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Abstract

For every p € (0,00) we associate to every metric space (X,dx) a numerical invariant
X,(X) € [0, 00] such that if X,(X) < oo and a metric space (Y, dy) admits a bi-Lipschitz
embedding into X then also X,(Y) < oo. We prove that if p,q € (2, 00) satisfy g < p then
X,(L,) < oo yet X,(L,) = oo. Thus, our new bi-Lipschitz invariant certifies that L, does not
admit a bi-Lipschitz embedding into L, when 2 < g < p < oo. This completes the long-standing
search for bi-Lipschitz invariants that serve as an obstruction to the embeddability of L, spaces
into each other, the previously understood cases of which were metric notions of type and cotype,
which however fail to certify the nonembeddability of L, into L, when2 < g < p < co. Among
the consequences of our results are new quantitative restrictions on the bi-Lipschitz embeddability
into L, of snowflakes of L, and integer grids in £y, for 2 < g < p < co. As a byproduct of our
investigations, we also obtain results on the geometry of the Schatten p trace class S, that are new
even in the linear setting.

2010 Mathematics Subject Classification: 46B80, 46B85 (primary); 46B25, 47B10 (secondary)

1. Introduction

1.1. Nontechnical overview. As a special case of the main contribution of
the present article, for p € (0, o0) we associate to every metric space (X, dx)
a numerical invariant X,(X) € [0, oo]; a precise description of this quantity
appears in Definition 1.1 below. Given p € (0,00) and two metric spaces
(X,dx) and (Y, dy), any f : X — Y incurs distortion at least X,(X)/X,(Y).

© The Author(s) 2016. This is an Open Access article, distributed under the terms of the Creative Commons Attribution licence
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution, and reproduction in any medium, provided
the original work is properly cited.

https://doi.org/10.1017/fmp.2016.1 Published online by Cambridge University Press


http://journals.cambridge.org/action/displayJournal?jid=FMP
mailto:naor@math.princeton.edu
mailto:gideon@weizmann.ac.il
http://crossmark.crossref.org/dialog/?doi=10.1017/fmp.2016.1&domain=pdf
https://doi.org/10.1017/fmp.2016.1

A. Naor and G. Schechtman 2

Thus, X, (:) is a bi-Lipschitz invariant. We shall prove that for2 < g < p < o0
we have X,(L,) =< p/log p, while X,(L;) = oo. Consequently, L, does not
admit a bi-Lipschitz embedding into L.

Qualitatively, the above nonembedding conclusion is well known. Namely, the
fact that L, fails to admit a bi-Lipschitz embedding into L, when 2 < g < p
< oo follows from a differentiation argument that allows one to reduce the
question to the linear theory. Specifically, every Lipschitz mapping f : L, — L,
must have [5, 25, 54] a point of Gateaux differentiability xy € L,. The derivative
f'(xg) : X — Y is a bounded linear operator, and if f were bi-Lipschitz then it
would follow that f’(x,) is invertible with a bounded inverse, and therefore L,
would be isomorphic to the linear subspace f'(xo)L, of L,. However, a classical
theorem of Paley [76] asserts that L, is not isomorphic to any subspace of L, so
it follows that L, also fails to admit a bi-Lipschitz embedding into L ,. The above
reasoning is due to Mankiewicz [54, Theorem 4]; Section 1.2 below contains a
more detailed description of the relevant background.

Such differentiation arguments rely on an existential statement (a point of
differentiability must exist), followed by a limiting procedure (differentiation
itself) that uses the linear structure. As such, they do not apply in many settings,
examples of which include understanding the L, distortion of certain (often
discrete) subsets of L,, as well as treating non-Lipschitz (for example Holder)
mappings, a setting in which the mapping may be nondifferentiable at every
point. (By [58, Remark 5.10], there does exist a bi-Holder embedding of L, into
L, when2 < g < p < oo. Hence, the pertinent question is to determine which
Holder exponents are possible here. The non-Lipschitz setting therefore exhibits
phenomena that are truly nonlinear and cannot be explained by a direct reduction
to the linear theory.) Crucially, such arguments also fail to give any indication as
to how to devise an invariant of metric spaces that certifies that the geometry of
certain subsets of L, is incompatible with the geometry of any subset of L ,.

The search for such metric invariants has been an important theme in modern
metric geometry, underpinned by a classical rigidity theorem of Ribe [82] that
laid the groundwork for what is known today as the Ribe program; for more on
this research program, see its original formulation by Bourgain [17] as well as
the recent (though by now not quite up-to-date) surveys [44, Section 3], [10, 66].
It suffices to say here that Ribe’s theorem indicates that certain types of linear
properties of Banach spaces (including those properties that are used in some,
but not all, of the known proofs that L, is not isomorphic to any linear subspace
of L, when2 < g < p < 00), may in fact be metric properties in disguise, that is,
they could be reformulated without making any reference to the linear structure
whatsoever, so as to make sense in any metric space and thus provide a dictionary
that allows one to apply linear intuitions in purely metric contexts. This paradigm
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is very powerful, leading to solutions of questions in a wide variety of areas,
ranging from the nonlinear geometry of Banach spaces themselves, to settings
that a priori have seemingly nothing to do with Banach spaces, such as group
theory, harmonic analysis, probability and combinatorial optimization.

Among the first questions that one would ask about bi-Lipschitz embeddings
is to characterize those p,q € [l,00) such that L, fails to admit a bi-
Lipschitz embedding into L,. Not surprisingly, efforts to understand this
question influenced some of the most important developments in the Ribe
program. By a reduction to the linear theory through differentiation in a manner
that is similar to what we described above, the qualitative answer here is known:
L, does not admit a bi-Lipschitz embedding into L, if and only if p, g € [1, 00)
satisfy one of the following three conditions.

g <min{p,2} or ¢ >max{p,2} or 2<g<p <oo. (1)

The search for metric invariants that explain the first range in (1) was an
important impetus in the development of the theory of type of metric spaces,
with notable contributions by Enflo [29-31], Bourgain—Milman—Wolfson [19],
Pisier [79] and Ball [9]; see also [27, 35, 39, 60, 67, 69-72, 74]. The search for
metric invariants that explain the second range in (1) was an important impetus
in the development of the theory of cotype of metric spaces; see the work of
Mendel and Naor [61] as well as [9, 34, 63, 64]. The second range in (1)
could also be explained through a metric invariant called Markov convexity;
see [17,47, 62]. Over the years, many applications of the above invariants (metric
type, metric cotype, Markov convexity) to a wide range of areas were discovered;
the above- mentioned references contain examples of such results, and a variety
of additional examples appears in [4, 7, 8, 13, 22, 48, 51, 59, 65, 87, 87]. Despite
these developments, the question of formulating a metric invariant that explains
the third range in (1) remained unresolved for many years. Here we settle this
remaining case by introducing an invariant of metric spaces that serves as an
obstruction to the embeddability of L, into L, when 2 < g < p < oo, thus
completing the repertoire of metric invariants that classify those p, g € [1, o0)
for which L, admits a bi-Lipschitz embedding into L ,.

Our new metric invariant is described in the following definition, in which
(and in what follows) for every n € N we let ey, ..., e, denote the standard
basis of R”, and for S C {1,...,n}and ¢ = (e, ...,¢&,) € {—1, 1}" we denote
€5 =2 jes £j€)-

DEFINITION 1.1 (X, metric space). Let (X,dy) be a metric space and

p € (0, 00). Say that (X, dx) is an X, metric space if there exists X € (0, 00)
such that for every n € Nand k € {1, ..., n} there exists m € N such that every
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mapping f : Z5, — X satisfies

1 1/p
(7 S Eldy(f (x + mes), f(x))”])
(k) SC{l,...,n}

ISI=K
k n
< %m(; S Eld(£Gx + ¢ £(6))']
j=1

1/p

k p/2
+<;) E[dx(f(x+e>,f(x)>"]) , @)

where the expectations in (2) are with respect to (x, ¢) € Z} x {—1, 1}"" chosen
uniformly at random. The infimum over those X € (0, oo) for which (2) holds
true is denoted X,(X, dx), or simply X,(X) if the metric is clear from the
context.

Theorem 1.2 below establishes that L, is an X, metric space when p > 2.
We shall also check that L, is not an X, metric space when g € (2, p). Since
for a metric space (X, dy) the property of being an X, metric space is obviously
inherited by all the metric spaces that admit a bi-Lipschitz embedding into X, we
thus obtain a new proof of the fact that L, fails to admit a bi-Lipschitz embedding
into L, when 2 < g < p < 0o. We shall show that the metric X, invariant yields
results that were beyond the reach of previous methods. For example, we shall
obtain the first nontrivial upper bound on those 6 € (0, 1] for which L, admits a
bi-g-Holder embedding into L.

The above overview covered the context of our results without going into
various technicalities, and as such it did not provide an explanation of how we
arrived at Definition 1.1. There are also technical subtleties that partially explain
(in hindsight) why understanding the third range in (1) remained open for so
much longer than the same question for the first two ranges in (1). These matters
will be clarified in the remainder of this introduction starting from Section 1.2
below, where we shall also describe consequences of our work, including new
results even within the linear theory, as well as intriguing open questions that it
raises.

1.2. Detailed statements and technical background. The ensuing discus-
sion uses standard notation and terminology from Banach space theory, as
in [50]. In particular, for p € [1,00] and n € N, the space £ (respectively
£7(C)) denotes the vector space R" (respectively C"), equipped with the standard
£, norm. Our results apply equally well to any infinite-dimensional Lebesgue
function space L (i), but for concreteness we fix (as usual) the space L, to be
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equal to L, ([0, 1], £), where .Z is the Lebesgue measure. Banach spaces are
assumed to be over real scalars unless stated otherwise, though our results hold
true mutatis mutandis for complex Banach spaces as well.

We shall also use standard notation and terminology from the theory of metric
embeddings, as in [55, 75]. In particular, a metric space (X, dx) is said to admit
a bi-Lipschitz embedding into a metric space (Y, dy) if there exist s € (0, 00),
D € [1, 00) and a mapping f : X — Y such that

Vx,ye X, sdx(x,y) <dy(f(x), f(¥)) < Dsdx(x,y). 3)

When this happens, we say that (X, dx) embeds into (Y, dy) with distortion at
most D. Given f : X — Y, the infimum over those D € [1, co) for which there
exists s € (0, co) such that (3) holds true is called the distortion of f and is
denoted dist(f). If no such D exists set dist(f) = oco. Denote by cy.4,)(X, dx)
(or simply cy(X) if the metrics are clear from the context) the infimum over
those D € [1, oo] for which (X, dy) embeds into (Y, dy) with distortion at
most D. If (X,dy) does not admit a bi-Lipschitz embedding into (Y, dy)
then we set ¢(yq4y)(X,dx) = 0o. When ¥ = L, we use the shorter notation
CLP(X, dx) = Cp(X, dx)

As we discussed in Section 1.1, among the simplest and most basic questions
that one could ask in the context of metric embeddings is to determine those
p,q € [1,00) for which L, admits a bi-Lipschitz embedding into L,. This
is well understood via a reduction to the linear theory, from which we deduce
that L, admits a bi-Lipschitz embedding into L, if and only if either ¢ = 2 or
1 < p < g < 2 (moreover, in these cases we have c¢,(L,) = 1). Indeed, by
general principles (see [15, Ch. 7] and the references therein), relying mainly
on differentiation theorems for Lipschitz mappings between Banach spaces (the
case p = 1 being somewhat different from the reflexive range), it suffices
to understand when L, is isomorphic to a subspace of L,, a question that is
perhaps among the first issues that one would investigate when studying linear
embeddings of Banach spaces. Chapter 12 of Banach’s book [12] is devoted to
this topic. Banach proved there that if L, is isomorphic to a subspace of L,
then necessarily either p < g < 2or2 < g < p, and that L, is isomorphic to
a subspace of L, for all p € [1, 00). Banach also conjectured [12, page 205]
that L, is isomorphic to a subspace of L, if p < g <2o0r2 < g < p.Inthe
range p < g < 2, Banach’s question was answered affirmatively by Kadec [42],
who showed that in this case L, is linearly isometric to a subspace of L,. When
2 < g < p, Banach’s question was answered negatively by Paley [76], that is,
L, is not isomorphic to a subspace of L, when 2 < g < p.

As we explained above, our goal here is to obtain a nonlinear version of
Paley’s theorem, that is, the formulation of a bi-Lipschitz invariant that serves
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as an obstruction to the embeddability of L, into L, when 2 < g < p. This
invariant allows us to obtain nonembeddability results that were beyond the
reach of previously available methods, and in addition it leads to interesting
open questions. Our new invariant thus completes a long line of work on the bi-
Lipschitz classification of L, spaces, because the remaining cases, namely the
bi-Lipschitz nonembeddability of L, into L, when either ¢ € [1,2) and p > ¢,
org € (2,00) and p < ¢, were previously understood through notions of metric
type and cotype that were introduced over the past four decades (see below for
more on this topic).

Our main result is the following theorem, which, using the notation and
terminology of Definition 1.1, asserts that if p € (2, 0o) then L, is an X, metric
space, with X,(L,) < p/log p.

THEOREM 1.2 (Metric X, inequality). Fix p € [2, 00). Suppose that m,n € N
andk € {1, ..., n} satisfy

n3?log p
m> el
vk

Then, for every f : Z,, — L, we have

+ pn.

(p/logp)* Z E[ll f (x + 2mes) — foI7]
(Z) Sg‘gl‘:];,n} mp

k n
Sp = DBl G +ep) = FOl]

j=1
k p/2
N (;> EILfCx + &) — FOI7], @)

where the expectation is with respect to (x, €) € Zj,, x{—1, 1}" chosen uniformly
at random.

Asymptotic notation. In Theorem 1.2, and in what follows, we use the (somewhat
nonstandard) convention that for a, b € [0, 00) and p € [1, c0) the notation
a S, b (respectively a 2, b) stands for a < ¢”b (respectively a > c¢”b) for
some universal constant ¢ € (0, co). The notation a < b (respectively a = b)
stands for a < ¢b (respectively a > cb) for some universal constant ¢ € (0, 00).
The notation a < b stands for (a < b) A (b < a). At times, our discussion will
be in the presence of an auxiliary Banach (or metric) space X, in which case
the notation a <y b will stand for a < c¢(X)b, where ¢(X) € (0, co) is allowed
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to depend only on X (in fact, ¢(X) will always depend on certain numerical
geometric invariants of X that will be clear from the context).

The term p/ log p in the left-hand side of (4) is sharp up to a universal constant
factor. We defer the explanation of why (4) is called a metric X, inequality to
the ensuing discussion. Note that since (4) involves the p’th power of L, norms,
it suffices to prove its validity when f is real-valued, but we stated Theorem 1.2
for functions with values in L, since this is the way by which we will apply
it to prove new nonembeddability results. The fact that in Theorem 1.2 the
function f is assumed to be defined on the discrete torus Zj, rather than on Z/,
is not important: for notational reasons it is beneficial to work with Z/ when
the modulus m is divisible by 4, and this suffices for all of the applications
of (4) that we can imagine. However, it is straightforward to modify our proof of
Theorem 1.2 so as to obtain variants of (4) for functions defined on discrete tori
whose modulus is not necessarily divisible by 4.

REMARK 1.3. If one makes the weaker assumption m > n*?/y/k in
Theorem 1.2 then (4) holds true with the (sharp) term p/log p in the left-
hand side replaced by p?/log p. This, and additional tradeoffs of this type, can
be deduced from an inspection of our proof of Theorem 1.2.

1.3. Quantitative nonembeddability. The above classification of those p,
q € [1,00) for which L, admits a bi-Lipschitz embedding into L, is based
on an abstract reduction to linear embeddings, and as such it fails to yield a
metric invariant that serves as an obstruction to bi-Lipschitz embeddings. This
argument also does not imply various quantitative estimates that are inherently
nonlinear and cannot be deduced from the linear theory. For example, given
a metric space (X, dy) and 6 € (0, 1], the 8-snowflake of (X, dy) is defined
(see for example [26]) to be the metric space (X, d%). A natural quantitative
refinement of the assertion that L, does not admit a bi-Lipschitz embedding into
L, is that if the 6-snowflake of L, admits a bi-Lipschitz embedding into L, then
necessarily 6 must be bounded away from 1 by a definite constant (depending
on p, q). While such statements are known (through the theory of metric type
and cotype; see below) when either ¢ € [1,2) and p > ¢, or p € (2, 00) and
q > p,intherange 2 < g < p no such quantitative refinement of bi-Lipschitz
nonembeddability was previously known. For 2 < ¢ < p, in Theorem 1.7 below
we obtain, as a consequence of Theorem 1.2, an explicit §(p, g) € (0, 1) such
that if the 6-snowflake of L, admits a bi-Lipschitz embedding into L, then
necessarily 0 < 1—4§(p, q). In Section 6, we formulate a conjectural convolution
inequality that is shown to yield the sharp value §(p, g) in this context. Since
Holder mappings need not be differentiable anywhere, and moreover, continuous
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linear mappings are necessarily Lipschitz, it seems impossible to obtain a
restriction on those snowflakes of L, that embed into L, via a reduction to linear
embeddings as above.

Another natural quantitative refinement of the bi-Lipschitz nonembeddability
of L, into L, is, given m,n € N, to ask for a lower bound on cp([m]Z), where
here, and in what follows, [m]g denotes the grid {0, ..., m}" € R", equipped
with the metric inherited from ¢7. While such an estimate can be obtained
from general principles, namely Bourgain’s discretization theorem [18, 36]
(see Remark 3.2 below), in Theorem 1.11 we obtain, as a consequence of
Theorem 1.2, the best-known lower bound on cp(Imly) when 2 < g < p.
The convolution inequality that is conjectured in Section 6 is shown to imply
an asymptotically sharp evaluation of c,([m]}), exhibiting a striking phase
transition when m < n?=9/@(=2). see Theorem 1.14 below.

