15
Clifford relations

Clifford algebras and Clifford relations were studied by mathematicians long
before canonical anti-commutation relations were considered by physicists. Actu-
ally, the “(neutral) CAR representations” that we introduced in Def. 12.1 could
be called “representations of self-adjoint Clifford relations”.

We will use the name “Clifford relations” for anti-commutation relations iden-
tical to those of Def. 12.1, but without assuming that the underlying vector space
is real, the corresponding operators are self-adjoint or that they even act on a
Hilbert space.

In our short presentation we will restrict ourselves mostly to Clifford rela-
tions over finite-dimensional pseudo-Euclidean spaces. Our main motivation is
to describe spinor representations of the Lorentz group (in any dimension).
Nevertheless, we will consider the case of a general signature as well.

Some real Clifford algebras are closely related to the quaternion algebra,
denoted by H. Therefore, we devote Sect. 15.2 to a brief summary of its
properties.

We will use the shorthand K(n) := L(K"), where K = R, C,H. We will write
[x] for the integer part of x € R.

15.1 Clifford algebras
15.1.1 Representations of Clifford relations

Let K be an arbitrary field and ) a vector space over K. We assume that ) is
equipped with a symmetric bilinear form v.
Let V be another vector space (possibly over a bigger field).

Definition 15.1 We will say that a linear map
Yay—7"(y) € LV) (15.1)

is a representation of Clifford relations or, for brevity, a Clifford representation
over Y in V if

[7”(3/1),77T(yz)]+ =2yr-vypl, Yy, €Y. (15.2)
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15.1.2 Clifford algebras

Definition 15.2 The Clifford algebra Cliff()) is the unital algebra over K
generated by elements v(y), y € Y, with relations

YY) =M (y), Ae K, vy +u2) = () + (%),
Y(w)v(y2) +7(w2)v(w1) = 291 vy 1l
We have the following analog of Prop. 12.31:
Proposition 15.3 If

Yoy—9"(y) € L)
is a representation of Clifford relations, then there exists a unique homomorphism
7 Cliff (V) — L(V)

such that (1) = 1y and 7(v(y)) =" (y), y € V.

Many concepts and facts described in the context of the CAR apply almost
verbatim to Clifford relations and algebras. For instance, a(é(y)) = —é(y), y €
Y, extends to a unique involutive automorphism « of Cliff(}). Clifford algebras
split into their even and odd parts: Cliff(Y) = Cliff,(Y) @ Cliff; ()). Cliff())
is a sub-algebra of Cliff(}), which differs from Cliff(}Y) if the field K has a
characteristic different from 2 (which is the case for K = R, C).

There also exists a unique anti-automorphism A — Af, called the transposi-
tion, which on products of y(y) equals

(Y1) )" = ywe) ().

15.1.3 Complex Clifford algebras

Let us consider an n-dimensional space ) over C equipped with a non-degenerate
form v. All such forms are isomorphic to one another, so it is enough to assume

that Y = C" and z.vz = 3 (2j)? for 2 = (21,...,2,) € C". It is easy to see that
j=1
in this case
ClLiff (C*™) = C(2™),
CLff(C*" 1) = C(2™) @ C(2™).
Thus, as an algebra, Cliff(C") coincides with CAR(R") defined in Def. 12.30,
where the transposition T coincides with #. However, we forget about the Her-

mitian conjugation *, the complex conjugation ¢ and the norm || - ||. (CAR(R")
is a C*-algebra, whereas Cliff(C") is not.)
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Suppose now that the space ) is oriented (see Subsect. 3.6.8 for the definition
of an orientation of a complex space). Let (ej,...,e,) be an o.n. basis of Y
compatible with its orientation, and write v; for v(e;).

Definition 15.4 The volume element is defined as
W=7 """""n-

Note that w depends on the o.n. basis (ej,...,e,) only through its orienta-
tion. Set m := [n/2]. The following table summarizes the form of the algebras

Cliff(C"):

Table 15.1 Form of Cliff (C")

n (mod4) w? Cliff, (C") Cliff(C™)
0 1 (C(szl) @(C(mel) C(zm)
1 Il C(Q'UL ) (C(Q"L ) @ C(QUL )
2 1 (C(Qm'_l) @C(Qm_l) (C(?m)
3 ~1 c@em) c@™) e Cc@2m)

15.2 Quaternions

In this section we briefly recall the properties of quaternions.

