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p-Radial Exceptional Sets and
Conformal Mappings

Piotr Kot

Abstract. For p > 0 and for a given set E of type G5 in the boundary of the unit disc JD we construct
a holomorphic function f € O(ID) such that

1
/ IfIPde? < oo and E=EP(f) = {ze au);/ |f(rz)|Pdt:oo}.
D\[0,1]E 0

In particular if a set E has a measure equal to zero, then a function f is constructed as integrable with
power p on the unit disc D.

1 Preface

This paper deals mainly with radial exceptional sets of the holomorphic functions in
the unit disc ID. The set

EP(f) = {zealD):/l|f(tz)|Pdt:oo}
0

is called a p-radial exceptional set for the holomorphic function f € O(D). The
above definition was inspired by the questions posed by Peter Pflug and Jacques
Chaumat. Peter Pﬂug1 asked whether there existed a domain 2 C C", a complex
subspace M in C" and a function f holomorphic in {2, square-integrable, such that
flmnq is non square-integrable.

A similar question was posed by Jacques Chaumat.> He wondered whether there
exists a function f holomorphic in the ball B” such that for any subspace M which is
linear and complex in C", the function f|ynp~ is non square-integrable.

We can find many papers [1-4,6,8,9] in the literature inspired by the above ques-
tions. In particular, functions that are non-integrable along some set of complex or
real subspaces are considered. We studied the exceptional sets of type G; for holo-
morphic functions in Hartogs domains [8]. We presented the construction of the
holomorphic function in the unit ball which is non-integrable along a pre-selected
set of complex directions of type G; and F, [6]. Due to [1,4] we know that for a
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convex domain (2 with a boundary of class C!, it is possible to construct a holomor-
phic function f which is non-integrable with square along any real manifold M of
the class C! crossing a boundary 2 transversally.

This paper deals with functions that are non-integrable along a fixed set of real di-
rections in the unit disc ID. Observe that if E is the p-radial exceptional set for a holo-
morphic function f, then E is a set of type G;. (Indeed, let us(z) := fol |f(dtz)|Pds.
We have u o < Uil <. <limy ootz = uand Eo(f) = u!(00).) We present
our main result which gives a complete descrlptlon of the p-radial exceptional sets
for the holomorphic functions in the unit disc.

Theorem 2.5 IfE C OD is a set of type G5 and p > 0, then there exists a holomorphic
function f € O(D) such that [, ;| fIP d¥* < 0o and E = E*(f).

Observe that if E is a set which has a measure 0, then a function f is square-
integrable.

2 Exceptional Sets

Denote S(E) = [0.5, 1]E. Each pair (i, j) is assigned to a natural number |i, j| > 1
so that
i+j<k+l wherei+j#k+]I,

i) < [k 1) = {

i<k wherei+ j=k+1

Lemma2.1 Fixp > 1. IfE=)yUi C--- C Uy CU; C--- C ID, where
{Ui}ien is a sequence of open sets in O, then there exist the sequences of compact sets
{Ti;}i,jens {Di j}ijjen in OD such that

(1) Ui = U]G\‘ Ti,j)
(i) Ti;ND;; =0,

(i) IDN\E C Unen N ijjon Dijy
(iv) N("Z(S(aD)\(EUD,]))))ﬂ < 9(LA(S(U; \ B)))7 + 27,

Proof Consider a sequence {r; j}; jen such that 0 < --- < 2r; j;; < r; j. Denote
T,‘J' = {Z eU;: Ti j+1 < 1/\/1€I(l)f[~]X HZ — WH < ri,j},
Di,]' = {Z e oD : Tij+1 — Ti j+2 < Wien{j HZ — WH},
Gi,j = S(U,‘ N (Ul' \ U Ti,j) ) s
1<m<j

H; ;= S(OD \ (D,‘,j UE)).

