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ON A PROPERTY OF IDEALS OF

DIFFERENTIABLE FUMCTIONS

Oscar P, Bruno

Let J ¢ (') be any ideal. Since a function of the variables

t=(t ,...,tn) is a function of the variables (Z,;) = (tl,...,

1

tn,xl,...,xp) which does not depend on x , we have J c c”®*P).

Of course, J 1is not an ideal of dnﬂﬁn+p), but it generates an
ideal that we call J(E,i) . Consider the following statement (1)
on J: "Given any f € Cw(Rn+p), f e J(t,z) if and only if for
every fixed aeR® R f(%,;} e J".

In this paper we show that statement (1) holds for a large class of
finitely generated ideals although not for all of them. We say
that ideals satisfying statement (1) have line determined
extensions. We characterize these ideals to be closed ideals

J(t) (in the sense of Whitney) such that for all p € W, the
ideal J1%,5) is also closed. Finally, some non-trivial examples

are developed.
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1. Introduction

Let J ¢ Cw(ﬂ?n) be any ideal. Since a function of the variables

t = (tl,...,tn) is a function of the variables (%,z) = (tl,...,tn,

xl,...,xp) which does not depend on Z , we have < (P ), of

. i ) . )
course, J is not an ideal of C (IR ) , but it generates an ideal that
we call J(%,x) . Consider the following statement (1) on J : "Given

any f € Canﬂ+p)’ f e J(£,z) if and only if for every fixed a ¢ lRp,

f(t,a) € J". 1t is easily seen that statement (1) is, in general, false.
Take for example 7 =71 and J = {h ¢ Cwﬂﬁ)lh vanishes in a neighbour-

hood of 0 €Ii} and let f ¢ Cm(JR% be a function which is null in

¢ = {lx| = |y|wly=0} and different from zero everywhere else.

C = zero set of £

7
2N

In this paper we show that statement (1) holds for a large class of
finitely generated ideals (Corollary 11, Theorem 12) although not for all
of them. We say that ideals satisfying statement (1) have line determined
extensions. We characterize these ideals to be closed ideals

(in the sense of Whitney [5]) such that for all p el , the ideal

J(t,z) is also closed (Theorem 10). Finally, some non trivial examples

are developed.
2. Ideals with line determined extensions

Notation 1. ) CC(R™) will be understood as the ring of all
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n+p )

C®-mappings in the variables £ = (Eyreeeit ) and C°(R as the

n

ring of all (*-mappings in the variables (tl,...,t IR ;)

ii) Let J < C°(R™M be any ideal. wWe will

write J(f) =J and J(f,x) = ideal generated by J in C”(I?n+p)

DEFINITION 2. an ideal J ¢ C°(IR') is said to have Line
determined extensions if and only if for every integer p > 0 and

n+p )

function feC(IR the following condition holds: f(Z,a) € J(¥) for

every fixed a € RP implies fe J(E,x)
(The reason for the name is that for n = 1, p = 1 the definition

means: f € J(£,x) if restricted to horizontal lines is in J(%)).

Remark 3. i) If J=J(f) has line determined extensions so does
any extension J(E,E) . The converse also holds: 1if some extension of
J(£) has line determined extensions so does J(Z).

ii) Notice that the property on J of having line
determined extensions is an intrinsic property of the quotient (®-ring.

Explicitly, if 4 = C(R™ then J has line determined extensions

/g
if and only if for every p € IN the family of all evaluations
ev,, : A @mCm(lRp) > A (x erP) is collectively monomorphic, or in other

words, any "smooth polynomial” with coefficients in 4 (that is, any

element of 4 &r,...,%}= A ®wcm(lRp)) is null if it vanishes at every
point of lRp c Ap .  (We have denoted here by ©, the (”-tensor product
of (®-rings, see [1]).

