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ABSTRACT, Th e bedrock isos ta ti c res ponse exe rts a stro ng contro l on ice-shee t 
d ynami cs a nd is th ere fo re always taken into a ccount in ice-shee t m odels, This paper 
re\"ie\\'s th e \ 'arious m eth od s no rmall y used in th e ice-shee t m odellin g community to 
d ea l \\'ith th e bedrock res ponse a nd co mpares th ese " 'ith a m ore sophisti cated full­
E a rth m od el. Eac h of th ese bedrock treatm ents, li\'e in to ta l, is co upled \\ith a three­
din1('l1sio nal th ermomee ha niea l ice-shee t mod e l under th e sa me ro rcing conditi ons to 
simula te the Anta rc ti c ice shee t during th e las t g lac ia l cyc le , Th e o utputs o r th e 
simula ti ons a rc compa red on th e basis or th e tim e-d ependent beha \'io ur (o r the tot al 
ice \ 'olume a nd th e m ea n b edrock ele\',llio n during th e cyc le and of th e present ra te o r 
uplift O\"e r Antarctica , This compa riso n confirms th e necess it y o r acco unting fo r th e 
c lasti c bending of th e lith osphere in o rd e r to yie ld rea li sti c bedroc k pa tterns, It 
liJ rthcrmo re demonstra tes th e defi cien c ies inheren t to th e d ifli.lsion cq ua ti on in 
m od elling th e complex dclo rm a ti o n within th e mantl e , N e \'e rth e less, wh en 
cha ra c teristi c p a ra m e te rs a re \ ';Hied \\'ithin th eir ra nge of un certa int y, diffe rences 
within one sing le m e th od a rc o ft en of th e sam e o rd er as th ose be t\\'een th e I'<lri ous 
m e th od s, This OI,(, I'\' iew finall y a tt empts to po int o ut th e ma in ach-a nt ages a nd dnl\\'­
bac ks of each of th ese m e thods a nd to d e te rmine whi ch o ne is m os t a ppropri a te 
d epending on th e specifi c mod elling requirem ent s, 

1. INTRODUCTION 

Owing to th eir huge Ice m ass, la rge ice shee ts exert 

co nside rabl e press ure o n th e underl ying bedrock, \\'hi ch 

will resp ond \\'i th \ 'erti ca l m O\'em en ts to res to re th e 

equilibrium of fo rces, In th e case ofi sos ta ti c equilibriulll . 
th e resulting E a rth d epressio n is a bo ut onc-third o l'th e ice 
thi ckn ess, " 'hi ch ca n lead to th e bedroc k sinking in excess 
0 (' I km unde r th e thi ckes t pa rts, I t is ge ne ra lh- beli e\'('d 

th a t th e interac tion b e t\\'een th e ice loa d and th e 

und e rl ying bedrock pl a \'s a n impo rta nt ro le in th e 

d yna mi cs a nd sta bility 01' th ese la rge ice shee ts, 
Broadl y spea kin g, one ca n di stin g ui sh t\\'O m a jo r 

clTee ts, First, th ere is th e e ffect o r bedrock adjustm ent s on 
th e ice-s hee t surface e\C\'ali on, A I()\\'(' rin g 0 1' th e s url~lCe 

\\'ill ge nera ll y res ult in m ore m elting a nd a 100\'er mass 

b a la nce, in turn lowerin g th e s urf~l ce e\'en m ore, This 

crea tes a positi \'(' feed-bac k, In pa rti cul a r , th e tim e d elay 
o r th e isosta ti e adjustment process is o fi en ill\'oked as a n 
impo rt a nt e lement in expla ining th e termin a ti ons o f' th e 
Qu a tern a ry g lac ia l ('\'e les o n th e contin ent s o f th e 

N orth ern H emi sph ere (e,g , O e ricm a ns. 198 ] ), 

A second important as pec t o f ice Earth intera c ti ons is 
e\'id ent [I 'o m th e d ynami cs 01' th e Antarc ti c icC' shee t. 
~luc h 0 1' thi s ice shee t is presentl y surrounded by ice 

sheh-es . \\ 'hi ch interac t \\ 'ith th e g rounded ice shee t a nd 

th e c l1\ 'iro nmcnt a l (a rc ing in a co mpli ca ted \\'ay , res ulting 

in 1ll0\'em ents o f th e g ro unding lin e, \rodcl s tudi es on th e 
la rge-sca le beha \'io ur orth e Antarc ti c ice shee t during th e 
Qu a te rnary g lac ia l cycles h a \'(' pointed out th a t th e m os t 
impo rtant e ll\ 'iro nlll ent a l co ntrol o n g ro unding-lin e 

mig ra ti o n is pro \'id ed by eusta ti e sea -I ('\T I ch a nges 

(Hu ybrechts, 1990a, b), r\ lowering o r th e g loba l sea ­

le\"e ] s ta nd , fo r insta nce, will ca use a n imm edi a te acll'a nce 
of th e grounding line in th ose a reas w he re th e li'ee \\'a ter 
d epth is no longe r a hle to fl oa t a n ice shelL Clea rl y. 
HTti ca l isos ta ti c di splacem ents h a \'(' a simila r effec t o n th e 

free \\',!ler d epth a nd thus prm' id e a n additi ona l contro l 

o n g roun d ing -lin e mi g ra ti o n , H ere . a lso, th e time 

res ponse is crucia l. Th e speed a t \\'hi eh th e bed roc k 
re bo un ds d urin g" th e ret rea t st ro ng ly influ ences th e 
minimum size th e \\' cs t Antarct ic ice shee t is likeh' to 

a t ta in Hu ybrec ht s. 1992 ), 

.\d cl iti ona li y, because 0[' thi s time lag, th e present 
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bedrock is unlikely to have adjusted compl etely to its past 
loading histo ry. One impli ca ti on is th a t ongoing viscous 
uplift of the bed rock m ay resu lt in a future ad\'a nce of th e 
g rounding lin e in the R oss Sea a rea by seve ra l hundreds 
o f kilom e tres (Greishar and Bentl ey, 1980) . Suc h 
incomplete rebo und is in line wit h a clear trend for 

nega ti ve isosta ti c gravity va lu es in thi s area (Bentle y and 

o thers, 1982 ) a nd thi s is a lso supported by modelling 
studi es (Ling le a nd C l ark, 1985 ) . 