15.2.1 Basic definitions
Definition 15.5 The real algebra H with basis 1,1, ],k satisfying the relations

2=3?=k=-1, ij=k, jk=i, ki=j
is called the algebra of quaternions. It is equipped with an involution * acting as
"=1, i*=-i, j*=-j, k=-k
For x € H, we set
Rex := %(x—!—x*), |z] = Va*x.

(Note that x*x is always real positive.)

If v = 21 + i + 23] + ak with 21, 25, 75, 7 € R, then

Rex = 1, |z|:\/x%+x?+xj2+:c12{

Note that | - | is a norm on the algebra H. If ,y € H, then |zy| = |z||y|. H is an
example of a real C*-algebra.

https://doi.org/10.1017/9781009290876.016 Published online by Cambridge University Press


https://doi.org/10.1017/9781009290876.016

15.2 Quaternions 371

H is a real Hilbert space with the scalar product

(z]y) == Rex"y = z1y1 + ziyi + xjy; + 2k, @,y € H.

Definition 15.6 An algebra all of whose non-zero elements are invertible is
called a division algebra.

Clearly, H is a division algebra.

15.2.2 Quaternionic vector spaces

Quaternionic vector spaces and finite-dimensional quaternionic vector spaces
have obvious definitions. Every finite-dimensional quaternionic vector space is
isomorphic to H" for some n. Note the identifications

RTL@C:C’VL’ RH@H:H’!L.

H-linear transformations on a quaternionic vector space have an obvious def-
inition. Note the identifications

R(n)® C=C(n), R(n)®H=H(n).

Definition 15.7 Suppose that X is a quaternionic vector space, equipped (as
a real space) with a scalar product (z|y) € R, z,y € X. We say that this scalar
product is compatible with the quaternionic structure if

Az Ay) = (AP (zly), A€H, z,y€X.
A quaternionic space with a compatible scalar product complete in the corres-

ponding norm is called a quaternionic Hilbert space.

Every finite-dimensional quaternionic Hilbert space is isomorphic to H" with
the scalar product

(xly) == ZRex;fy,;, z,y € H".

15.2.3 Embedding complex numbers in quaternions

Clearly, there exists exactly one continuous injective homomorphism R — H.
However, there exist many continuous injective homomorphisms C — H. Such a
homomorphism is determined uniquely if we fix the image of i € C inside H. It
is natural to denote it also by i.

Let us fix such a homomorphism C — H. Now H becomes a two-dimensional
vector space over the field C. The map

1
H>zw— i(a: —izi) € C (15.3)
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is a projection. H is equipped with a sesquilinear scalar product

(zly) := %(yac* —iyz*i). (15.4)

In fact, by (15.3), the values of this scalar product are in C. The computation

1 o s
(olzy) = 5 (ea” — izye™i) = 2(aly),

(zzly) = %(yx*? —iyz*zi) = (zly)z, 2z €C,
shows that (15.4) is sesquilinear.
Note that the real scalar product is compatible with the complex scalar prod-
uct: (z|y) = Re(zx|y).
(1,j) is an example of an o.n. basis of H w.r.t. (15.4).
If we fix an embedding (15.3), then quaternionic vector spaces can be re-

interpreted as complex vector spaces, and quaternionic Hilbert spaces as complex
Hilbert spaces.

Definition 15.8 If X is a quaternionic vector space, then Xc will denote the
same X understood as a complex space. It will be called the complex form of X.

15.2.4 Matrix representation of quaternions

Quaternions can be represented by the Pauli matrices multiplied by i:

w=[ 2] wo=[y 2] =[5 =) d]

Thus we obtain a representation of quaternions on the Hilbert space C2:
7 :H — B(C?). (15.5)
In this representation,
m(z*) = n(x)*, |z| = +/detn(z). (15.6)
We have
m(H) = {\U : U e SU(2), X€0,00[}.