DEFINITION 4. Recall that the C"-compact open topology on

CP(an) (C®-C0) is the topology for which a sequence of elements of
k

n .
> (r™ converges to f e C*(IR") if fk and all its derivatives con-

verge uniformly on compact sets to f and its respective derivatives.
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An example of an ideal which does not have line determined extensions is

the ideal J in the introduction. Notice that J is not closed for the

Cw—CO topology. In fact we know that

PROPOSITION 5. If the ideal J = J(t) < C(R") has line de-

termined extensions then it is closed for the C -CO topology (and by 3,

so ig any extension J(t,x) of it),
Proof. Assume that there exists a sequence fk , ke, fk € J

c*-co converging to f € cC(E"). By 6, below, we may assume (taking
. L En+1 - _
a subseguence) that there exists H e C( ) such that H(Z,1/k) =

H(E,-1/k) = £,(%), H(Z,0) = £(3) and % (1,8) € J(E) for any fixed

- - 1 - - -
seIR. Now, H(t,1) - H(t,0) = f % (t,s)ds . Since %g (t,s) € J(t)
0

for every fixed s e JR and J(Z) has line determined extensions, we

have that -gfsl- (£,8) € J(t,s) , or in other words we have:

3H = r - -
EvS (t,s) = i-_zil Ai(t,s)hi(t)

with A e c(®R*), h, € J . It follows that H(E,1) - H(%,0) =

r 1
T hi(z) J Ai(%,s)ds and this says that H(%,1) - h(%,0) € J(E) . But
=1 0

H(t,1) e J(t) , so we actually have f(%)= H(,0) € J . 0

LEMMA 6. Iet J = J(%E) be any ideal, J c C (K" , and let

fk e J be a sequence ¢ -co eonverging to f € C(R"). Then, there

exists a subsequence fk and H € C°°61Rn+1) such that
2

https://doi.org/10.1017/50004972700003166 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700003166

Ideals of Differentiable Functions 297

H(E,1/8%) = H(E,-1/8) = % (%)
2
H(t,0) = f(%)
3H = - .
38 (t,s) J(t) for every fized s € R.

Proof. Let K, = [-Q,Z]n be the closed n-cube. By hypothesis,

there exists kl such that lDa(fk -f) | < e* in Kl for every a
2

such that [a| =Z @ <2 . Now take ¢ ¢ C”(R) such that
¢([-1/2,1/21) = 1 and supp(9) ¢ (-1,1}, and write ¢Q(s) =

$(22(2 + 1)(s - 1/2)). We have supp(¢,) ¢ (1/2-1/22(2 + 1) , 1/2 +
1/28(% + 1)) and ¢2([1/2 - 1/48(8 + 1) , 1/% + 1/4% (2 + 1) 1) =1 .
Notice that supp (¢1) n supp(¢k) =g if 2 # k. Let us define

¢ (s)-f, (E)+(1-¢ (s8))f (£) if
2 kg % Kor1

1/(%2+1) s s ¢ 1/% or -1/% <8 < -1/(%+1)

H(E,s) =

fa (Z) if |s| > 1
1

f(E) if s=20

\

One may easily verify that H is ¢” and that %g—(%,O) =0 €dJ .

4

2 © J(t) for every fixed s # 0 is immediate. 0

The fact that
DEFINITION 7. An ideal J ¢ C (F') is said to be universally
closed if and only if J itself and any extension J(%,x) of J are
closed.
We remark that 5 says that ideals which have line determined
extensions are universally closed. E. Dubuc pointed out that a derivative-
integral argument like that of 5 should allow us to use Riemann sums to

prove its converse. Actually we can use Riemann sums directly.

PROPOSITION 8. Let J < C(RY be any ideal, and let f(t,s) €
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R ) be such that f(%,so) € J(t) for every fized s, €IR. Then

f(%,8) is in the C - CO closure of J(%,8).