1.4. Local invariants. Suppose that p, g € [1, oo) are such that L, does not
admit a bi-Lipschitz embedding into L. This assertion is local in the sense that
the smallest possible distortion of a linear embedding of ¢ into L, tends to
oo with n. Thus, there is a finite-dimensional linear obstruction (which will be
stated explicitly in Section 1.5 below) showing that no n-dimensional subspace
of L, can be close to £. As we discussed in Section 1.1, an important rigidity
theorem of Ribe [82] suggests that such finite-dimensional linear obstructions
can be reformulated while only referring to distances between pairs of points.
This is the basis for the Ribe program [10, 17, 66], and our work constitutes
a completion of this program for L, spaces, the previously missing case being
when 2 < g < p. The next step in the Ribe program, a step that has proven in
the past to be useful for various questions in metric geometry, would be to study
X, metric spaces in their own right. However, unlike previous advances in the
Ribe program, in the present setting it seems more natural for the linear theory
to be developed further before its metric counterpart is investigated; we discuss
this matter and formulate some related open problems in Section 1.7 below.

1.5. Type, cotype and symmetric structures. For r, s € [1, c0), a Banach
space (X, || - [|x) is said to have Rademacher type r and cotype s if for every
n e Nand xq,...,x, € X we have

r 1/r n 1/r
(E[ ]) <x (Z ||x,-||;> and
j= X j=1

n

§ €jXj

j=1
n K 1/s
E ijj ]) s
j=1 X

(g ||x,-||5x)l/s <x (E[ >
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where the expectation is with respect to ¢ € {—1, 1}" chosen uniformly at
random. The infimum over the implicit constants for which (5) holds true are
denoted 7,(X) and C,(X), respectively. See [56] and the references therein for
more on these important notions. It suffices to say here that if p € [1, co) then
L, has type min{p, 2} and cotype max{qg, 2}, from which one deduces that there
exists x(p) € (0, c0) such that if T : &, —> L, is an invertible linear operator
then necessarily

n'/a=1r if1 <qg<p<2,
nl/a=12if 1 < <2< < 00,
dist(T) = T - IT71 > (p) - Lmie 0 = j’) 2.t (©)

n'274 if 1< p<2<gq

(6) follows from an application of (5) with X = L,, r = min{p,2}, s =
max{p, 2} and x; = Te;. The bounds in (6) cannot be improved up to the value
of k (p). Thus, type and cotype constitute the finite-dimensional linear invariants
that were alluded to in Section 1.4, that is, they certify (in a sharp way) that if
eitherg € [1,2) and p > g org € (2, 00) and g > p, then any linear embedding
of £7 into L, incurs large distortion.

The usefulness of the notions of Rademacher type and cotype goes far beyond
their relevance to embeddings of L, spaces. For this reason (in addition to
the intrinsic geometric interest arising from the Ribe program), there has been
considerable effort to reformulate these notions while using only distances
between pairs of points rather than linear combinations of vectors as in (5),
thereby understanding when a metric space has type r and cotype s. We will
quickly recall now a very small part of what is known in this direction, stating
only those results that are needed for the present discussion on metric X,
inequalities.

Following Enflo [31], a metric space (X, dy) is said to have Enflo type
r € [1,00) if foreveryn € Nand f : {—1, 1}’ —> X,

Eldx(f (&), f(=&))]
Sx Y Eldx(f @), f(er, s 8501, =), 8151, 8], (T)

j=1
where the expectation is with respect to ¢ € {—1,1}" chosen uniformly at
random. Note that if X is a Banach space then (7) coincides with the leftmost
inequality in (5) when f is the linear function given by f(g) = Z;Zl £jX;.
For p € [1,00), L, actually has Enflo type r = min{p, 2}, thatis, X = L,
satisfies (7) with f : {—1, 1} — L, allowed to be an arbitrary mapping rather
than only a linear mapping. This statement was first proved for p € [1, 2] in [29]

and for p € (2, 00) in [72].
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One is tempted to define when a metric space (X,dy) has cotype
s € (0,00) by reversing the inequality in (7) (with r replaced by s). But,
note that if dx (f(¢), f(8)) = 1 for every distinct &, § € {—1, 1}" (this can occur
even if X is a Hilbert space), then the right-hand side of (7) grows linearly with
n as n — oo, while the left-hand side of (7) remains bounded. Thus, there are
truly nonlinear phenomena that do not occur in the linear setting of Rademacher
cotype which do not allow for the straightforward reversal of the inequality
in (7). In essence, the total mass of the measure that appears in the right-hand
side of (7) is too large in comparison to the total mass of the measure that
appears in the left-hand side of (7) for an inequality that is the reverse of (7)
to make any sense even in Hilbert space (it actually fails in any nonsingleton
metric space; see [61]).

The solution to this problem comes by considering functions defined on Z),
rather than on {—1, 1}", and scaling the argument of the function. Specifically,
following [61] say that a metric space (X, dx) has metric cotype s € (0, co) if
for every n € N there exists m € N such that

Vfizn
Z E[dx(f(x +me;), f(x))']

Sx Eldx(f(x +8), f(0)'],  (8)

S

where the expectation is with respect to (x,¢) € Zj, x {—1,0,1}" chosen
uniformly at random. It was proved in [61] that a Banach space (X, | - |lx)
has Rademacher cotype s if and only if it has metric cotype s, in particular
L, has metric cotype max{p, 2}. ‘Scaling’ refers to the fact that in (8) we
consider displacements of the argument of f by a multiple of m, that is, we
consider distances between f(x + me;) and f(x) rather than distances between
f(&x + e;) and f(x), and then we compensate for this by normalizing the
distances appropriately. This idea makes its appearance also in the left-hand side
of our metric X, inequality (4), but we shall see below that the need for scaling
in the context of Theorem 1.2 is due to a more subtle reason than the above
explanation of why scaling is needed in the context of metric cotype (compare
the total masses of the measures that appear in both sides of (4) to see that it does
not cause the problem that we presented above).

1.5.1. The case 2 < g < p. While Paley’s work [76] from 1936 established
that L, is not isomorphic to a subspace for L, when 2 < g < p, several
decades later more structural approaches to this theorem were developed. In
1962, Kadec and Pelczyriski [43] introduced an influential way to solve this
problem through a structural study of basic sequences in L, spaces. In particular,
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it follows from [43] that for p € (2, c0), any infinite symmetric basic sequence
in L, is equivalent to either the standard basis of £, or the standard basis of £,.
Consequently, for g € (2, p) there does not exist a symmetric basic sequence
in L, that is equivalent to the unit basis of ¢,, and therefore ¢, cannot be
isomorphic to a subspace of £,. In 1979, Johnson et al. [40] obtained a proof of
Paley’s theorem via a classification of finite symmetric bases in function spaces,
leading to a comprehensive theory of symmetric structures in Banach spaces to
which the research monograph [40] is devoted. In particular, in [40] a ‘local’
version of the above theorem of Kadec and Petczynski is studied, leading to a
classification of all finite symmetric bases in L. It turns out that in this finitary
setting the classification involves more structures than those that are allowed (by
the Kadec—Pelczyriski theorem) for infinite symmetric sequences in L, namely,
a one-parameter family of such sequences can occur, yet any finite symmetric
sequence in L, is equivalent to a member of this one-parameter family. This
theorem of [40] is the starting point of our work here.

Given a Banach space (X, | - ||x),n € Nand K € [1, 00), recall that a linearly
independent sequence of vectors (x, ..., x,) € X" is said to be K-symmetric
if for every sequence of scalars a4, ..., a, € R, every permutation 7 € S, and
every sequence of signs € = (g, ..., ¢&,) € {—1, 1}", we have

letazyxs + - - + gpazmXallx < Kllayx) + -+ + a,x, [ x.

The sequence (xy,...,x,) € X" is said to be normalized if ||x;||x = 1 for all
je{l,...,n}. Given two Banach spaces (X, ||-||x) and (¥, ||-|ly), twWo sequences
(x1,...,x,) € X" and (yy,...,y,) € Y" are said to be K-equivalent if there

exists s € (0, 00) such that
SH(l]Xl +--+ anxn”X g ”alyl + - +anyn||Y < KS”alxl + - +anxn||X

for all choices of scalars ay, ..., a, € R.

Fixing p € (2, 00), examples of symmetric sequences in L, are furnished by
Rosenthal’s X Z (w) symmetric bases [83], as w ranges over [0, co0). The definition
of these bases is very simple: let u, ..., u, be an orthonormal basis of £} and
define {x;(p, ®) o1 S, @), by

def 1 w

= T ey ®

The 1-symmetric sequence {x;(p,w)}/_; is known in the literature as
Rosenthal’s X’;,(a)) basis. Note that since ¢, is isometric to a subset of L,
(see for example [90]), the sequence {x;(p, a))};f:1 can be realized as elements
of L,.
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In [40], it was proved that for every K € [1, 00) and p € (2, 0o) there exists
D(p, K) € (0, c0) such that every K-symmetric sequence (X, ..., x,) in L, is
D(p, K)-equivalent to an X b (w) basis for some w € [0, o0). This classification
theorem has immediate relevance to linear embeddings of £7 into L. Indeed, if
T : ZZ — L, is injective and linear then (Tey, ..., Te,) is a dist(T')-symmetric
sequence in L,, and is therefore D(p, dist(T))-equivalent to an X (w) basis
for some w € (0, oo). Direct inspection now reveals that this is only possible
if dist(7") tends to oo as n — oo. In fact, by computing the various bounds
explicitly and optimizing over w € [0, 00), as done in [33] (relying in part on
a computation from [37]), one can deduce that for every 2 < g < p < 00
there exists o(p,q) € (0,00) such that for every invertible linear mapping
T :t; — L, wehave

dist(T) > o (p, q) - n(P=D@=2/@*(p=2) (10)

The lower bound in (10) is asymptotically sharp (up to the implicit dependence
on p, q), as exhibited by the embedding J* = (@), S L, given

(g—pin) *
by
Vielloon) JE () =0 e+ 0" uy, (11)
where, asin (9), uy, ..., u, is an orthonormal basis of £3. (The superscript in the

notation J (g pim () refers to Rosenthal.) Indeed, by a straightforward Lagrange
multiplier argument (see Section 2 below), for every 2 < g < p we have

dlst(_]( ) = n(P—0@=2)/@*(p-2) (12)

q—>pin)

A sequence of random variables {Y;}]_; is said to be symmetrically
exchangeable if for every m € S, and ¢ € {—1, 1}" the random vectors (&, Y,

oy &nYrw) and (Yy,...,Y,) are identically distributed. The proof of the
above classification of finite symmetric sequences in L, relies on the following
inequality [40]. Fix p € [2, 00) and suppose that {Y;}}_, are symmetrically
exchangeable random variables with E[|Y;[”] = 1 for all j € {1, ..., n}. Then

forevery t;,...,t, € R,
p/2 n p/2
}N,,Zn |”+ ( Z ?) E[(ZY/?) } (13)
j=1

() [l 2

The term (log p)/ p in the left-hand side of (13) is sharp up to a universal constant
factor: in this sharp form the inequality (13) is due to [41]. Without a sharp
dependence on p, inequality (13) was first proved in [40]. The proof of (13) with
sharp dependence on p is significantly more involved than the proof in [40]. The
dependence on p is not of major importance for us here, but it is worthwhile to
state the above sharp form of (13) since it is available in the literature.

https://doi.org/10.1017/fmp.2016.1 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2016.1

Metric X inequalities 13

Fix p € [2,00),n e Nanday,...,a, € R.For (¢, 1) € {—1, 1}" x §, chosen
uniformly at random, define
def €jlx(j)
Yi(e,m) = ,, .
! ((1/n) D20, laglP)/e
Then {Y;}_, are symmetrically exchangeable random variables (the underlying
probability space being the uniform measure on {—1,1}" x S,), with

E[Y;|?] = 1. For k € {1, ..., n}, an application of (13) withf; = --- =, =1
and #4; = -- - = 1, = 0 therefore yields the following inequality.
o —p 4 k n k p/2 n p/2
o 3 el e () (54
(k) Scil,...,n} jes n j=1 n j=1
1S|=k
(14)

where in (14), as well as in (15)—(18) below, the expectation is with respect to
¢ € {—1, 1}" chosen uniformly at random. Since, by Jensen’s inequality,

() = (el ]) <2

n n
§ :8./%' § €ja;
j=1 j=1 j=1

P

(15)

it follows from (14) that

(p/logp)~" Me kv v (K ells '
” Z E Zsjaj S[’_Z|aj|1+ - E Zsjaj .
(k) Sc{1,...,n} jes n j=1 " J=l
IS|=k
(16)

An inspection of the argument in [41] reveals that the term p/log p in (16) is
sharp up to a constant factor even in this special case of (13) (this is true if one
requires the validity of (16) for all k € {1, ..., n}, while for a fixed k there might
be a better dependence as a function of k, n, p).

Our main result, namely Theorem 1.2, is a nonlinear version of (16). By
following the reasoning that led to the definition (7) of Enflo type, one is tempted
to try to establish the validity of the following inequality, which should hold true
for every f : {—1, 1} — R and for some a(p) € (0, 00).

AP S B — flen s — e)I7]

(Z) Sc{l,...,n}

k n
< ;X;E[If(e?) — fEr s €t =8 851 )]
j:

k p/2
+ (;) E[lf(e) — f(=a)|"]. (17)
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Inequality (17) holds true when p = 2. Indeed, the fact that the real line has
Enflo type 2 with constant 1 (as shown by Enflo in [29]) implies that for every
S C{l,...,n} wehave

< Y EIfE) = fler e, =g 8551, &) (18)

jes

By averaging (18) over all of those S C {1, ..., n} satisfying |S| = k we see
that (17) holds true when p = 2, with «¢(2) = 1 and even without the final term
in the right-hand side of (17).

The validity of (17) for p = 2 indicates that the reason why scaling is needed
for the definition (8) of metric cotype does not arise in the context of (17).
However, Proposition 1.4 below shows that scaling is nevertheless necessary
in the context of metric X, inequalities, thus explaining our formulation of
Theorem 1.2. Note that the conclusion of Theorem 1.2 implies the linear X,
inequality (16). Roughly speaking, this follows by applying (4) to the linear
function f : Zj, — R given by f(x) = Z;zl xja;. However, this reasoning is
not quite accurate because this f is not well defined as a function on the discrete
torus Zj,,; for a precise argument, see Proposition 2.1 below.

PROPOSITION 1.4 (Scaling is necessary). Fix p € (2,00), @ € (0,1), m,n € N
and k € {1, ..., n}. Suppose that for every f : Z; — R we have

aP E[lf (x +mes) — f(x)]|"]
0,2 e
1S1=k

k& k\"?
< —ZE[If(X+ej)—f(X)|”]+ (—) Ellf(x+¢e) — f()I], (19)
n n

J=1

where the expectation is with respect to (x, €) € Z5 x{—1, 1}" chosen uniformly

2m
at random. Then

3 2p/(p-2) a n

The proof of Proposition 1.4 appears in Section 2. We conjecture that the
dependence of m on n and k that appears in Proposition 1.4 is sharp, up
to the (possibly p-dependent) constant. This is the content of Conjecture 1.5
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below. It seems that in order to prove Conjecture 1.5 one would need to exploit
cancellations that are more subtle than those that we used to prove Theorem 1.2.

CONIECTURE 1.5. For every p € (2,00) there exist o, € (0,1) and
C, ell,0) suchthatifm,n € Nandk € {1, ..., n} satisfym > C,/n/k then
forevery f : Zj,, — R we have

a, Z E[l f(x 4 2meg) — f(x)]7]

mbp

(Z) S<A{1,...,n}
|S|=k

k < K\
Sp = ZE[If(x +e;) — fO)I]+ <—) Ellf(x+¢e) — fI], 21
n o n

where the expectation is with respect to (x, &) € Zj,, x{—1, 1}" chosen uniformly
at random.

We will see in Section 1.6.3 below that, in addition to its intrinsic interest,
a positive resolution of Conjecture 1.5 would have striking consequences in
the theory of metric embeddings. A conjectural convolution inequality (of
independent interest) that we formulate in Question 6.1 below is shown in
Proposition 6.2 below to imply a positive answer to Conjecture 1.5.

Before passing to a description of the geometric consequences of Theorem 1.2,
we note that the linear X, inequality (16) also has a (much easier) converse [40].
Specifically, for every p € (2, co) there exists K (p) € (0, oo) such that for every
ap,...,a, € Randk € {l,...,n} we have

k K\ T " _ K(p)’
st () B[R] <5 2 e
j=1 Jj=1 }

K osc(l,..n
|S1=k

where the expectation is over ¢ € {—1, 1}" chosen uniformly at random. An
inspection of the proof of (22) in [40] (or in [41]) reveals that one can take
K(p) S /P in(22). Theorem 1.6 below is a nonlinear version of (22). Although
we do not have a new geometric application of the reverse metric X, inequality
that appears in Theorem 1.6, it is worthwhile to establish it so as to obtain a
complete picture of the X, phenomenon in the metric setting. As a side product,
our proof of Theorem 1.6 yields some new information on metric cotype; see
Theorem 5.2 below and the discussion immediately preceding it.

§ gjaj

jes

p
] . (22)

THEOREM 1.6 (Reverse metric X, inequality). Fix p € [2,00) and k,m € N
with m > k''?/./p. Fix also an integer n > k. Then for every f : Z3, — L,
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we have

k 2": E[ll f(x + 4me;) — f(x)7]

n o mP
k p/2
+ (;) E[ll f (x + &) — f(x — )]
pp/2
N Z E[llf(x +&s) = fOIT], (23)
(k) sglgl,_._lyn)

n

where the expectation is with respect to (x, &) € Zg,

at random.

x{—1, 1}" chosen uniformly

1.6. Metric X, inequalities as obstructions to embeddings. Theorem 1.2
yields a bi-Lipschitz invariant that can be used to obtain new nonembeddability
results which we shall now describe.

1.6.1.  Snowflakes. Fix p,q € [1, 00). Sharp restrictions on those 8 € (0, 1]
for which the #-snowflake of L, admits a bi-Lipschitz embedding into L , follow
from the theory of metric type and cotype when either g € [1,2] and p > ¢, or
q € [2,00) and p < ¢; see [34, 52, 59]. Here we obtain, as a consequence of
Theorem 1.2, the first such result when 2 < g < p.