From thi s o\ '(' rview, it is clear tha t the bedrock 
treatment in g lacia l-cycle simulations, bo th with res pect 
to tempora l a nd spati a l patterns, will be cru cial to th e 
model o utcome. Present-d ay large-sca le ice-shee t m odels 

usua ll y do not d ea l with th e en tire visco-e1astic problem 
a nd usuall y re\'en to simple models for the li thospheric 
de fl ection a nd th e ensuing visco us response of the 
underl ying as th enosphere. 

The aim of this paper is to compare the isos ta ti c 

models commonl y used in ice-shee t mode lling with results 

obtained using a more sophisti ca ted self-grav itat ing visco­
elas ti c spheri ca l Earth model. Onl y a few of these 
sph eri cal mode ls exist today (Pelti er, 1974; Calhles, 
1975; Lam beck a nd others, 1990; Spada a nd others, 
1992; Le f\I eur, 1996) a nd , up to now, none of them has 

been full y co upled in an interac tive way with a three­

dimensional ice-sheet mod el. Such a bedrock model is 
devo id of ma ny of the simplifying ass umptions typica l of 
the more usua l methods and therefore it is tho ug h t to be 
more rea li sti c. A com pa ri son of these methods wi ll be 
demonstrated by coupling th e different bed rock treat­

ments with a three-dimensional thermomeeha nica l Ant­

a rc ti c ice shee t model a ppli ed to the las t glacial cycle 
und er the same forcing conditi ons. 

Section 2 g ives a sho rt o\'erview of th e various 
me thods tes ted. Th e res ults o f intercom pari so n arc 
presented in sec ti on 4, wh ich is fo llowed by a di sc uss ion 
on the most import a nt drawbacks a nd advantages of each 

of these indi vid ual treatments of isostasy . 

2. TREATMENT OF ISOST ASY IN 
GLACIOLOGICAL MODELS 

The va ri ous m ethods used in present-day ice-shee t mod els 
d ea ling with isos tasy all m a ke a distin cti on between the 
behav iour of the lith osphere, whi ch controls th e geo­
metric shape of the deform a tion , a nd the res po nse of th e 
und erlying ast henosph ere, which governs the time­

dependen t characteristics of the bedrock adjustment. 

Ind eed , th e planet can , in the first ins ta nce, be 
a pproxim ated by a thin clas ti c outel- shell fl oat ing on a 
highl y viscous as thenosphere acco rdin g to Archimed es 
principle. 

These methods can be class ifi ed acco rdin g to the way 

the two Ea rth laye rs are trea ted . For the lithosphere there 

a rc two trea tments. Onc neglec ts its Oex ural rigidity, 
m a king th e res ponse local (the model is then refe rred to as 
LL for local lith osphere) . The other acco unts for it, giving 
ri se to a cha rac teri sti c elas ti c d eformation profil e (referred 
to as EL for clas tic lithosphere), which substant ia ll y 

d eviates from the local onc. As regards the as thenosphere, 
the two trea tments a pprox imate the time-l agged Oow 
within the m a ntl e either by using a diffusion equati on 
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(DA (o r diffusi\'c asthenosphere ) or by a purely ex pon en­
tiall y d ecaying hydrosta ti c response fun ction (R A [or 
relaxed asthenosphere). 

2.1. Treatln.ent of the lithosphere 

In th e case of neglec ted Oex ural ri g idit y, the Iithosphere 

only locall y tra nsmits the effec ts or the load to the 
as thenosphere. Geom etri ca ll y speaking, there is, in fact, 
no lith ospheri c effec t a t a ll , since th e result "vo uld be 
exac tl y the same as if th e ice were noa ting directl y on th e 
asthcnosphere, like an iceberg on th e sea. Therclore, 
gi\ 'en ice thi ckn ess Hi, it becomes \'C ry easy to ca lc ulate 

the bedrock eq uilibrium d epression h (positi ve down­
wa rds ) according to 

(1) 

where Pi is th e ice d ensi t y (9 10 kg m 3) a nd Pa is th e 

as thenosphere densi ty (3300 kg m 3) . COI1\'ersely, when 
th e f1 ex ura l rigidity is taken in to account, one is now 
dealing with the bending of a n clas ti c p late (L1iboutry, 
1965; Bro tchi e a nd Sil vester, 1969) . I n that case, onc does 
not onl y consider th e load just a bove, but onc a lso 

integrates th e contributions from more remote locat ions, 

which gives ri se to d ev ia tions from loca l isostasy. The 
downwa rd dcfl cc tion w crea ted by a point load q [or a 
fl oating clas tic pla te is a solution of 

D\1~w = q - p"gw (2) 

where D represents th e Oex ural ri gidity ( I X 1025 N m ) 

and p"gw is the upwa rd buoyanc y force exerted on the 
d efl ec ted pa rt of' the li thosph ere inside the asthenosphere. 
The d efl ec ti on a t a norm a li zed dista nce x = rjLI' from 
the point load can be written as 

qL2 

w(x) = -' X(x) 
2nD 

(3) 

with X(x) a Kelvin fun ction of ze ro order, r the rea l 
di stan ce from the load q a nd IL , th e so-call ed radius of' 
relat ive stiffness (L r = (D j p"g)') ). A point load will ca use 

a depress ion within a distan ce of [our times L, 
(Lr = 130 km for a 11 5 km thi ck lithosphere) and , beyond 
thi s dista nce , a sma ll bulge appea rs. As lithosphere 
defl ec ti on is a linear process, the tota l defl ec tion at each 
point is ca lcul ated as the sum of th e contributions of' a ll 
the neighbouring points within a dista nce of' about fi ve­

six times L, (650-780 km ) . The difference between the 

two m ethods LL and EL is most pronounced in the 
vicinity o f the ice-shee t margin (Oerlemans a nd Van d er 
Veen , 1984) . 

