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NEW CHARACTERIZATIONS OF THE REFLEXIVITY IN TERMS
OF THE SET OF NORM ATTAINING FUNCTIONALS

MARÍA D. ACOSTA AND MANUEL RUIZ GALÁN

ABSTRACT. As a consequence of results due to Bourgain and Stegall, on a separable
Banach space whose unit ball is not dentable, the set of norm attaining functionals has
empty interior (in the norm topology). First we show that any Banach space can be
renormed to fail this property. Then, our main positive result can be stated as follows:
if a separable Banach space X is very smooth or its bidual satisfies the wŁ-Mazur
intersection property, then either X is reflexive or the set of norm attaining functionals
has empty interior, hence the same result holds if X has the Mazur intersection property
and so, if the norm of X is Fréchet differentiable. However, we prove that smoothness
is not a sufficient condition for the same conclusion.

According to the celebrated James Theorem [15], on a non-reflexive Banach space,
there is at least one (bounded and linear) functional that does not attain its norm. In
some classical non-reflexive Banach spaces (for instance c0Ò cÒ L1[0Ò 1]) the set of
functionals not attaining their norms is actually dense in the dual space (for the norm
topology). There are several known assertions in this line; first, as a consequence of
results due to J. Bourgain and C. Stegall, for a separable Banach space with non-
dentable unit ball, the set of norm attaining functionals is of first Baire category (see
for instance [3, Theorem 3.5.5 and Problem 3.5.6]), hence it has empty interior. The
question if the assumption of separability can be dropped appears as an open problem
in [3, Problem 3.5.6]. However, for any infinite, compact and Hausdorff topological
space K, Talagrand observed that the set of functionals attaining their norm on C(K) is
also of first Baire category in the dual space (see [3, p. 58]).

In the opposite direction, the set of norm attaining functionals can be large if the unit
ball of the space is allowed to have strongly exposed points. For instance, one can easily
check this kind of behaviour for the space ‡1. In fact, if we denote by A(X) the set of
functionals attaining their norm on a Banach space X, it is not difficult to prove that A(X)
has non-empty interior as soon as the unit ball of X has a “strongly vertex point”, a result
that will be shown later. It follows that any Banach space is almost isometric to another
space for which the set of norm attaining functionals contains non-empty open balls.

Once we are convinced it may happen that the set XŁnA(X) is not dense in XŁ (even
for some non-reflexive space X), we will show a positive result for a certain class of
separable Banach spaces, which contains the spaces with Fréchet differentiable norm.
To prove this, we make use of a technical result known as “Simons’ inequality” [23],
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inspired by techniques of R. C. James, which has been crucial to obtain a new proof of
the classical James Theorem and a number of other interesting applications (see [12]).
We deduce that if X is a very smooth, separable Banach space, then either X is reflexive
or A(X) has empty interior. The same conclusion is obtained under the assumption that
X is separable and XŁŁ satisfies the wŁ-Mazur intersection property, hence it also holds if
X is separable with the Mazur intersection property.

Finally, we will give a procedure to construct counterexamples, which shows, in
particular, that the condition “very smooth” can not be essentially weakened in the above
mentioned result, since we prove that every separable Banach space X is isomorphic to a
smooth space Y for which the set A(Y) contains open balls. Also we exhibit an example to
show that assuming that the dual space of X has no proper norming subspaces, a property
shared by very smooth spaces and spaces with the Mazur intersection property, does not
imply the denseness of XŁnA(X) in XŁ.

Although all the results we will state are valid both for real and complex Banach
spaces, we just consider the real case for obvious reasons. In the rest of the paper, if X is
a Banach space, we will denote by BX its closed unit ball and by SX the unit sphere. For
a subset A ² X, co(A) and j co j(A) will be the convex hull and absolutely convex hull of
A, respectively.

Let us begin with the first of the announced results, which is an easy generalization
of the phenomenon already mentioned for ‡1:

PROPOSITION 1. Let X be a Banach space such that for some subset E ² X, e0 2 E
and eŁ 2 XŁ it is true that

BX = j co j(E) and eŁ(e0) Ù sup
n
jeŁ(e)j : e 2 Enfe0g

o


Then eŁ belongs to the norm interior of A(X).