THEOREM 1.7 (L, snowflakes in L,). For every 2 < q < p there exists
8(p,q) > 0 such that if 0 € (0, 1) is such that the metric space (L, ||x — y||Z)
admits a bi-Lipschitz embedding into L,, then necessarily 6 < 1 — §(p, q).
Specifically, 0 must satisfy

2
g<dP-a)ta (p—l)(p—Z)( 4 A =2 =2) _1>
2p*(q —2) (pq —3q +2)
(P —q9)g —2)
- (24)

It was shown in [58, Remark 5.10] that for 2 < g < p that the (¢/p)-snowflake
of L, is isometric to a subset of L,. We conjecture that this is sharp, that is, that
the upper bound on 6 that appears in (24) can be improved to 0 < ¢/ p.

CONJECTURE 1.8. Supposethat2 < g < p and 0 € (0, 1) is such that the metric
space (Ly, ||x —y ||Z) admits a bi-Lipschitz embedding into L ,. Then necessarily

0 < q/p.
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In fact, when 2 < g < p, we ask whether or not L, has a unique snowflake
that admits a bi-Lipschitz embedding into L . If true, this would be manifestly
different than the case 1 < g < p < 2, where it is known [21] (see also [89])
that the metric space (L, [lx — yllz) admits an isometric embedding into L, for
every 0 <6 < ¢q/p.

QUESTION 1.9 (Uniqueness of snowflakes). Suppose that2 < g < pand 6 €
(0, 1). Is it true that if the metric space (L, [[x — y||2) admits a bi-Lipschitz
embedding into L, then necessarily 6 = q/p?

The case ¢ = p of Question 1.9 is a well-known problem that has been open
for many years (though apparently not stated explicitly in the literature): is it true
that if p € (2, 00) then forno 6 € (0, 1) the metric space (L, (||x —yll‘;) admits
a bi-Lipschitz embedding into L ,? Related results appear in [S8, Section 5].

REMARK 1.10. The analog of Conjecture 1.8 for sequence spaces has a positive
answer. Indeed, a combination of [14, Corollary 2.19] and [14, Corollary 2.23]
shows that for every 1 < g < p < 00,if 6 € (0, 1] is such that the metric space
Uy, lx—y ||Z) admits a bi-Lipschitz embedding into £, then necessarily 8 < g/ p.
The proof of this result in [14] relies on an infinite-dimensional argument of [45]
that is specific to sequence spaces (the above statement from [14] becomes false
if g € [1,2], p € (2,00) and £, is replaced by L,). Conversely, in [2] (see
also [75, Exercise 1.61]) it was shown that for every 1 < ¢ < p < oo the (¢/ p)-
snowflake of £, does admit a bi-Lipschitz embedding into £,,.

1.6.2.  Grids. Recall that for g € [1, 00) and m,n € N the grid {1, ..., m}",
equipped with the metric inherited from €7, is denoted [m]j. Theorem 1.11
below, which is a consequence of Theorem 1.2, contains the best-known lower
bound on ¢,([m]}) when 2 < g < p, thus yielding another quantitative version
of the fact that L, does not admit a bi-Lipschitz embedding into L .

THEOREM 1.11 (L, distortion of L, grids). For every p € (2, 00) there exists
a, € (0, 00) such that for every g € (2, p) and m, n € N we have
Cp([m]g) 2 o, (min{m(q(p—2))/(q(p—2)+p—q)’ n})(z7—q)(q—2)/(q2(p—2)). (25)
In particular,
— _ —_ _ 2(p—
m> plte—o/ap-2) cp([m];) > apn(p 9)(q=2)/(q"(p=2)) zapcp(ﬁg)_ (26)

The fact that the lower bound in (25) becomes weaker for smaller m
is necessary, as exhibited by the following embedding from [59]. First, let
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G,,, : L, — L, be an isometric embedding of L, into L ,. By a classical theorem
of Schoenberg [84] (see also [89]), there exists an isometric embedding of the
(2/q)-snowflake of £3 into L,, that is, there exists ¥ : £5 — L, such that

Vx.y ey, Y@ — vl = llx -yl

Finally, let I} ,, : €7 — £; be the identity mapping, and define (the superscript

q—2
in the notation J(fH () refers to Schoenberg)

def n n
) =G2,I,Olpq ol

q—2 :

JS

(g—>pin

EZ — L, 27
As argued in [59], the distortion of the restriction of J(fi_) oy 1O [m]g satisfies

. S 1-2
dist(J; . ., lpnp) < m'™24

R

Recalling the definition of the embedding J,_, , ,, in (11), we therefore have

cp([mly) < min{dist(J(’;_)p;n)l[m]z), dist(J(fI_)p;n)l[m]z)}
< min{n(pfq)(q72)/(qz<p72)), m' =21}, (28)
We conjecture that (28) is asymptotically sharp up to constant factors that depend

only on p, gq.

CONIJECTURE 1.12. For2 < q < p andm,n € N, the better of the embeddings
J(I(;%pm) and J(flﬁp;n) appearing in (11) and (27), respectively, is the best possible
bi-Lipschitz embedding of the L, integer grid [m]; into L,. Equivalently,
¢, ([m1}) is bounded from above and from below by positive constants that may
depend only on p and q times the quantity

min{n(p—q)(q—2)/(q2(p—2))’ m' =y, (29)
In particular, there exists n(p, q) € (0, 1) such that
m >0 s e (Im])) > 1(p, g)e, (L)),
yet
m = o MD) =5 ¢, (Im])) = o(c,(€))) (asn — 00).
An affirmative answer to Conjecture 1.12 would imply that if the linear
embedding J(’;_) .y Of £ into an appropriate Rosenthal X ,(w) space fails to
yield the best possible bi-Lipschitz embedding of [m]] into L, (up to constant

factors that are independent of m, n), then the best possible way to embed [m]]
into L, would be to embed it into L, (ignoring the fact that we are seeking
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an embedding into the larger space L), via the (highly nonlinear) Schoenberg
embedding ;. Admittedly, if true, this phenomenon would be quite exotic,
but we conjecture that it indeed occurs partially because it is a consequence of
Conjecture 1.5, as we shall see in Section 1.6.3 below.

REMARK 1.13. There are also interesting open problems related to embeddings
of [m], into L, when p > g > 2. Specifically, by combining the upper bound
in [59] with the metric cotype-based lower bound in [61], we see that

1
i -min{nl/q_l/f’, ml—q/ﬂ} 5 cq([m]’;) < min{nl/q_l/”, ml—2/ﬁ}_ (30)
q

The bounds in (30) match only when ¢ = 2, and it remains open to evaluate
¢q([m]7) up to constant factors that are independent of m, n. An inspection of
the argument in [59] reveals that the lower bound on ¢,([m]}) in (30) would
be sharp (up to constant factors that may depend only on p, g) if the (¢/p)-
snowflake of L, admitted a bi-Lipschitz embedding into L,. When ¢ = 2, this
is indeed the case due to the theorem of Schoenberg that was quoted above, but
for ¢ > 2 a positive answer to Question 1.9 (see also the paragraph immediately
following Question 1.9) would imply that no nontrivial snowflake of L, admits a
bi-Lipschitz embedding into L,. In the spirit of Conjecture 1.12, one is tempted
to ask whether or not the upper bound on cq([m]’l‘,) in (30) is asymptotically
sharp, that is, if also in this setting it is best to embed [m];‘, into L, via an
appropriate embedding into the smaller space L,. However, if this were true then
one would need to find a better lower bound on ¢, ([m]’;) than what follows from
the fact that L, has metric cotype g. For this reason, at present we do not have a
concrete conjecture as to the sharp asymptotics of ¢, ([m]’) when p > g > 2.

1.6.3. Consequences of Conjecture 1.5. The following theorem asserts that
Conjecture 1.5 implies a positive solution of Conjecture 1.8 and Conjecture 1.12.
Thus, obtaining the conjecturally sharp value of m in the metric X, inequality of
Theorem 1.2, in addition to its intrinsic analytic interest, would yield striking
nonembeddability results. As we mentioned earlier, in Section 6 we present
a concrete convolution inequality (that is interesting on its own right) and
prove that it implies an affirmative answer to Conjecture 1.5, and hence also
to Conjectures 1.8 and 1.12.

THEOREM 1.14. If Conjecture 1.5 holds true then for every 2 < q < p and
0 € (0, 1),

cp(Ly, Ix = ylly) <00 = 6 < ~. €19

<R
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Moreover, for every m,n € N the L, distortion of the L, grid [m]} is bounded
from above and below by a constant that may depend only on p times the quantity
appearing in (29).

1.7. X, metric spaces? For p € (0, 00), by pursuing the Ribe program in
light of Theorem 1.2, one arrives at Definition 1.1 of when a metric space (X, dy)
is an X, metric space. One would then want to investigate the structure of such
metric spaces, motivated in part by analogies from the linear theory. However, in
contrast to previous successful steps in the Ribe program, in the present setting
the linear theory of X, spaces has not been studied yet, and it therefore seems
to be more natural to first understand what makes a Banach space an X, Banach
space. Specifically, say that a Banach space (X, || - ||x) is an X, Banach space if
foreveryn e Nand k € {1, ..., n}, every vy, ..., v, € X satisfy

p

]

1 k n k p/2 n
m Z E[ Zs_/v_; i| Sx ;Z llv;ll% + (;) ]E[ Zsjvj
) j=l1 j=l1

k) Scil,...n jes

ISI=k
where the expectation is over ¢ € {—1, 1}" chosen uniformly at random. Being
an X, Banach space is clearly a local property. Our proof of Theorem 1.2 shows
that a Banach space is an X, metric space if and only if it is an X, Banach space,
thus completing the Ribe program in this setting.

For p > 2, it seems that the only Banach spaces that were previously known
to be X, Banach spaces were those that are isomorphic to subspaces of L,.
However, there exist separable X, Banach spaces that are not isomorphic to
a subspace of L,. In Section 7, we prove that for p € [2, o) the Schatten p
trace class §, is an X, Banach space. The fact that §, is not isomorphic to
a subspace of L, was proved in [57] (see also [78]). Obtaining a satisfactory
understanding of those Banach spaces that are X, spaces remains an interesting,
though probably quite difficult, research challenge.

Since S, is an X, Banach space, our work here shows that it is also an
X, metric space. The nonembeddability results that were stated above for
embeddings into L, therefore hold true for embeddings into S, as well. In the
setting of S, these nonembeddability results are new even in the linear category.
It was known that for 2 < ¢ < p the Banach-Mazur distance of ¢ to any
subspace of S, must tend to oo with n: this follows from the noncommutative
Kadec—Petczyniski result in [85]; see also [81, Theorem 10.7]. The literature
gives no information on the rate at which cg, (ZZ) tends to infinity with n
(extracting quantitative estimates from the proof in [85], if at all possible, would
probably require significant effort and yield weak bounds). Here we see that
cs,(£2) is asymptotically n?=9@=2/ @ (P=2) yp to constant factors that may
depend only on p, g.

p
X

https://doi.org/10.1017/fmp.2016.1 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2016.1

Metric X inequalities 21
2. Preliminaries

Here we establish some initial facts and prove some of the simpler statements
that were presented in the Introduction. The results of the present section will
not be used for the proofs of Theorem 1.2 and its consequences, so they could
be skipped on first reading.

We shall start with the proof of Proposition 1.4, that is, that scaling is needed
for the metric X, inequality of Theorem 1.2 to hold true.

Proof of Proposition 1.4. We shall use here the notation that was introduced in
the statement of Proposition 1.4. Since £, embeds isometrically into L ,, by [58,
Lemma 5.2] there exists F : Z3, — L, such that for every distinct x, y € Z},

we have . .
min{2+v/k, \/Z’j’_zl leixi—yp/m _ 1|2}

By integrating (19) we see that

aP E[l|F(x + mes) — F(x)[I7]
0 mﬂ

k 1,...,n}

{
IS]

=k
k& k\"?
< ;E[um +ep) — Fl2]+ <;> E[|F(x + &) — F(0)||”]. (33)

It follows from (32) that if § C {1,...,n} satisfies |S| = k then we have
|F(x + meg) — F(x)|, = 2k for every x € Z5,. Also, the elementary
inequality |e™/™ — 1|*> < 7?/m? implies that for every j € {1,...,n} we have

|F(x+e;j) — F(x)|l, < 2m/m, and for every (x, &) € Z3, x {—1, 1} we have

2m

|F(x+e)—F)l, < 4/k. In conjunction with (33) these estimates show that

ekl 2tk (4k)

mPr mPr nP/ 27
which yields the desired implication (20). O

Next, we shall check the validity of (12), that is, evaluate the distortion of the
mapping J(’;_) oy given in (11). This is a known (and easy) statement which is
included here only because we could not locate a clean reference for it.

Proof of (12). The definition (11) implies that for every x € ZZ we have

R 2
”J(q_)p;n)(-x)”fzg@[;)p = np/ ”xng + np/q”x”g‘

https://doi.org/10.1017/fmp.2016.1 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2016.1

A. Naor and G. Schechtman 22

Consequently, it suffices to show that for every x € £ we have

0?2 x|

20/457(P(P—0)(a—2))/(g*(p—2))

<nPPlx )b+ nP x|y < 207 x]l]. (34)

The rightmost inequality in (34) is an immediate consequence of the estimates
Ixll2 < n'/2 Y4 x|, and ||x||, < |Ix|l,, which hold true because 2 < g < p.

Let x € £; with |x||, = 1 be such that n?/?||x||» + n”/9||x||} is minimal. We
may also assume that the number of nonzero entries of x is minimal, and that
Xiy.-., X >0and x,y =--- =x, =0forsome k € {1, ..., n}. Hence, there
exists (a Lagrange multiplier) A € R such that

Vjie(l,.. kl aPPxlT P x|lh " xy = axd T (35)

For s € [0, 00) write ¥/ (s) = pP/25P=2 — p59-2 4 pP/a x5~ Since p, g > 2 we
have 1/ (0) > 0, and since p > g we have lim,_, ., ¥ (s) = oo. It follows from (35)
that A > 0, and therefore there is a unique sy € (0, co) for which ¥'(s¢) = 0. This
means that i starts at a positive value, decreases on (0, sy), and then increases to
oo. Consequently, there exist a, b € (0, co) such that ¢ (s) =0 — s € {a, b}
for every s € (0, 00). Since by (35) we have v (x;) = Oforevery j € {1, ...,k},
it follows that there exists S C {1, ..., k} such that x; = alg(j) + b1y kg s(j)
forall j € {1, ..., k}. Since ||x||, = 1, we may assume without loss of generality
that a?|S| > 1/2, that is, that @ > 1/(2|S])"/“. Consequently,

np/2||x||z + np/q”x”g > np/2|S|a” + np/q|S|p/2a17

np/2 np/q|S|p/27p/q

>
= 2rla|S|pla- r/q

> 2—p/qnp/2—(p(p—q)(q—Z))/(qz(p—Z))’

where the last step follows by computing the minimum of the quantity
nP/2[sPla=1 4 prlagp/2=pld gver s € (0, 00). O

In the present work, Banach spaces are assumed to be over real scalars
unless stated otherwise. However, it will sometimes be notationally convenient
to work with complex Banach spaces, and in fact all the results presented below
hold true for Banach spaces over the complex numbers as well. This follows
from a straightforward complexification argument. Specifically, given a real
Banach space (Z, || - ||z) and p € [1, c0) denote by Z,(C) the following p-
complexification of Z. As a vector space, Z,(C) = Z x Z. As usual, we consider
Z,(C) as a vector space over C by setting (a + bi)(u, v) = (au — bv, av + bu)
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for every u, v € Z and a, b € R. The norm on Z,(C) is given by

1/p

X 27
V(u,v) € ZxZ, |(u, vz, & (/ ||(cos(9)u—(sin9)v||§d0) . (36)
0

This turns (Z,(C), || - llz,«)) into a Banach space over the complex numbers,
which is isometric as a real Banach space to a subspace of L,([0, 2r], Z). For
every 7 € Z we have

7 AL (p/2+1/2) )
P _ P V4 _ )

Iz Olz,c = IIZIIZ/0 lcos 01" dO = F(p/2+ 1) lzllz- B7)
Hence, by considering an appropriate rescaling of the first coordinate of elements
of Z,(C), we see that Z is isometric to a subspace of Z,(C). Since Z,(C) is
a subspace of L,([0, 2], Z), all properties that are closed under £, sums are
inherited by Z,(C) from Z.

The final matter that will be treated in the present section is to show that the
metric X, inequality of Theorem 1.2 implies the linear X, inequality (16). We
shall show this in the context of general Banach spaces, that is, if a Banach space
is an X, metric space then it is also an X, Banach space. The converse of this
assertion, that is, that an X, Banach space is also an X, metric space, follows
from the proof of Theorem 1.2 that can be found in Section 4.

PROPOSITION 2.1 (Metric X , inequalities imply linear X , inequalities). Let (Z,
Il - lz) be a Banach space. Fix p € [2, 00) andy € (0, 1). Fix also m,n € N and
k e{l,...,n}. Suppose that for every f : Z5, — Z we have

2 Z Z Z”f(x‘i‘mgs) FIY

SC{I .} ee{=1,1}" xeZ}

2m

k
< - Z dlf+e)— flY

Jj=1 xeZ},
(k/n)r"?
e 2 2 I~ F@I. (38)
ee{-1,1}" xeZj |
Then for every zy, ..., 2, € Z we have
(2/7r) ”v (k/n) r/2 "
Z Z ZSJZJ Z” lzt——— Z ZSJZ]

.,n} ee{—1,1}"
\S\—

jes ee{—1,1}"

(39)
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Proof. Since (38) holds true in Z, it also holds true in its p-complexification
Z,(C). Fixing zy,...,2, € Z and § € {—1, 1}", apply (38) to the function f; :
75, — Z,(C) given by

VxeZy,, f0)EY 8 (z,.00eZ x Z.
j=1
By averaging the resulting inequality over § € {—1, 1}", we deduce that

||Z/ES i€ mx’/m(ZJ’O)Hz (C)

2”2 Py —

—1,1" XEZ"

"
k(2m)" /m)P?

g i/m (k
< == =G Ol + = —
j=1

n p
X Z Z Z(Sj(e(ﬂl(xj-+£j))/n1 _ enlxj/m)(Zj, 0)

xezs ese(—1,1m ! j=1 Zp(©

. (40)

where for the left-hand side of (40) we used the fact that e/ +moN/m _ grix/m —
—2e™*/™m for every o € {—1, 1} and x € Z,,,.