2.2. TreatIllent of the asthenosphere 

The first way of acco unting for the time-d epend ence o f 
the isos tat ic response is simpl y to es tim a te the cha racter­
isti c time cons tan t T , a nd to sta te th a t the speed of' 
adjustm ent is proportion a l to the difference between the 
eq uilibrium pronle wand the current profile h, a nd is 

inverse ly proportional to th a t time consta nt, leading to 

dh - 1 
-=-(w - h) 
dt T 

(4) 
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in whi ch w is th e lithosphere d e fl ec ti on by e ithe r of th e 
two meth od s d esc ribed a bQ\ 'C, h is positi\'e d ownwards 

a nd T is ta ken as 3000 yea rs in th e experim ents d escribed 

in thi s pa per. Th e coupling o f Equ a ti on ( I ) with 
Equ a ti o n (4) yield s the LLRA mod el (local lith osph ere, 
relaxed as th enosphere) , whi ch d es pite its simpli city has 
prO\'l' n abl e to reprod uce th e maj or eflec ts o f" th e isosta ti c 
E a rth res po nse on th e lo ng-te rm beha vi o ur o f th e 

No rth ern H emisphere ice shee ts. O erl em a ns ( 1980 ) found 

th a t a \'alu e of 10000 yea rs fo r T ga \'C th e bes t fit to 

reproduce th e 100 ka peri odi cit y in th e g rowth a nd d ecay 
cycle cha rac te ri sti c for th ese ice shee ts. HO\\'Cver, because 
o r th e rel a ti\ 'C simplicity o r bo th his ice a nd Ea rth mod els, 

th e ice-\ 'o lume cun'C co uld no t be reproduced in d e ta il 

a nd it was admitted that no t too much import a nce should 

be a ttributed to th e \'alu e ro r T . 

The seco nd wa y or trea tin g th e visco us time-d epen­
d ent beha \'io ur is to co nsid er th e equ a ti o n o r motion 
within th e as th enos ph ere, wh ere th e fl ow is supposed to 

be in ve rsel y proporti ona l to th e d yna mic \ 'iscosity v of th e 

medium (O erl em a ns and Va n d er V een , 1984 ). The 

d ri ving ro rce comes rrom th e la tera l pressure g radi ent , 
with th e pressure being propo rti ona l to w - h, th e 
d C\' ia ti o n with res pec t to th e equilibrium profil e . Thus, 
th e ho ri zo nta l \'eloc it y 7.£ as a fun c ti on o r d epth z can be 

expressed as 

u(z) = gPa (z2 _ 2Hz) d (w - h) 
2v d x 

(5) 

wh ere H is th e (ra th er anific ia l) d epth below \\'hi ch no 
more influence is relt from a bove a nd Pa th e asth eno­

sph eri c d ensity. Then , b y ex pressing th e principle of m ass 

conse rva ti on , it is possible to rela te th e ra te o f bedrock 

sinking to th e outfl ow of as th enospheri c substra tum under 
th e fo rm of a diffusion equ a ti on 

with 
3 

D _ gp"H 
a - 3v . (6) 

No real attempt has been mad e to d e termine \'alues [or H 
a nd v, a nd th e diffusion coe fli cient D a is usua ll y inferred 
fro m rebo und measurement s over l\orth Ameri ca o r 
F ennoscandi a . Th e va lues usua ll y ad o pted fo r D a range 
be tween 30 and 50 km 2 a 1 (O erl ema ns a nd Va n d e r 

V een , 1984; Hu ybrechts, 1992) and th e experiments 

conduc ted here use the hi gher value of 50 km 2 a I. An 
often cited \'a lue 1'01' H is sever a l hundred kilom etres, 
whi ch wo uld , according to Equ a ti on (6 ), correspond to 
a n upper ma ntl e viscosity be tween I x 10 19 and 1 x 1020 

P a s. Aga in , d epending on th e express ion lo r w, the two 

meth od s in ves ti ga ted in thi s pa per a rc eithe r LLDA (loca l 

lithos phere, diffusive asthenos ph ere), which is on e o r the 

commones t models used a mong ice-shee t modellers (e .g . 
L e treguill y a nd Ritz, 1993) or ELDA (clas ti c lithosphere, 
difrusi\ 'C as th enos phere) as in Hu ybrechts ( 1992). 

2.3. The full bedrock !nodel SGVE 

Th e selr-g ra \'i ta tin g \'isco-elas tic sph eri ca l Earth mod el 
(SGVE ) was d eveloped b y L e M eur ( 1996 ) on th e basis of 
Pe/ti er' s previ ous work (Pelti er , 1974, 1982, 199 1 b; Wu 
a nd Pe lti er , 1982 ) , In thi s bedrock mod el, th e entire 

E a rth is conside red , including a n il1\ 'isc id co re, a lower 

a nd upper \'isco-e lasti c mantl e a nd a n elas ti c lithosph ere. 

Th e as th enosp here (th e ac tu a l as th enosphere plus th e 
lower m a ntl e) , where m os t of th e d erorm a ti on ta kes place, 

is approxim a ted by a 1\l ax \\'e ll so lid a ll owing [o r a full 

\ 'isco-e las ti c trea tment acco rdin g lo th e co rrespondence 
prin ciple (Pelti er , 1974). Th e d eri nll ion is mad e fo r a 
sphe ri cal Ea rth , no t fo r a half-space as b y Birchfi e ld a nd 
Grumbine (1985 ) . A d ecompos iti o n into spheri cal ha r­
m o ni cs assoc iated with a space-unit load beco m es 

pa rti cul a rl y suita ble. This ass ists in acco unting [o r th e 

com plex i t y in th e in te rac li o ns be twee n th e sp a ti a 1-
di splacement pa tte rn a nd th e g ra \'ity-fi eld perturba ti on. 

