On the limits of oscillation of a function and its
Cesaro means
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There is a group of Tauberian theorems of which the simplest is
one due to K. Ananda Rau [Theorem 2 of the paper numbered 1 in
the list of references at the end of the note]. More complicated
theorems of the same group are discussed in a paper by S.
Minakshisundaram and myself to be published by the London
Mathematical Society [4]. »

There is another group of Tauberian theorems of which the most
general is one of Karamata’s [2, Satz 1], its special cases being the
well-known oscillation theorems of Fekete ahd Winn [Proc. London

- Math. Soc. (2), 33 (1932), 488-513; Journal London Math. Soc., 8
(1933), 27-32}. - ,

The precise nature of the relation between the two groups of
Tauberian theorems does not seem to have been studied till now.
This note shows that Karamata’s results admit of generalizations
whose basic idea is also that of the first group of Tauberian theorems.
This idea has been recently embodied by L. S. Bosanquet [1] in
certain difference formulae of which Lemmas 1, 2 are simplified
versions sufficient for the purposes of the note.

1. In a well-known theorem [2, Satz 1], Karamata has refined
and elaborated Fejér’s relation between the intervals of oscillation of
a sequence and its first order Cesiro mean. The theorems which
appear below suggest a formal generalization of Karamata’s results,
different from-the one due to S. Minakshisundaram [3, Theorem 2]
mentioned in § 3.

THEOREM A. For any funclion s(t) defined in (0, ®) and of
bounded variation in every finite interval, let

o, (%) =M)— =£r (x—P-ts(t)dt (p=1,2,3,....), (1)
x?P J,

a?

1 Numerals in thick type appearing within square brackets indicate references given
at the end of the note.
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0o () = 8¢ (x) = s (2), (o)
Gp=lim o, (2),,=5~g, (p=0,1,2,....).
2= iDL
If lim sup Max {s(# )—s =W+ >0, (2)
t—>» tSU SN

and 0 <8 <1<A, then
A—1 4, () op—I-B (A) 6, l>1’ lj
- g + W+ ()dt,p= 1 3
(5 ns QBB 0% (2= Wdpz1, (3)
where 4,(A), B, (A) are polynomials of degree p in A such that
‘ 4,(N)+B, (N _ _ (A - 1>p_
T(p+1) p )’

4,() <0, B,()) >0,
1-6\7. v (8) o,4+D, (6) o, <1—9 7! W+<i>dt =1, (4
<'10)° T+ p) j el O

where C, (8), D, (0) are polynomials of degree p in 8 such that

pw>+Dp<0>=<1—0>.
T'(p +1) p /)

II/\

C,(6) <0, D, (6) >0,

Jurther, when § = 1/,

(Ap > ogB (A -;4;,)(A5P+<Apl>f ]j {W+(t)+w+( >}dt’1@1. (5).

THEOREM B. If in theorem A, we have, in addition to (2),

lim inf Min {s(t) —s()}= — W- () <0. -(6)

—>o tSV=SAE
L\ 0) g, + Fy (2, 0)5,

() (5 ==

+ <A-%—1>HE -+ (20) Jowe <%> dpz1, (1)

- {(A_*_l) N <1_—9>} vz — B2 005 + F, (0,0 g,
? P - Fp+1)
— -1 p—-1 ' .
+ <)‘___}>p f w+ (t) dt + < e>. J w- <.l_> at, p =1, (8)
. D P ) t
where B, (A, 0), F, (A, 0) are polynomials of degree p in A, 0 such that

E,(A8) = —B,(A) + Cp(0) + 3 {1 + (— 1)27Y},
F,(2,0) = — A?,(/\) + D, (8) — 3 {1 + (— 1)P+1};

. then

IIA
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Jurther
(5 + 5o
w22 W a (=) W<%> dtpz1, (9

where 2W A=W+ (A) + W- (A).

1. 1. These theorems reduce to Karamata’s theorem when p=1.
Though unwieldy they bring to light a natural connection between
Karamata’s theorem and a group of Tauberian theorems discussed in
two papers recently presented to the London Mathematical Society
[1, 4).* This connection turns on an idea expressed by L. S,
Bosanquet [1] in certain difference formulae which (to suit our
immediate needs) can be simplified as follows.

LemMa 1. For any function F (x) of z and ¢ > 0, let us write

MF@) =% (- 1)v<f>F(x+p—.v¢), P21

v=0

totd [litd (latd [tp—1+d ’
Then Af;sp(to)=1‘(p+l)_[dtlJ.dtzj_.. j 8 (t) de.
to . ls

t tp—1

LemMA 2. For any function F (z) of x and w > 0, let

AP F(z)= § (—l)"<p>F(x—vw), p2 1.
=0 14

lo ) ts tp—1
Then Ap_msj,(to)=l-‘(p+1)—[ dtlj dtz-" ...j s(t)dt.

to—w () —w t,—w tp—l_w

2. Proor or THEOREM A. To prove (3) we putd=(\ —1)z/p
in Lemma 1 and write it in the form

A?g (x) z+d [t +¢ [tp—1+d
— ¢Ps(x) = — f—(d)z—v{t_l) + Ldtl le .. L {s (t) — s ()} dt