Recalling the definition (36) of the norm of Z,(C), for every S C {1, ..., n}
we have

PP

Za emx,/m(z 0)

nxezs, " jes Z,(©)
2
:Z/ Z 25 cos(@—l——) i\ do
xezn Y0 se(—1,1p 1 jes
2 X p
= Z/ Z ZSJ- cos(@—i——f) zj| do
xezn, Y0 se(-1uyl jes n z
. 8]‘ 2 p
> 2r(2m)" ) ZE(/O |c059|d9>zj . (41)
sei—1,1 1l jes
p+1 n
Z% ST D 8z 42)
se{-1,1}"" jeS§

where in (41) we used Jensen’s inequality.
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To bound the first term in the right-hand side of (40), use the fact that
|1 — e < 6 forevery 0 € [0, ], and the identity (37) to get

n
Z 1= e™"” 1z, 0, o)

2 n T1
P P
s p P

< — </o |cos 6] dQ) El lz;ll; < >

=

where we used that, since p > 2, we have fo |cos B db < 0 "cos’0do = .
To bound the second term in the right-hand side of (40), recall the contraction

(43)

principle (see [46, Theorem 4.4]), which asserts that for every ay, ..., a, € R
we have
) Za,a . << ?}ax}mjw) 3 Za Z] (44)
se{—=1,1}"" j= se{—1,1 ! j=
Hence, for every x € Z;, and ¢ € {—1, 1}" we have
. P
> 28 (eI gTiniIm) (2 0)
sef{—1,1}n Z,(©)
TX;  TE; r
Z cos 0+—+— — cos 9+— 8;z;|| do
m z
7TXj 7T8j
< 27| max max |cos|O + — + —
0€[0,27] je{l,....n} m m
T[Xj
—cos<9—|—7> ) ) Za o 45)
se{—1,1y 1l j=
27Tp+1
< 8 , 46
o Z Z Zf (46)

de{-11}"

where (45) uses (44) and (46) uses |cos(e =7 /m) —cos | = |f:i”/m sint dt| <
7 /m, which holds true for every o € [0, 27 ]. The desired inequality (39) follows
by combining (40), (42), (43) and (46). ]

3. Nonembeddability

Here, we assume for the moment the validity of Theorem 1.2, whose proof
appears in Section 4, and proceed to deduce its geometric consequences that
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were stated in the Introduction. Namely, we will prove here Theorems 1.7,
1.11 and 1.14.

Proof of Theorem 1.7. We first make some preparatory elementary estimates
that explain the origin of the quantities that appear in (24). Define v, , : R — R

by
def 3P 2tp p—q
v, (t)=——3+(tp+2———p 1+ —
i q q q(p—2)
_Pr@=2, plpa-3¢+2)
q*(p —2) q(p—2)
Then for every s € (0, 1) we have

2
q-(p—2)
— Y, (1 =5)—(p—q)g —2)
=—(2pq +29 —4p+ pg® —3q7)s + p(qg — 2)s’
> —(2pq +2q —4p + pgP)s > —2p* —2p + p’)s > —2p’s.

Hence v, ,(1 — (p — q)(g — 2)/(2p?)) > 0. Note that ¥, ,(0) = —p < 0 and

Y,q4(q/p) = —(p — q) < 0. Since ¥ is quadratic with lim,_, .o, ¥, , (1) = 00,
it follows that v, , has exactly one positive zero that lies in the interval (q/p,
1 —(p—¢q)(g —2)/2p?)). One checks that ¥, ,(6,,) = 0, where

0

ar 29(p —q) +¢*(p = D(p — 2)( 14 4p(p —2)(¢ =2) 1)
me 2p*(g —2) (pq —3q +2) '

Consequently, g/p < 6,, < 1—(p—q)(g—2)/(2p?) (in particular, the rightmost
inequality in (24) is valid), and

Vo e(0,1), ¢,,0) <0 = 0<0,,. 47

Now, suppose that (L,, |[x —y ||f1) admits a bi-Lipschitz embedding into L ,. If
0 <q/p < 0,4 then we are done, so we may assume below that 6 > g/p. Since
£,(C) embeds isometrically into L, there exists A € [1, co) such that for every

n

m, n € N there is a mapping f,, , : Z},, — L, that satisfies for every x, y € Zj,,

n 0/q
(Z |e7'uX/'/2m . eﬂl}’_f/2m|Q> < ”fm,”(x) _ fm,n(y)“p
j=1

n 0/q
g A <Z |enix_,-/2m _ ertiyj/2m|q> . (48)
j=1
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Suppose that m > n and define k € {1, ...,n} by k & [n3/m?]. By Theorem 1.2
and Remark 1.3, in conjunction with (48), we have

n3or/a korla k k p/2 ntrla
Y (c(p)A)P(T n (—) - )
mop

m20r/a+p mp n mop

3 +op/
_ <2c(p)A)"(”— + u) 49)

mor+2 | g (40)p

where c(p) € (1, co) may depend only on p.
Choose m € N by setting

m & [pP=3+0p/0/ (=21 = 1 +EP-0)/@(p=2)7

Observe that since § > ¢g/p and p > 2 we have m > n. The above choice of m

ensures that
n3 np+9p/q n3

+
mor+2 mU+0p ~P 0p42°

and therefore by (49) (and our choice of m) we have

pn30p/a=3+0p+2-20p/q—p)(1+0Op=q)/(q(p=2))) Sp (C(p)A)p. (50)

Since (50) is supposed to hold true for n that can be arbitrarily large, we
necessarily have

30 20 Op —
pr,q(9)=—p—3+(9p+2__1’_p)<1+ P q)<0
1 q q(p—2)

Recalling (47), this implies that 6 < 6, ,, as required. O

p.q>

Before proving Theorem 1.11 we record for future use the following very
simple lemma.

LEMMA 3.1. For every two integers m, n > 2 there exists a mapping h’ : Z" —
{0, ..., 4m}*" such that for every q € [2, 00) and x, y € 7" we have

n 1/q
m (Z |e?i/m — ez”’w'"w) < A, ) = R ()l
j=1

n 1/q
< 3m (Z |e2rixi/m _ eZJriy‘/-/mlq) .
j=1

https://doi.org/10.1017/fmp.2016.1 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2016.1

A. Naor and G. Schechtman 28
Proof. For every u € Z,, choose a,,(u), b,,(u) € {0, ..., 4m} such that

< and

2mu 1
2m + 2mcos\ — | — a,,(u) —
m 2

<

. (27u 1
2m + 2m sin{ — | — b,, (u) -,
m 2

Then, for every distinct u, v € Z,, we have
(|am () = @ ()| + by (1) — by (v)]9)"/1

< Vlan @) — a, ()2 + |b, (1) — b, (v)[2

. ) 2
< 2m|62mu/m _ eva/ml R

V2

2niv/m|
9

2riu/m

< 3mle —e

since for distinct u, v € Z,, we have |e¥ /M — g2miv/m| > |27i/m _ || > 4/m.
Similarly,

(am () = @ (V)] =+ by () — by (0)|9)
> L\/|am<u> — A (V)2 + by (1) — by (V)2
V2

2—/2/4
V2

Hence h"(x) £ (a(x1), by (X1), G (X2), (X2, - - - (%), b (x,)) has the
desired property. O

> m|e2niu/m _ eZniv/ml > m|627riu/m _ e27riv/m|‘

Proof of Theorem 1.11. We shall show that for an appropriate choice of
B, € (0, 00) we have

2
m > p'te-0/ap=2) cp([16m]j") > ﬂpn(p—q)(q—Z)/(q (r=2) (51)

Since [M ]; D) [m]; for every integer M > m and [m]fiV contains an isometric
copy of [m]] for every integer N > n, the validity of (51) implies the desired
estimate (25).

Fix D € [1, co) and suppose that f : [l6m]$’” — L, satisfies

Y,y etomly, llx = ylly <IFG) = fFODl, < Dlx =yl (52)
Our goal is to bound D from below. Define F : Z;, — L, by F = f o h}

4m>

where A}, is the mapping from Lemma 3.1. Then for every x € Zj,, every
je{l,...,n},every e € {—1,1}" andevery S C {1, ..., n} we have

IF(x +ej) = FO)ll, < 3mDle™*" — 1| < D, (53)
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n 1/q
|F(x+¢&) — Fx)l, < 3mD<Z |emiei 2 — 1|q> < Dn'M,  (54)

j=1
and
) 1/q
I F(x +2meg) — F(x)ll, > m(z le™ — 1|") Zm|S|". (55)
jes
Denote
k = [n(p(q—2))/(q(p—2))1' (56)

Then k < n and the assumption on m in (51) implies that m > n*?/V/k.
Hence, by Theorem 1.2 and Remark 1.3, combined with (53)—(55), there exists
K, € (0, 00) such that

p/2
(P*(a—2)/(g*(p—2)) pla PP < P P, (Pa—2)/(q(p—2)
n Sk < KD <k+np/2—p/q)wf' K}D"n .
Consequently,
nP—D@=2)/q*(p=2))
D2 . O
Kp

REMARK 3.2. Lower bounds on cp([m]g) that are weaker than those of
Theorem 1.11 can also be deduced from general discretization principles
(combined with the asymptotic computation of cp(Eg) in [33]), namely from
Bourgain’s discretization theorem [18] and its quantitative improvement for
L, spaces in [36]. Specifically, let By denote the unit ball of £7. Observe that
(I/m){—m, ..., m}" contains a §-dense subset of By, with § < n'/?/m. By [36,
Theorem 1.3] (and the discussion immediately following it), we see that there
exists a universal constant y € (0, 1) such that if

n'/e Y B
m = n2e,(en)

m o (p, q)n*P-0a=2/@q*(p=2)

then
cp(£7)
cp([2m];) > ! 2‘1 Z o(p, q)n(P—q)(q—2)/(q2(P—2))’

where o (p, q) € (0, 0o) is as in (10). Consequently,
> 9P a)  21/gro-a-2/@ -2
_9PD -0 /a2 -2

Y
— Cp([zm]z) > o (p, q)n(p—q)(q—Z)/(qz(p—Z))' (57)
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We note that a direct application of Bourgain’s discretization theorem [18]
(which holds true also for target spaces that need not be L, spaces) would imply
the same bound on c,,([2m]’;) as in (57), provided that m is much larger than the
requirement appearing in (57) (specifically, m would have to be at least doubly
exponential in n logn).

Proof of Theorem 1.14. The proof follows the proofs of Theorem 1.7 and
Theorem 1.11 with a different (optimal) setting of parameters that is made
possible due to the assumed validity of Conjecture 1.5. Specifically, we are now
assuming that (21) holds true provided m > C,/n/k.

Dealing first with (31), fix 6 € (¢/p, 1] and n € N. Choose m,k € N as
follows.

. [C?n
m def Ln(9P*q)/(q(P*2))J and k& def ’7 172 —‘ (58)
m
Since 6 > g/p we may assume that n is large enough so that m > C,, in
which case we have k € {1,...,n} and m > C,+/n/k. Suppose for the sake
of obtaining a contradiction that there exists f,,, : Z}, — L, satisfying (48).

An application of (21) then yields the following estimate.

(58) apkep/q
< =

O,pCiep/qn(p(qz—zezp»/(q%pfz» <

mbp

enas (k kN\"* norla
< A — 4+ (%) .
= mop * n mop

(58)
1—Q+0p)((Op— -2
Sp (C,,A)pn (2+6p)((Op—q)/(q(p )))‘ (59)

Since (59) holds true for arbitrarily large n, we conclude that

p(g* —20%p) 6p—q  plg*>—20%p) 6p(g—2)(6p —q)
——— < 1-02+0 — _
2(p—2) ) =2~ -2 72(p—2)

Consequently 8 < ¢/ p, contradicting the initial assumption that 6 > ¢g/p. This
proves (31).

Next, we have already seen in (28) that c,,([m]Z) is bounded from above
by a constant multiple of the quantity appearing in (29). By arguing as in the
beginning of the proof of Theorem 1.11, it therefore suffices to show that for
every m, n € N we have

m> nP—0/4(p-2) cp([16m]2”) > é(p)n(pfq)(q%)/(qz(p%)) (60)

for some &(p) € (0, 0o). To this end, suppose that there exists f : [16m]§" — L,
satisfying (52), our goal being to bound D from below. As explained in the proof
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of Theorem 1.11, this implies the existence of F' : Z},, — L, that satisfies (53),

4m

(54) and (55). Similarly, for (56), choose k € N to be
k & rc2pra-22/ar-2, ©61)
P

We may suppose that n is large enough so that k € {I,...,n}, since
otherwise (60) is vacuous. The lower bound on m that is assumed in (60)
implies that m > C,+/n/k, so we may apply (21), yielding, in conjunction
with (53)—(55), that the following holds true.

1 p/2
., CPlanPa-21@0-0 'C o o < prfp g KT
P=p =T ~P np/2-rla

(61)
< (CpD)Pn(ﬁ(q—Z))/(q(p—Z»

~p
@ a-ae-)
> L, (P (q—2)/(g*(p—
= D2 Ci-T7g n . O
P

4. Proof of Theorem 1.2

Suppose from now on that m,n € N satisfy m > n and that R € [n, 2m] is
an odd integer. In what follows, we shall use the canonical identification of Zj,,
with [-(2m —1),2m — 1]"NZ". Fix § € {1, ..., n} and define Us C Z},, by
Us déf{y €[—R,RI":V(U, j) e Sx({L,...,n}\S), (i, y;) € QZ)x (1+27Z)}.

(62)
Thus Us consists for those y € Zj,, satisfying |y;| < R forevery j € {1, ..., n},
and such that y; is even for every j € S and y; is odd for every j € {1, ...,
n}NS. Observe that since R is odd, for every y € Us we actually have |y;| < R
if j € S. Hence |Us| = R'S'(R + 1)"~!5!. Given a Banach space (X, || - ||x), the
averaging operator corresponding to Ug will be denoted below by Dy : L,(Z}, ,
X) = Ly(Z,,, X), thatis, for every f : Z), — X and x € Zj, we set

4m >

Dof L3 paty. (63)

|Us| oy

The following lemma extends [61, Lemma 5.1], which corresponds to the
special case | S| = 1.

LEMMA 4.1. Suppose that m,n € N, and that R € {1, ...,2m — 1} is odd. Let
(X, |- lx) be a Banach space and p € [1, oo). Then for every f : Z,, — X and
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S C{l,...,n}we have

RP
Do IF@=DsfOIk S, 5 Do 2 If G +e) = fll

xeZy, ee{=11}" xeZj;,

D D f e — FOIL. (64)

ee(=1,1}" xeZj

Proof. Forevery w € Z" all of whose coordinates are odd fix y,, : NU{0} — Z"
that satisfies v,,(0) = 0, v, (lwlls) = w and vy, (t) — v, — 1) € {—1, 1}"
for every t+ € N. The existence of such vy, is explained in [61, Lemma 5.1],
and we shall quickly recall now why this is so for the sake of completeness.
We may assume without loss of generality that all the coordinates of w are
positive, since for general w we could then define vy,, = sign(w) - y),,, where
the multiplication is coordinate-wise and we denote |w| = (|w,|, ..., |w,|) and
sign(w) = (sign(wy), ..., sign(w,)). Now, supposing that all the coordinates of
w are positive, define v, (0) = 0 and, inductively, for every ¢ € N such that
Yw (2t — 2) has already been defined, set

Yot =Dy, Q2 =2+ e,

and

Yol Ev,Qt =D+ > = Y e

jell,...,n} jell,...,n}
Yuw@t=1)j<w; Yuw@t=1)j=w;
This explicit definition of y,, is not used below; we shall only need to know
that y,, exists, and that, as our construction guarantees, we have £y,, = Yy, for
every € € {—1, 1}". Note that, since the restriction of y,, to {0, ..., ||w| ]} is an
£ geodesic joining 0 and w, for every distinct s,¢ € {0, ..., |w|l.} we have
Yuw($) # V().

If y € Us and n € {—1, 1}" then all the coordinates of y — ng are odd, and
we can therefore consider y,_,,. For every x € Zj,,, define y] / : N — Z" by
Yi, =X+ ns + Yy Thus, v] (0) = x +ns, v ,(ly — 775”00) =x+yand
ym(t) — yx,y(t — 1) e{-1,1}"forallt € N. Note that y” v depends only on
those coordinates of 7 that belong to S.

For every z € Z},,, and ¢, n € {—1, 1}" define

Fy(ze) ¥ ((x,y) € Z, x U :y" (1 — 1) = zand
Yy, () =z +eforsomet € [1, ||y — nsllel}-
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Observe that for every (x, y) € Z},, x Us and n € {—1, 1}" there is at most one
te{l,....ly — nslleo} for whichy? (t —1) =zandvy] (1) =z+e.
We claim that

N¥ Z |F,(z, )] (65)

ne{—11}"

is independent of z € Zj, and ¢ € {—1, 1}". Indeed, for every ¢,§ € {—1, 1}"
and z, w € Zj, define a bijection ) : Zj x Us — Zj, x Ug by

Yol (x, y) & (w — 687 + £8x, £8y).

= w—egdz+edy] . Consequently,

Then for every n € {—1, 1}" we have y‘;i.'?a )

n _ n _ eén _ &8n _
(yx’y(t 1)7 Yx,y(t)) - (Z7 Z+€) — (’Ylﬂfjj(x,y)(t 1)7 'Y%«:S‘(xy)(t)) - (w7 w+8)

forevery r € {1,..., ||y — nslleo}. This shows that for every n € {—1, 1}" the
mapping ) is a bijection between F,(z, €) and F,(w, 8), whence | F,(z, &)|
= |F,(w, 8)|. Consequently,

YoUR@el= Y |Faw.o)l= Y [Fw?d)l,

ne{—1.1}" ne{—1.1}" ne{—1.1"

implying that the integer N defined in (65) is indeed independent of (z, ¢) €
Zy, x {—1,1}".

We shall need an estimate on N, which is proved by double counting as
follows.

N@m)'= " Y |FGe)

z€Zy, ene{—11}"

lly=nslloe

=2 2 2 ) et

z€Zy,, enel—11}" (x,y)eZ}, xUs  t=1

= > > ly=nsl

ne{—=11" (x,y)eZ}, xUs

< R(@8m)"|Usl.