As th e m odel is fo rced by a space uni t-impulse load , 
th e co rres ponding o utputs, ca ll ed th e Green [,unc ti ons, 

o nl y d epend on th e Ea rth pa ra meters such as th e de nsity 

a nd th e L a me param e te r pro file s (D ziewo nski and 

Anderson , 198 1), th e ma ntl e \'iscos it y a nd th e Iith os ph eri c 
thi ckn ess . Th e latter two pa ra mete rs a re th e maj or 
unkno l\'ns a nd th eir co rrec t d e tCTmina ti on has ah\'ays 
been th e subj ect of much d eba te. On c way of inferring 

th e ir \ 'a lu es is to o ptimize a bes t fit be tween rebound d a ta 

a nd isos ta ti c m odels, In th e present reference run , we lIsed 

a li lhos phere of 100 km thickn ess a nd a tll'o-I e\'e l ma ntl e 
w ith a viscos ity of I x /02 1 Pas for th e lower pa rt (belo \\' 
670 km ) a nd 5x 102o Pas fo r th e upper pa n (670-
100 km ), Th ese va lues a re of th e same ord cr as those 

usua ll y fo und in th e litera ture (e .g . l\litrovica a nd Pelti e r; 

1993, Fjcld skaar, 1994 ) a nd were chosen here on lh e 
a bilit y o f th e m od el to yield a n a\'Crage charac te ri sti c 
res po nse time of a bo ut 3000 yea rs, which ma kes th e 
compa rison with th e RA m od els re leva nt. One can no ti ce 
th a t th ese two \'iscos i ti es a re somew ha t d i flc ren t from th e 
" be t se t" (1.5 x 1021 to 7.5 x 1020 ) d educed I'rom tes tin g 

th e same m od el o \ 'Cr F ennoscandi a (ca rri ed out late r th a n 

th e present stud y; L e \Ieur, 1996 ). H owe\'e r, th ey still 
yie ld rea li sti c res ults \\'ith res pec t to ma tching th e present­
d ay ra te of uplift over F ennosca ndia a nd , to a lesse r 
ex tent, th e remaining displacements to com e in th e future 

(run 6 in this stud y I'rom L e l\I eur ) . 

Th e isos ta ti c response Y (x;, Yj, t ) a t th e g rid nod e 
(i,j ) to a specifi ed space- tim e loadin g sce n a ri o 
Ls(.r . y, t ), where x a nd y a rc th e two surface geogra ­
phica l \'a ri a bles a nd t is time, is o bta ined from th e 
cO I1\'o luti on of th e a ppropri a te Green fun c ti on G(8. t) 
with Ls o\'C r th e required time of memo rizati on 7;" a nd 

space d oma in (a 1520 km squ a re) , leadin g to 

i+f',i j+ '::' j 

Y (Xi' Yj, t ) = L L 6.J;6.y 
il=i- f', ; jl = j-f',j 

·l:",G(Bil .h - Bij, t - t' )L"(Xi,, Yjl> t') dt' 

(7) 

wh ere 6.x = 6.y is th e 40 km spa ti a l resolutio n , 6.i = 6.j 
is th ererore se t to 38 in o rd e r to sweep th e required 

1520 km squ a re, a nd B;I.jl - Bij represents th e a ng ul a r 

di sta nce (in terms o[ eo-Ia litud e) be tween grid points 
(i l , j1 ) wh ere L , is consid e red a nd th e point where th e 
summati on is ca rri ed o ut (i , j ) . 

In prac ti ce, th e co uplin g with th e ice-flow m od el is 
effec tu a ted by feedin g th e isos ta ti c m od el a t 500 yea r 

inten 'a ls lI'ith a \\'indoll' th a t conta ins th e ice-loading 

hi sto ry Ls o\'e r th e preceding 30000 yea rs (7;11 ) ' Th e 
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(a) SGVE 10 ka BP 

Fig, 1, D el'Iatloll };'01l1 illitial stead), slall' jor t/ie rejere!lc(' 
lIIodel Se' "t;, ( a) rejJl'esl'll /.\ t/ie difj'erm(f III lIIetres 
between t/ie 10 ka BP bedrock e1emtioll jJallem alld Ihat 
]rOIll tlte referellce run , lC'hereas ( b) is the same difjerence 

b1l1 Jar Ihl' /Jresenl-da)' slale, The e\jJecled bedrock rise 
below the ROllllf~Fildlll er and Rass l ee Shell'es is larger 
tliall tlte obsel'1wl jree-lt'ater dejJtl! ill lIIal!)' places , 
illdicatillg tltat a substalltial jJart if these ice s/ieh'es It'Oldd 
be rejJlaced ~)' groullded ice It' ititill (/ jen' tltoll,lall('-rears, 

la tter period illustrates th e " m('mory e fTee t" , \\'hich means 
that a ll th e load ing e\ 'en ts th at occurred during these past 
30000 years sig nifica ntl y contribute to the final delorma­

tion at tim e t, The new bed roc k profile obta ined e\'C ry 

500 yea rs is th en re-introduced into th e g lacio logica l 

model in a n il1leracr i\'C \\ 'ay , \\'hi ch thererore is a ble to 
account rully 1'01' the innuence 0[' th e Earth response on 
the ice d ynami cs , 

The spec tra l method used he re integra tcs a ll ha rm o­

ni cs Lip to degree ISO, assuming that a ll spa ti a l \'ariations 

or the ice thickness occ urring O\'er \\'<J\'C lengths shorter 

than 266 km can be negleC'led, The \'<J lidit y or such a n 
assumpt ion esse nti a ll y comes fi'om the e last ic bcha\'io ur o f' 
the lith osphere \\'hich ac ts as a "Io\\'-pass" filt e r and does 
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not significantl y bend under such short wa\'elength loads, 
I n prac tice, th is is eas il y observable with th e rapid 
cOI1\'C rge nce of th e res ults as the number of integrated 
harmoni cs increases, Fina ll y, in order to match th e 40 km 
grid spacing 0[' the ice-sheet model , th e Green [unc tion is 

calculated every 0, 36 co- latitude dC'g ree with th e co rre­

sponding Legendre polynomial. 