Assume T; _; = T;p = . Select a sequence {r; j}i jen. Let r;; = 2. Moreover, let
ri be so small that €%(G; ;) < $27""'and 0 < 2ri, < r;,;. The other numbers r; j,
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are selected so that €2(G; ;) < §27"Jand 0 < 2r; j;1 < r;j. As S(Tij11) C Gij,
therefore we have

5 THN B
2.1) D (L(S(Tij \B)) 7 < (LS \ E))) +9;2 g,

JEN

We show that the sets T; ; and D; ; fulfill conditions (i)—(iv).
Conditions (i) and (ii) result directly from the definition. Moreover, it can be
easily seen that 9D \ U; C D; ;.

Step 1: Ifk— j > 2, then we have the inequality ||z — w|| > 7 j1 —ri ji2 forz € T;
and w € Tix. Assumethatz € T;j, w € Tjx and ||z — w|| < rjjs1 — i js2. In this
case there exists a point u € QU; such that |ju — w|| < rix < r;j12. We can estimate

i <lu—z|| < |lu—wl| +||lw—zl| <rijoa+rijm—rije < i,
which is impossible.

Step 2: If |k — j| > 2, then Tj; C D;;. Assume that x € Tj; \ D; ;. Then there
exists a point y € T j such that ||x — y|| < 7iji1 — rijs2. Ifk — j > 2, then we get
inconsistency with the inequality from Step 1. If j — k > 2, then

[x =yl < Tijr1r — Tijjr2 < Tijr1 < Tiks2 < Tik+1 — Tik+2,

which is also impossible on the basis of Step 1.

Step 3: 'We have property (iii). Fixz € 002\ E. If z ¢ Uy, then z € D; ; for any
i,j €N,as 00\ U; C D;jand Uiy C Uj. If z € U, then there exists m € N such
thatz ¢ U; fori > mand z € U, for i < m. Moreover, there exist numbers k; for
i < msuchthatz € Tjy, fori < m. Letn = 2 + max{m, ky, ..., ky}. From Step 2 it
follows that z € D; j, wheni+ j > n. If [i, j| > [n,1],theni+ j > n+ 1. Therefore
z2€ Upen ﬂLhJ’J =) Dijs which finishes the proof of Step 3.

Step 4: We have the estimation
ST(RH )P < 9(LSWU\ E) P +27,
jEN

which is property (iv). As Tjx C D; j, when |k — j| > 2 (Step 2) and 0D \ U; C D; ,
therefore JD\D; ; C U\k—j\gl T; . In particular H; ; C U\k—j\gl S(T; x\E). Observe
thatif 0 < x;,a; and x; < a;_; + a; + a;11, then

1 1
doxl <D (ai+a +an)? < > (3 maX{ai_hai,am})’l’

ieN ieN ieN
1 1 1 1
P P P P
<3 g (‘11;1""11' +ai+1) <9 g a;_,.
ieN ieN

https://doi.org/10.4153/CMB-2007-055-6 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2007-055-6

582 P. Kot

Using the inequality (2.1) we can estimate the following:

ST H )P <9 ST\ D
jEN JEN

< 9(LX(SWU; \E))) " +27". n

Lemma2.2 IfT =T C OD, then there exists a function h € O(D) N C>(D) such
that

(i) |h(2)| < |2| forz € D;

(i) |h(z)| =1ifandonlyifz € T;

(iii) |h'(2)] < 2forz € D.

Proof There exists a domain U convex with a boundary of the class C* such that
T =0DNOU,D\ T C U. Let g be a conformal mapping g: U — D such that
g(0) = 0. On the basis of [10, Theorems 2.6, 3.6], we know that there exists an
extension to a homeomorphism g: U — ¢(U) = D of the class C* in such a way
that g’(z) # 0 for z € U. Therefore, there exists a natural number m such that
§'(2)| < /m—1and | @’ > ﬁ for z € D. We define

h(z) := (g(TZ)) %Z.