In order to prove this, we need lemma 9, whose standard proof we

omit.
LEMMA 9. et f ¢ CmGRnH). Then we have
n ,
i) the Riemann sums SZ(?;) = I f'(%,%‘il) . % ¢ -co
i=-n

comverge to SH(E) = Ja flEwdw as n»o,
-a

1) let p e C(R) be the funetion

exp(-]/(l-sZ) if  |s| <1
pl(s) = and
0 otherwise,

= deelje) . Ia) =
P be the kernel pj(s) ole)ds ’ then the sequence f?(t,s)

a

f(%,w)pj(s—w)dw C"-C0 converges to f(%,s) as n,a -+ = .
-a

Proof of 8. Let f ¢ Cm(_ﬂ?n+1) be such that for every fixed 8,¢ R,
f(%,so) e J(t) . wWe must show that f(%,s) € J(t,s) = ¢"-C0 closure of

J(t,s)
We have that, for every fixed w € R f(E,w).pj(s-w) e J(E,s)

(see 9.1ii) for the definition of pj }. So, it follows from 9.i) that

a - —_—
J flt,w) (s-wldw e J(E,s) .
-a - J

Then, from 9.ii) we deduce that f(%,s) € J(%£,s). 0

The following theorem follows immediately from 5 and 8.

THEOREM 10. An ideal J ¢ CURY) has line determined extensions
if and only if it is universally closed, 0
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It is known (see [2]) that ideals generated by a finite number
of analytic functions are closed, and thus universally closed. We have:
COROLLARY 11. ret f},...,f} be analytic functions in C(RY).
Then the ideal gemerated by f FIRREP fr has line determined extensions.

This corollary gives us a large class of finitely generated ideals
having line determined extensions. However not all finitely generated

ideals are such. It suffices to recall that finitely generated ideals are
not necessarily closed. Explicitly, take J = (e_l/tz) = dﬂﬂﬁ) which is
a non closed ideal. Consider the function f(t) = e_l/2t2 c C(R) and a
sequence of functions fk e C(m) C"-co converging to f and such that

fk vanishes in aneighbourhoodof ¢ € IR . If we now apply 6 to fk and
o0 H -
f we obtain a function H e C uRZ) such that %g—(t,s) € J for every

fixed s €e R and H(t,0) = e—l/ZtZ . In other words, the function

F = %g- is such that for any fixed g ¢ IR there exists hs(t) e C(R)

such that F(¢,s8) = hs(t)e_l/tz . But hs(t) cannot be a (' -function of

both variables ¢ and s . If it were, it would follow as in 5 that

-1/2t2
H(t,0) = e € J which is clearly impossible.

THEOREM 12. Let J < C(R') be a finitely gemerated ideal with

line determined extensions and consider an n-tuple g = (gl, ..... 5. )

of elements of @) , that is, g ‘B >R . Assume that Ggseees9y,
are independent (that is the jacobian of g has rank n) at every
point of §_J(Z(J)) . Then, the ideal Jg = ideal generated in IRY)

by {h o glh € J} has line determined extensions.

Proof. Take f ¢ Cw0R2+p) such that for every fixed a e IR R
f(s,a) € Jg . We must show that f(5,x) ¢ Jg(g,i) (s ranges over R

and z over lRp). Since Jg is of local character (because it is
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finitely generated, see [1]) it suffices to show that for every

(50,50) €B2'+p there exists an open neighbourhood V of (50,5.‘0) such
that fIV is in the ideal Jg(-s‘,.’z)]V of C (V). (1If IngGZ?n) is

any ideal then T y is the ideal generated in C (V) by {hlvlh € I}).

The latter is trivial if 50 £ Z(Jg) . So take (50,50) with

- -1 - -
s, € Z(Jg) =g (Z(J)). Denote by s(’)’ eIR*™ the last &-n coordinates

of SO . Since by hypothesis gl,..,gn are independent at so , by the

inverse function theorem we may assume (changing the order of the

variables if necessary) that there exist open neighbourhoods U' of
- [} - - - -
s, € R, W' of (g(so) R sé’) e ®* and a diffeomorphism ¢ : W' > U'

such that g_7 ° JJ Al ->1Rn equals the projection m on the first n

coordinates. We know that f(s,a) ¢ Jg for every fixed a e &, that is,

2.9 -
there exist functions AZ e ¢"(R")° such that fls,a) =

n -
b Agh.(é) (aer) , where hl""’hr are generators of J . It
i=1 v

- - r oz - -
follows that, in W' , f(y,a) = I Ai (V). hom . Setting s’ =

i=1

'(sl,...,sn) , 8" = (sn+1""’32)’ we have equivalently f(@(é’,g”),c_z) =
r a _ _ _
b Ai(d}(s' s s”)hi(s ') . Now take an open neighbourhood ¥ of
=1