3. APPLICATION TO MODELLING THE 
ANT ARCTIC ICE SHEET 

Th e fI\ '(' bedrock models d esc ribed abO\'e were all coupled 
\\'ith a three-dimensional th ermomecha nical mod el for 
th e emire Antarctic ice shee t app lied to the last g lac ial 
cycle, The g lacio logical mode l includes a n ice shelf. 
grounding-lin e dynamics a nd freel y generates th e ice­

shee t gC'ome try in response to a prescribed distributio n of 

acc umula tion rate and surface tempera ture, as well as th e 
global sea-l evel sta nd, Flow and tempera lUre calculations 
arc made on a three-dimensional g rid \\'ith a hori zo ntal 
reso luti on o f' 40 km and I I layers ill th e \'enical. The 
m odel has been documented in deta il in Hu ybrechts 

( 1992 ) with a description of a prel'ious ex periment o n the 

las t g lac ia l cycl e using a n ELDA type of bedrock 
adjustm ent in Hu yhrechts ( 1990a ) , 

Thc calc ulations started during the Eemian inter­
g lacial 126000 yea rs ago, Two forcing functi ons were 

used to dri\'e the m od el. The \'ostl)k temperature signal 

Uouzel and o thers, 1993 ) was ch osen to rorce th e 10 m 

tempera ture a nd accumulation fi elds, and is ass umed to 
be ind epend ent or la titude, Eustatic sea-Ie\ 'el cha nges 
were d eri w'd Ij'om th e Spccmap reco rd (Imbrie a nd 
o th e rs, 198+), In all th ese runs, an " i n terglacial referencc 
run " was taken as th e initi a l condition a t 126 kaBP, This 

steady-sta te run was obta in ed by sta rting from the 

presently o bsr r\'ed icc-shee t geo metry (ta ken from the 
Scott Polar R esea rch Institute (SPRI ) maps; Drc\\TY, 
1983) a nd integ rating the m odcl under prese nt-d a \' 
clima ti c conditi ons until a sta tio na ry sta te \\'as es tab­

li shed, I n ob ta ining this re rerence run, it \\'as ass umed 

that the obse l'\'ed present-day bedrock \·\ as in isos tatic 

equilibrium with th e obse rved present-day ice and wate r 
loading, Actually, as " 'ill be d emons trated furth er belo\\', 
thi s Illay no t be quite truc but a n a lt erna ti\ ,(, is no t I'ead il y 
il\'a ilable, 

4. RESULTS OF THE SIMULA TIONS 

,\]] /i\ 'C' model s are com pared o n the basis of the tim e­
dependent e\'olution [(J r th e to ta l ice \'o lume and the 

mea n bedrock e lenltion , a nd on the basis or th e spatial 

patte rn s ror the presen t-day speed or uplift. \\'e \\'ill trea t 

th e res ults fi'o m th e SG\' E model as a refe rence, as thi s 
approac h is th e IllOSt comple te one, 

4.1. Results frolD the SGVE lDodel 

FigurC' I di splays thC' hedrock subsidenC'e at two time 

inten'a ls relati\ 'e to th e interglacial steady sta te, \\'hi ch 
a lso se J'\ 'C'd as an initi a l conditi on, The pattern 1'01' 

10ka BP (Fig, l a ) sho\\'s hO\\' far (h e bed rock has Ilcen 
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Fig. 2. Sill1 l1 la tioll of the tota/ ice IJolume (a) and the 
!/lean bedrock elel'atioll (b) jor Ihe All tarctic ice 5heet 
during the lasl glacial c)'cle wilh the .fire bedrock 
parameterizatioll5 lesled. T he lIIeall bedrock elemtion is 
taken here Ol'er the entire , In ta rctic cOllt inent Ja r bed 
e/eNlt iollS q/ h > - 1500 1/1. All ill tereslillgjeatllre to /J oill L 
0111 ill Ihe lI/JjJer jJalle/ is that the deglacia tioll s/md is 
lIear(J' the 5ame/or each oj Ihe lIIodels . 

d e pressed in respo nse to th e o ngo ing g lac ia ti o n o\,er 

An ta rc ti ca at Cl tim e a bo u t 2000 yea rs befo re its g lacia l 

m ax imum. :\To t surp r ising ly, mos t o r th e dep ressio n ta kes 
pla ce in \\'est , \ nla rc ti ca, beca usc th a t is \\'here the bulk 
o f' th e ice thi c kn ess c ha nges a rc loca teel , in pa rti c ul a r. 
bclo\\' a nd slig htl y inl a nd o f'th e t\\·o la rge p rese nt-d a\' ice 

she h-es (Hu yb rechts, 1992 1. 

The d C\' iat io n rrom steady s tate a t present (Fig. I b ) 

indi ca tes ho \\' fill' the current bed roc k surrace is st ill o ut o f' 
isos t,lli c equilib ri ulll for th e presc lll clim a ti c conditi o ns. It 
is, in b et, a m ap o f' th e rema ining displacellle nts to be 

ex pec ted in the fu ture so lel y as a respo nse to pas t c ha nges 

in th e loading history. It sho\\'s th a t th e res id ua l uplift is 

still up to 300 m in th e R o nn e Fi\chn e r b as in a nd up to 

l OO m in th e R oss Sea a rea, \\ 'hi ch refl ec ts th e diffe rent 
deg lac iatio n hi s to ri es o f bo th ice she" 'es as simul a ted hy 
th e icc-shee t mode l (Hu yhrec h ts, 1990a l. 