Another useful relation, which depends on the representation chosen above, is

m(H)={A € B(C*) : A=RAR™'}, (15.7)

where A is the usual complex conjugation of the matrix A and R = 7(j). Note
that RR = —1.

If we replace (15.5) by Wm(-)W* for some unitary W, then R is replaced by
Ry = WRW . Note that Rw Rw = —1 as well.

https://doi.org/10.1017/9781009290876.016 Published online by Cambridge University Press


https://doi.org/10.1017/9781009290876.016

15.8 Clifford relations over R%P 373

15.2.5 Real simple algebras

It is well known that one can classify all simple finite-dimensional algebras over
C and R. The complex case is particularly simple.

Theorem 15.9 Let 2 be a complex finite-dimensional simple algebra. Then there
exists a positive integer n such that A is isomorphic to C(n).

The corresponding classification in the real case is more complicated.

Theorem 15.10 Let 2 be a real finite-dimensional simple algebra. Then there
exists a positive integer n such that 2 is isomorphic to C(n), R(n) or H(n).

Moreover, suppose that m: 20 — L(V) is a representation of A in a complex
space V. (Such a representation always exists.) Define the complex conjugate
representation 7 : 2 — L(V) by T(A) :=n(A), A€ A. Then the following are
true:

(1) 2 ~ C(n) iff there exists no R:V — V linear invertible such that 7(A)R =
R7(A).

(2) A~R(n) iff there exists R:V — V linear invertible such that m(A)R =
R7(A) and RR = 1.

(3) A~MH(n) iff there exists R:V — V linear invertible such that m(A)R =
R7(A) and RR = —1.

If 7 is irreducible, then R in (2) and (3) is defined uniquely up to a phase factor.

Remark 15.11 Note that we have the following equivalent versions of (1), (2)
and (3) of the above theorem:

(1) There exists no anti-linear invertible x on V such that n(A)x = x7(4).
(2) There exists an anti-linear invertible x on V such that n(A)x = x7(4) and

2
x° =1L
(3) There exists an anti-linear invertible x on V such that n(A)x = x7(4) and
2
x- =—1

We can pass from x to R by xv = Rv.

In particular, R(n) can be embedded in C(n), and then R = 1. H(n) can be
embedded in C(2) ® C(n), so that R =7(j) ® 1.

15.3 Clifford relations over R%?

Let us consider an n-dimensional vector space over R equipped with a non-
degenerate symmetric form v. All such forms are determined by their signa-
ture, that is, a pair of non-negative integers ¢, p with n = ¢ 4+ p, so that by an
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appropriate choice of a basis the form v can be written as

vy ==Y+ D (15.5)

Definition 15.12 The vector space R" equipped with form (15.8) will be denoted
R%P.

In this section we will study representations of Clifford relations over R%?.

Definition 15.13 A representation of Clifford relations will then be called a
real, complex, resp. quaternionic representation, if it acts on a real, complex,
resp. quaternionic space V. Elements of V will be called real, complex, resp.
quaternionic spinors.

Of course, the complex case is the most important.

15.3.1 Basic facts
Let
R 5y —9"(y) € L(V) (15.9)

be a Clifford representation.

Definition 15.14 We set 4] := " (e;), where €; is the canonical basis of RIP,
and the volume element of the representation v™ is defined as

W=7 ). (15.10)

Proposition 15.15 Consider the Clifford representation (15.9). Then

R?? 35y — —"(y) € L(V) (15.11)

is also a Clifford representation. If n is even, then

so w™ implements the equivalence between (15.9) and (15.11).

The following proposition is proven by mimicking the arguments of Thms.
12.27 and 12.28. Recall that ¢ +p = n.

Proposition 15.16 (1) Let n be even. Then all complex irreducible Clifford
representations over RUP are equivalent and act on C"/2.