(g(go),g'o') such that ¥ < W' and a function ¢ € CW(JRZ) such that

2(3) =F" \ W. We have that H(5,Z) = $(5).f(y(5),%) and  $(5)45(¥(5))
. @ L+p 2 .

are defined and (C% in all of IR and IR~ respectively. Moreover we

have H(s,a) = & d)(s)Ai(l,b(s)).hi(s). So, for every fixed (s",a)

1=1

rHP , H(s',5",a) € J(3') . It follows that H(s',8",x)eJ(5',5",%),
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since J has line determined extensions. And, since ¢ does not vanish

in W, f(@,i), € J(§',§",£)l . Then, letting U =
mep W

$(W)’f(5’5)| ﬂ#’e J;(E,E) and so, V = UxIF is the required
Ux

g |Uxmp

neighbourhood of (En,in)- 0

3. Examples of ideals with line determined extensions
EXAMPLE 1. a1l those ideals obtained by a suitable combination of
11 and 12.

i) Ideals generated by a finite number of independent functions

(meaning independent in the set of their common zeroes). An instance of

this is the ideal J = (f(%)tn+1—1) c CPGFn+1), where f ¢ C@ is a

function such that Z(f) =K'\ U for a certain open subset U of R .
This ideal J is the ideal of presentation of the ring dw(U) as a
+ - .

quotient of ¢ (R* 1) (see [1]). Of course (f(t).tn+1—1) is a non-
analytic function.

ii) The ideal of presentation of any Weil algebra (see [4]) as a

. o .

quotient of ( aRn) for some 7 € IV . We have here the simple example
ﬁrz) c C"(R) . It may be seen directly (Taylor series expansion) that
this ideal has line determined extensions.

Remark 13. From 10, 11 and 12 it follows that not only ideals
generated by a finite number of analytic functions are closed. Actually

if hl""’h e C(R') are analytic functions and Gysevsgy, € CwaRl)

r
. , --1

are independent in g (Z(hl""’hr)) then hl(gl""’gn)""’

hr(gl""’gn) generate a closed ideal. We consider now some examples

of ideals with line determined extensions which fall outside the context

above.
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EXAMPLE 2. 1t follows from a result of A. P. Calderon (unpublished)

that the ideal of functions flat at tb € IR is universally closed
(recall that "flat at to" means "function and all derivatives vanish at

ty"). Van Que and Reyes ([3]) generalised this result and showed that
the ideal of flat functions on a closed set is universally closed

(and thus has line determined extensions).

THEOREM 14. (Calderon - Reyes - van Qué, see [31)
Let X and Y be closed subsets of R' and 7 regpectively.

Let J=Jd(%) < (IR, I = I(z) <« C(R) and K = K(%,%) be
the ideals of flat functions on X, Y and X x Y respectively. Then,
K(t,z) = J(t,x) + I(x,E) . 0

Clearly, considering Y =R it follows that J has line

determined extensions.

EXAMPLE 3. The ideal J of all functions h ¢ C(IR) such that
h(l/n) = 0 for every #n € IN . 1In order to see that J has line
i © 14
determined extensions, take p € IV and a function f e C (RJ P)

R 1
vanishing on {; [n e w} xIF. we prove two lemmas.