Consequently,
N < R|Us]. (66)
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Now, fix f : Z,, — X.Foreveryx € Z;,,,y € Ug and n € {—1, 1}" we have

If ) = fx+ 2y
Sp 1) = fO+n9)lly + 1O, 0) = FOAL Ay — nslle) Ik
Sp 1) = e+ n)llx + Ny = nsllZ

ly—nsllo

<AL= D) = FOL DIk
=1

ly—nslloe

<NFE) = Fa+nlk + R DY IFELE = 1) = FL @)%

t=1

By averaging this inequality over n € {—1, 1}" we see that

1
llLf(x) — f(ery)llprE D) = fx+ sl

ne{—1.1)"

Rp 1 ly=nslloo

DY AL =) = DI

ne{—11y =1

Consequently, using the definition of the operator Dy and convexity, we see that

> lf&) = Dsfly

n
X€Zy,

|U| YD If@ = fa+ ik

xeZy, yeUs
DT @ = f sy
ne{—1L1}" xeZzj,,

RP-1 ly=nsllo

Z S Y S ran,e =) - Fa, @)l

L1 =1 xeZj yeUs

1
=2 2 2 @ = fa+aoly

ne{=1,1}" xeZzj,

RP'N
+ Yo Y fe+e - f@lk.

n
2"|Us| ee{—1,1}" zeZ},

Recalling the upper bound on N appearing in (66), this implies the desired
estimate (64). ]
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We record the following very simple lemma for future use.

LEMMA 4.2. Suppose that (X, dx) is a metric space and p € [1, 00). Then for
every f : 7y, — X, e € {—=1,1}"and S C {1, ..., n}, we have

D dx(f(x+es), f) < ISIPTY D de(fx + e, f(x)". (67)

n ; n
X€Zy,, JjeSs X€Zy,,

Proof. Write S = {j(1),...,j(|S])} and for every £ € {0,...,|S|} denote
S ={j),..., j®)} (with the convention S(0) = ). Then by the triangle
inequality and Holder’s inequality, for every ¢ € {—1, 1}" we have

dy(f (x + &5), f(x))"
N
SN de(f(x + ese-1 +Ejwejw)s fx +ese-1y)’.
=1
Hence, 18]
D dx(fx ), fE) ISIPTY DY dx(f (O + gjweiw). FO))
xezl, =1 yezy,
IS]
=151 Y " dx(fa+ e FR)
=1 zezy,
=S Y0 ) de(f+ep), f@). O
JES zeZj,,

LEMMA 4.3. Suppose that m,n € N, and that R € {1, ...,2m — 1} is odd and
ke{l,...,n}. Let (X, ||-||x) be a Banach space and p € [1, 00). Then for every
f:Z,, — Xandd € {—1, 1},

1

o > D If x4 2mss) — Fl%

(k) SC{l,....n} xeZ"
|S|=K 4m

P
o S Y IDsf(x +285) — Dsf Il

=G
kJ SC{1,...,n} x€Zy,
IS|=k

+ ';— Yo e+ — flk

ee{—1.1)" xezl,

kP &
2D I ten) = I (68)

j=1 x€Z},,
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Proof. Forevery S C {1, ..., n} with |[S| = k we have

D If & +2més) — FOR

x€Zly,

Sp D IDsf(x +2més) — Dsf(x)lI%

n
X€Zy,,

36

+ 3 IDsf (x +2m8s) — fx +2m3)lh + Y 1Dsf () — fI

xeZy, x€Zy,
= Y IDsf(x +2mds) — Dsf )y +2 Y I1Dsf(x) — fl%.
XGZXM XEZZm

The first term in (69) can be bounded as follows:

> IDsf(x +2mds) — Dsf ()%
xEZXm

< mr! Z Z | Ds f (x + 2t85) — Dsf(x + (2t — 2)85) 1%

t=1 xeZj,
=m" Y |Dsf(x +265) — Dsf ()|}
XEZZIH

The second term in (69) is bounded using Lemmas 4.1 and 4.2 as follows:

R?P
D IDsfO = fOIE S, 50 Do D If+e) = flf

ee{=11}" xeZj,

HISIPTY D f Gt e) — fFIE.

JES xeZy,

x€Zly,

Note that for every x € Z

4m>

k n
Z D IfG+ey = f@lf == Ifx+e) = f@.
j=1

SC{l .n} jes
ISI=k

(69)

(70)

(71)

Hence, the desired inequality (68) follows by substituting (70) and (71) into (69)

and averaging the resulting inequality over all S C {1, ..., n} with |S| = k.

O

Our next goal is to bound the first term in the right-hand side of (68). To this

end, we first recall some results from [34].
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Fixing a Banach space (X, ||-|/x), consider the averaging operator A : L,(Z},,
X) = Ly(Z,,, X) given, forevery f : Z,, — X and x € Z},, by

et 1
Af@E 0 0 faty). (72)

ye(—R,R)"N(2Z)"

For j € {1,...,n} denote B; = Dy;, that is, B; is the averaging operator
corresponding to the set Uy;;, which consists of those y € [—~R, R]" such that
y; is even and y, is odd for every £ € {1, ..., n}\{j}. (In [34], the set U{;, was
denoted S(j, R) and the operator B; was denoted &)

It follows from [34] that for every f : Z), — X, every p € [1, oo) and every
e € {—1, 1}" we have

2

R n—1
(—) (Af(x +&) —Af(x —¢))

erﬁm R + 1
n P
— N e Bif(x +e) — Bif(x — e
Jj=1 X
nl RY#—)p
YD e/ Z D Olf+2es) — fFWI%. (73)

s=0 (’S‘) SC{l,...n} xeZ},
|S| s

Since (73) is only implicit in [34] (it follows from proofs in [34] rather than from
explicit statements in [34]), we shall now explain how to establish (73).

Proof of (73). Forevery T C {1, ..., n}define Ly C Z}, by

Lr £{y e (=R, R)":¥G, j) €T x ({1,....n}\T), (i, y,) € 27 x {0}}.

Thus, L7 consists of those y € (—R, R)" all of whose coordinates are even, and
all of whose coordinates that lie outside 7" vanish. As in [34, Definition 3.2], we
let Ay : Ly(Z},,, X) — L.(Z,,, X) denote the averaging operator corresponding
to Lr, thatis, forevery f : Z;,, — X and x € Z

4m>

Arf(n) € |LT| Y f ).

yeLr

We note in passing that the operator A given in (72) coincides with Ay ).
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Fore € {—=1,1}", @ € {0,...,n} and B € {0, ..., &} define V;; : L,(Zj,,
X) = L,(Zj,, X) by setting for every f : Zj,, — X and x € Z;

4m>

Vi fE Y Y [Arf(+RS+er)—Arf(x+RS—ep)l.

TC{l,..on} §e{—1,1}{LnNT
IT|l=n—a (5.e1,  n1)=00—28

(74)
Here (-, -) denotes the standard scalar product on R". It is worthwhile to compare
the right-hand side of (74) to the right-hand side of [34, equation (44)] (however,
note that there is a difference of a normalization factor. Our R is the same as
the parameter k of [34]). By combining [34, Lemma 3.8] with [34, Lemma 3.5]
and identity (44) of [34], we see that for every o € {0,...,n} and 8 € {0, ...,
a} there exists i, p € R (related to the bivariate Bernoulli numbers; see [34,
Section 3.1]) such that sy = 1,

< @=pp!

Vaef0,...,n}, VB {0,...,a}, |hepl S 2 , (75)

and for every f : Z,, — X and x € Z},,

R n—1 n o a
Zsj[ij<x+ej>—ij<x—ej>]=(R—H) 0 Vepl . (76)

j=1 a=0 B=0

Observe that Vi, f(x) = Af (x +¢&) — Af (x — ¢), so it follows from (76) that

Y &ilBif(x+e)—B;f(x—e)]
j=1
' R n—1
_<_R+1) (Af(x +¢e) — Af(x—s))
(76) hq,
DI BN >||XNZZaZ(“ A PV @l 7

a=1 =0

By convexity, it follows from (77) that

p

n—1
Zs,[B FGrte)—Bif(x—epl- (Ril) (Af(x+e) = Af(x &)

j=1

n 1 o
Y z—a(Z (“Rﬂuvz,f( >||X)

a=1 B=0

X

1)P-1 _ P
<Yy @t e vyl
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We can therefore bound the left-hand side of (73) as follows:

2

R n—1
( ) (Af(x +e) - Af(x —¢))

x€Zy, R +1
n p
— D &i[Bif(x+e;) — Bif(x —e)]
Jj=1 X
L (@4 DN — BB
SHIPIE= 2522,, DB S weprol. a®)
@=l f=0 xeZ,

Since the number of terms in the sums that appear in the definition (74) of V7 4
is () (5)-
Vi f @l

erZm
p—1 p-l
< <”> <a> > 2
a ﬂ TSl 56{71,1}(1 ..... ny\T
|T|=n—«a (8.8(1,.ny~T)=0—2p
X Z A7 f(x + RS +er) — Arf(x + RS — er)|l% 79)
xeZy,
NN
) B S s
o ﬁ T<A{1,...,n} ergm
IT|=n—a
NN
< ( ) ( ) S Y UfG+ 260 — FOIL #0
o /3 T<AL,...n} xeZly,
IT|=n—a

where (80) is valid since A7 is an averaging operator.
By combining (78) with (80) we see that

2

R n—1
( ) (Af(x +e) —Af(x —¢))

erj{m R+1
n )4
— Y &lBiflx+e) —Bif(x—e)]
Jj=1 X
C e @ D@ = BB (T (@)
Soy ) ()
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x> Y f e+ 2er) — F@IIK 81)
TCAL,..., n}x€Z4m
|T|=n—a

"\ (o + 1)P n! r

o 2"‘R“P (n—a)!

x Y Z ILf (x + 2e7) — FOI%. (82)
7[;‘{1 ..... n} xeZy,,

The desired estimate (73) is a consequence of (81) via the change of variable
s = n—a and by using the bounds n!/(n—a)! < n® and (@+1)7/2* < 2p)?. O
In what follows, we will use the following simple lemma several times.

LEMMA 4.4. Suppose that (X, dy) is a metric space. Fix S C {1,...,n} and
p € [1, 00). Then for every f : Zj, — X, we have

DD dv(f). fx42e9)’ <27 Y0 D dx(f(x). fx+e)
ee{—1,1}" xeZjj se{—L1}" xezj,

(83)

Proof. For every ¢, € {—1, 1}", we have

dx (f(x), f(x +2e5)” <277 My (f(x), f(x + &5+ 81, m~s))”
+ 2P Ay (f(x + &5 + 81 mps)s f(xX +265))7.

Hence,

D dy(f(x), f(x + 265)"

x€Zy,
<2770 Y Wy (f (), fx +Es + 8ms)”
x€Zy,,
+dx (f (X + &5+ 81.n~s)s £ (x +2¢5))7) (84)
=21 N "y (f (), &5+ 8ns)”
x€ly,,
+dx(f(x), f(x +e5—8u,..mps)’)- (85)
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niNS and

.....

.....

2°
D Ax(f), flat2e)" <0 Y0 Y di(f), f (et )

xeZy, se(=1,1}" xezZj
(36)
If ¢ and § are i.i.d. and uniformly distributed over {—1, 1}", then the vector
€s + 8(1,..m~s 1s also uniformly distributed over {—1, 1}". Consequently, the
desired estimate (83) follows by averaging (86) over ¢ € {—1, 1}". O

The following two lemmas contain estimates that will be used crucially in the
ensuing discussion.

LEMMA 4.5. Let (X, || - llx) be a Banach space. Suppose that R > 2n — 1 (in
addition to the previous assumptions on R, that is, that it is an odd integer with
R < 2m). Then for every p € [1,00) and f : Z,, — X we have

Z ZH(R+1) (Af(x +6) — Af(x — )

ee{— " xeZy,,

p
- Ze,[B fx4e)—Bjf(x— e,)]

j=1

S (,;_;) Z D) = fx+ o)l (87)

" xely,,

Proof. By summing (73) over ¢ € {—1, 1}" and using Lemma 4.4 we see that
the left-hand side of (87) is at most (O (1) p)? times the following quantity

nol g\ (=9p
(Z<E> ) Yo Y@ - fa+eoly

s=0 ee{=1,1}" xeZj
S (%) Z Sl - fe+ ol
" x€ly,
where in the last step we used the fact that R > 2n — 1. O

The following lemma contains an estimate that will be used to control the
average over all § € {—1, 1}" of the first term in the right-hand side of (68).
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LEMMA 4.6. Let (X, || - ||x) be a Banach space and fix S C {1, ..., n}. Suppose

that R is an odd integer satisfying 2|S|—1 < R < 2m. Then for every p € [1, 00)
and f : Z}, — X we have

> D UIDsf(x +285) — Dsf)lI%

se(=1,1}" xeZly |
p
S D 2| elBifGte) = Bif(x—el
ee{—1.1y" xezj, " jeS X
+(M)p Y @ = fx+ ol (88)
R
ee(=1,1}" xeZj;,
Proof. Denote k & S|, T «f {1,...,n}\S and consider Z}, as being equal to

Z3, xZI .Foreveryy € ZI define f, : Z3 — X by setting for every x € Z,,

e 1
FOE—08 Y fy+o.

R 1 n—k
( + ) ze(14+2Z)TN[—R,R]T

Let A® be the averaging operator corresponding to (72) with Z} replaced by
Z3 ,thatis, forevery h : Z3 — X and x € Z;

4m>

of 1
A(S)h(x) ef ﬁ Z h(x + w).

we(—R,R)SNQ2Z)S

Similarly, for every j € S let B;S) be the averaging operator analogous to B; but
with Z = replaced by Z3, , that is, for every h : Zj — X and x € Zj

4m> 4m>

1
() def
Bj h(X)—w Z l’l(X+a€j+ Z b5€3->.

a€[—R,RINQ27Z) seS~{j}
be([—R,RIN(142Z))S >/

With these definitions, for every (x, y) € Z§,, x Z} and j € S we have
Dsf(x.y)=AVf,(x) and B;f(e.y) =B f,(x). (89

Since R > 2k — 1, an application of (73) to f, yields the following estimate,

which holds true for every fixed § € {—1,1}" and y € Z] .
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S 1A £,x 4 285) — AS £, ()11

S
xe Z4m

= D NAD f(x +85) — A9 fy(x = 89)II%

erfm
p
< SIS SIBY £+ e) — BY fy(x — )]
erfm JES X
kR
+pPZT Z Z | fy(x +28w) — L)% (90)
s=0 (s) |Wcs XGZS

Wi=s

By summing (90) over § € {—1, 1}* and y € Z , while using the identities (89),
we see that

> S IDsf(z +285) — Dsf %

Se(—1.1)" zeZ

PP

" zely,,
P Z (k/Rz“—W
s=0 (s)
XD Y A +28w) — A0 1)

n S T
WS bel-L1V xezs, yer,

> 8B f(z+e) — B f(x —e

jes

Recalling that f; is obtained from f by averaging, it follows by convexity that
forevery W C S and § € {—1, 1}" we have

DDA +28w) — AL < Y 1@+ 28w) — f@II%.

N T n
x€Z4m yEZ4m ZEZ4’"

Consequently, using Lemma 4.4 and the assumption R > 2k — 1, the final term
in (91) is at most (O (1) p)? times the following quantity

k—1 k (k—s)p
<Z<E> ) Z Y lf+20) — F@I%

5=0 " 2eZl,
k
< (;) Z S fG+e - fF@lL.
—1,1}" zezy,,
Hence (91) implies the desired inequality (88). O
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Proof of Theorem 1.2. From now on, choose R to be the smallest odd integer
that is greater than pn, and suppose that

3/2]
S ogp

+ pn.
\/E p

In particular, we have 2n < R < 2m. Fix x € Z},, and apply inequality (16) to
the scalars a; = B; f(x +e;) — B; f (x — e;). The resulting estimate is

(p/ log P77
IR Z Z

..... n} ee(—1,1jn

D elBifx+e)—Bif(x—e

jes

k n
b~ D IBif(ctep) = Bif(x = epl’

j=1

(k /)"
S TS

eef{—1,1}"

> &[Bif(x+e)— B f(x—e

j=1

92)

By summing (92) over x € Zj,, we deduce that

(p/logp) Z Z Z

n} ee(~1,1)" xez!,
\S\ %"

k
b Z B, f(x +2€;) = By f ()"

xez j=1

Gy
) PP

" xely,,

D &[Bif(x+e)— B f(x— e,)]

jes

P

Zs,[B f(x+e)—B;f(x —e)l

(93)

Forevery j € {1, ..., n}, since B; is an averaging operator we have

D IBif(x+2e) = B f ()

n
X€Zy,,

< Y @ H2e) — fFOIF S, Y IfGte) = fFOF. (94)

n
xeZy, xX€Zy,

Recalling that R > pn, by Lemma 4.5 we have
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2. 2

ee{—11}" xez},

> D IAf(x+26) — Af ()]

ee{-11}" xeZj,

+ Y D It - fwl

ee(=1,1}" xeZj;

Z D fx+2e) — fF)I?

Ze (B, f G+ ) — By fGc—epl|

AY xeZy,
+ Y D It - fl (95)
ee(=1,1}" xeZj; |
Yo DY Ifx+e) - fI, (96)

ee{—1.1)" xezy,

where in (95) we used the fact that A is an averaging operator.
By substituting (94) and (96) into (93) we see that

1 P
(p/logp) ¥ ng) S S elBif e — B f(x— el
SC‘{I_ n}ee{—1,1}" xeZj, ' jES
k n 1 k p/2
) _Zl; 1f(x+e) = FOI” + 2—(;)
Z Y If+e) — f@I. 97)
—1, 1} xezZ?

‘4m

By averaging (88) over all S C {1, ..., n} with |S| = k and substituting (97)
into the resulting inequality, we obtain the following estimate.

1 14
(p/logp)™" Z Z Z|Dsf(x+83) Ds f(x — 85)|"

2n n
SC‘{I ,,,,, n}ée{—1,1}" xeZj,

p/2
— Z DI te) = fOI+ (5>

j=1 xeZj,

Yo D I te -l (98)

ee(=1,1}" xeZj;

https://doi.org/10.1017/fmp.2016.1 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2016.1

A. Naor and G. Schechtman 46

Next, average (68) over § € {—1, 1}" and substitute (98) into the resulting
inequality, thus obtaining the following estimate (recall that in the present
setting R < pn).