As g7'(0) = {0} and g’(0) # 0, therefore the function h is a properly defined holo-
morphic function on ID. Moreover h € C*>*(D) and |h(z)| < |z| for z € ID. It can also
be easily observed that |h(z)| = 1 if and only if z € T. We can estimate

11 L
m n m
<—+1=2
m

o) < L[EQ[F7| L2 s@) 80
" “ml z z2 z

for z € D, which finishes the proof. ]

Theorem2.3 Fixp > 0. If T = T C 0D, then for e > 0 and for each closed set D
contained in D) \ T there exists a function f € O(D) N C(D) such that

() fy |fG)|Pdt > 1forze T;
(i) |f(2)| <eforz e D;
(iii) [ |f(z0)[Pdt <2 forz € OD.

Proof Fix a set D which is closed and such that D C D \ T and the number >0
On the basis of Lemma 2.2, there exists the function h € O(D) N C*°(D) and
6 € (1,2) such that

|h(z)| < |zl forz €D, |h(z)|=1 <= z€T, | (2)]<dforzeD.
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In particular

1
h(z) — h(w) = / ih(zt + (1 —1)(w—2z))dt
o dt

1
=(z— w)/ Bzt + (1 —t)(w—2))dt
0
and
|h(z) — h(w)| < d|z — w|
Obviously |h(z)| < 1 when z € D. In particular, there exists a natural number n such
that (2np +2)7 |h(z)|" < e for z € D. Let f(z) = (2np + 2)7 h"(2).
Obviously f € O(D) NC(D) and |f(2)| < € forz € D.

Ifz € T, then |h(z)] = 1 and 1 — |h(zt)| < |h(z) — h(zt)] < 6(1—1t) fort € [0, 1].
In particular, 1 — § + ¢t < |h(zt)| forz € T and ¢ € [0, 1]. We can estimate

1 1
/ |f(zt)\Pdt:(2np+2)/ |h(zt)|"? dt
0 0
1
> (2np+2)/ (1—=06+o)*drt
1-3

[(1- 5+5t)”P“] =52

04|l\)

for z € T. Moreover,
1 1 1
/ |f(zt)|P dr = (2np+2)/ |[h"(zt)|P dt < (2np+2)/ "7 dt = 2.
0 0 0
for z € OD), which finishes the proof. |

Proposition 2.4 If K C 0D, the function u is any non-negative measurable function
and S(K) is a measurable set, then we have the following inequality

1
/ udQ? < 42%(S(K)) sup/ u(wt) dt.
S(K) 0

wekK

Proof There exists a set © C [0, 27] such that

/ ud@? = / / u(re®)r drdo < / / u(re') drdo
0.5 0.5
/ sup / u(te’) drdo
[SXISC)
1 ) 1
§4sup(/ u(te’g)dt)// rdrdf
6co 0 © J0.5

1
< 48%(S(K)) sup/ u(wt) dt. .
0

weK
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Theorem 2.5 Fix p > 0. IfE is a set of type Gs in OD, then there exists a holomorphic

function f € O(D) such that E = EF(f) and [, | fIPdL? < o0.

Proof Ifp > 1,thenletq = p. If0 < p < 1, then g = 1. There exist open sets U;
in dD such that E = [,y U; C --- C Ujyy C U;and Q2(S(U; \ E)) <279, On the
basis of Lemma 2.1, there exist two sequences of compact sets { T; ; }i jen» {Di,j }i,jen
in 0D such that

e U= U]EN T j;
L Ti’jﬂD,"j:@;
. a]D)\ECUHGNﬂLI]JZHDla]; l 1 A
2 ien(E2(S@OD\ (EUD; j))))1 < 9(L3(S(U; \ E)))r +27".
For the sets T; ;, D; ; we select functions f; ; € O(ID) NC(D) and real numbers a; j, b
such that
(i) 0<a; <bij<ary <HUm|, ;oo @nm = 1 when |i, j| <[k 1];
(i) |fij2)F <272l forz € K; j :=a; ;DU [0, 1]D; ;3
(iii) ja’jfj fij@)|Pdt > (1 —272bilyiforz € T; ;3
(v) [ |fij(z0)|P dr < 272Lbi) for z € QD
i 1/
V) Ji 1fijz)]Pdt < 2forz e aD.
Let a;; = 0. On the basis of Theorem 2.3, we select the function f;; € O(Q)NC(Q)
(for the set T 1) such that the conditions (ii), (iii), and (v) are fulfilled (for by ; = 1).
As fi, € C(D), therefore there exists a number by € (a1, 1) such that