PROOF. By assumption BX = j co j(E), so keŁk = supfjeŁ(e)j : e 2 Eg, and in view of
the hypothesis it has to be eŁ(e0) = keŁk. Let us write

ö = sup
n
jeŁ(e)j : e 2 Enfe0g

o

and choose 0 Ú r Ú 1
2 (keŁk�ö). We will observe that the ball centered at eŁ with radius

r is contained in the set of norm attaining functionals; in order to check this, choose
xŁ 2 XŁ such that kxŁ � eŁk � r, so, for any e 2 Enfe0g we have

jxŁ(e)j � jeŁ(e)j + j(xŁ � eŁ)(e)j � ö + r Ú
1
2

(keŁk + ö);

but, on the other hand

jxŁ(e0)j ½ jeŁ(e0)j � j(xŁ � eŁ)(e0)j ½ keŁk � r ½
1
2

(keŁk + ö)

Therefore, jxŁ(e0)j = supfjxŁ(x)j : x 2 BXg, so xŁ attains its norm (at e0).
Note that the previous result is a partial converse to the mentioned fact that A(X) has

empty interior if BX is not dentable. As a consequence of Proposition 1 we can get a
general renorming result:
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COROLLARY 2. For any Banach space X, eŁ 2 XŁnf0g and ¢ Ù 0, there is a Banach
space Y isomorphic to X such that eŁ is an interior point of A(Y) and the Banach-Mazur
distance between X and Y is less than 1 + ¢.

PROOF. Given ¢ Ù 0, choose e0 in X such that 1 Ú ke0k Ú 1 + ¢ and eŁ(e0) Ù keŁk.
Let us consider the set

B = j co j
�
BX [ fe0g

�


It is clear that B is the unit ball in X for an equivalent norm. Let Y be the linear space X
endowed with this new norm. Since

BX ² B ² ke0kBXÒ

from the choice of e0, it follows that the Banach-Mazur distance between X and Y is
less than 1 + ¢. Y and eŁ also satisfy the hypothesis in the above proposition, so eŁ 2
Ž

A(Y).
As the above result shows, one can not expect any isomorphic condition on X to

guarantee the denseness of the set XŁnA(X).
Next we will show some positive results, that is, our aim is to exhibit a class of Banach

spaces for which a certain strengthening of James Theorem holds: the set XŁnA(X) is
dense in XŁ. For this purpose we will use the following technical result due to Simons:

LEMMA 3 [23, LEMMA 2]. Let E be a set, B ² E and assume there is a bounded
sequence f fng of elements in ‡1(E) (real-valued bounded functions on E endowed with
the usual norm) satisfying that for any sequence ftng of non-negative numbers withP1

n=1 tn = 1 there is b 2 B such that

1X
n=1

tn fn(b) = sup
e2E

1X
n=1

tn fn(e)

Then
sup
b2B

h
lim sup

n
fn(b)

i
½ inf

g2cof fng
sup

n
g(e) : e 2 E

o


The previous result has been successfully used to get many applications (see [23,
24, 12]); for instance, it is crucial to obtain a new proof of the James Theorem for
separable Banach spaces [5, Theorem I.3.2]. Even so, the above lemma has a completely
elementary proof.

If A(X) has non-empty interior we can easily fulfill the requirements in Simons’
inequality to get some non-trivial but still rather technical information. This will be done
in our next lemma. We need some notation: given a Banach space X and x 2 SX, we
denote by D(xÒX) the set of support functionals for the unit ball at x, i.e.,

D(xÒX) =
n

xŁ 2 SXŁ : xŁ(x) = 1
o

;

if xŁŁ 2 XŁŁ, V(xÒ xŁŁ) will be the numerical range of xŁŁ relative to x, that is,

V(xÒ xŁŁ) =
n

xŁŁŁ(xŁŁ) : xŁŁŁ 2 D(xÒXŁŁ)
o

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LEMMA 4. Let X be a separable Banach space and assume that there exist r Ù 0 and
xŁ0 2 SXŁ such that xŁ0 + rBXŁ is contained in A(X), then:

xŁŁ(xŁ0) + rkxŁŁ + Xk � max V(x0Ò x
ŁŁ)Ò 8xŁŁ 2 XŁŁÒ

where x0 is any element in SX satisfying xŁ0(x0) = 1.

