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THE SOLUTION OF A SPECIAL
ARITHMETIC EQUATION

BY

MIRIAM HAUSMAN

ABSTRACT. Writing ¢'(n)=¢(¢d' '(n)), the integers n which
are solutions of n =ke¢'(n) are considered. The set of all such n
is completely characterized.

1. Introduction. If ¢(n) denotes the Euler function, it can easily be shown
that the only solutions of the equation

(1.1) n=ko(n)

for some k, an integer, are n =2 for k=2, and n =2* - 3% for k =3. In this
note a generalization of this result is obtained. Iterating the Euler ¢-function,
we write ¢'(n)=d¢(¢'"'(n)), and for a fixed | we investigate the integers n
which are solutions of

(1.2) n=ko'(n)
for some integer k.

Letting S(I) denote the set of all solutions for some k, of (1.2), a solution is
called primitive if

i) neS()

(ii) n cannot be written as n =2*4, a >0, where i € S(I).

The set of all primitive solutions is denoted by P(l).

It is proved that apart from a finite number of exceptions, which are
determined, the set P(I) consists of integers of the form n=2-3% B> A
lemma establishing the relationship between the sets P(I) and S(I) then
provides us with all the solutions. In particular, it easily follows that P(1) =
{1,2,3,2-3% B>1}and S(1) ={2% 2* - 3%} which is precisely the known result
for (1.1).

2. Preliminary Lemmas. The relationship between the sets P(I) and S(I) is
provided by

LemMma 2.1.

2.1) S(l) = Q 22P(1)
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Proof. If n < P(l), then for some k =k*
(2.2) 2°n =2k*¢'(n).

Since ¢'(2*n) =2"¢'(n) where v <q, (2.1) implies that 2%n is also a solution of
(1.2), with k =2>""k*. Thus

(2.3) @ 22P(1) < S(1).

The inclusion of S(I) in the union on the right of (2.1) is clear, and (2.1)
follows from (2.3).

By Lemma 2.1, it suffices to consider only the primitive solutions of (1.2). In
order to describe these solutions we introduce the following known definition

[1].

Since ¢(n) is defined as the number of positive integers not exceeding n
which are relatively prime to n, it follows that for n>1, ¢(n) <n, which in turn
implies that if ¢'"'(n)>1,

(2.4) ¢'(n)<¢''(n).

If n=[Ipg then ¢(n) =IIp®'(p; — 1), and clearly for n>2, ¢(n) is even. Thus
from (2.4) it follows that by making [ large enough we must arrive at

(2.5) o'(n)=2.

When (2.5) holds we say n is of class | and write this as C(n)=1[, where we
define C(1)=C(2)=0.

The proof of the main theorem relies on the following known results which
are stated here without proofs, [1].

LEmmMma 2.2.
(2.6) C(xy) = C(x)+ C(y)+e(xy)
where
1 if2|xand 2|y

0 otherwise.

e(xy)= {
LemMma 2.3. For two positive integers x and y, if x is a multiple of y then
(2.7) d(xy) = yd(x).
3. Main Result.

THEOREM 3.1. The set of primitive solutions of (1.2) consists of

(1) odd n, where C(n)<I
(ii) n=2s where s is odd and C(n)=C(s)=1
(iii) n=2 - 3® where B>1 and C(n)>1.
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Proof. To establish (i) and (ii) note that C(n)<I implies ¢'(n)=1, while
C(n)=1 implies ¢'(n)=2. Substituting this into (1.2) we have n =k or n =2k
respectively, which gives rise to the primitive solutions as described above.

This leaves only the possibility that C(n)>1. In this case, n is even since
¢'(n) is even. If n=2m where m is even, (2.6) gives C(n)= C(2)+ C(m)+
1>1, or C(m)=1, and thus by (2.7) ¢'(n)=2¢'(m). Inserting this into (1.2)
yields

2m =2ko'(m),

which implies that m is also a solution of (1.2), contradicting the fact that n is
primitive. Thus in this case we may assume that n =2n' where (n’,2)=1 and
C(2n')>1, and that (1.2) is equivalent to

(3.1 2n' = ke¢'(2n’)
where k must be odd and 2| ¢'(2n).
If

2n'=2[] ps then o@n)=[]pr (.- 1),
b2 b2
and clearly 2" divides ¢(2n’). Writing ¢(2n")=2" - T, we analyze (3.1) accord-
ing to the parity of T.
If T=2T' then ¢(2n')=2"-2T" and

N [270'72T) i ¢7'RT)>1
(32 ‘bl(zn)—{zzus if ¢"'QT)=1

This follows by repeated application of the fact that for m even, ¢(2'm)=
2"¢(m), (which is itself a consequence of Lemma 2.3).
Inserting (3.2) in (3.1) yields

2k QT i ¢ '2T)>1
2kv<r if ¢'QT)=1

From (3.3) we see that if ¢'"'(2T")>1 then 2| ¢' '(2T") so that r=0, n'=1
and C(2n')=0, which contradicts C(2n')>1=0. On the other hand if
¢'"'(2T') =1 it follows that v =1, implying that ¢'(2n') =2 or C(2n’) =1, again
a contradiction. Thus T cannot be even.

For T odd, we have ¢(2n’)=2"-T=2"1-2T and

N (271 2T) it ¢RT)>1
(34 d)l(zn)—{Z",vsr—l if ¢"'QT)=1

Inserting (3.4) in (3.1) yields

(3.3) 2n'=k¢'(2n") = {

27k - '12T) i ¢7'2T)>1

(3.5) 2n'=ke'(2n) = {2”k, v=r-1  if ¢"'QT)=1

https://doi.org/10.4153/CMB-1982-015-x Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1982-015-x

1982] A SPECIAL ARITHMETIC EQUATION 117

From (3.5) it follows that if ¢'"*(2T)>1, r=1 so that n'=p* and (3.1)
becomes

(3.6) 2p* =ko'(2p®).

If p+ ¢'(2p) then ¢'(2p*) =2 implying C(2p*) = I, which is not this case. If
p|¢'(2p*), it follows that a>1 and since ¢'(2p*)=p>~'(p—1)-M where
(M, p)=1, (3.6) implies that M=1 and p—1=2 or p=3. Thus the primitive
solutions in this case are n =2 - 3* where B >1l. However, if ¢''(2T) =1, then
(3.5) implies that v=1 and ¢'(2n’)=2 or C(2n') =1, again not this case, and
the proof of the theorem is completed.

Thus in conclusion we see that apart from the finite number of exceptions for
which C(n) =<1, the set P(I) consists only of the integers n =2 - 3®¥ where 8> 1.

In particular, for [=1, 2 we have P(1)={1,2,3,2-3% 8>1} and P(2)=
{1,3,2:5,2-7,2-3%2-3% B>2}, and the corresponding solution sets are
S(1)={2%,2>-38} and S(2)={2%, 2>*' -5, 2%+ .7, 2> .36},
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