PERFECT PICARD SET OF POSITIVE CAPACITY
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To Professor Kivosur NosHIro on the occasion of his 60th birthday

1. In our previous paper [1], we proved that any Cantor set E with suc-
cessive ratios &, satisfying the condition

(1) Enet =0(53:)

is a Picard set, that is, each single-valued meromorphic function with E as
the set of essential singularities takes on every value infinitely often in any
neighborhood of each singularity with the possible exception of two values.
But the capacity of this Cantor set is zero since the condition (1) implies the
condition

a=1
2 11% LI

+ ®,

which is necessary and sufficient for E to be of capacity zero. Then there
remains an interesting problem: Is there a perfect Picard set of positive
capacity? The aim of this paper is to give the positive answer to this problem.
We shall prove in the below the following theorem, an amelioration of the
above result.

TueorReM. If the successive ratios £, of a Cantor set E satisfy the conditions

(3) Enc1=0(81) with A=V2 and n=1,2, ...,
and
(4) Epar1=0(£5q)  with odd p and q=1,2, . . .,

then it is a Picard set.
It is easy to see that there exists a Cantor set whose successive ratios &

satisfy the conditions of the theorem and further the condition

a—1
E—LO%%——< + =,
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Such a Cantor set is a perfect Picard set of positive capacity.

2. We shall consider the Riemann sphere > with radius 1/2 touching
the w-plane at the origin. For any two points w and »' in the w-plane we de-

note by [w, w'] the chordal distance between them, that is,

Jw—w'| : ;
Vi wp (THfw) 0T ad e
Lw, w]= 1
U S if w= .
Vit|w|? rw

Further we denote by C(w; ) (§>0) the spherical disc with center w and
with chordal radius 8. For the proof of our theorem we shall need the follow-
ing lemmas which were given in [1].

Lemma 1. Let w=f(2) be a single-valued meromorphic function on an
annulus 1< |z] < e (u>0). If f(2) takes there no value in a spherz'cal' disc
C(wo; 8), then there exists a positive constant As depénding only on & such that
the diameter of the image of |z|=e"* by f(z) with respect to the chordal distance
is dominated by Ase ™’ for sufficently large p.

In particular, if & is sufficiently close to 1, that is, tfze complementary spherical
disc C(— 1/ wo; d) of Clws; 8), d=V1—8, has a radius sufficiently small, we

have
As< Bd,
where B is a positive constant.

CoroLLARY. Let w= f(z) be a single-valued regular function in an annulus
1<|z| <e* omitting two values 0 and 1. Then there exists a positive constant A
by
f(2) with respect to the chordal distance is dominated by Ae™™? for sufficiently

/2

not depending on p and f(z) such that the diameter of the image of |z|=e

large p.

Let E be a Cantor set on the closed interval L: [ —1/2, 1/2] on the real
axis of the z-plane with successive ratios £x, 0<2,=2¢,<2/3. Defining the
Cantor set E, we repeat successively to exclude an open segment from the
middle of another segment and there remain 2" segments of equal length
I1%.. £ after we repeat » times beginning with the interval I, We denote
these segments by Inr (=1,2,...; £=1,2,...,2" and denote by Sn:
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(n=1,2,...; k=1,2,..., 2" the following annuli on the complementary

domain_!? of E:
Sne={2; ( Ni=1£) (1= Lni1) <lz—2zn | <TTR21LR) (1 = £24)/2},

where z,, is the middle point of [, The harmonic modulus g, of Sy is
greater than log(2/3£,). We map Sa.r conformally onto the annulus 1<y} <e*"
and consider the inverse image Iy, of the circle |71 =¢""* on S, Supposing
that S., ¢ encloses Spr1,26-1 and Sn+1,2¢, we denote by 4., the triply connected

domain bounded by three curves /n k, Ini1,2k-1 and ney,2k.
LEMMA 2. Let the successive ratios &, satisfy the condition

(5) limé, =0

n-»x

and let w=f(2) be a single-valued regular function in  which omits two values
0 and 1 and has E as the. set of essential singularities. Then for any small 6> 0,
there exists an infinite number of A r such that the images of the three boundary
components In g, Inr1.26-1 and Inivop ave contained completely in the three discs
C(0; 8), C(1; 0) and C(>; 8) one by one, where we assume that these three
discs are disjoint by pairs, and f(z) takes on each ualue outside the union of these

three discs once and only once in dn,».

In the proof of this lemma it is shown that holds good the following fact,

which we state as a lemma.

Lemma 2'. Let Caky Cnvr,2k-1 and Crsrak be the discs containing the images
of Ik Tnrvaker and T'nivae.  If their radii are less than 3/3, then either (1)
Coky, Cnrrok-1 and Couri,2n contain the orvigin, the point w=1 and the point at
infinity one by one, so that they are contained in C(0; 8), C(1; 8) and C( ; )
one by one and f(z2) takes on each value outside the union of C(0; ), C(1; d)
and C( ; §) once and only once in dnr, or (2) any one of them cannot be dis-
joint from the union of the other two, so that there is a disc with radius at most

the sum of their radii which contains the image of dn,:.

LemMma 3. For any doubly connected -domain contained in dp U pir,2k-1U
dnir,2k-1 SuCh that one connected component of its complement contains the circles
I'nk and Tnir2k and the other contains the circles I'mis k-3 and Ipis, 1k-2, tIS

harmonic modulus is dominated by 10g(32/8n+1).
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8. Proof of the theorem. Contrary to our assertion, let us suppose that
there exists a sinéle-valued meromorphic function f(z) in the complementary
domain 2 of E which has E as the set of essential singularities and has three
exceptional values at an essential singularity { = E, where we may assume that
these values are 0, 1 and «. Since our argument given in the below is ap-
plicable locally, it will not bring any loss of generality if we give a contradiction
under the stronger assumption that f(z) omits the values 0, 1 and o in 2.