Z Z Z|f(x+2mgs) S 1P

SC{I .n} " xeZy,,
NES k
P kp 1 "
< ( b ) f(c+ep) — FI
(ogp) ,X;EXZ: !
P’ (P (n\"P\ 1R\
+((1ogp)p+ mv <%> )2_<_>
Z DI +e) — f@I. (99)
11}"er

Since m > (n**log p)/~/k, the desired inequality (4) is a consequence
of (99). O]

5. Proof of Theorem 1.6

The desired inequality (23) is equivalent to the conjunction of the following
two inequalities.

DD I +28) = F)

ee{—11}" xeZg,

k)P/?
<, e Z Z S IfGtes) - F@IP. (100)

G I e

|S|_k

8m

and

" 1t Ame) — fI
2.2 e

j=1 xeZ,

/2
< Z,f’p Z Z S If G+ — f@I%. (101

n
,,,,, }ee! erSm

The proofs of (100) and (101) are of a different nature: (100) is related to metric
type and (101) is related to metric cotype. We therefore treat (100) and (101) in
separate subsections.
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S.1. Metric type and proof of (100). Foreveryn e Nand j € {1,...,n}let
o/ € {—1, 1}" be given by

j gt

= —e; + Z e.

Thus, for every & € {—1, 1}", coordinate-wise multiplication by o/ yields
ole = (e, ce s Bl =€y Ejly s En)-

Suppose that (X, || - ||x) is a Banach space and that p € [1, oo]. Slightly
abusing notation that was introduced in [39], let P37 (X) be the infimum over
those P € (0, oo) such that for every & : {—1, 1}" — X we have

1 1/p
(5 > ko) - h(—e>||§)

ee{—1,1}"

<m(4i,, >

e.8e{—1,1}n

rN\ U/p
) . (102)
X

Note that in [39] the quantity *B’ (X) denotes the best constant in an inequality
that is stronger than but closely related to (102). However, this distinction is
not important for us here and we prefer to use the notation 37 (X) rather than
introducing ad hoc terminology.

The quantity P’ (X) is called the Pisier constant of (X, || - ||x) (corresponding
to dimension n and exponent p). In the context of his work on metric type,
Pisier proved in [79] that ‘BZ (X) < logn for every Banach space (X, || - |Ix).
In order to prove (100), we will deal with X = R, in which case it will be
important that sup, . P, (R) < co. This strengthening of Pisier’s inequality for
real-valued functions is due to Talagrand [86], who proved that sup, . P (R) <
K7 for some universal constant K € (1, 0o0), an estimate that was later improved
in [72] to sup, .y B, (R) < p. The rate of growth of sup, . P, (R) as p — oo
remains unknown, the best available lower bound, due to Talagrand [86], being
that sup, . P, (R) is at least a constant multiple of log p. We refer to [39, 72, 88]
for additional classes of Banach space (X, | - ||x) for which sup,, &BZ (X) < o0.

Given a metric space (X, || - ||x), for every n € N and ¢ € [1, oo) define
BMW’; (X; p) to be the infimum over those B € [1, co) such that for every 4 :
{—1,1}" - X we have

> 8;lh(o7e) — h(e)]

j=1

> dx(h(e), h(—e)” < B'n?/17' Y " 3" dy(h(ole), h(e))". (103)

se{—1,1}" j=1 ee{—1,1}
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The quantity BMW] (X; p) is called the Bourgain—-Milman-Wolfson type g
constant of (X, || - |lx) (corresponding to dimension n and exponent p). It
was introduced and studied by Bourgain et al. [19], though, as we explained
in Section 1, the case p = ¢ was previously introduced by Enflo [31] and
Gromov [38] (Gromov only dealt with the case p = g = 2). It follows from (102)
and Holder’s inequality that if (X, || - ||x) is a Banach space then

BMW/ (X; p) <P, (X) - T)(X; p) < (logn) - T(X; p), (104)

where the (Rademacher type ¢) constant I; (X; p) is defined to be the infimum
over those T € (0, 0o) such that for every xy, ..., x, € X we have

(= 2 15 <r(zmm)”

sef—1,1n 1l i=1

Since for many Banach spaces (X, || - ||x) good estimates on Tq"(X ; p) are
known, in conjunction with the available bounds on 3" (X), inequality (104)
often yields a satisfactory estimate on BMW/ (X; p). Such an estimate will be
relevant to the ensuing proof of a metric-space-valued extension of (100). There
are also several important classes of (non-Banach) metric spaces (X, dyx) for
which good bounds on BMWZ (X; p) have been obtained; see for example [67,

71-74]. When X = R, a bound that is even better than what follows from (104)
is known: see inequality (6.32) in [67], which yields the estimate

sup BMW}(R; p) < /p- (105)
neN

The following lemma, in conjunction with (105), implies (100). Note that there
is no requirement that m is sufficiently large here: the lower bound on m that is
assumed in Theorem 1.6 will be needed only for the proof of (101).

LEMMA 5.1. Suppose that (X, dy) is a metric space and p,q € [1,00). Then
foreveryn e N, ke {l,...,n}and f : Z; — X we have

8m

DD de(fx+2e), f(x))”
ee{—11}" xeZy,
(n/k)”/q

()
Z Z de(f(x+es) F)r. (106)

1 ..... n}ee{—1,1}" xeZg,,

< (BMwln/kJ-H(X ))p

https://doi.org/10.1017/fmp.2016.1 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2016.1

Metric X inequalities 49
Proof. Write n = ak + b where a = |n/k] and b € {0, ...,k — 1}. For every
jel{l,...,a}define I; ={(j—1)k+1, ..., jk}, and also define 1,1 = {ak+1,

. ak+b} Fixx € Zg,, and ¢ € {—1, 1}" For every permutation & € S, define
ht, {1, 1} — X by

a+1
Vs e (-1, 1), w0 & (x +2518n<1.f>)-
j=1

Note that for every w € S, every x € Z;, and every § € {—1, 1}*™" we have

D dx (W0, T (=8 = Y dy(f(x+e), flx —g)”

ee{—1,1}" ee{—1,1}"
= D dy(f(x+2e). fx)".  (107)
ee{—1,1)"
Also, forevery m € S, and j € {1, ..., n} we have

2D DD DD DY M URCDN RO

ee{—1,1}" §e{—1,1}at! xeZg

8m

Do D (@t ), [ = £np)

ee(—1,1}" xezlt

= Y Y dx(f(x +2600,), (X)) (108)

ee{—1,1)" xezl!

Fix B > BMW"+1 (X; p), apply (103) to h7 ,, and sum the resulting inequality
over ¢ € {—1, 1}” and x € Zg,,, while using the identities (107) and (108). The
resulting inequality is

Yo D dx(flx+28), f(0)”

ee{=11}" xeZy,

a+1

< B @+ DY YT Y d(f (x4 2814y), f(0))P. (109)

Jj=1 ee{=1,1}" xeZj,
By averaging (109) over m € S, we see that

B+ D" Y Y dy(f(x +28), f(x)

ee{~1,1)n xeZl

Z Z €S, : zr(l)—S}l D) dx(f(x+2e5). f(0)”

Jj=18ci1 ee{~1,1}" xeZf
\S\ k 8m
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Sy im(ly) =T
n Z l{rr € 71"1(' +1) i Z de(f(x+2gr),f(x))p

Tcl{Tll s ee{—1.1}" xezy,

Z DD dx(f(x +285), f(x))”

SC{I ..... ny ee{—1,1)" xezs
|S|=k

Z SN d(fx+ 260, F) (110)

| ‘ n}se{ L1y xeZy,,

By Lemma4.4,if T € S C {1,...,n}then
D) dx(fr+2en), FX)P <2 Y Y de(f(x +£5), f(X).

ee{—1,1}" xeZg,, ee{—=1L1}" xeZy,

(111)
Fixing T C {1, ..., n} with |T| = b, by averaging (111) over all k-point subsets
SC{l,...,n}with S O T we see that

Yo X dx(flr+2en). )

ee{—1,1}" xeZy,

< (Z—b > Z S de(fx +e5). FO),

k—b) TCSC .,n} g€ " xely,,

Consequently,

) Z > dx(f(x+2er), f(x)”

..... n}ee{—11}" xeZy,,

|T\:b
2.0
<O Yo HT CSATI=b} Y D dx(f(x +es). f(x))
b \ke—b Sglgll,..i(,n} ee{—1,1}" xeZ
( Z Z > dx(f(x +e5), ()"
sclgll,“].(,n) — 11y xezt
2°
ST X e [, (112)
n}ee{—=1L1}" xeZy,

n) s
\
Since by the triangle inequality we also have

D0 dx(fx 265, f@)P K2 Y Y dy(fx + ). f(X),

SC(l,....n} xeZy,, SCil,...n} xeZg,,
S|=K |S|=k

{1,
S|=k
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it follows from (110) and (112) that

Do D dx(f(x+2e), ()"

ee{—11}" xeZy,
2B)’(a + 1)P/4
< BB DT S S S G (f ), FO0Y
() Sefl o) ee(—1.1)" vz,
2B)?(2n/ k)"
< % Y 3 st sy, o
k SCE(l,....n} ee{=1,1}" xeZg ,

5.2. Metric cotype and proof of (101). Given a metric space (X, dy) and
m,n € N, for p € (1, 00) define I',(X; m, n) to be the infimum over those
I' € (0, 00) such that for every f : sz

dx(f (x +me;), f(X))”
Z > - — DY dy(f(x+e). f(0)
j=1 xez}, ee{—1,0,1}" xeZj,
(113)
As discussed in the Introduction, following [61], we say that (X, dx) has metric

cotype p if
(X) sup inf I',(X;m,n) < o0.
neN meN
We need to briefly recall some facts related to K -convexity of Banach spaces;
see the survey [56] for much more on this topic. Given a Banach space (X, ||-||x).,
p € (1,00) and n € N, for every f : {—1,1}" — X define its Rademacher
projection Rad(f) : {—1, 1}" — X by

ZBE{—I,]}” f(5)8j
on &j-

Vee{—1,1)", Rad(f)() defz

j=I

For p € (1, 00), let K ,(X) € [1, oo] be the infimum over those K € [1, oo] such
that for every n € N and every f : {—1, 1} — X we have

Y IRad(H@IF < K" > If @l
ee{—1,1} ee{—=1.1}"

A simple application of Khintchine’s inequality (with asymptotically sharp
constant, see [77, Lemma 2]) shows that K ,(R) < ,/p for p € [2, 00). A Banach
space (X, || - ||x) is said to be K-convex if K,(X) < oo for some (equivalently
for all) p € (1, 00); see [56] and the references therein.
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Theorem 5.2 below establishes a sharp metric cotype inequality for K -convex
Banach spaces, with one difference: the averaging on the right-hand side is over
e € {—1, 1}" rather than ¢ € {—1, 0, 1}". The same result with averages over ¢ €
{—1,0, 1}" (and x € Z), rather than x € Zg,,) is the content of [61, Theorem 4.1].
The proof here follows the argument in [61] with some technical modifications.
It seems likely that a similar statement could be proved for the metric cotype
p inequalities for Banach spaces of Rademacher cotype p (with no assumption
of K-convexity) in [34, 61], though this may require changes to the arguments
of [34, 61] that are more substantial than what we do here.

THEOREM 5.2. Fix p € [2,00) and o € [1,00). Let (X, || - ||x) be a K-convex

Banach space of cotype p. Suppose that m, n € N satisfy
nl/p
mz———— (114)
akK,(X)C,(X)

where, recalling (5), C,(X) is the cotype p constant of X. Then for every f :
Zg,, — X we have

2": ) ILf (x +4me;) — fF(O)ly

- mP
Jj=1 xeZg,,

K,(X)C, (X))
<, @Ky )Cp(X)) Y f+e) - f@IE. (115)

Zn
ee{—11}" xeZg,,

Before proving Theorem 5.2 we deduce the following simple corollary, which
implies (101) because C,(R) = 1 and K,(R) < /p.

COROLLARY 5.3. Fix p € [2,00) and a € [1, 00). Let (X, |- ||x) be a K -convex
Banach space of cotype p. Suppose thatm,n € Nand k € {1, ..., n} satisfy
kl\/p
mz-——————.
aK,(X)CpH(X)
Then for every f : Zg, — X we have

Xn: 3 If G +4me)) — f Ok

mpr
Jj=1 xeZy,

K,(X)C,(X))"
<, (aK,(X)C,(X)) Z Z Z||f(x+es)—f(x)||x (116)

n(n ]
2 (k SC{I n}ee{—L1}" xeZy,
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Proof. By Theorem 5.2, for every S C {1, ..., n} with |S| = k we have

Z Z Il f(x +4me;) — f(x)||§

mp
JES xely,
(@K, (X)Cp(X))P
S DY f et es) — F@IE-
se{—L1}" xeZy,
By averaging this inequality over all S C {1,...,n} with |S| = k we
obtain (116). O

In order to prove Theorem 5.2, we first introduce a small amount of notation
and prove an auxiliary lemma. For every j € {1, ..., n}, define a linear operator

T, : Ly(Zg,, X) — L,(Zg,,, X) by setting for every f : Zg, — X and x € Zg,,
1
def
TFO) = 50 D fa+2e0 i) (117)
eel—1,1)"
LEMMA 54. Let (X, | - |lx) be a Banach space and p € [1, 00). Fix also m,

neNandje{l,...,n} Thenforeveryf:Z" — X we have

lef(x)—ij(x)Ili’(\ Y Y lifa+e) = f@lk. (118)

xely, ee{—1,1)" xeZj |
Moreover, for every x € Zg, we have
n P
DD ElT (e +2e) = Tp f (x — 2e;)]
ee(-L1 1 j= D'
< QK (X)) Y lIfx+28) — FlIk
ee{-L1
< @K, Y Ifx+e) = fWI5. (119)

ee{—1,1}"

Proof. By the definition (117) and convexity,

1
Z||f<x>—ij<x>||§<2—,, Z DTNFG) = fx+ 280D lk

x€eZy,, —1,1}" xeZ,

2r
<= Y Y f+e) — fl

ee{=1,1}" xeZy,

where in the last step we used Lemma 4.4. This proves (118).
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To prove (119), for every fixed x € Zg, define h* : {—1,1}" — X by

def

Vee [—1, 1}, h@E) Y f(x+2¢) — f(x).

We claim that the following identity holds true.
X l -
Rad(n*)(e) = 3 Zsj[ij(x +2e;) =T f(x —2e;)]. (120)
j=1

Once (120) is proved, the desired inequality (119) would follow from the
definition of K ,(X).

By composing with linear functionals, it suffices to verify the validity of (120)
when X = C. Moreover, for every y € Zg,, define W, : Z§ — Cby

" def i o
exett W0 Zon( 23 )

J=1

n

Then {W,},cz; forms an orthonormal basis of L,(Zg,,), and therefore it suffices
to verify the validity of (120) when f = W, for some y € Zg,,. Now,

W (e) = —(1 - H(cos(n;’;yj> +i sin(ﬂ;iy">))wy(x)

j=1

. TTYy; . [Ty
o () 2

Consequently,

v (N (T ys
Rad(Wy)(s)_l<JZ=1:sjs1n<2m> I1 }Cos(2m>>Wy(x). (121)

se{l,...,n}N{Jj

At the same time, for every j € {1, ..., n} we have

1 J sJSs
rww=(5 X I ew(T5"))me
}

ee{—1,1}" se{l,....n}N{j

“( I G we

se{l,...n)~{j}

Therefore,
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D T Wy (x +2¢) — T; Wy (x — 2e;)]

j=1

n Ty,
- (Z & (W, (2e;) — W_\,(—zej)> I1 | COS(%))W},()C)
j=1 sefl,...,n}~{j}
n . Ty
= 2(12:1: gj s1n<2—’);1j)

TV 2 .
[[ cos W, (x) = ~Rad(W¥)(e),
2m i Y
where in the last step we used (121). ]

se{l,.n}~{j}

Proof of Theorem 5.2. By the triangle inequality, for every j € {1,...,n} we
have

I f(x +dme;) — fF)N%
Sp T f(x 4 dme) — T, £ (0I5
+ 1 f(x +4me;) — T; f (x + dme )5 + | £ x) — T; £ (0l

Hence, using (118) we see that

D NfG +4mey) — FlY

xezgm
So D ITif (x4 4mep) = T, F ()1
xeZg,,
+% Yo D Ifx+e) — fWI. (122)

ee(=1,1}" xeZy,,

By the triangle inequality combined with Holder’s inequality we have

D NT f(x +dmey) — T; f ()%

n
erB/n

< mr! Z Z IT; f(x +4se;) —T; f(x +4(s — l)ej)Hi

s=1 xeZy,
=mP Y T f(x +2e) — T; f (x — 2¢))ll%.
xelg,,
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In combination with (122), this implies that

X": Z I f(x +dme;) — fFO|%
j=1 xez! me

8m

Sp D0 D T f(x+2e) = Ti f(x — 2e)l%

j=1 xeZ!

8m

n
Arr EE{ZW ; If(x +€) — fOOll% (123)

By the definition of the cotype p constant C,(X), for every x € Zg,, we have

DONT £ +2e)) = T f (x = 2e)) %

j=1
C (X)p n »
< =% 86{21:1}” ;Ej[ij(x-i-Zej)—ij(x—Zej)] i
K,(X)C, (X))
S % S e e - @I (124)

ee{—1,1}"

where in the last step of (124) we used (119). By substituting (124) into (123)
we conclude that

i: ) If (x +4me)) — Oy

mp
Jj=1 xeZg,
(K,(X)Cp(X))" +n/m”
S =" Y fx+e) = fEk. (125)
ee{—11}" xeZg,,
Due to (114), (125) implies the desired inequality (115). O

6. A conjectural convolution inequality as a way to prove Conjecture 1.5

Forevery j € {1, ..., n}, define an averaging operator E; : L,(Z)) — L,(Z%)
by setting for every f : Z, — Randx € Z!,

der f(x+e;)+ fx —ej)

Eif(x)= 5 .
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def

We also setdezef]_[ j Esand € =[], E,. Thus, forevery f : Z; — R

n
andx € Z),

se{l,...,n}~

Ef(x) = Z fG+ e mey).  and

pe{ 11

) (126)
Efm =5 ) fa+e),

QUESTION 6.1. Is it true that for every p € (2, 00) there exists 8, € (0, 1] such
that for every m, n € N, every f : Z!! — R satisfies

Yo D lEfate —Efx—e)”

ee{—1,1}" xeZl,
1
— Z > Zs,[é‘ fx+e)—E f(x—ej)]
1 l n XEZ" —
+ Z Do) = fEl. (127)
Jj=1 xeZi,

It may very well be the case that (127) holds true without the second term that
appears in the right-hand side, that is, that

Bo Y. D IEfx+e)—Ef(x—e)

ee{=1,1}" xeZ!,

S22

" xelZn

Zs,[s Fextep =& —epl]

We formulated Question 6.1 in the above weaker form since it suffices for the
following proposition.

