
PROBLEMS FOR SOLUTION 

P . 156. Let G be a group with right invariant met r ic cL . 
R 

Suppose right multiplication is continuous. Then 

(i) inversion if continuous at the identity e ; 

(ii) if left multiplication is also continuous, then inversion is 
continuous everywhere ( i . e . G is a topological group; 

(iii) if G possesses a left invariant met r ic d equivalent to 
L 

d , then left multiplication is continuous and G is a 

topological group (equivalent means gives the same topology). 

J. Marsden, University of California, Berkeley 

P . 157. Find a topological space X which is locally compact 
Hausdorff and second countable and an equivalence relat ion ^ on X 
such that the quotient space X/ °* is not locally compact. 

J . Marsden, University of California, Berkeley 

P . 158. Does there exist an infinitely differentiable function of a 
r ea l var iab le , which is nowhere analytic? 

R. Giles, Queen" s Universi ty, Kingston 

SOLUTIONS 

P . 144. Prove that a normed linear space X is an inner product 
space if and only if for each set S C X and z € S, S is convex where 

S z = { x : | | x - z || = inf | | x - y | |} 
y e s 

K. L. Singh, Memorial University 
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Solution by the P ropose r 

A normed l inear space is an inner product space if and only if each 

two dimensional subspace has an inner product [ l ] . Let X be two 
dimensional ; then X is an inner product space if and only if for each 
set S and z € S, S is convex [2], 

z 

Combining these two resu l t s gives the answer . 
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P . 146. (i) Let n < n < . . . be an infinite sequence of 

in tegers such that o*(n.) - n. is a constant, where o- (n) is the sum 

of the d iv isors of n. Prove that each n. is p r i m e . 

(ii) For each k :> 1, show that there exist in tegers 
n < n < . . . < n , none of which is a p r ime , such that cr(n ) - n 

1 £ k i i 
is constant. 

P . E r d o s , McGill Universi ty 

Solution by R. Breusch , Amhers t College, Mass . 

(i) If n is p r ime <r (n) - n = 1. If n is composi te , n has at 
least one proper divisor > Jn ; thus o-(n) - n >_ n + fh + 1 - n > jn > 1. 
Ei ther o*(n.) - n. = 1 for j = 1 , 2 , . . . . Then all the n. a re p r i m e . 

Or cr(n.) - n. = m > 1 for j = 1 , 2 , . . . . Then all the n a re 
— J J _ j 
composi te , and thus m > Jn. for j = 1 , 2 , . . . . But this is impossible 

for a s t r ic t ly increasing sequence { n . } of natura l numbers . 

(ii) Consider numbers n that a re products of two distinct p r i m e s : 
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n . = P.q.- Then v{n.) - n. = 1 + p. + q. . Let N be such that 
J J J J' J J J 

2 
N/(32 log N) > k. Let S be the set of p r imes that are not grea ter than 
N. S has M = TT(N) m e m b e r s . For N sufficiently la rge , 

M > N / ( 2 l o g N ) . There are J-M(M-l) > M /4 distinct pai rs of 
distinct m e m b e r s of S. The sum of each pair is less than 2N. 
Therefore at least one natural number less than 2N (call it Q ) must 

, 2 2 
be such that for more than £ M /(2N) > N/(32 log N) > k distinct 
pa i r s (p., q.) of distinct member s of S, p. + q. = Q. Now let 

n. = P.q. (j = 1 , 2 , . . . , k ) . Then, for j = 1,2, . . . , k, 
J J J 

<r(n.) - n. = 1 + p. + q. = 1 + Q. 
J J J J 

P . 148. Let X be a locally separable connected met r ic space. 
Prove that X is separable . Is this t rue if X is not me t r i c ? 

J. Marsden, University of California, Berkeley 

Solution by David J. Lutzer , University of Washington, Seattle 

Our approach is based on Lemma 1 of R. W. Heath1 s paper [1]. 
A space X is metalindelof if every open cover of X has an open point-
countable refinement [2], Clearly, any met r ic space is metalindelof. 

PROPOSITION: A connected, locally separable metalindelof space 
is separable . 

Proof. Suppose X is locally separable and metalindelof. Then 
there is a point-countable open cover of X, say *\JL , by separable sub-
spaces of X. Let U e \L and let D be a countable dense subset 

of U . Then st(U , U ) = { U € I t |U f] UQ # 0} = { U € U | U f l DQ * 6} 

and so st(U ,'U.) is a countable subcollection of IL.. Let 'XL(l) = { U } . 

For each n > 2, let U(n) = st(U(n - 1), U ) where U(n - 1) = U l l ( n - l ) . 
Each collection %L{n) is countable. Let V = U {\jL(n)|n > 1} . If V ^ "U.» 
let V = U Y and W = U ( l l \ V ). Then V and W would be disjoint, non­
empty open subsets of X which cover X. Thus, if we assume that X is 
connected, \ covers X. Therefore , X is a countable union of separable 
subspaces and so X is separable . 

Also solved by J . P . Penot, J . B . Wilker and the p roposer . 
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Case X not me t r i c (by tbe proposer) 

The resul t is false. For example, consider the "long line" ( i . e . 
the f i rs t uncountable ordinal space with each point joined to i ts successo r 
by a copy of the r ea l line). 

Examples are also given by J . P . Penot and J . B . Wilker. 

Note. A short and e lementary proof of the proper ty as stated 
appears in [ 3 , Theorem 1.7, page 75]. Mention of this proper ty can 
also be found in a paper by P . S . Alexandroff [4] and a proof in a paper 
by W. Sierpinski [5]. 
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