b],]
/ |fia(zt)|Pde > (1 — 2720ty

a1
forz € Ty and

1
/ | fir(at)|P dr < 272alL ]
bl.l

for z € 0. Therefore a triplet (a; 1, b11, fi,1) was properly selected.

Now fix indices 7, j. Assume that we have already selected triplets (ax;, by, fi.1)
such that conditions (i)—(v) are fulfilled when |k,I| < i, j]. Leta;; € (0,1) be
such that by < a;j and 2(1 — a; ;) < 1 — ax; when |k, 1| < [, j|. On the basis of
Theorem 2.3, there exists a holomorphic function f; ; € O(D) N C(D) such that

o [l IS0 dt > 1forz € Ty s
e |fij@|F < 272l forz € Kij;
o [ fij(z0)]? dt < 2forz € AD.
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As fi; € C(D) and a; jD C K; ;, therefore there exists b; ; € (a; j, 1) such that

/ |fii(z0)|P dt > (1 — 272y

i.j

forz € T; ;, and
1
./ |fi.i(zt)|P dt < 2724l
bi j

for z € OD. Observe that a triplet (a; j, b; j, f; ;) has the properties (i)—(v).

We show that the function f defined by the formula f(z) = Z, ;ew fi,i(2) ful-
fills required conditions. As limL,», ij—oodij = 1, therefore Ul g ienKij = Djj. In
particular, condition (ii) implies that f is a holomorphic function.

Let z € E. Ifz € T;}, then using the conditions (ii)—(iv) we can estimate as

follows:
bij 1 bij

([ trapa) = ([ ) - Y ( / el dr)
Lkij<lij] 7%

- > / \fk,(zt)\l’dt

Lk > i)

1 1
S1-pl 3 ( | fea(zt)|? dt) q

k1) <[ij] e

= > swp [fu@)]

Lkd]>Li.j) #€%0

> 12l Z s—2lkl] _ Z —2kl]

Lkl <Li.f] Lk1)>i,]]
- —2m 2
>1-— Zz =3
m=1

There exists a sequence {k; };en such that z € Ty, for i € N. In particular, we can

estimate . ,
0 i ki > 92
[isenra=3" [ isenras> Gy -
0 i=1 ik k=1

Fixz € OD\ E. AsOD \ E C U,en(|;jj>n Diij» therefore there exists m € N
such that z € D; j when |7, j| > m. Using condition (ii) we may estimate as follows:

(/01|f(zl‘)|1’d1,‘)5 / Ifii (zt)\Pdt / i (Zt)\Pdt

Li.jlzm

/ | fij (Zt)\”dt) Y 2l <o

|_1 jl<m li,j]>m
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forz € D\ E. So E = EP(f).
We show also that f]D)\S(E) |f(zt)|F dL* < co. Let H;j:= 0D\ (D;;UE). On the
basis of Proposition 2.4 and due to property (v), we can estimate as follows:
1
/ |fi,j|PdQ* < 4Q%(S(H; ;) sup / |fi.j(w)|Pdt < 8L%(S(H; ).
(Hij) weH; ; Jo )
Now it is enough to prove that fS(alD)\ ik d¥? < oco. On the basis of property (ii) it
follows that
([ irae) < So(f iggrae)”
S(OD\E) ijen -/ S@D\E)
S Ugagts [ g lra)”
ijen vSMij) S(H;,j
Cx ([ ) (], )
ijen v/ SDij) ijen v S(Hj)
<23 2722 3 (893(S(H; )
i,jEN ijEN
<242 72(LX(S(U; \ E))i +27
ieN
<2+145) 27 < oo
ieN
|
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