PROOF. First we will show that

(Ł) xŁŁ(xŁ0) + rkxŁŁ + Xk � kxŁŁkÒ 8xŁŁ 2 XŁŁ

For this purpose, we essentially use the same argument as in the proof of [5, Theo-
rem I.3.2]. Since the inequality (Ł) is clearly satisfied for any element x 2 X, we will
show it holds for elements in XŁŁnX. So, if we fix xŁŁ 2 XŁŁnX, the Hahn-Banach
Theorem provides us with an element xŁŁŁ in the unit sphere of XŁŁŁ also satisfying

xŁŁŁ(xŁŁ) = kxŁŁ + XkÒ xŁŁŁ(x) = 0Ò 8x 2 X

We are assuming X is separable, so the restriction of the õ(XŁŁŁÒX [ fxŁŁg)-topology to
bounded sets is metrizable. Hence, in view of the wŁ-denseness of BXŁ in BXŁŁŁ , for any
¢ Ù 0 we can find a sequence fxŁng in BXŁ satisfying

n
xŁŁ(xŁn)

o
! xŁŁŁ(xŁŁ) = kxŁŁ + Xk

and also the following conditions:

(1)
n

xŁn(x)
o
! 0Ò 8x 2 X

and

(2) xŁŁ(xŁn) ½ kxŁŁ + Xk � ¢Ò 8n 2 N

Now, for any natural number n, the element xŁ0 + rxŁn is in the closed ball of radius r
centered at xŁ0, and, by the assumptions of the lemma, this ball is contained in the set of
norm attaining functionals on X. Clearly we can apply Lemma 3 taking E = BXŁŁ , B = BX

and fxŁ0 + rxŁng playing the role of the sequence of bounded functions on E, and we get

(3) sup
x2BX

n
lim sup

n
(xŁ0 + rxŁn)(x)

o
½ inf

n
kxŁk : xŁ 2 cofxŁ0 + rxŁng

o


Let us compute the left hand term in the previous inequality; since we know by condi-
tion (1) that fxŁn(x)g converges to 0, for every x 2 X, then lim sup(xŁ0 + rxŁn)(x) = xŁ0(x),
so the left hand term is just kxŁ0k = 1. Now the inequality (3) provides us an element
xŁ 2 XŁ that can be expressed as xŁ =

Pm
i=1 ti(xŁ0 + rxŁi ) for some ti ½ 0 with

Pm
i=1 ti = 1

and kxŁk Ú 1 + ¢. So, we clearly deduce

kxŁŁk(1 + ¢) ½ kxŁŁk kxŁk ½ xŁŁ(xŁ) = xŁŁ(xŁ0) + r
mX

i=1
tix

ŁŁ(xŁi ) (by (2))

½ xŁŁ(xŁ0) + rkxŁŁ + Xk � r¢
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and (Ł) follows letting ¢ ! 0.
Now we will show the inequality announced in the lemma. So let us fix an element

x0 2 SX with xŁ0(x0) = 1 and choose xŁŁ 2 XŁŁ and t Ù 0; by using (Ł) for the element
x0 + txŁŁ in XŁŁ we have

1 + txŁŁ(xŁ0) + rtkxŁŁ + Xk � kx0 + txŁŁkÒ

so, we also have, for any t Ù 0

xŁŁ(xŁ0) + rkxŁŁ + Xk �
kx0 + txŁŁk � 1

t


It is well-known that

lim
t!0+

kx0 + txŁŁk � 1
t

= max V(x0Ò xŁŁ)

(see for instance [19] or [7, Theorem V.9.5]), so

xŁŁ(xŁ0) + rkxŁŁ + Xk � max V(x0Ò x
ŁŁ)

holds for any xŁŁ 2 XŁŁ.
Before proving the main result, let us recall that a Banach space X is said to be very

smooth if it is smooth (i.e., D(xÒX) is a singleton for any x 2 SX) and the duality mapping
x 7! D(xÒX) is norm to weak continuous. This notion, which is due to J. Diestel and
B. Faires [6, Section 4], has also received attention from some other authors (see for
instance [9]).