(2) Let n be odd. Then there exist exactly two inequivalent complex irreducible
Clifford representations over RT?. Moreover, if (15.9) is irreducible, then so

https://doi.org/10.1017/9781009290876.016 Published online by Cambridge University Press


https://doi.org/10.1017/9781009290876.016

15.8 Clifford relations over R%P 375

is (15.11), and they are inequivalent. They act on C"~V/2 and satisfy
W™ = £inD/2+ay, (15.12)

(3) Ify™ is an irreducible complex Clifford representation, then the complex alge-
bra generated by ™ (y), y € Y, is isomorphic to C(2!"/?).

The following proposition shows that it is easy to pass from the signature ¢, p
to p,q.

Proposition 15.17 Suppose that V is complex. Let the linear map € : RP9 —
R%P be defined by ee; =eqyj for 1 < j<p, eep; =¢€; for 1 < j<gq, where
€1,...,6e, 1s the canonical basis. Then

RP? 3y iy (ey) € L(V) (15.13)

is a representation of Clifford relations.

15.3.2 Charge reversal

In this section we consider a representation (15.9) of Clifford relations in a com-
plex space V. For simplicity, we drop the superscript .

Definition 15.18 Suppose that x+ and x— are anti-linear operators on V.
(1) x4+ s called a real charge reversal if

XWX =), K =1
(2) x4+ is called a quaternionic charge reversal if

X+ 7YX =), X =-1L

(3) x— 1s called a pseudo-real charge reversal if

(4) x- s called a pseudo-quaternionic charge reversal if

Xx-7YWx=' =-y), x> =-1L

In the case of an irreducible representation, the operators y+ are determined
uniquely up to a phase factor.

Theorem 15.19 A complex irreducible representation of Clifford relations over
R%P possesses a charge reversal of the following types:
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p— ¢ (mod8)

0 real

1 real

2 real

3

4 quaternionic
5 quaternionic
6 quaternionic
7

pseudo-real

pseudo-quaternionic
pseudo-quaternionic
pseudo-quaternionic

pseudo-real
pseudo-real

If both x— and x. exist (which is the case for all even n), then xix— s

proportional to w (see Def. 15.14).

Proof Prop. 15.17 shows that it is enough to prove the real and quaternionic
parts of Thm. 15.19. In fact, (15.9) is irreducible iff (15.13) is. Moreover, (15.9)
possesses a real, resp. quaternionic charge reversal iff (15.13) possesses a pseudo-

real, resp. pseudo-quaternionic charge reversal.

For the proof of Thm. 15.19, it is convenient to use real Pauli matrices, that

is,

0 1 1 0 -1
9122012{ }7 9212.022[1 0

1 0

1

Note that 62 = —02 = 2 = 1, and

1
}7 9312032[0

616, = —690, = 03,
0203 = —030, = 01,
05601 = —0105 = 05.

Moreover, R(2) is generated by 61, 6,.

Let us now start the main part of the proof. Recall that n = ¢ + p. For any
(g,p) with m = [(q + p)/2], we will construct a family of matrices in R(2™),

L
such that
7,97l =0, 0<i<j<n,
q:P\2 ot j 4P
(v}*)? = =1 for ¢ distinct j and (7]

+1.

https://doi.org/10.1017/9781009290876.016 Published online by Cambridge University Press

)2 = 1 for p distinct j. If possible, we will
also construct a real matrix RY” such that RY"y7" (RL") ™" = 41" and (R{")? =


https://doi.org/10.1017/9781009290876.016

15.8 Clifford relations over R%P 377
First assume that ¢+ p is even. The case ¢ =p is particularly easy. We
set
, j—1
'}/g}q_] = 9?(7 ) X 915
i—1 .
73]7{1:0{;@(] >®02; ]:1,...,q,

4. ®
RTT = 199, (15.14)
For ¢ < p, we set
‘ . e atp pP—q
T
atp atp ..
VZ’p i=7,2 7, for remaining k;