Th e geog rap hical pa tt e rn s in F ig ure I a lso demo n­

stra te s('\'e ra l o f' t he geo m et ri ca l kat ures c ha racte ri s ti c o f 

th e Ea rth' s isostat ic res po nse. Th e most impo rt a n t ka ture 

occ urs as a res ul t or th e be nc\in g or a n e las ti c p la te a nd 
fin ds its exp ress io n in th e la te ra l d Tl'Cl oft hc loadin g a\\ ' a~ 

li'o lll th e ice shce t in to th e ocea n. A not her po int \\ 'o rth 

m c nti o ning is the upli fted ocea n fl oo r in the plo t fo r 

10 ka BP, w hi c h is beca use of' th e 10\\'(' 1' sea \cn' l a nd hence 

th e sm a ll e r wa ter loadin g. Th e p os iti l'(? a rcas in Fig ure 
lb . illustra tcd b y th e +25 m iso lin e a Cc ll' hundred 

kil o m e tres o fr th c Anta rcti c coas t, a re m o re dim c ult to 

ex plain . They a re pro b a bl y th e res ult o f a eomplrx 

interpl ay betwee n th e regio na l rise o f th e elas ti c li tho­

sph cre, th e co llapse o f a fo re bulge a nd th e subsid ence o r 
th e ocea n fl oo r wh e n th e ocea n fill s aga in as a 
co nscq uc nce o f th e d eglac ia ti o n . 

Fig ure 2 shows th a t th e bedrock res po nse is ro ug hl y in 

ph ase durin g th e s lo \\' g lac ia l build-up iJut th a t it clea rl y 

lags be hind during th e subseque nt rap id deglac ia ti o n . 
C loser in spec ti o n of Fig ure 2 a lso rc \ 'C'a ls th a t it takcs 
a bo ut 20000 yea rs [o r th e g lo ba l icc vo lume to reCO\T r a 
stead y s ta te after th c e nv ironmenta l fo rcing reached 

p resent-d ay In'els a bo ut 5000 yea rs ago . This is no t o nl y 

due to th e c ha rac teristi c tim e-sca lr 1'0 1' th e SG\,E m odrl 

(about 3000 yea rs) but a lso beca use o r th e non-lin ea rit \' 

produced by interac ti o n with th e ice shee t. 

4.2. Comparison of the different methods 

A first o bse n 'a ti o n is th a t th e to ta l icc \'o lum e a nd m ean 

bedrock eln'a tion (Fig . 2 ) o f all fi \'(' m e th od s ro ug hl y 
\'ie ld th c sa m e la rge-sca le tim e-d epend ent be ha \ ·io ul'. All 
icc-\ o lume eunTS go up to a m aximum a t a bo ut 8000 
yea rs BP a nd the n d ecrease to th e prese nt ice \'o lulll e in a 

nea rl y synchro no us w ay. Th e m a in difkre nce be twee n 

th ese m e th od s is be twee n th e twO diffusi\'e m odels (ELD.'\ 

a nd LLDA ) a nd th e three o th er m od els. The fo rm er 

ex hibit a la rge r tim e lag a nd a sm a ll e r a mplit ud e of' th e 
mea n bedroc k c le\·a ti o n . Bo th cha racte risti cs a re inh ere nt 
to th e m e thod a nd a re ex pla in ed rurth e r bel m·,·. 

In compa rin g pa tt erns (Fig . 3 ) , th e present-d ay ra te o f' 

uplift is \\ 'o rth exa mining fo r se\'era l reaso ns. Firs t, th e 

o\'C ra ll d eg lacia ti o n speed is nea rl\' th e same "'om 5 ka BP 

up 10 th e p resent fo r a ll fi\ T simul a ti o ns (fi\ 'C a lmos t 
pa ra lle l lin es in Fig ure 2a ), indi ca ting th a t eac h o f'th e 
bedroc k m od e ls has undergo ne a simil a r loading hi sto ry 

fo r th a t peri od. Seco ndl y, b y dea ling w ith speed s, o ne 

does no t ha \'(' to refer to a ny initi a l e ln'a ti o n pa tt e rn th at 

ca n be diflc re nt fro m o nc m odel to th e o th e r e.g. th e 
differe nt minim a l m ea n bedroc k e leva ti ons a t th e g lac ia l 
maximum ; Fi g. 2 b ). 

Th e firs t majo r ICa ture in Fig ure 3 is the difk re nt 

pa tte rn o f' u plift fo r th e t\\·o loca l lith os phe re mod els 

co m pa red to a ll th e o th ers. With a no n-clas ti c lithosp here 

(LL) , th e res po nse is no t smoo th ed a nd is act ua ll y a loca l 
imprint o l'pas t ice-thic kness cha nges. As th ere is no la tera l 
effect b('\'o nd th c load , as lI' ith a n elast ic lithos ph ere, the 

compe nsa ti o n o r th e ice- thi c kn ess \ 'a ri a ti o n is loca l a nd 

th erefo re a lso s tro nge r. Th a t is o b \·io us fi 'o m com paring 

LLR,\ \\ 'ith E LR,\ , \\ 'hi ch d iffer o lll y by their lithosp heri c 

trea tm e nt. Th e hi g hes t uplirt occ urs in LLRA. with a 
max im u m of' 15 c m a 1 co m pa red to less th a n 10 cm a I ['or 
E LR.\. 

Th e second clea rl y d is tin g ui sh able f'catu re is th e 

co ncentri c pa tt ern o b ta in ed \\'i th the t\\·o d ifl'usi\'(' m ode ls 

(D . \ ), in \\ 'hi ch th e centra l a rea of re bo und is su rro und ed 

by a p ro no un ced rin g or lo\\'Cring bed c len lli o ns. This is a 
d irect co nsequence o f' l he na tu re of the d iffusio n proccss. 
\\'hi ch im p li es th a t C\'CI'\ ' HT tica l d i"placemc n t of ma ll Cl' 

in th e as th cnos ph ere is compensa ted by a n op pos it e 

Ill O\,(, l1l e nt in th e nea r neig hbo urh ood (" bulge dTec t" ). 
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Fig. 3. Simulation of the present-da)1 rate of uplift ill cm a I oiler Alltarctica for tlte flue bedrock jlarameteri<.ations. Acronyms arf: 
LL, locallitho,IJlltere; EL, elastic lithosjJhere; RA , relaxed asthenosphere; DIl , diJJusive asthenospltere. Tlte best agreemmt witlt 
se VE, the self-gravitating visco-elastic model comes from HLRA with a velY similar pattern and very close extreme valll es. 