Let us note that assuming D(x0ÒXŁŁ) is contained in a small ball, we can get a sharp
control of the right hand term in the inequality of Lemma 4. We will use this idea in
case the Banach space X satisfies the so called Mazur intersection property, that is, any
bounded, closed and convex set in X can be expressed as an intersection of closed balls.
This notion was introduced in [20] and afterwards, it was used by several authors (see for
instance [21, 25]). J. Giles, D. Gregory and B. Sims characterized the Mazur intersection
property in terms of the extremal structure of the dual unit ball [10] and they also gave the
corresponding definition for dual spaces: it is said that XŁ has the wŁ-Mazur intersection
property if, and only if, any wŁ-compact convex set can be represented as an intersection
of closed balls.

There are spaces very smooth not satisfying the Mazur intersection property. For
instance, let us take X = ‡2 endowed with the norm given by

jxj = max
n
kxk2Ò 2jx(1)j

o
+ kãxk2 (x 2 X)Ò

where ã is a fixed sequence in ‡2 of positive real numbers. Since the norm j Ð j is strictly
convex, then the corresponding norm on XŁ is smooth, so XŁ is very smooth. However,
the open set of the unit ball given by

n
x 2 BX : kxk2 Ú 2jx(1)j

o
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does not contain denting points and so, XŁ does not have the Mazur intersection property
(see [9, Theorem 2.1]). On the other hand, there are even finite-dimensional examples
satisfying the Mazur intersection property which are not smooth: any norm in R3 whose
dual unit sphere contains a proper line segment but has a dense set of extreme points [21,
Theorem 4.4]. In fact, there are spaces that can be renormed to have the Mazur intersection
property and do not admit even a Gateaux differentiable norm (see [16] and [13]).

THEOREM 5. Let X be a separable Banach space satisfying at least one of the
following properties:

(i) X is very smooth.
(ii) XŁŁ has the wŁ-Mazur intersection property.

Then X is reflexive if, and only if, the set of norm attaining functionals has non-empty
interior.

PROOF. Assume X is separable, very smooth and there are ö Ù 0 and xŁ0 2 XŁ such
that xŁ0 + öBXŁ ² A(X); the set A(X) is a cone, hence we can suppose kxŁ0k = 1. Let us
choose x0 2 SX with xŁ0(x0) = 1; since X is very smooth, D(x0ÒXŁŁ) is a singleton [9,
Theorem 3.1], so it is just fxŁ0g and the inequality appearing in Lemma 4 gives us

xŁŁ(xŁ0) + ökxŁŁ + Xk � xŁŁ(xŁ0)Ò 8xŁŁ 2 XŁŁÒ

hence kxŁŁ + Xk = 0, for any xŁŁ in XŁŁ, that is, X is reflexive.
Now let us assume that XŁŁ satisfies the wŁ-Mazur intersection property and A(X) has

non-empty interior, so there are xŁ0 2 SXŁ and r Ù 0 such that the ball centered at xŁ0
with radius 2r is contained in the set of norm attaining functionals on X. Since XŁŁ has
the wŁ-Mazur intersection property, the set of denting points of BXŁ is dense in SXŁ [10,
Theorem 3.1], hence we can take xŁ0 as a denting point of BXŁ . We fix 0 Ú ¢ Ú r, and
now the definition of denting point provides us an element zŁŁ0 2 SXŁŁ verifying that for
some ã Ù 0 the slice S(BXŁ Ò zŁŁ0 Ò ã) given by