Now we take 4> 0 so small that the discs C(0; 24), C(1; 26) and C( o ; 24)
are disjoint by pairs and 7, so large that Ae™™¥*<§/3 for any #=#,, where
A is the constant in Corollary of Lemma 1. By Lemma 2 thereis a dx, (% = n,)
whose three boundary components are mapped into C(0; 8), C(1; é) and
C( ; ) one by one, where we may assume that the boundary curve I'y.1,2k-1
of 4,z is mapped into C( ; §). We consider the quadruply connected domain
D =4du1VUTns1,28-1U dne1,2k-1.  The images of the boundary curves (ie,4k-3
and In+2,4k-2 of D are contained in some spherical discs C and C' with radius
Ae "2 < §/3 respectively, and we see that C and C' are contained in C( o, 24).
Thus we can find a positive d <24 such that the disc C(« ; d) contains C and
C' and f(z) takes on each value outside the union of the three discs C(0; 9),
C(1; 8) and C( ; d) once and only once in D. Hence we see that the ring
domain in D which is mapped onto the annulus R: 2<|w|<VI=d%/d under
w = f(2), separates the boundary curves I and I’,.Ql,zk of D from the boundary

curves I'niz,4k-3 and I'ny+2,4k-2. By Lemma 3 we have
har. mod. of R =log(V1-d*/2d) <log(32/£n+1).
Since d <28 <n/6, we have the estimate that
(6) d=(N1=(7]6)"/64) &ns1=Ens1/ M.
This implies that C or C', say C' must intersect the disc [ w, ©1=8u0 /M =m".

4. By the conditions (3) and (4) we may assume that » is so large that

7 (1+3A'M)BEN;VP<3AM withg=1,2, ...,
(8) (12A'M)*6prgr1 < Ehsq with g=1,2. ...
and

) To this place the argument is entirely the same as that in the proof given in [1],
and so we have given only a sketch. For details see the proof in [1].
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9) (12A'M)ensqr1 < 85.q  if n+q=pr for some 7,

where A'=v3/2A and B is the constant of Lemma 1. Here it does not bring
any loss of generality to assume that 6 A’M>1. Then from (8) we have

(10) Ae Prrant L A"/—f_n rqt1 = (1/12 AM)T +“—l\/5¢xq+1/12M,

so that the image of any I's+q+1.; With ¢=2 is contained in some spherical
disc Cnrq+1,; with radius less than (1/2)? €ns1/12M = (1/2)? 'm/12.
Suppose that # 4 1= pr for some ». Then from (9) we have

(11) the radius of C'= Ae 2 X ANE 412 < m/12.

Suppose that #+ 1= pr but the domain da.» -2 has the second property of
Lemma 2. Then by (10) the radius of the disc containing its image is less
than A'(V € ns2+ 2V € nra) SV & #e1/6M. Since the image of 4n+1,2%-1 is contained
in a disc with radius less than A"(V&a:1+2V & nes) < (A'+1/6 MV E 5+ and
since dp+1,26-1 and dnss, sk-2 have yio4r-2 as the common boundary, we see
that the image of du+1,2k-1U Tniz,4k-2 U dn+2,4k-2, consequently that of its sub-
domain S»:s 4x-2 is contained in a disc with radius less than (A’ +1/3M)V € p+1.

Applying Lemma 1 to Sa+2,4k-2 and I'n+z,4x-2 We have
(12) the radius of C' < ((1+3A'M)BVE nir/3M)e P32

so that by (7) and (8) the radius of C’ is less than m/12. Thus in both cases
the radius of C' is less than m/12. Then C’' cannot contain any one of the
origin, the point w =1 and the point at infinity and hence the domain 4x+2,4%-2
must have the second property of Lemma 2'. Since the radius of any Cr+g+1,s
with ¢=2 is less than (1/2)? 'm/12, the image of du.s,4k-2 is covered by a disc
with radius less than m/12 +2(m/24) <m/4. This disc intersects the disc
[w, ©1=m, so that it must lie outside C( ; m/2). Next consider the domains
dnrask-5 and du+ssk-4. Then by the same reason their images are covered by
discs with radii less than m/8 and lying outside C( ; m/4). By induction we
can conclude that the image of any domain du.q:1,; lying inside of the simpie
closed curve I'n+2 sk-2 is contained in a spherical disc with radius less than m/2%*!
and lying outside C(< ; m/27). It follows that, in the interior of I'nie,sk-2, f(2)

takes on values only in a spherical disc with radius less than

(13) Z: m[29 < m/2.
q= -
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By means of a linear transformation we can consider that f(z) is bounded
there; this contrédicts our assumption that f{z) has an essential singularity
at every point of E.

Now we note that there remains only the possible case where »+1=p»
and the domain du+2,1%-2 has the first property of Lemma 2'. Then this dn+2,4k-2
satisfies the same condition imposed on 4, at the ﬁrs;t part of our proof.
Hence on applying the above argument to this 4,42 4%-2 we see that n+ 3= p)‘.
Repeat this consideration again and again. Then we observe that # = pr (mod.
2) for any sufficiently large 7, but this is absurd because p is odd. Thus the
assumption that f(z) omits the values 0, 1 and o in 2 denies all possible
cases, and we must conclude that f(z) cannot omit all these three values. The
theorem is now established.
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