When averaged over the entire surface of investigation to 
yield the mean bedrock elcva tion , the am pJi tud e th us 
becomes less than with the other models, in spite of the 

314 

higher loca l extreme va l ues (-3.75- 16.13 cm a I fo r 
ELDA and - 22.9 1- 40. l9cma I for LLDA ). Tt should 
be noted that LLDA overes timates the phenomenon (th e 
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"a nti-bulge clTec t'· in th e p resent case of uplift ), g iving 

rise to a bn orma ll y strong nega tive speeds. 

Fin a ll y. fro m th e Jo ur para meteri za ti o ns, it is clea r 
th a t ELR A co rres pond s bes t to th e rclc rence simul a ti on 
rega rdin g bo th the geogra phi cal di stributi on a nd th e 
ex treme \'a lll es fo r th e uplift ( 0 .22-9.79 cm a I for ELRA 
a nd -0.25- 10.9 1 cm a I for SGVE ). 

5. DISCUSSION 

On the bas is of the res ults presented abO\T. it becomes 
poss ib le to point out th e main ack a ntages a nd draw bac ks 

of th ese meth ods a nd to d e termine \\'hi cb o nes a re mos t 
a ppropria te. 

Fi rs t of a ll , a loca l Iith osph eric res ponsf' (LL ) cann o t 
be considered as ve ry rea li sti c. This no t onl y follows from 
th e results presenred here, but it is a lso supported by th e 

geo logica l evidence (e.g. pla te tec to ni cs ) a nd by recenr 

m od elling, w hi ch find s it necessar y to include th e nex ure 
o f the lith osph ere to r eproduce correc tl y th e ma in isos ta ti c 
fea tu res (La m beck a nd o th ers. 1990; Fje lcl skaa r a nd 
Ca thl es, 199 1; Le 1\Ie llr , 1996) . Therefo re, th e EL 
lithos ph eri c trea tment prO\'ides a significa nt impro\Tment 

to rep roduce bette r th e geogra phical pa ttern. Summing a 

rel a ti on like Equ a ti on (3) has a lso become a rela tively 

easy tas k with p resent-day computers. H O'\'e" er, th e 
res ul ts a re ra ther sensiti\ 'e to th e "alue fo r th e Il ex ura l 
ri gidit y D , so th a t a correct choice of thi s pa ra meter is 
essenti a l to d e termine th e bending behav io ur a nd th e 
regio na l character of th e pla te d eform a ti on . For insta nce, 

th ere a re indi ca ti ons th a t the lithospheric thi ckn ess is not 
uniform over A nta rc ti ca a nd is a rac tor of 5 less in " 'es t 
Anta rc ti ca (S tern a nd ten Brink, 1989) . This co rres po nd s 
to a Oex ural ri gid it y 0 [" 4 X 1022 N m a nd wo uld reduce th e 
radius of rela tive stiffn ess L , (Equ a ti on (3)) to 33 km, a nd 

thus make th e response mu ch more locaL Such thinner 

lithosp heres wo uld , of course, a lso innuence the res ults 
obtained with th e SGVE m eth od . 

As regard s th e as th enospheric trea tment, there a re 
se ri ous problems \\'ith th e diffusive mcth od (DA), bo th 
with respec t to the tim e-depend ent res ults a nd th e sp ill ia l 
pa ttern. On e pro blem lies in a n inco rrec t a pplica tion or 
th e ph ys ica l principle of mass conserva ti on to o bta in th e 
diffu sion equa ti on (Equ a ti on (6 )) . This ass umes th a t 
there ex ists a d ep th H in th e as th enos pb erc below whi ch 
no mo re influence is fe lt fi 'om a bm·e . 1\lore e la bo ra te 
mod els (Pelti er, 1974; La m beck a nd o th ers. 1990; Spade 
a nd o th ers, 1992; Le ~;[e u r, 1996) show th a t verti ca l 

di spl acements, in pa rti cul a r from la rge ice shee ts, ha \ "C a n 

influence cl own to th e core. So, in th e DA trea tment the 
outflow or m a tte r is res tri c ted to a sh a llow cha nnel a nd 
thi s may be a p la usible exp la na tion [o r th e stro ng 
exaggera ti on of th e " b ul ge e!Tix t" (Ca thles, J 980). As 
th e dep th o f H d oes no t hc1\'e a n y ph ysica l mea ning, it ca n 

th erefo re no t be assessed in a meaning ful way . 
A second , a ncl perha ps more importa nt pro bl em , is 

tha t th e cha rac teristi c res po nse time T = L;/D", where 
Ls is th e cha rac te ri sti c dimensio n of th e load , increases 
\\'ith th e size o f" th e load . Thi s is in contra dic tio n to th e 

SG\' E model , where la rge ice sheets, mos tl y cha rac te ri zed 

by low-d egree ha rmoni cs and thus equi" a lent lo ng 
\\'aw~ l e n g th s, h ave th e sho rt es t res po nse tim es . Fo r 

insta nce, \Vi th D" = 0.5 X lOB m 2 a I a ncl a cha rac teristi c 

leng th sca le of 1000 km for th e W es t An ta rc ti c ice shee t, 

the cha rac te ri sti c time-sca le wo uld be as much as 20 000 
\·ea rs. Decay spec tra obta ined by d a tin g or uplifted 
stra ndlincs in F cnnoscandia d emonstra te th a t the cha r­
ac teri sti c peri ods 1'0 1' la rge ice shee ts onl y ra nge bet\\Ten 
1000 and 5000 yea rs ( ~rcConn e ll , 1968) . This p roblem 

co uld be remedi ed by opting fo r a large r diffu sio n 

coe ffi cient. H o\Ve\'e r, as shO\\"I1 in Fig ure 4a, th e moclel 
ex h i bi ts ro ug hly th c sa me be ha \·io u I' \\" ha te\Tr th e 
diffu sivity a nd fail s to reproduce a la rge r a mplitud e or 
to reCo\Tr a stead y sta te within a shorter tim e. 