= I + J (say). (10)

1 One of the Tauberian theorems in question [4, Theorem 2] is a direct generaliza-
tion of the result: given (2), op () = O(1)as x ~ o implies ag (x) = O(1). Theorem
A, on the other hand, is an attempt to develop this conclusion without going beyond
the hypothesis (2).
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Now,inJ,z2<, <t <t + (p — 1)¢ and hence

J< rM Max  {s(t) — s (2)} ¢~ dt,

z zsSist+Hp-1D4¢

= j'\ Mazx {8(2) — s(z)} ¢t dt

1 +(p_1)% ZStSt2

éqs,_lxr. W+ () dt +o0(d212) (x-500). (11)

e
1+(» l)z
Next

C e b ap(7) REEE (s gy
F'(p+1) »=0( ) v) (+p— vy Povy
Writing ¢, = ( P ) <1 +p— v%)p = a positive quantity independent
14 .

" of z, we get

{Co+ca+ ... ( )}‘Zp+ T +1){1+ e+ ... ( )}o?
+o0o(2?) (x—> ),
»4 ()\)o + B, (\) &
I<z » )
or = T+  °

IS -t

(x?) (x = ) (12)

where

A, (AN = —{eo+ca+ ....( )} By (A)={c; +e¢c3 + )
so that

4,0+ B0 =~ £ (-u(P)(2Ee=ve pT”‘ﬁ)": _ Mg

€ P

=—-TI'(+1) <$>,,

 Using (1) and (12) in (10) we obtain
_(2Y A,(Ayo, + By(A) o p=1 "
(-x—> s(z) < Tp T 1) 1’+< ) j W+ (t) dt
+0(1) (xew),

whence (3) results immediately.

To prove (4), choose w = (1 — #) z/p in Lemma 2 and write the
lemma .

A? =, (2) p
o= a7 e —swa

=17

=1I' + J' (say). (13)
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InJ',t,—(p—1Nw=t<t < zandso

J = J. Max {s(x) —s(t) wP1dt

Z—w t,-(p— l)mStSz

1—-(p— 1)?;
=j Max {8(z) —s(f)} P~ 2 dt
8 t'rzsStsz
—p-12 1 :
é‘"""”f T (T’)d" +o(wla) (z—>w).  (14)
]

Next
. x?P 2 8, (x —vw) [ w\?
=rp+n .50V < > (@ — vw)? (1_”?>

4
whence setting d, = <p > ( 1—v %> = & positive quantity independent
: v/

-of z, we find

I’<—~—-———~———{o+d2+ o ( Nop—

S M) (it dy+.... (o,

Ty 1)
+o(x1’) (x = »). (16)
Using (14) and 4(15) in (13) we can get (4) exactly as we got (3)
formerly. (5) follows by addition from (3) and (4) since
A2 C, (1/A) = — B, (A), A2 Dy (1/A) = — A4, ().

Proor or THEOREM B. (7) is obtained by a repetition of the
preceding arguments, after we have put¢ = (A — 1) 2/p, w = (1 —8)z/p
in the following combination of Lemmas 1, 2.

A3s, (®)+AOP, 5 (@) _ (70, [6F® (s
(7 +w?) s ()= =% wP ey ? _I dtl‘[z. LH {s (t)—s ()} dt
T 1) ty—1
+j dt, j e j’ {s(x) —s(t))dt? (16)
T—w i —w lp—1—w

(8) is deduced from (7) by considering B (z) instead of s (z). Finally
(9) is obtained by adding (7) and (8).

3. For the sake of completeness I conclude with the statement

1 When p is odd, the term — s, () in Agsp (x) cancels out sp(x) in AP sp' (x)-

Hence, in the passage from (15) to its limiting inequality form, we have to add
(gp — ap)/I'(p + 1) to the right-hand member when p is odd. This accounts for the
expressions for By (A. 6), Fp (A, 0) in terms of A, (A), By (A), Cp (6), Dy (6).
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of two theorems which are easy deductions from Karamata’s special
case p = 1 of Theorems A, B.

TaeorEM C. If oy (z) s defined as in (1) for any positive k (not
necessarily integral) and if (2) is postulated, then, for 0 <0 <1 <A,

~ OGS AW+ BN+ | WA (1)

(1 =055 G Oz + DG+ | Wrapa a8

THEOREM D. Posmlating (2), (6) and 0 < 0 < 1 < A, we have
A—=0o, < E (A 0%, + F (A, 0) oy

+[ g as Jwe (-i) i,  (19)
- ()‘ - a)gké - El ()‘: 0)31,.(_1 - FL ()‘r 0)‘_7],+1
A 1 1° )
wydt+\ w—(L)de 20
+L @) +L (t) (20)

The first of these theorems appears elsewhere [3, Theorem 2] with
some misprints. Either theorem leads to a relation between [, and
Iy where k = k& — the greatest integer not exceeding k.
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