RY? = (6, ®02)¥, for even p;q’ then (Ri’p)2 = (—]l)p%[;
p—q—2

P then (R = (-1)*

RYP = (0, ®0,) 7 @6, ®06%, for odd

For ¢ > p, we define

, at+p g+p q—p
P s T - .
Y21 T o1 7 5 I L..., 5
q.,p (/‘*’F‘(]‘FW ..
v =7 7, for remaining k;

RYP = (0, ®91)%, for even p;q’ then (Ri’p)2 = (—Il)p%];
p—q—2

RYP = (0, ®0)) " @60, 00, for odd 1%, then (R1?)? = (—1)"

This ends the proof of the real and quaternionic cases for g + p even.
Next assume that g + p is odd. This time, the case ¢ + 1 = p is particularly

easy. We set

=0 e,

i—1 .
’Yg‘;‘qul = 0?(J )®927 ]:13"'7(]7
q+1 g ®
S1 =05,
ROTTL = 1%, (15.15)

For ¢ < p—1, we set

gtp—1 giptl p—q— 1
4P . 2 0 2 s .
FYQ/ '*172_7' 9 jfla"'a 2 )
g+p—1 q+p+1
Wri=~,7 " 7 , forremaining k;

pP—q— - - 1
R = (0, ® 6y) + “. for even 2%, then (R%?)* = (—1) ;

} —qg—1
R%"  does not exist for odd %
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For ¢ > p — 1, we define

- . q+pfl’q+p+] . q_p+1
’Y;ijfl = 172]'721 : 9 .7 :17"'7 2 )
gtp—1 g+p+1
Wri=n,7 7 %, for remaining k;
_ —g—1 e
R := (0, ® 01)%, for even pig , then (RT?)? = (—1)" : ;
—qg—1
R does not exist for odd %
This ends the proof of the real and quaternionic cases for g + p odd. O

15.3.3 Real spinors

In this subsection we consider real representations of Clifford relations.

Note that if we have a Clifford representation on a real space, then by
replacing this space with its complexification we obtain a complex Clifford
representation.

Conversely, if we have a Clifford representation on a complex space V equipped
with a charge reversal x,; of real type, then we can decompose V into a direct
sum of real subspaces, V = VX+ @ V~X+ | where

V- ={veV : xquv=v}, V¥ ={weV : xsv=—v}

Clearly, we can restrict the representation of Clifford relations to real spaces VX+
and VX

Suppose that p — ¢ equals 0, 1 or 2 modulo 8. Recall that in this case irre-
ducible complex Clifford representations are equipped with a real type charge
conjugation. Therefore, there exists a real representation of Clifford relations over
Ro? in R Tf ~™ is such a representation, then the real algebra generated by
7" (y), y € Y, equals R(2["/2]).

Clifford representations possessing a real type charge reversal that appeared
in the proof of Thm. 15.19 used complex matrices. It is possible to redefine those
representations so that they involve purely real matrices. Such representations
are often more complicated than those appearing in the proof of Thm. 15.19. In
what follows we will construct such Clifford representations for all real cases of
(¢,p). They will be generalizations of the Majorana representation, well known
in physics in the case (1, 3).

First recall that for ¢ = p the representation described in (15.14) involved only
real matrices. Then we describe real representations with one of ¢, p equal to zero
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and the other < 8. First we consider the Euclidean case:

’y?’l =1, 79’2 =0, 718 =0 111,
=05, W =0 elelel,

W= 00,260, @1,
A8 =0, ® 60, ® 05 1,
72,8 2:92@)]1@02 ®917
WS’S =0, 1® 60, ® 03,
W%Z =0, ®60, @1 6y,

v =000 1R 0,
.= 1, w2 = 0, W8 =0, @6y ® 0y ® 0.

Next we consider the anti-Euclidean case:

7 o= Belel, 4 = 6011, 4y =60,011x 1,
W= 0,260,010, 7' = 0,060, 01, 15" :=0; 060, ® 0, @06y,
'yg’o =60, R0, ®0,, 7;’0 =0 R0, 00, 7§’0 =03 060,060, @1,
AW =000, @02, 7" =0, @05 205, ) =000, @0, 21,
A= 01060, 70 = 01060, v’ =0k0106, 6,
’)/g"o =03 ®92®91, ’yg’o =03 ® 0 ®01, ’yg’o =03 1® 6, ®93,
"y;’o =05 ® 0, ® 065, ’)/?’U =030, 1® 0,
720 =0 @605 @ 1® s,

W= 4,19l W= 1011, V=0 lelal.