PROPOSITION 6.2. A positive answer to Question 6.1 implies that
Conjecture 1.5 holds true, and hence also that all the conclusions of
Theorem 1.14 hold true. Specifically, for every 6 € (0,00), if m,n € N
and k € {1, ..., n} satisfy m > 8/n/k then (21) holds true with

: log p\”
oy 2p mm{ﬁ,,(W) L8P L,

where B, is as in (127).
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Proof. Fix f : Z},, — R. By convexity, it follows from (126) that

1
D@ =Ef@IP <5 3o Y Ifte) = fl.

x€eZy, ee{=L1}" xeZj,

Hence, for every S C {1, ..., n} we have

D) If e+ 2mes) — fF)

ee(=1,1}" xeZj;

o D D IES(x 4 2meg) — Ef ()|

ee{—1,1}" xeZ},

+ Z D lf+e) = F@I (128)

=L 1} xeZy,

Arguing as in (70), it follows from the triangle inequality that
D D IEf(x 4 2meg) — EF ()
ee(—1,1)" xeZ},,
<mP Y Y Ef () —Ef(x —e9)I”. (129)

ee{—1,1)" xezl

For every z € AN apply (127) to the mapping

4m

vezZi)— [] Eifo.o,

and then average the resulting inequality over z. The estimate thus obtained is

ﬂ—j Y D IEfGtes) —Ef(x —e9)l”

ee{-1,1}" xezj,

ZZ

D elEif(xte) —Eif(x— e,)]

" x€ly, ' JES
+ Z Z |fx+e) = F)I. (130)
JES x€Zj,
By averaging (130) over those S C {1, ..., n} with |S| = k we see that
Z Yo D IEfGtes) —Ef(x —e9)l”
nyee{=11}" xeZj,

\S\—
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R INP IS

D elEifxte) —Eifx —ej)]

SC{l " x€ly,  JES
+—Z Do Ifx+e) — I (131)
Jj=1 xeZj,

Note that since £; is an averaging operator,
DY N te) —Eifx—eNlP <27 Y Y [ fx+e) — fFEI
j=1 xezZl, j=1 xeZy,

Hence, using the linear X, inequality (16), we deduce that

(P/logp)”
Gy 3 ¥

D oElEifxte) —Eifx—e

SC(l,...n} ee{~1,1y" xez ! jeS
1S|=k
k n
p= DD I tey = fIF
Jj=1 xeZj,
k p/2
4 ¢ /”) Z > Zs][s Foten—&fe—enl . (132

" xeZy,,

The same reasoning that leads to the identity (120) (alternatively, by [61,
Section 5]) shows that if for fixed x € Zj}, we define g* : {—1,1}" — R by
setting g*(e) = f(x + &) — f(x) forevery ¢ € {—1, 1}", then that Rademacher
projection of g* satisfies

Rad(s)(e) = 5 ) &[€f (x +¢)) = £, (x = e,
j=I

Hence, recalling that the K -convexity constant of R satisfies K,(R) < /P,

2
Z Z Zgj[g fx+e) =& f(x—epl

ee{-1,1}" xezZy, ' j=1

S P YD D I +e) — fl (133)

ee{—1,1}" xeZ!

'4m

By combining (131) with (132) and (133) we have

3/2 1 p
(p /ng) By Z Z Z|5f(x—|—55) Ef(x —eg)l?

k SC{l ,,,,, n ee{-11}" xezZj,
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k < »
p= D D I te) = f@)l

j= lx€Z4m
Yo D I te - fI.

(k/nm)P
+
ee{—1,1)" ez

Recalling (128) and (129), we therefore have

(p3/2/10gp) PB, Z Z Z | f(x +2m83) f)?

k) SC{l,...,n} ee{—1,1}" xeZj,
IS|=k
k o »
p= D Y I te) — f)
n j=1 xezj,,
3/2/1 -p k p/2
+1+(p /log p) p(/n)
m? (k/n)r/? 2n

Yo Ifa+e) - f@I. 0

ee{—1,1}" xeZj,,

7. The Schatten p trace class is an X, Banach space

For p € [1, o0) and d € N, the Schatten p-norm of a d by d matrix A € M;(R)
is defined as

1Alls, = (Tr((A*A)?2)!? = (Te((AA")P?) 7.

See [81] for relevant background. The following theorem asserts that S, is an X,
Banach space.

THEOREM 7.1. Fix p € [2,00), d,n € Nand k € {1,...,n}. Then for every
Al? D) An € MJ(R))

(P/\/E) Z Z

n(n
2 () SC{l,...n} ee{—1,1}"
IS \—

p/2
ZHA IS, + &/ ,,) >

ee{—1,1}" Sp

DI

jes

ﬁ

QUESTION 7.2. It remains an interesting open problem to determine whether
or not the quantity p /\/@ in Theorem 7.1 can be replaced by the (sharp)
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quantity p/log p. This was proved in the scalar case in [41], but additional
ideas seem to be required in order to carry out the proof of [41] in the above

noncommutative setting.

The key step in the proof of Theorem 7.1 is the following proposition.

PROPOSITION 7.3. Fixq € [1,00),d,n € Nand k € {1, ..., n}. Suppose that
By, ..., B, € M;(R) are symmetric and positive semidefinite. Then
1 q
5,2, "(Z7))
(k) SC{l.....n} jes
S|=k

() s e ) ()}

Before proving Proposition 7.3, we assume its validity for the moment and
proceed to show how it implies Theorem 7.1.

Proof of Theorem 7.1. Lust-Piquard’s noncommutative Khintchine inequality

[53] asserts that for every S C {1, ..., n} we have
—p/2 p p/2 p/2
p 31X e, Tr((ZA* ) >+Tr((ZAjAf‘;) )
ee{—1,1}"" jeS§ Sp jes jes
(134)

The (asymptotically optimal) dependence on p in the left-hand side of (134) is
not stated in Lust-Piquard’s original proof of (134), but it can be found in [80,
page 106]. By averaging (134) over all those S C {1, ..., n} with | S| = k we see

that
p -p/2
Z D |2
k Ln}eef{—1,1}"" jeS§ Sp
\S\—
1 n p/2
iz w{(Ean))
(k) Sc{l,...,n} jes
1S|=k
p/2
ER S Tr<<ZA A) ) (135)
(k) Sglgll,_..k jes

Two applications of Proposition 7.3 with g = p/2 > 1, once with B; = A7A;
and once with B; = A;A7, so as to control the two terms that appear in the
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right-hand side of (135), yield

(p/y/logp)™”
2:(") SC{IZ Z &jA

jes

c n}ee{—1,1
|S|=k

k n k p/2 n p/2
e )
Jj=1 j=1
k p/2 n /2
+<;> n((ZA,Aj> ) (136)
j=1

The other direction of Lust-Piquard’s noncommutative Khintchine
inequality [53] asserts that
Sp

n /2 n /2
Tr<(ZAjAj>p >+ﬁ(<ZAjAj)p >§p > Ze,
j=1 j=1 eef{—1,1}" (137)

Theorem 7.1 now follows by combining (136) and (137). L]

p

Lemma 7.4 below makes the same assertion as Proposition 7.3, but only for
k < n/2 (and an explicit universal constant that arises from our proof; we
do not claim that it is optimal). This is actually the main step in the proof of
Proposition 7.3, which we will show below to easily follow from Lemma 7.4.

LEMMA 7.4. Fix g € [1,00) and d,k,n € N with k < n/2. Then for every
By, ..., B, € M;(R) that are symmetric and positive semidefinite we have

5. X m((2n))

Jjes
|S|=k

4 \' k < o K\ SN
L) mla e () (%))

Assuming the validity of Lemma 7.4 for the moment, we proceed to deduce
Proposition 7.3, which amounts to removing the restriction £ < n/2 in
Lemma 7.4.

Proof of Proposition 7.3. Write k = u + v with u, v € N satisfying u, v < n/2.
By the triangle inequality in S,, for every S, T C {1,...,n} with T C §
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we have
q q q
Tr(<23j)> S84y 8| <2Ys +zq > s
jes seT seS\T Sq seT seSNT Sq
Consequently,
1 q
5.2 Tr((Z 5))
(k) SC{l,...n} jes
|S|=k
q
gL (el 1z )
SC{l u TCS seT seS\T Sq
[SI= k |T|=u
2q-1 q 24~1 q
=== ) Tr((ZB]) )+T > Tr((ZBj) ) (138)
(u) U%L{lll,....n} jeu (v) Vgl‘{/l‘ ,,,,, n} jev

Proposition 7.3 now follows by applying Lemma 7.4 to each of the summands
that appear in the right-hand side of (138). O

Our proof of Lemma 7.4 relies on certain matrix inequalities of independent
interest. These inequalities are established in the following section.

7.1. Auxiliary trace inequalities. Propositions 7.5 and 7.8 below will be
used crucially in the proof of Lemma 7.4. Note that the same statements
are trivial when matrixes are replaced by scalars. See Section 7.1.1 for a
discussion on the context of these results, where it is explained in particular
that Proposition 7.5 was known when g € [1, 2] by either directly applying
the work of Carlen and Lieb [24], or through a simple argument that relies on
operator convexity. At the same time, it is explained in Section 7.1.1 that when
g € (0,1) U (2, 00), arange of values of ¢ that is used crucially in our proof
of Lemma 7.4 below, Proposition 7.5 exhibits a phenomenon that is qualitatively
different from the simpler case g € [1, 2].

PROPOSITION 7.5. Suppose that q € [1,00) and d € N. Then for every A,
B € M;(R) that are symmetric and positive semidefinite we have

(Tr((A + B)?A)4 < (Tr(A7")/7 4+ (Tr(B?A))"9. (139)

Before proving Proposition 7.5, we record for future use the following Holder-
type estimate.
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LEMMA 7.6. Fixd,k € N and q € (0, 00). Suppose that ay, . .., a,_y, by, ...,
by € (0, 00) satisfy b; + bj1 < 2qa;j forevery j € {0, ..., k — 1}, where we set
by = by. Suppose also that

k=1 k
Y a;j+> bi=q+1. (140)
j=0 j=1

Then for every A, B € M;(R) that are symmetric and positive semidefinite we

have

k—1
Tr(A“° (l_[ B A”j>Bhk> < (Tr(AT+) =0/ T b1 (Te(B1 A)) 0 i,

j=1

Proof. By applying an arbitrarily small perturbation, we may assume that a; —
(bj +bj11)/(2q) > O forevery j € {0, ...,k — 1}. We can then define py, ro,
.+, D=1, Te—1 € (0, 00) by
. def q+1 def ¢
Vjie{0,....,.k—1}, p;, = and r; = —.
! — (b +bj11)/2q T b
(141)

Using the cyclicity of the trace, the choices in (141) imply that we have

k—1 k—1
Tr(A“O (]_[ BYi A“f) B”") = n(]‘[ AtD/p; (A'/Q’qu/’fAl/Q’f)). (142)

j=1 Jj=0
Moreover,
k—1 k—1 k—1 k
1 1 1 (1 > (140) 4
= jz_;‘r/ g+17"  \q q(q+1) 2::

Therefore p;,r; € (1,00) forall j € {0,...,k — 1} and we may use Holder’s
inequality for traces [28, Théoréme 6] to deduce from (142) that

k-1 k-1
(4o ([T 4% ) 8 ) < TTCrecar=) o canqa 4V 0,
j=1 j=0
(143)
The Lieb-Thirring inequality [49] asserts that Tr((XY X)") < Tr(X'Y"X")
for every r € [1,00) and for every symmetric and positive semidefinite
matrixes X, Y € M,;(R). Recalling the definition of ry, ..., r,—; in (141), for
every j € {0, ...,k — 1} we therefore have

Tr((AY2 B/ AV2iy7y < Tr(vABYvA) = Tr(B?A).
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A substitution of this estimate into (143) gives

k—1
Tr(Aao (1_[ BbjAaj>Bbk> < (Tl.(Aqul))Zﬁ;(')(l/pj)(Tr(BqA))Zﬁ;(')(l/rj)

j=1

— (Tr(AqH))l—(l/q)Z'}:l bj (Tr(BqA))(l/q)Z'}:I hj’ (144)

where we used the fact that, due to (141), we have Z’;;g) (1/r;)=(1/q) Zl;:l b;.
O

REMARK 7.7. For future use, note that if ¢, ag, ..., a1, b1, ..., b € (0, 00)
satisfy (140) and we also know that ay, ..., a,_; = 1, then the assumptions of
Lemma 7.6 hold true, that is, b; + b1 < 2ga; forevery j € {0,..., k — 1}.
Indeed, by (140) we have max{b;, b;1} < g +1 —a; < ga;, and consequently
bj +bj+1 é 2max{bj, bj+l} g 2qaj.

Proof of Proposition 7.5. Write ¢ = 2m + 6, where m € NU {0} and 6 € (0, 2].
The proof of (139) treats the cases 6 € (0, 1) and 6 € [1, 2] differently.

Case 1: 6 € [1,2]. In this range, the mapping t — ¢ is operator-convex (see
[23, Theorem 2.6]). This means that for every s € (0, 1) we have

6 A B
L — 145
) s9—1 + (1 _ S)F)—l ( )

(A+B)9:(sé+(1—s)
K 1—s

where, as usual, we interpret the inequality (145) in terms of the PSD order
of matrixes, that is, that the right-hand side of (145) minus the left-hand side

of (145) is a positive semidefinite matrix.
It follows from (145) that

VAA + BYIVA
_ VA(A + B)"AY(A + B)"VA N VA(A + B)"BY(A + B)"A
= §0-1 (1 _s)e—l .

So, by taking traces while making use of the cyclicity of the trace, we see that

Tr((A + B)"A%(A + B)" A) +Tr((A + B)"BY(A+ B)"A)

TrA+BIA) < 5 1 —sy

(146)
By choosing s so as to minimize the quantity appearing in the right-hand side
of (146), we have
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(Tr((A + B)7A)Y*
g (TI‘((A + B)mAF)(A + B)mA))l/9
+ (Tr((A + B)"B’(A + B)"A))°. (147)

We shall now proceed to estimate each of the terms that appear in the right-
hand side of (147) separately. By expanding the mth powers appearing in the
matrix (A + B)"A?(A + B)" A, and using the cyclicity of the trace, we see that
Tr((A + B)"A’(A + B)"A) equals the sum of 2% terms, each of which is of

the form )
-1
Tr (A“” (]_[ Bbi A“/’) Bbk), (148)

Jj=1

for some k € NU {0} and aq, ..., a;_1, b1, ..., b € (0,00) that satisfy (140)
(recall that ¢ = 2m 4+ 0). Here we use the convention that when k = 0 the
quantity appearing in (148) equals Tr(A7™"). Note that b; is an integer for every
j € {1,...,k}, and for every r € {0,...,2m} the number of terms of the
form (148) that appear in the above expansion of Tr((A+B)" A’ (A+B)™ A) with
ZI;:1 b; = r equals (2:”); this is because Z];.:l b; is the total number of times
that B was chosen when one expands the two occurrences of (A + B)™ in the
matrix (A + B)"A?(A + B)™ A as a product of matrixes, each of which is either
A or B. Note also that ag, ..., a;_; > 1, since & > 1. Recalling Remark 7.7, we
may therefore use Lemma 7.6 to deduce that

k—1
TI‘(A“O (1_[ BbjAaj>Bbk) < (Tl.(Aq+1))1—(1/q)Z'}:| bj (TI‘(B"A))(I/") po bj
j=1

(149)
Hence,

Tr((A + B)"A’(A + B)"A)

2m

<2 (2”’)m<m+‘>>1-’/‘f (Te(BA))"

r
r=0
= (Tr(AT)! =24 ((Tr (A1) 4 + (Tr(B? A))'/4)*"
= (Tr(A7)"4((Tr(AT1)) 7 4 (Tr(B?A))"/9)*, (150)
where in the final step we used the fact that 2m + 6 = g.
The second term in the right-hand side of (147) is bounded using similar

reasoning. As before, Tr((A + B)"B?(A + B)"A) equals the sum of terms
as in (148), for some k € N U {0} and ay, ..., ax_1, b1, ..., br € (0, 00) that
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satisfy (140). However, now we know thata,, ..., a;_; € N and Zf;é b;—0 ¢
{0,...,2m}. By Lemma 7.6 (and Remark 7.7), the estimate (149) holds true
for the terms of the form (148) that appear in the expansion of the quantity
Tr((A+ B)"B°(A+ B)"A). Forevery r € {0, ..., 2m}, the number of terms of
the form (148) that appear in the expansion of Tr((A + B)" B’(A + B)™ A) with
> b; =r+0 equals (*"), so by (149) we have

r

Tr((A + B)"BY(A + B)" A)

2m

< Z (Zm) (Tr(A9H1) ' =0+9/4 (Tp(BY A)) /4

r=0 r
= (Tr(A*H"))' =m0/ (Te (B4 A))"4 ((Tr(A*T1)) 4 + (Tr(B7A))"/9)>"
= (Tr(B?A))"4((Tr(A?*") 4 + (Tr(B?A))"/)*", (151)

where the last step uses the fact that 2m + 6 = g.
By substituting (150) and (151) into (147) we see that
(Tr((A + B)?A))'""
< ((Tr(AT1) V7 4 (Tr(B7 A)) /1)
= ((Tr(A"*")Y9 + (Tr(B?A))/4)7",

using 2m + 6 = g once more. This completes the proof of the desired
estimate (139) in Case 1.