S(BXŁ Ò zŁŁ0 Ò ã) =
n

zŁ 2 BXŁ : zŁŁ0 (zŁ) Ù 1 � ã
o

contains xŁ0 and has diameter less than ¢. Now, choose zŁ0 with zŁŁ0 (zŁ0) Ù 1 � é2Û4, for
some é Ú minfãÛ2Ò r � ¢Ò 1gÒ which obviously implies that zŁ0 2 S(BXŁÒ zŁŁ0 Ò ã). By
using Bishop-Phelps-Bollobás Theorem [2, Theorem 16.1] we can take yŁ0 2 SXŁ and
yŁŁ0 2 D( yŁ0ÒX

Ł) with

(1) maxfkyŁ0 � zŁ0kÒ kyŁŁ0 � zŁŁ0 kg Ú é

Therefore, by using that xŁ0, zŁ0 2 S(BXŁ Ò zŁŁ0 Ò ã) and the choice of é, we get

kyŁ0 � xŁ0k � kyŁ0 � zŁ0k + kzŁ0 � xŁ0k Ú é + ¢ Ú r

and so, since xŁ0 belongs to the interior of A(X), we know that

(2) yŁ0 + rBXŁ ² xŁ0 + 2rBXŁ ² A(X)

https://doi.org/10.4153/CMB-1998-040-x Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1998-040-x


NORM ATTAINING FUNCTIONALS 285

If we apply Lemma 4 for yŁ0 we get

1 + rkyŁŁ0 + Xk � kyŁŁ0 k = 1Ò

that is, yŁŁ0 2 X, so we will write y0 = yŁŁ0 . Let us check that

S(BXŁ Ò y0Ò é) ² S(BXŁ Ò zŁŁ0 Ò ã);

if xŁ 2 BXŁ and xŁ( y0) Ù 1 � é then

zŁŁ0 (xŁ) Ù 1 � é � ky0 � zŁŁ0 k (by (1))

Ù 1 � 2é Ù 1 � ãÒ

because of the choice of é. So, also the diameter of S(BXŁ Ò y0Ò é) is less than ¢ and, by
using that yŁ0 2 SXŁ and yŁ0( y0) = 1 it follows that S(BXŁÒ y0Ò é) ² yŁ0 + ¢BXŁ . Making use
of the wŁ-denseness of BXŁ in BXŁŁŁ we clearly deduce

(3) D( y0ÒX
ŁŁ) ² S(BXŁŁŁ Ò y0Ò é) ² S(BXŁ Ò y0Ò é)

wŁ

² yŁ0 + ¢BXŁŁŁ

By (2) yŁ0 satisfies the hypothesis in Lemma 4, so we get

xŁŁ( yŁ0) + rkxŁŁ + Xk � max V( y0Ò xŁŁ)Ò 8xŁŁ 2 XŁŁ

But, in view of (3), we can estimate

max V( y0Ò x
ŁŁ) � xŁŁ( yŁ0) + ¢Ò 8xŁŁ 2 SXŁŁÒ

and linking the last two inequalities we conclude rkxŁŁ + Xk � ¢, for any 0 Ú ¢ Ú r and
any xŁŁ 2 SXŁŁ , and this clearly implies X to be reflexive.

As a direct consequence of the previous result we obtain:

COROLLARY 6. If a non-reflexive and separable Banach space X has a Fréchet
differentiable norm, then the set A(X) has empty interior.

PROOF. A Banach space whose norm is Fréchet differentiable has the Mazur inter-
section property. Under this assumption the set of wŁ-denting points of BXŁ is dense
in SXŁ [10, Theorem 2.1], hence XŁŁ satisfies the wŁ-Mazur intersection property [10,
Theorem 3.1] and this time condition (ii) in Theorem 5 is the appropriate hypothesis to
be used.

The result in the above corollary was obtained by M. Jiménez Sevilla and J. P. Moreno
for any Banach space with the Mazur intersection property, by using James Theorem
after renorming the original space [17].

Let us note that this conclusion may be a little bit surprising since for some situations
the set of norm attaining functionals on a Banach space X is residual, for instance, this
happens in case X has the Mazur intersection property and XŁ also satisfies the wŁ-Mazur
intersection property [18, Theorem 2.8].

By using techniques which give equivalent norms satisfying some smoothness con-
dition we obtain:
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COROLLARY 7. Every separable Banach space X which is not weakly sequentially
complete admits an equivalent norm such that A(X) does not contain balls.