Now let us consider a pair ¢ < p. Let p = ¢+ 8r 4+ u, 0 < u < 8. Clearly, u =
0,1 or 2. Then we set (where we drop the factors of 1 tensor multiplied on the

right)
“Y;Z’p ::,ygfl’ k=1,...,2q;
Varrsivs = W @ (W) ®710‘8’ 0=0 =1 =18
ihares =GB WO @0, =1, u
R = 194 g (R 8y@r ®RO u (15.16)
Similarly, for a pair ¢ > p, we write g = p + 87 +u, 0 < u < 8. Wehaveu = 0,6
or 7. We set
%Z.,p — 75-,107 k=1,...,2p;
Wisiy =T @N)T @Y =0 =1 =18
Vitrsres =W @ @) @, j=1,
RI? = 19 g (R*)® @ R™. (15.17)
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15.3.4 Quaternionic spinors

In this subsection we consider quaternionic representations of Clifford relations.

Recall that a quaternionic vector space, after embedding C in H, can be inter-
preted as a complex vector space. Therefore, every Clifford representation on a
quaternionic vector space V can be interpreted as a complex Clifford represen-
tation on V¢.

Conversely, if we have a complex Clifford representation with a quaternionic
charge reversal x, then setting j := x. we can consider V as a vector space over
H. The Clifford representation then becomes H-linear.

Suppose that p — ¢ equals 4, 5 or 6 modulo 8. Recall that in this case irre-
ducible complex representations possess a charge conjugation of quaternionic
type. Therefore, there exists a quaternionic representation of Clifford relations
over RP in 2"/ If ~™ is such a representation, then the real algebra gen-
erated by 7" (y), y € Y, equals H(2[*/2=1).

It is instructive to construct representations of Clifford relations for all quater-
nionic cases of (¢,p) by matrices in H(2["/2]).

Note that the matrices 1, i6;, 65, i3 can be viewed as the generators of quater-
nions. Moreover, a real matrix tensored with a quaternion is a quaternionic
matrix.

Let us first describe quaternionic representations with one of ¢, p equal to zero
and the other < 8. First we consider the Euclidean case:

7?74 = 01 & Ila ’7?’5 = 91 ® ]17 7?76 = 61 ® ]1® ]1’

W= h@1, A0 = 6301, W =6helel,
v =0, @101, 197 =0, @101, 15" =0, @6, @ 0,
W =0, @163, 1) =0, @163, 79" =0, @ 03 @ 0,
WP = 0, W' =0 01xi6),

10 =0, @ 1® 163,

R} := 1®6y, R}’ := 1@6,, R}’ =121 6.
Next we consider the anti-Euclidean case:

w o= 0y, o= b, A =@,

% =0, 0 =0, Y =0 @ 0,
W' =i, Y =05 @iy,
’)/;1"0 = 93 ®i€3,

R := 6y, R*" := 65, R :=16,.

The case of arbitrary ¢, p is dealt with as in the case of real spinors; see (15.16)
and (15.17). a
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15.3.5 Representations of Clifford relations
on pseudo-unitary spaces

Let V be a finite-dimensional complex vector space and
R?? 35 y+— v(y) € L(V) (15.18)

be a Clifford representation. Recall that V* denotes the space of anti-linear func-
tionals on V. Clearly,

RYP 5y +(y)* € L(V¥) (15.19)

are also Clifford representations. It is natural to ask when (15.18) and (15.19)
are equivalent. The following proposition answers this question for irreducible
representations.

Proposition 15.20 Let (15.18) be irreducible.
(1) There exists an invertible Ay € Ly(V,V*) such that

V()" = A (y)AT!

iff p is odd or q is even.
(2) There exists an invertible \_ € Ly, (V,V*) such that

—v(y)* = Ay(y)A~!

iff ¢ is odd or p is even.

