f; is non-negative and convex, g; is positive and concave for each i =
1,2,...,p; and that y'h is quasiconvex at u. If also either of the following hypotheses

holds:
() 7 >0 forall te P={1,2,...,p},
& Sfile) . .
(b) > = is strictly pseudoconvex at u;
i=1 gi(.)

then the following cannot hold:

filz) o £iw) :
(1) 0i(2) = gyt T HIEF
and
(12) M < M for some ¢ € P.

gi(z)  gi(u)

PROOF: Since z is feasible for (FP) and (u,7,y) is feasible for (FD1) y*h(z) —
y*h(u) £ 0; and since y'h is quasiconvex at u, this inequality implies

(13) (z —u)' Vyth(un) L 0.

Applying (13) to (2) we obtain

e )t Sy i)
(14) (z — u) ; Vo 20
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Now suppose contrary to the result of the theorem, that (11) and (12} hold. From

hypothesis (a) it follows that

filze)  fi(u)
T,

15 ; : for some ¢ € P
(15) T, 7:(z) o(e) [ I
and

fi(z) fi(w)
16 <7 forall j € P.
(16) Tgste) = Tgitwy T

Also from fj(x) 2 0 and g;{z) > 0 for all j € P it follows that TJ£ g:; ,7=1,2,...,p
(3

are pseudoconvex (see [1, 8] for example).

Hence (15) and (16) imply

i o filw)
T —u % 0,
(=) ; gi(u) <

which contradicts (14).
Applying 7, 20, i=1,2,...,p (since 7 is feasible in (FD1)) to (11) and (12) we
obtain

(17) Z

i=1

H/\

gr('v

>t
Hypothesis (b) and (17) now imply

»
(z —u)* Z s
i=1

again contradicting (14). n

Remark 1. Weir [14] proved a similar result but he considered the case where only
hypothesis (a) holds.
CoROLLARY 1. Let the conditions of weak duality (Theorem 1) hold. Then if

(u“,To y°) is a feasible solution for (FD1) such that u° is also feasible for (FP), then
u® is efficient for (FP) and (u®,7%y°) is efficient for (FD1).

PROOF: The proof is by contradiction. Suppose that u® is not efficient for (FP),
then there exists a feasible z in (FP) such that for some i € P = {1,2,...,p}

fi(z)  fi(u?)
9i(=)  giud)
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and

Now since (uo,'ro,yo) is feasible for (FD1), these inequalities contradict the weak du-

% must be an efficient solution for (FP). Similarly

ality (Theorem 1) result. Therefore u
assuming that (uo,ro,yo) is not eflicient for (FD1) leads to a contradiction; hence

(w®,7°%,y°) is efficient for (FD1). |

THEOREM 2 (STRONG DUALITY). Let z° be an efficient solution for (FP) and
assume that z° satisfies a constraint qualification [1, 8] for Fy P (e°) for at least one
k = 1,2,...,p. Then there exists 7° € R? and y° € R™ such that (2°,7°,y°) is a
feasible solution for (FD1). If also weak duality (Theorem 1) holds between (FD1) and
(FP) then (.‘DO,TO,yO) is an efficient solution for (FD1).

PROOF: Since x° is efficient for (FP), from Lemma 1, z° solves FP k(%) for each
ke P ={1,2,...p}. By hypothesis there exists a & € P such that 2° satisfies a
constraint qualification for FPk(so). From the Kuhn-Tucker necessary conditions [1,
6] there exist ; 2 0 for all ¢ £ &k, and y 2 0 € R™ such that

fi(29) £(=%)

18) v + 7Vl 4 Oyth(2®) = 0,

( gx(=°) ;;ézk (@) " =)

(19) yth(mo) = 0.

1
Dividing all terms in (18) and (19) by 1+ > 7; and setting 7) = ——=— > 0,
iZk I+ 3
: ik
Ty = ﬁ—z 20, and 3’ = flﬁ 2 0, we conclude that (z%,7°y°) is a
iZk i#k

feasible solution for (FD1). Since weak duality (Theorem 1) holds between (FP) and
(FD1), efficiency of (z°,7°4°) for (FD1) now follows from Corollary 1. ]

3 SCHAIBLE TYPE DUALITY

In this section we prove weak and strong duality results between (FP) and (FD2).
As in the previous section we assume that the numerators of the objective function
components are non-negative and the denominators are strictly positive. The results

will be given for convex, p-convex and quasiconvex functions.

