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In this note we give the proof of the following result (previously known for
homotopically trivial and free actions on infranilmanifolds [3, Theorem 5.6}).

THEOREM 1. Let G be a finite group acting freely and smoothly on a closed
infranilmanifold M. Assume that dim M #3, 4. Then the action of G is topologically
conjugate to an affine action.

The following notions are used here. A diffeomorphism f of a Lie group N onto a Lie
group N' is said to be affine if f = L, o ®, where ® : N— N’ is an isomorphism, g € G, and
L,:N'— N’ is given by L,(x)=gx. An infranilmanifold is an orbit space M = N/T,
where N is a nilpotent simply connected Lie group, T is a discrete group acting affinely,
freely, and properly discontinuously on N and such that N NT has finite index in I'. Note
that T is the deck group of M. This group is virtually nilpotent (that is I is a finite
extension of a nilpotent group). A diffeomorphism of one infranilmanifold onto another
one is affine if it is covered by an affine diffeomorphism of nilpotent Lie groups.

Proof of Theorem 1. Since the group G acts freely, the orbit space M/G is a closed
manifold. The group IT,(M/G) is virtually nilpotent. According to [1, Theorem 6.3],
[2, Section 3.2, Corollary 1] there is an infranilmanifold V, and a homeomorphism
forM/G—>V,.

If p : M— M/G is the canonical projection, then the following diagram commutes.

M- M/G

Il

A

Here q : V—V, is the covering induced by f;5' and f covers f,. The map g induces the
structure of an infranilmanifold on V. For any g € G the homeomorphism f o o(g)ef ™"
(where o(g) is the action of g on M) induces the identity map on V, so that foo(g)of ' is
an affine transformation of V.

By [2, Section 4.2], there is an affine diffeomorphism A :V — M. The formula
p(g)=heofeoa(g)e(hef)”! defines an affine action of G on M that is topologically
conjugate to the original action of G. The proof of Theorem 1 is complete.

ReMARK 1. The conjugating homeomorphism 4 o f can be chosen in such a way that it
is homotopic to the identity, because every homeomorphism of a closed infraniimanifold
is homotopic to an affine diffeomorphism ([2, Section 4]).
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