Proof Let v1,...,7v, be an irreducible Clifford representation in the canonical

basis of R%?. Then writing v; =i¢;, j=1,...,qand v =¢;, j =q+1,...,n,

we obtain an irreducible Clifford representation over R", ¢1,...,¢,. On the

space )V we can fix a scalar product such that ¢; = ¢}, so that we obtain a CAR

representation. This scalar product allows us to identify the space V with V*.
Obviously, v; = —v;, j=1,...,¢,and v; =v;, j=¢+1,...,n.

Now set
AL = +i1/2 S Yy, even g;
Al = A2y 0 0dd g
P iip/Q’Yqul 2 Yn, €EVEN Pj

Ay = ii(P*l)/nyqul < Y, odd p.

We check that A% = Ay, A3 = 1 and Ay, = £/ 4.
Note that if n is odd, then we obtain two distinct formulas for A, or A_. Using
(15.12), we easily see that they define the same operator. O

If the assumptions of Prop. 15.20 (1) are satisfied, so that A\, exists, we endow
the space V with a non-degenerate Hermitian form

VXV 3 (v1,v9) — Ty - Apvg.

https://doi.org/10.1017/9781009290876.016 Published online by Cambridge University Press


https://doi.org/10.1017/9781009290876.016

382 Clifford relations

Definition 15.21 For every A € L(V), we define its A, -adjoint, denoted AT, by
U1 - AL Avg = Afoq - AL vg.
We have

1)t =1y), ye. (15.20)
If 7 : Cliff(R9?) — L(V) is a representation, then
m(A)T = n(AT), A € ClLff(R?P). (15.21)
If we replace A with A_, then instead of (15.20) we have

1) =), yey.
Instead of (15.21), we have:

m(A)T = 7(A"), A € Cliffy(R??). (15.22)

15.4 Clifford algebras over R%?

In this section we continue to study Clifford relations over R%?. We adopt the
representation-independent point of view: we concentrate on the Clifford algebra
CIliff (R?7).

For n=0,1,2, Clff(R"?) are division algebras. In fact, CLff(R*?) =R,
Cliff(R*Y) = C and Cliff(R*?) = H.

15.4.1 Form of Clifford algebras for a general signature

Let ¢,p be arbitrary non-negative integers, n = ¢ + p and m := [(¢ + p)/2]. Let
us consider the real algebra Cliff(R?7).
We have the following counterpart of Def. 15.14:

Definition 15.22 We will write v; := v(e;), where e; is the canonical basis of
R%?. The volume element of ClLiff(R%?) will be denoted by

W=791"""Yn- (15.23)

Remark 15.23 In the case n = 4 with the Lorentz signature, particle physicists
often denote the operator w by 5. This notation is so popular that it is sometimes
used in the case of a dimension different from 4.

It is possible to describe Cliff(R??) for an arbitrary g¢,p. Table 15.2; a well-
known table of real Clifford algebras, should be compared with the analogous
table for the complex case (see Table 15.1, Subsect. 15.1.3).

In the case of n odd all the algebras Cliff(R??) have a non-trivial center
spanned by 1, w.

If w? = 1, which corresponds to cases 1 and 5, Cliff(R%”) splits into a direct
sum and w ~ 1@ (—1).
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Table 15.2 Form of Cliff (R??)

p — q (mod 8) w? Cliffo (R??) Cliff (R?7)
0 1 cemh R(2™)
1 1 R(2™) R(2™) @ R(2™)
2 —1 RE2" ) @R(E2" ) R(2™)
3 -1 R(2™ ) Cc(2m)
4 1 cemh H(2™ )
5 1 H(2™ ) HE2™ ) e HE2™ ™)
6 -1 H(2" %) @ H(2" %) H(2™)
7 -1 H(2™ ) c(2m)

If w? = —1, which corresponds to cases 3 and 7, the algebras are complex and
w =il

In the case p—¢=0,1,2 (mod8), Cliff(R??) can be represented as real
matrices, which will correspond to the real type in Thm. 15.19. In the case
p—q=4,56 (mod8), Cliff(R?"?) can be represented as quaternionic matrices,
which corresponds to the quaternionic type in Thm. 15.19.