Definition 2. A function f: R® — R is p-convez, [12, 13], if there exists a real
number p such that foreach z, « € R™ and 0 S A <1,

FOz 4 (1= Aju) S M(=) + (1= M)f(w) = pM1 = A)flz — ull?.
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For a differentiable function f: R™ — R, f is p-convex [13] if and only if for each
z,u € R®
f(2) = f(u) 2 (2 =)' Vf(u) + pllz — u|*.

When p is positive f is said to be strongly convex [13] and if p is negative it is said

to be weakly convex; and of course f is convex if p=0.

THEOREM 3 (WEAK DUALITY). Assume that for each feasible z for (FP) and
each feasible (u,7,y) for (FD2); fi(z) 2 0 and convex, g;{(z) > 0 and concave for each
t=1,2,...,p; and that y*h is quasiconvex at u. If either of the following holds:

() m>0forallie P=1{1,2,...,p},

p
(b) X mi(fi — digs) is strictly convex at u;

=1

then the following cannot hold:

filz) _ fi(uw) ‘
20 < for all P
( ) gj(m) = gj(u) or ] €
and
(21) fil=) < filw) for some i € P.

gi(z)  gi(w)
PROOF: From the feasibility of z and (w,7,y) in (FP) and (FD2) respectively, we
have y*h(z) — yth(v) £ 0; and since y*h is quasiconvex at u, this inequality implies

(22) (z — u)' Vyth(u) < 0.

Now suppose contrary to the result of the theorem, that (20) and (21) hold for some
fi(w)
9i(x)
7 =1,2,...,p. So that (20) and (21) can be rewritten as

feasible = for (FP) and (u,7,y) for (FD2). But = A; and gj(z) > O for each

(23) fi(z) = Xjgi(z) = fi(w) — Ajgj(u) for all j € P
and
(24) filz) — Aigi(z) < fi{u) — Aigi(w) for some i € P

respectively. If hypothesis (a) holds, that is, 7; > 0 for each 7 € P then (23) and (24)
imply

(25) 7i(fi(z) — Ajgj(=)) = 7i(fi(u) — A;g;(u)) for all j € P
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and
(26) ri(filz) — Aigi(x)) < mi( fi(u) — Aigi(u)) for some ¢ € P

respectively. From A; 2 0, 7; > 0 and the convexity of f; and —~g; for each j € P
we know that 7;(f;(*) — Ajgs(=)) is convex for each j € P. Therefore inequalities (25)
and (26) imply '

(27) (z =)' D> 7 V(filu) = Xigi(n)) < 0.
i=1

Adding (22) to (27) we obtain

(x —u) (Z T V(fi(w) — Aig(w)) + Vyth(u)) <0,

contradicting (6).
If hypothesis (b) holds, then we apply 7; 2 0, § =1,2,...,p (since 7 is feasible
in (FD2)) to (23) and (24) to obtain

P
(28) ZT) () — Ajgj(= §Z‘r] Filw) — Ajg;(u)).
Jj=1 j=1
P
Now apply the strict convexity of Y 7;(f;(*) — A,g;(»)) to (28) to obtain
j=1

(z —wu) ZTJ (fi(u) = Ajgji(u)) <0

which when added to (22) contradicts (6). |

THEOREM 4 (WEAK DUALITY). Assume that for all feasible = for (FP) and all
feasible (u,7,y) for (FD2), fi(u) 2 0 and p;-convex and —g;(») < 0 and o;-convex,
for each + = 1,2,...,p; and that h; is vj-convex for j = 1,2,...,m. If also either of
the following is satisfied:

m
> T.‘(p.' +XMoi)+ Y yiv; 20,
i=1 Jj=1

(a) 7 >0 forall i€ P={1,2,...,p} and Y}
(b)  Xmilpi + Xioi) + X yv; >0;
Jj=1
then the following cannot hold:

filz) o filu)
gi(z) = g;j(w)

(29) =Ajforallje P
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and

fi(z) f;(lt)
gilz) * gil)

Remark 2. Hypothesis {a) says that if the objective function component multipli-

(30) = A; for some i € P.

ers are strictly positive, then the positive linear combination of numerators minus the
non-negative linear combination of the denominators plus the non-negative linear com-
bination of the constraints should be either convex or strongly convex. Hypothesis (b)
says that the non-negative linear combination of the numerators minus the non-negative
linear combination of denominators plus the non-negative linear combination of con-
straints should be strongly convex. The convexity conditions here are weaker than those
in Theorem 3 in the sense that some functions can be weakly convex provided that the

resultant linear combination is convex or strongly convex.