Case 2: 0 € (0, 1). Note that since the underlying assumption of Proposition 7.5
is that ¢ > 1, the facts that ¢ = 2m + 0 and 8 € (0, 1) imply that the
integer m is positive. Moreover, in the range 6 € (0, 1) the mapping ¢t — ¥
is no longer operator-convex but we have the following commonly used (see
for example [32]) integral representation at our disposal. Since for every
a € (0, o0) we have

i 0 o 1 1
a’ = sin(7) / t"(— — >dt,
T 0 t t+a

it follows that for every s € (0, 00),

p  sin(@h) [~ (1 i
(sA+B)! = — t ;I — (@l +sA+ B)  )dt. (152)
T 0
Since (d/dt)X(t)™' = —X()"'X'(t)X (t)~! for every differentiable X : (0,
o0) — M, (R) such that X (¢) is an invertible matrix for every ¢t € (0, 0co) (simply

differentiate the identity X (t)~' X (¢) = I), it follows from (152) that

d in(r0) [
A+ B) = M/ (] +5A+ B) "A(tT +sA+ B) ' dr. (153)
s T o
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By integrating over s € [0, 1], in order to prove (139) it will suffice to show
that

d
Vs e (0,1), d—(Tr((sA + B)1A))"4 < (Tr(ATTh))4,
S
Equivalently, we want to prove that
d
Vs e (0,1), o Tr((sA + B)?A) < g(Tr(A™)4(Tr((sA + B)?A))' "4,
S

(154)
Define for every s € (0, 1),

fis) ¥ Tr((%(sA + B)’") (sA + B)’”*‘)A),

g(s) ¥ Tr((sA + B)" (%(SA + B)")(SA + B)’"A),
and

h(s) & Tr((sA + B)"*? (%(SA + B)’")A).

Then, since (sA + B)? = (sA + B)"(sA + B)’(sA + B)", we have

% Tr((sA+ B)1A) = f(s) + g(s) + h(s).

Hence, because ¢ = 2m + 0, in order to establish the validity of (154) it suffice
to show that for every s € [0, 1] we have

max{f(s), h(s)} < m(Tr(AT)VI(Tr((sA + B)? A)' ™/, (155)

and
g(s) < O(Tr(A”™)4(Tr((sA + B)?A))' V. (156)

Observe that
f() = Tr((sA+ B)'A(SA + B)"”"(sA + B)"** A)

r=1

= ZTr((sA + B)Y 'A(sA + B)? " A). (157)

r=1

Similarly, using the cyclicity of the trace, we have

h(s) = > Tr((sA+ B)!" A(sA + B) "' A) = f(s). (158)

r=1
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Finally, by the integral representation (153) we have

sin(rr6)

g(s) =
X /OO " Tr((sA+ B)"(tI +sA+ B) 'A(tI +sA + B)™!
0
x (SA+ B)"A)dt. (159)

By denoting C = sA + B, it follows from (157), (158) and (159) that the
desired estimates (155) and (156) will be proven once we show that for every
C € M,(R) that is symmetric and positive semidefinite we have

Vrefl,...,m}, Tr(C"'AC?"A) < (Tr(A‘™)I(Tr(C?A))' ", (160)

and

/ ! Tr(C"(t1 + C) 'A(I + C)"'C™A) dt
0

(Tr(AT )Y (Tr(C?A))' 14, (161)

= sin(h)

(160) is a consequence of Lemma 7.6 (with B replaced by C). It therefore
remains to establish the validity of (161). To this end, note that for every
t € (0,00), since (tI + C)~! and C™ commute, by the cyclicity of the trace
we have

Tr(C™(tI + C)'A(tl + C)~'C™A)
= Tr((VAC"(t1 + C)"'VA))
< Tr(AC* (t1 + C)2A) = Tr(C*™(t1 + C)2A?), (162)
where for the inequality in (162) we used the Lieb—Thirring inequality. This

upper bound on the integrand in the left-hand side of (161) yields the following
estimate.

/ ! Tr(C"(t] + C) AT + C)"'C™A) dt
0

< Tr(Cz’" (/oo @I+ C)? dt>A2>. (163)
0

Note that for every ¢ € (0, co) we have

/‘00 a dt = ¢! /00 ' ds = 70 A1
o (t+0¢)? o (s +1)2 sin(@f)
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n(cz'" (/OO (] +C)? dt)Az)
0

= — 7[9 Tr(c2m+<9—lA2)
sin(r0)
0
=Y e a?)
sin(0)
0
= "7 _TrActA)
sin(r0)

(160)

Consequently,

< - (Tr(AT")Ya(Tr(C?A))' 1/, (164)
sin(;r 0)

A substitution of (164) into (163) yields the desired inequality (161). L]
The following Proposition is a variant of Proposition 7.5 when g € (0, 1).
PROPOSITION 7.8. Suppose that g € (0, 1) and d € N. Then for every A, B €
M, (R) that are symmetric and positive semidefinite we have
Tr((A + B)’A) < Tr(A*"") + Tr(B’A).
Proof. By the integral identity (153), with 8 replaced by g (which is allowed
since 0 < g < 1), for every s € (0, 00) we have

sin(

d o0
d—Tr((sA+B)"A) = 74q) f t! Tr((tI+sA+B) 'A@tI+sA+B) ' A) dt.
s 0

b4
(165)
Fix s,t € (0, 00) and define F : [0, o0) — R by

def

Yw e [0,00), F(w)=Tr((t] +sA+wB)'A(tI +sA+wB) 'A).

This mapping was investigated in [11, Section III], where it was shown to be
convex. Here we need to know that it is nonincreasing, which follows from the
following computation.

F'(w) = =Tr((t] +sA+wB) 'B(t] +sA+wB) 'A(tI +sA+wB)'A)
— Tr((tI +sA+wB) 'A(¢I +sA+wB) 'B(tl +sA+ wB)™'A)
= —-Tr(CD) — Tr(DC) = -2Tr(CD) <0,
where C, D € M,;(R) are the symmetric and positive semidefinite matrixes given
by

CY¥(I+sA+wB)'B4I+sA+wB)™,
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and
def

D= Al +sA+wB)'A.

It follows from these considerations that

Tr((tI +sA+ B)'A(@I +sA+ B)'A)
= F(1) < F(0)
=Tr((t] + sA)'A@I +sA)'A).

A substitution of this estimate into (165) shows that

d i o0
T Tr((sA+ B)'A) < sinrq) / (TR + sA) " AGT +sA) " A) dr
S T 0
d
= T Tr(sA)'4) = g5t Tr(AT™). (166)
S

By integrating (166) over [0, 1] we therefore see that
Tr((A + B)?A) — Tr(B?A) < Tr(A™). O

We record for future use the following simple reformulation of
Propositions 7.5 and 7.8. When g € [1, 2] it follows from Proposition 7.8
(with g replaced by ¢ — 1), and when ¢ > 2 it follows from Proposition 7.5
(with g replaced by ¢ — 1) and the convexity of ¢ — t7~! on [0, 00).

COROLLARY 7.9. Suppose that q € [1, 00) and d € N. Set r & max{qg — 2, 0}.
For every A, B € M;(R) that are symmetric and positive semidefinite we have

-1
Te(A?) | Te(B'A) o 1)}‘
A (1=

Tr((A + B)?'A) < min{

7.1.1.  Discussion and counterexamples. A straightforward inspection of our
proof of Lemma 7.4 below shows that, for p € (2, co), what we really need
in order to show that S, is an X, Banach space is that there exists K = K, €
(0, 00) such thatif A, B € M,;(R) are symmetric and positive semidefinite then

Tr((A + B)">7'A) < K(Tr(A?*>7'A) + Tr(B"*' A)). (167)

Specifically, (167) implies Theorem 7.1 with the term p/./log p replaced by a

constant that depends only on K and p. By Corollary 7.9, (167) holds true with
K = 2max{0,(p74)/2}'

Setting ¢ = (p — 2)/2 > 0, it is natural to ask whether multiplication by
A is crucial for (167) to hold true. Specifically, one would naturally investigate
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whether for every A, B, C € M,(R) that are symmetric and positive semidefinite
we have
Tr((A + B)/C) < K(Tr(AYC) + Tr(B?C)), (168)

with K € (0, oo) independent of A, B, C. By a simple duality argument (for
example [23, Lemma 5.12]), the above requirement is equivalent to the matrix

inequality

(A+ B)! < K(A” + BY), (169)
where, as usual, we interpret the inequality (169) in terms of the PSD order of
matrixes.

Since for g € [1,2] the function ¢t +— 7 is operator-convex (see for
example [16]), for such g the PSD inequality (169) holds true with K = 297!
(recall (145)). This yields a simple proof of (167) when 4 < p < 6. Moreover,
when g € [1, 2] the operator convexity of the function ¢ +— ¢ shows that if A,
B, C € M,(R) are symmetric and positive semidefinite then for every A € (0, 1)
we have
Tr(AC) Tr(BIC)

Ad—1 (I —ayat"

By choosing A so as to minimize the right-hand side of (170) we see that

(Tr((A + B)?C)'T < (Tr(A7C)'* 4 (Tr(B1C)) 1. 71)

Tr((A+ B)C) <

(170)

The inequality (171) is a strengthening of Proposition 7.5 in the special case
q € [1, 2], showing that when g belongs to this range Proposition 7.5 is a simple
consequence of the operator convexity of the function ¢ +— ¢¢ (alternatively, one
can deduce Proposition 7.5 directly from the work of Carlen and Lieb [24]; see
specifically [24, Theorem 1.1 and Remark 1.2]). However, the above argument
is special to the range g € [1, 2] since, as we shall explain below, if ¢ € (0,
1) U (2, oco) then (169) fails to hold true with any constant K that is independent
of A, B.

The failure of such PSD subadditivity inequalities prompted much work
in search for substitutes (note, however, that the literature did not focus on
inequalities that allow for an arbitrary constant K in (169), but was rather
devoted to, for example, finding substitutes for (169) with ¢ € (0,1) and
K = 1). One such substitute allows for conjugation by unitary matrixes, as
initiated in [1]. A satisfactory recent result [6] along these lines asserts that
if f : [0,00) — R is nondecreasing, concave, and f(0) > 0, then for
every A, B € M;(R) there exist unitary matrixes U,V € M,(C) such that
f(A+ B) < Uf(A)U* + Vf(B)V*. Another substitute for PSD subadditivity
is a subadditivity inequality for unitarily invariant norms. Recall that a norm || - ||
on M, (C) is unitarily invariant if |UXV || = || X| for every X, U,V € M,(C)
such that U, V are unitary. The papers [3, 20] contain satisfactory results along
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these lines, obtaining inequalities of the form || f(A + B)|| < || f(A) + f(B)].
For g € (0, 1), when f(¢) = t? and || - || is the Schatten 1 norm, the resulting
inequality goes back to [57] and it corresponds to (168) with C = I (and K = 1).

Here we study a different type of substitute for (169). For example, when
A € M,;(R) is symmetric and positive semidefinite define F, : M;(R) — R by
F,(X) = (Tr(]X|?A))"4 (F, need not be unitarily invariant). Proposition 7.5
asserts thatif ¢ > 1 then F4(X+Y) < Fo(X)+ F4(Y) for symmetric and positive
semidefinite X, Y € M,(R), provided that either X or Y equals A. Weakenings
of (168) (the special case C = A) suffice for our application (that is, proving
the X, inequality for S,, and consequently obtaining various nonembeddability
results), but we believe that they are interesting in their own right and deserve
further investigation. Possible extensions include understanding inequalities of
the form Tr(f (A + B)A) < K Tr(f(A)A) + K Tr(f(B)A).

We shall end this discussion by presenting the aforementioned example that
exhibits the failure of (169) for every ¢ € (0,1) U (2,00) and K € (0, 00).
Fix s € (0, co) which we will eventually take to be sufficiently small. Define
A,, B, € M>(R) and w, € R? by

dof (520 af (15 def [ —S
AS_<00 , By, = 5 52 and w, = E

A, and B, are symmetric and positive semidefinite, yet by direct computation for
every K € (0, c0),

((I((Ait + B?) - (As + Bs)4)wsv ws) = _s6 - 3s8 + (K - l)slo-

The above quantity is negative for s < 1//K, in which case the matrix
K (A*+B*)—(A,+B,)* is not positive semidefinite. This shows that (169) fails to
hold true for ¢ = 4 with any constant K € (0, co) that is independent of A and B
(this corresponds to the failure of (167) when p = 10). A similar, though more
tedious, computation shows that (169) also fails for every ¢ € (0, 1) U (2, 00).
Indeed, direct computation (via diagonalization) yields that AY = s A,, B! =
(14 s*)77!B, and

(As + By)! =
a)? (V14457 + 1) + )7 (/14457 — 1) s@@)? = b))
211452 ViAo
s@(®? = b)) a()? (V14452 = 1) +b(s)? (/1 + 452 + 1)
C V1r4s? 21+ 452
where

df o 1 A/144s?

a(s) =s +§+

. 1 JIFas
. and b(s)d=fs2+§—%.
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One then directly computes that as s — 0,
((K(AI4+ B —(A+B)Dw,, wy) = (K50 =55 (140, £ (s7)). (172)

When g € (0, 1) we have 49 < min{2(q + 1), 6} and when g € (2, 00) we
have 6 < min{2(g + 1), 4¢}. Consequently, for g € (0, 1) U (2, oo) the quantity
appearing in (172) is negative for small enough s, which means that the matrix
K(A? + B?) — (A + B,)? is not positive semidefinite.

7.2. Proof of Lemma 7.4. For the sake of simplicity denote

U (ki) sg;,n}Tr((Z Bj>q),

jes

ISI=k (173)
difﬁ - q def E
y & n;Tr(Bj), w < Ty ((ng ) )

Our goal is therefore to show that

U<< 44 )qmax{V W) (174)
= \log(2q) o

Fix A € (0, 1) to be specified later. For every S € {1,...,n} and j € S, by

Corollary 7.9, with A = B; and B = }_ _¢_;, B, we have
q—1 1 1 q—1
Tr B, B; ) < —Tr(B! Tr B, B; ),
<(ZS ) B) <t 4y ((SZ\” ) =)

where, as denoted in Corollary 7.9, r = max{g — 2, 0}. Hence,

() Er{(ze) )

Jjes j= jes

1 . 1 -1

Jjes seS~{J}

By averaging (175) over all of those S < {1,...,n} with |S| = k, and
recalling (173), we see that

<%+ Z Zn(( > B_‘)q_]Bj). (176)

| Ik } jes seS{j}
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Now,
q—1 q—1
) ZTr((Z BS) Bj): DS Tr((ZB[> Bj)
Sc(l,...n} jeS seS~{j} TC(l,..on} je{l,..n}NT teT
|S|=k |T|=k—1
q—1
- Yow((Zs) (¥ 8))
Tc(l,...on) teT jell,.n)NT
IT|=k—1

g—1 n
< ) Tr((Z B,) (Z B,)), 77
T<(l,.0n) teT j=1
IT|=k—1
where in the last step of (177) we used the fact that if A, B, C € M;(R) are
symmetric and positive semidefinite then Tr(AB) < Tr(A(B + C)). To bound
the final term in (177), use Holder’s inequality for traces to deduce that for every

T C{1,...,n} wehave
() (E0))< ((E0)) (rl(5))

1/ q 1-1/q
() o
teT

where we recall the definition of W in (173).

The function ¢ — t¢ is operator trace-increasing (see [23, Theorem 2.10]), that
is, if C, D € M;(R) are symmetric and positive semidefinite with C < D then
Tr(CY?) < Tr(D?). Consequently, forevery T C {1,...,n}and u € {1,...,n}
we have Tr((}_,., B)?) < Tr((B, + Y_,.; B:)?). By raising this inequality to

the power (¢ — 1)/q and averaging over all u € {1, ..., n}\T we see that
q 1-1/q 1 q 1-1/q
(((Z)) <imm, 2 (2 2))
teT n—IT| uefl,on)~T 1eTU{u)
(179)

Hence, by combining (178) and (179) with (177), we see that

ez ) )

..... } jes seSN{J}

nWlla q 1-1/q
S ki—k+D 22 (Tr((m%,} B’) )) (150

T, .. ,nfue{l,...n}\T
\T\:k—l
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wl/a q 1-1/q
-t 2 (M(Ze)) s

Sc{l,...,n} seS
IS|=K
where for (181) note that for every S C {1,...,n} with |S| = k the term
corresponding to ) B, occurs in the sum that appears in (180) with
multiplicity &, once for each u € S.
Recalling the definition of U in (173), by Jensen’s inequality we see that

5 () e

k) scii,...n) ses
ISI=k

By substituting (182) into (181) and using k < n/2, we have

-1
Z ZTr(( > Bs)q Bj><2wl/4U<q—”/4. (183)

SC{l .n} jeS seSN{j}
ISI=k

In conjunction with (183), it follows from (176) that

74 2wlagyla—b/a
U<mini—+——F———:2€(0,1
< {/v a ( )}
< (VYD LoV l/@e+ D) gy @=b/(qer+D)yr+1 (184)

where the final inequality in (184) is seen by choosing 1/ = 1 +
(2W1/qU(qfl)/q/V)l/(r+1). By (184),

yYe+h < yl/e+h + 2D 1/ +D) ry(@=D/(qr+1) (185)
The desired inequality (174) is a formal consequence of (185), as follows. If U <

(4q/1og(2q)) 'V then (174) holds true because r + 1 < g. We may therefore
assume that U > (4q/log(2¢)) "'V, in which case (185) implies that

1/(r+1)
v (| logg)
(29)'7% 4q

where we used the fact that (1 — ¢t) > e % for every t € [0,1/2]. The
estimate (186) simplifies to

)U”(’“) L VD WG+ [ a=D/G@e+) - (186)

4 q
U < 29Q2q)"2W < 2929)72W < ( 1 ) W
log(29)

where we used the elementary inequality log 7 < /¢, which holds true for every
t € (0, 00). O
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Added in proof

The recent preprint [68] resolves positively Conjecture 1.5, Conjecture 1.8 and
Conjecture 1.12. This is achieved in [68] via a route that differs from the route
that we proposed in Section 6; in particular Question 6.1 remains open.
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