C ® Cliff (R??) coincides with the algebra Cliff (C"). In addition, it is equipped
with a unique complex conjugation such that Cliff(R%?) consists of elements in
C ® Cliff (R??) fixed by this conjugation.

There exists a unique isomorphism of complex algebras p : C ® Cliff (R9?) —
C @ Cliff (RP?) satisfying

p(y(y) =ivy), we. (15.24)

(Note that on the left y(y) is an element of C ® Cliff (R??), and on the right of
C ® Cliff (R?+?).) Under this isomorphism we have

p(Cliff (R97)) = Cliffy (RP9),
p(CIliff, (R?)) = iCIiff; (R”4).

15.4.2 Pseudo-FEuclidean group

Recall that we can define the group O(R?%?) of linear transformations that pre-
serve the form (15.8). Obviously, we have a natural isomorphism O(R??) ~
O(RP?). The determinant defines a homomorphism of O(R??) into {1, —1}. Ele-
ments of O(R??) with the determinant 1 form a subgroup SO(R??) ~ SO(RP?).
We have the exact sequence

1 — SORY?) - ORI?) — Zg — 1. (15.25)

https://doi.org/10.1017/9781009290876.016 Published online by Cambridge University Press


https://doi.org/10.1017/9781009290876.016

384 Clifford relations

Definition 15.24 For any r € O(R??),

(1Y) =(ry), ye,
defines a unique automorphism © of CLiff (R?9P).

We have a homomorphism

OR??) 5 r 7 € Aut(Clff (R7?)).

15.4.3 Pin group for a general signature

Definition 15.25 We define Pin(R%?) as the set of all U € Cliff (R??) such
that UUT =1 or UUT = —1, and

{Uy()U™" - yeV}={1y) : yeI}.
We set
Spin(RY?) := Pin(R%?) N Cliffy (R*?).

Proposition 15.26 Let U € Pin(R%?). Then there exists a unique r € O(R%P)

such that

Uy(y)U™! = det(r)y(ry), ye. (15.26)
The map Pin(R?P) — O(RYP) obtained this way is a surjective homomorphism
of groups.

Definition 15.27 If (15.26) is satisfied, we say that U det-implements 7.

Theorem 15.28 Let r € O(R??).

(1) The set of elements of CLff (R9P) det-implementing r consists of a pair of
operators differing by sign, £U, = {U,, —U, }.

(2) 7 € SOR??) iff U, is even; r € O(RT?)\SOR??) iff U, is odd.

(3) If ri,re € O(R??), then U,, U,, = £U,,, .

The above statements can be summarized by the following commuting diagram
of Lie groups and their continuous homomorphisms, where all vertical and hor-
1zontal sequences are exact:

1 1
! |
1— Zs — Zs — 1
! ! 1
1 — Spin(R??) — Pin(R??) — Zy — 1 (15.27)
! l 1
1— SOR??) — ORIP) —Zy —1
1 ! !
1 1 1
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Moreover, Spin(R9?) coincides with Spin(RP?) in the sense that if UL?P €
Cliffy (R9?) and UP-? € Cliffo (RP*?) both implement r € O(R??) = O(RP:?), then
UPP = £UP1, where we use the isomorphism described at the end of Subsect.
15.4.1.

15.5 Notes

The so-called spinor representations of orthogonal groups were studied by Cartan
(1938) and Brauer-Weyl (1935).

In quantum physics, Clifford relations and spinor representations appear in
the description of spin % particles. In the non-relativistic case, where the group
Spin(3) ~ SU(2) replaces the group of rotations SO(3), this is due to Pauli
(1927). In the relativistic case, where the group Spin'(1,3) ~ SL(2,C) replaces
the Lorentz group, this is due to Dirac (1928).

Introductions to Clifford algebras can be found in Lawson—Michelson (1989)
and Trautman (2006).
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