PROOF: Suppose contrary to the result, that (29) and (30) hold. Then if 7; > 0
for all 7 € P, (29), (30) and g;(+) > 0 imply

Mc

p
(31) (f]( ) — Jg) < ZTJ f) ) ]g}( w)).
Jj=1

<.
i
—

Also if 7; 2 0 for each j € P then again (29), (30) and gj(~) > 0 imply

P

L4 .
(32) D milfil®) = Aigi()) £ D il £i(w) = Ajgj(w).

Jj=1 =1
Now from 7; 2 0, A\; 2 0, f; is p]-~convex and —g; is oj-convex for each j € P

P
we know that > 7;(fj(*) — Ajgi(#)) is X 7i(p; + Ajoj)-convex. Hence (31) and (32)
j j

J=1 =
imply
p
(33)  (z—u) Zn (fi(w) = Xjgi(w) + D 7i(p; + Ajoj)llz — ul|* <0,
j=1
and
p
(34)  (z—u) Zr, (fi(w) = Ajg;(w)) + D 7i(pj + Ajoy)llz —wl* S 0.
j=1 j=1

Also since z is feasible for (FP) and (u,,y) is feasible for (FD2), we have yth(z) —

P
y*h(u) £ 0 and from the 3 y;v;-convexity of y*h(~) we obtain
=

(35) (z —w)'Vy'h(u) + ) yvillz — ul* S 0.

i=1
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Adding (35) to (33) gives
(z — ) Z 5 V(fi(w) = Ajgi(v)) + Vyth(u) | +

P
(36) + e —ull*{ D milo; + Ao +Zy,'y, <0.
j=1

=1

Adding (35) to (34) yields

(z —w) (Z i V(fi(u) ~ Aigi(w)) + Vy h(u))

» m
(37) +llz —ull®{ D 7iles +pjoi) + D wivi | So.

j=1 i=1

Now applying hypothesis (a) to (36) and applying hypothesis (b) to (37) we obtain

(z =)' D7 V(fi(u) - Ajg;(w)) + Vyth(u) < 0;

7=1

which contradicts (6). "

THEOREM 5 (WEAK DUALITY). Let the conditions of Theorem 4 hold except that
y'h be quasiconvex and hypothesis (a) and (b) become
(a') 7 >0 forall j€ P and Y 1j(p; + Ajo;) 20,
(b") ji:l i(pj + Ajoj) > 0.
then the result of Theorem 4 holds.
PROOF: The proof is similar to that of Theorem 4 except instead of using the

m
Y yjvj-convexity of y*h we use its quasiconvexity and instead of hypotheses (a) and

Jj=1

(b) we use hypotheses (a') and (b'). ]
COROLLARY 2. Assume that weak duality (Theorem 3, 4 or 5) holds between

(FP) and (FD2). If (u°,7°%,y°) is a feasible solution of (FD2) such that «° is a feasible

solution of (FP), then u® is an efficient solution of (FP) and (v, 7%,y°) is an efficient

solution of (FD2).

PROOF: The proof is similar to that of Corollary 1. |
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THEOREM 6 (STRONG DUALITY). Let z° be an efficient solution of (FP) and
assume that z° satisfles a constraint qualification [1, 8] for FP}(¢®) for at least one
k=1,2,...,p. Then there exist 7° € R? and y® € R™ such that (z°,7°,y°) is feasible
in (FD2). If also weak duality (Theorem 3, 4 or 5) holds between (FP) and (FD2), then
(=%, 7%,y°) is efficient for (FD2).

PROOF: Since z? is efficient for (FP), from Lemma 2 we know that z° solves
FP} () for each k = 1,2,...,p. By hypothesis «° satisfies a constraint qualification
(1, 6} for FP}(e°) for some k € P = {1,2,...,p}. From Kuhn-Tucker necessary
conditions (1, 6] there exist y 2 0 € R™ and 7; 2 0 for all ¢ # k such that

e (2°
(38) V—fo—; + 2 TiV(fi(z") ~ elgi(z")) + 9 Vh(2®) =0,

gr( —
(39) y*h(z®) = 0.

fir(z?) fi(=") 1
Now we set A} = =2 and X\ = ¢? = , k and 7, = ———. Then
$E @) N TS T T b= )

) 14 gk(2®) X 7
Yoy = i7:k
j:] ’ gr(z?)

Now dividing both sides of equations (38) and (39) by (1 +g1(z%) T 'r_,-) /i (z°)
i#k

and setting

1
0
= >0
e S
i#k
0
0 gk(it )Ti N .
) = =20, forali: £ k
Pl g 75
i#k
0y,
IR 1 Ca) | S
14 gr(2®) 37 =
JEk

then (z°,7°%,y%) is a feasible solution of (FD2). Efficiency of (z°,7%,4°) for (FD2) is

now immediate from Corollary 2. 1
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