Fin a ll y, th e ELRA meth od seems to be a reasona ble 
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alterna tive to th e SG"E model , both regarding th e tim c­
d epend en t beha \'io u r a nd the geog ra ph ica l pa tl c rn . 
H O\l'eye r, thi s trea tm ent is o r a pheno menological na ture 
a nd is not ph ysicall y based , The main \\'ca kn ess is th a t th e 

me th od ca n onl y a ll ow fo r one sing le \'a lu c fo r T . 

According to re la xa ti on spec tra, eac h of th e diffe rent 
\I'a\'cleng ths in th e h a rm oni c d ecompos iti on that repre­
sents a n ice-shec t load is cha racte ri zed by its proper tim e 
consta nt. In practi ce, th e \',due ( )r T is tun ed in an 

empiri ca l way a nd is supposed to be represent Cl ti\ 'e o f th e 

mos t sig nili ca nt wa veleng th fo r th e load , ~Ihi ch is a bout 

1000 km fo r a n ice shee t. Fig ure 4b shows th a t th e mod el 
is quit c sensiti \'e to the I'a lue fo r T; th e sma ller th e \'a lu l' 
fo r T, th e faste r the Earth res ponse to th e d eglac ia ti o n , 
\\'hen compa red LO SG \ ' E, th e results see m to l~ll 'o ur 

\ ·<Llu es o f' a t leas t 3000 yea rs. 

6. CONCLUSION 

In this pa per, \I 'e ha lT disc ussed ways o r d ea ling with 
isostasy in ice-shee t m od els and ha ve compa red th e res ults 

of G\'e m eth od s a pplied to a simulation of th e Anta rc ti c 

ice shee t during th e las t g lac ia l cyc le. A first point to 
mentio n is th a t th e bedrock res ponse has to be ta ken into 
account to be a ble to reproduce th e fin a l d eglac ia ti o n 
within a reali st ic range o r th e ciimatic-Io rc ing pa ram ete rs. 

A ll bedrock m odels ha\'e in commo n th e fa c t th a t 

pa rameters can ah" ays be selec ted \\'ithin th eir ra nge of 
un ce rla int y to model sa tisfac to ril y th e la rge-sca le cha r­
ac teri sti cs o r a compl e te cycle oC g ro\l·th a nd r e trea t. 
Th erefo re, as lo ng as these param e te rs ca nn o t be 
constra ined be tter a nd as lo ng as th e inte res t is in th e 

g lo ba l ice-shee t e\'o lution , it is difli cult to discrimina te 

be tween th e \ 'a rious bedrock pa ra meteri za ti ons. 
[-[ 0 \\,(, 1,(, 1' , \\'h en int e res t is in acc urat e geo metri ca l 

pa tt('l'n s, it becomes poss ib le to la l'our o r d isca rd some o f 
th e mod els. J n this respec t , th e LLDA mod el (loca l 
lithos ph ere, dilrusi\ '(' as th enos phere) clea rl y performed 

wo rst. rrga rding bo th th e spa ti a l a nd th e time-d epend ent 

as pec ts o f' th e res po nse . Th e LL trea tment caused the 

e flec t o rth e loa d to be concentra ted LOo much a nd th e DA 
mod el lI" as sho \\'n to be inherently d cli c ienl. Th e LLDA 
meth od happe ns to be th e mos t com monl y used onc in 
ice-shee t mode ls but it a lso has th e la rges t limita ti ons. 

Lt has fin a ll y turned o ut tha t th e se t oC acce pta ble 

mod els red uced to th e full Ea rth mod cl (SG \ ' E ) a nd , if a 
choice has to be m ad e, a lso to th e ELRi\ mod el (c las ti c 
lith osph erc. rel axed as th enosphere). Th e la tter mod el has 
th e g rea t ach 'an tage or being more suita ble in te rms o r 
cod ing a nd compute r requirements, \\' hile at the same 

tim e be in g a bl e to re produ ce th e mos t impo rt an t 

cha rac teris ti cs commo n to th e SG \,E mode l. The d nm­

bac k is th a t onl y onc tim e consta nt ca n be considered. 
:\"e\"e rth eicss, in th e stud y o r fea tures th a t are \ 'e l'\' 
sensiti l'(' to sli gh t bed roc k cha nges. such as th e process 
or grounding-linc mi g ra ti o n. it is o bl' io us tha t rh e mos t 
acc ura te a\'a il a ble bedroc k Illode l is a lso th e m os t 

a pp rop ri a te . Fo r tha t p urpose, full Ea rth mod els like 
th a t d escribed in th e p rese nt pape r should be u<;ed, 
prO\' id ed th a t th e co rres po nding ex tra cos ts ca n be 
ma naged . H ere. th e d egree o r confid ence a ri ses fi'om a 
bas ica lly co rrec t lrea tm r nt oi' th e ph ys ics a nd fro m th e 
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a bi li ty o r such m od els to reprodu ce pos t-g laci a l rebo und 
patt e rn s as 1"(' \Taled b y field measurements (L a mbec k a nd 
o th e rs. 1990; Pelti e r , 199 1 a; Fjelcl skaa r. 1994; Le ~I e ur , 

1996 1. R ea li sti c as th ey m ay seem, hO\l'e\'e r , th ese rull 

Ea rth isos tasy m odel s a re a lso strongly de penden t on th e 

E a rth pa ra meters th ey require as input. The g ua ra n tee 
[o r re li a ble res ults th en requires a co rrec t kn O\l'ledge of 
th ese properti es but unfo rtun a tel y th e tll"O key pa ra­
me te rs. \I'hi ch a re th e lithosph eri e thi ckn css a nd the 
I" iscosit y p ro file \I'ithin th e m a ntl e, rema in un ce rt a in. 
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