LEMMA 15. Let k € IN. Assume that h(t,%) € C@RP) is such

2%n . . .
that _tJ- (J/n,x) = 0 for every ze IR ,mell and 0 < j < k. Let
9

U={(t,3) R | ¢ >0 and t#1m, nem} and g(t,z) =

———‘—————h(th) :U+R. Then for any z_ €I we have
. o
sin (nw/t)

lim glt,z) =0 .

(t,x) ~ (0,z)
o

(t,x) eU

Proof. wWe prove this by induction. The assertion above is

trivial if k=0 . So take k > 0 , assume the assertion holds for

k - 1 Dbut there exists % ¢ CxCU?1+p) which for =z eﬁp fixed has a
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a zero of order k at 1/n , n€ I such that the limit above either

does not exist or is different from zero.

In this case, there exists a sequence (¢t x ) converging to

(0,50)_, ty > 0, %y #1Mm , nelN such that
- h(tz,xg)
lim ————m = a
>
e sink(n/tl)
with aelR, a#0 or a=%. Taking a subsequence we may assume
that sin('rr/tz) is a convergent sequence. Notice that it necessarily
must approach zero, and so, lcos 'n/tzl must approach 1. Let ng eV

be such that #n_ m realises the distance between w/t and the set

2 2
{nm : n e N} . We have that
h(tg’xg) _ h(tl’xl) - h(l/nz,xz‘
sink(n/tk) sink(n/tg) - sink('n/l/ )
n
2

and, by the Cauchy mean value theorem this equals

2 oh -
-52 3t (El’xl)

T . k sink_l(n/iz).cos n/;m

for some ER between 1;2 and 1/712. Now, by the inductive hypothesis,

g—hg (€5 T,)
—~————————— tends to zerxro

sink_z(ﬂ/iz)
and |cos (n/EQ) | tends to 1. 0

LEMMA 16. et £(¢,%) ¢ C(H'P) be such that f(i/n,%) =0 .
Notice that, since sin(n/t) has a zero of order one at t = 1/n,

the function ]“(1;_,ac)/sin (n/t) U~R may be extended to a ¢ map

g 'R >0 x P - R. Then, the function

https://doi.org/10.1017/50004972700003166 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700003166

304 Oscar P. Bruno

glt,x) if t >0
gt,z) =
fit,x) <if ¢t <0
is in C@RP) and it is flat on 10} xI¥ .
Proof. We need only show that g and all its derivatives tend to

zero as (t,x) tend to (0_,.50) for any :Z‘o e’ .

i) That g tends to zero follows from 15,

ii) 9 tends to zero: in U , 9, equals

-g'E (t,x) sin(v/t) + n/t2cos (n/t).f(t,z)

sin Z(N/t)
L =, 1+p . . .
The numerator is in C(IR"'Y) (notice that since f vanishes at
t =1/, n e W , it follows that f is flat on {0} x I , and so ,

fee,z) .cos (n/t) Cw(EHp)) and the quotient is C  in a neighbour-

t2
hood of 1/n . It follows that for fixed x elRp the numerator has a
zero of order not less than two at % , melVl . Now we may apply 15.

iii) Any other derivative of g is treated in a similar way. [
Now we return to Example 3). Consider the functions
sin (n/t) if ¢t >0
Alt) =
1 if t <0
and ¢ as defined in 16. We have A.g = f . Since g is flat on
{0} X.L’?p , it follows from Example 2 that there exists a function
s ~
$ € C (R) flat at zero which divides g , that is, there exists

hoe CCRP) such that §(£,3) = ¢(t).h(t,5) . So, F(t,%) =
(A(t) .o (t)) . h(t,x) and it may be easily seen that (A(t) . ¢ (t))

o0
isa C function and so, as it vanishes at t = I1/n, it is in J .
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Remark 17. The constructions in this example can be generalised
to treat the ideal K whose functions vanish at 1/n with an order

o, eIV v {»} provided that the finite orders are bounded.

Reyes and van Que ([3]) raise the question of whether every closed
ideal is universally closed. We believe that this is true for dimension
one:

Conjecture. Every closed ideal J ¢ CP(EU is universally closed.
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