PROOF. Let us choose zŁŁ 2 XŁŁnX such that zŁŁ is the °Ł-limit of a sequence fxng

of elements in X, and now, proceeding as in the proof of [11, Theorem 1.2] one can
construct an equivalent norm in X which is differentiable at every x 2 Xnf0g in the
direction of zŁŁ. By [11, Lemma 1.3], this implies that

inf
ãÙ0

Osc
�
zŁŁÒ S(BXŁ Ò xÒ ã)

�
= 0Ò 8x 2 XÒ

where

Osc
�
zŁŁÒ S(BXŁ Ò xÒ ã)

�
= sup zŁŁ

�
S(BXŁ Ò xÒ ã)

�
� inf zŁŁ

�
S(BXŁÒ xÒ ã)

�

and, as a consequence, we have

inf
ãÙ0

Osc
�
zŁŁÒ S(BXŁŁŁ Ò xÒ ã)

�
= 0

Since, given x0 2 SX we have D(x0ÒXŁŁ) � S(BXŁŁŁ Ò x0Ò ã) for any 0 Ú ã Ú 1, then if
xŁ0 2 SXŁ attains its norm at x0, V(x0Ò zŁŁ) = fzŁŁ(xŁ0)g, and so, from Lemma 4, we deduce
that xŁ0 is not an interior point of A(X).

We do not know if the above result holds if the condition of weakly sequentially
completeness is omitted.

Note that Theorem 5 cannot be deduced from the result by J. Bourgain and C. Stegall
that was mentioned in the introduction, since a Banach space with dentable unit ball may
be very smooth. Actually, a very smooth space can be renormed in such a way that the
unit ball has at least a denting point and the condition “very smooth” still holds. To this
purpose, if X = Y ý Rx (x 6= 0) is such space, it suffices to define an equivalent norm in
X by

jy + ïxj2 := kyk2 + jïj2 ( y 2 YÒ ï 2 R)Ò

where we denote by k k the original norm in X. Since (XÒ k k) is very smooth, it is
straightforward to check that (XÒ j j) is also very smooth and the element x in the unit
sphere is a denting point of the unit ball. So, Theorem 5 can be applied at least to one
norm (with dentable unit ball) in any separable space which admits a very smooth norm.

Lemma 4 can also be useful in situations not covered by Theorem 5, for example:

PROPOSITION 8. Let X be a separable Banach space such that XŁŁÛX is infinite
dimensional and for every x0 in SX the set D(x0ÒXŁŁ) is contained in a finite-dimensional
space, then A(X) has empty interior.

PROOF. Let us fix x0 in SX and denote by Y the linear subspace of XŁŁŁ generated by
D(x0ÒXŁŁ). Since Y is finite dimensional, its annihilator YŽ (� XŁŁ) has finite codimension
in XŁŁ, so, by using that XŁŁÛX is infinite dimensional, YŽ cannot be contained in X.
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If we assume now that xŁ0 + rBXŁ ² A(X) for some xŁ0 2 SXŁ, r Ù 0, let us fix x0 2 SX

such that xŁ0(x0) = 1 and Lemma 4 gives us

xŁŁ(xŁ0) + rkxŁŁ + Xk � max V(x0Ò x
ŁŁ)Ò 8xŁŁ 2 XŁŁ

Now, choose xŁŁ 2 XŁŁnX such that xŁŁ belongs to the annihilator of D(x0ÒXŁŁ), so we
have V(x0Ò xŁŁ) = f0g and also xŁŁ(xŁ0) = 0, hence, in view of the previous inequality xŁŁ

belongs to X, a contradiction.
Therefore, under these conditions A(X) has empty interior, as we wanted to show.
It is not difficult to check that Proposition 8 can be applied, at least, in case we take

as X the space c0 or some “canonical” preduals of Lorentz spaces d(wÒ 1) considered
in [8, 22], since in both cases X is M-ideal in its bidual (see [14, Examples III.1.4]
and [26, Proposition 2.2]), that is,

XŁŁŁ = XŁ ý XŽÒ

where XŽ denotes the annihilator of X (in XŁŁŁ) and

kxŁ + xŽk = kxŁk + kxŽkÒ 8xŁ 2 XŁÒ 8xŽ 2 XŽ

From the previous definition it follows that D(xÒX) = D(xÒXŁŁ) for any x 2 SX and
the serious lack of extreme points of the unit ball in both cases (see [1, Lemma 1.3])
allows one to check that D(xÒX) generates a finite dimensional subspace. However, for
non-reflexive M-ideals, the unit ball is not dentable, so Bourgain-Stegall’s result applies.

Now we will show that, in a certain sense, the hypothesis of very smooth is not too far
from being sharp in Theorem 5. Taking into account that the assumption of smoothness
on X implies that the set A(X) is not too large (there is just one normalized functional
attaining its norm at each point in the unit sphere of X), it is easy to believe that the
complement of A(X) is dense for a non-reflexive Banach space satisfying this kind of
condition. But we will prove that assuming X is just smooth one cannot expect the same
result.

PROPOSITION 9. Let X be a separable Banach space, then there is a smooth space Y
isomorphic to X such that A(Y) has non-empty interior.

PROOF. In view of Corollary 2 we may assume that XŁnA(X) is not dense in XŁ.
Now the proof of [4, Theorem 9.(4)] provides us an equivalent norm j j on X such that
Y = (XÒ j j) is smooth and also A(Y) = A(X), so the condition A(Y) has non-empty interior
still holds.

On the other hand, one can consider a class of Banach spaces including spaces which
are either very smooth or satisfy the Mazur intersection property, which is those X
whose dual space XŁ does not contain norming proper (closed) subspaces. Again this last
hypothesis is not sufficient to get the same conclusion as in Theorem 5 or Corollary 6.
To show this, let us consider the following case:

https://doi.org/10.4153/CMB-1998-040-x Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1998-040-x


288 M. D. ACOSTA AND M. R. GALÁN

EXAMPLE 10. There is a non-reflexive Banach space X whose dual space has no
norming (proper) subspaces and XŁnA(X) fails to be dense in XŁ.

It is enough to consider as X the space c0 endowed with the norm j j whose unit ball
is given by the set

B = j co j
�
Bc0 [ f2e1g

�
Ò

where we denote by feng the usual basis of c0. By Proposition 1 we know that for
this space the set of norm attaining functionals has non-empty interior. We need just to
check that XŁ does not contain proper norming subspaces. Under the usual identification
XŁ � ‡1, we clearly have in XŁ

jyj = max
n1X

k=1
jy(k)jÒ 2jy(1)j

o
( y 2 XŁ)

where we also denote by j j the dual norm of (XÒ j j). Now, if M ² XŁ is a norming
subspace, then we clearly have for every n ½ 2

(1) jenj = sup
n
jy(n)j : y 2 MÒ jyj � 1

o
= 1;

since jyj ½
P1

k=1 jy(k)j ½ jy(n)j for any y 2 XŁ and M is closed, (1) clearly forces
that eŁn 2 M, for any n ½ 2 (feŁng is the sequence of biorthogonal functionals of the
basis feng). But using again that M is norming, there has to be an element y 2 M with
y(1) 6= 0; from this condition and the fact that M contains the subset feŁn : n ½ 2g it
follows M = ‡1 � XŁ, as we wanted to show.

Finally, we would like to point out that if one considers other topologies in the dual
space the assertion in Corollary 6 may be satisfied without assuming any additional
hypothesis; for instance, G. Debs, G. Godefroy and J. Saint Raymond prove in [4,
Lemma 11] that for any separable non-reflexive Banach space X the set XŁnA(X) is
always wŁ-dense in the dual space XŁ.
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16. M. Jiménez Sevilla and J. P. Moreno, Renorming Banach spaces with the Mazur intersection property.

J. Funct. Anal. 144(1997), 486–504.
17. , A note on norm attaining functionals. Proc. Amer. Math. Soc. (to appear).
18. P. S. Kenderov and J. R. Giles, On the structure of Banach spaces with Mazur’s intersection property.

Math. Ann. 291(1991), 463–473.
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