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LIMIT POINT CRITERIA FOR DIFFERENTIAL
EQUATIONS, II

DON HINTON

Introduction. We consider here singular differential operators, and for
convenience the finite singularity is taken to be zero. One operator discussed
is the operator L defined by

(0.1) Ly) = (=1)"(qey™)™ 4 (—=1)""(guy" )"V + ... 4+ ¢y,

where ¢o > 0 and the coefficients ¢; are real, locally Lebesgue integrable func-
tions defined on an interval (a, b). For a given positive, continuous weight
function %, conditions are given on the functions ¢; for which the number of
linearly independent solutions y of L(y) = My (Re N = 0) satisfying

f:hlyl2 <o

is < n. These results parallel those of [2] where the singularity is at infinity.
In fact, the approach used will be to modify the results of [2] so as to obtain
criteria for finite and infinite singularities from a single framework. This work
solves a certain deficiency index problem which we now describe.

Denote the Hilbert space of all complex valued measurable functions y such

that
b
J rsr <o

by Z2(h;a,b), and define the quasi-derivatives y(4(z = 0,...,2n) by:
i =9y (1 =0,...,7— 1),y = gey™, and y"+1 = gyC=D — (yl+i-uy
(z=1,...,n). A function y is said to be L-admissible provided the quasi-
derivatives y!1 (2 = 0,...,2n — 1) exist and are absolutely continuous on
compact intervals (then L(y) = y?"), Let & be the set of all L-admissible
y € Fs(h;a,b) such that (1/h)L(y) € £ s(h;a,b), and let T be the restric-
tion of (1/h)L to . Denote by &’ the set of all y € & which have compact
support interior to (e, b), and let 7'y’ be the restriction of 7" to &'. Then as in
[3, § 17.3, 17.4] where £ = 1, it may be shown that 7' is a densely defined
symmetric operator in .#5(k; a, b); hence admits a closure T, and To* = 7°

[3,§ 17.4].
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The deficiency indices of T are (n1, n,) where #, is number m of linearly
independent solutions in #5(k;a,b) of L(y) = Mty (A =4 for v = 1 and
N = —iforv = 2). Asin [3, § 14.7, 17.5] where k = 1, it may be shown that
the number m is actually the same for all non real \, and m = # in either of
the following two cases: ¢ = 0, b < ©, and 1/qo, q1, ..., ¢, are Lebesgue
integrable on (¢, b) for each ¢ > 0 or —00 < a,b = 00, and 1/q0, ¢1, - - - , G
are Lebesgue integrable on (a,d) for each d > a. Thus we give conditions
under which the deficiency indices of Ty are (n#, ). The case #n; = n2 = # is
called the limit point case.

In section 1 the necessary modifications of section 2 of [2] are given, and in
section 2 these results are applied to a singularity at zero. To derive limit
point criteria at zero from limit point criteria at infinity, it is necessary to
consider a more general operator than (0.1). This operator is defined in
section 1.

1. Singularities at infinity. Let 7, H, p, (¢ = 0, ..., n) be real functions
on a ray [¢, o0 ) which are Lebesgue integrable on compact intervals. In addi-

tion, let » > 0, H > 0, and po > 0 satisfy

(1.0) H, r, and p, are respectively  — 1, » — 1, and » times continuously
differentiable.

For a sufficiently differentiable function y, we define the quasi-derivatives

»1 by:
y,2 =0
y['] = Ty[i_ll,, 1 = 1, N (e 1-
7’1’03’["_1],, 1= ",
r{py®=i — Y= =g +1,...,2n — 1.

The operator S is defined by
S(y) = H ' {py! — ytn=1'},
A function y is said to be S-admissible provided the quasi-derivatives y!4

(:1=0,...,2n — 1) exist and are absolutely continuous on compact sub-
intervals of [¢, ). For r = 1, S reduces to the familiar case

(1.1)  HS@) = (=1)"py™)™ + (=1)"(Ppry®™ )" + ... + puy.
The equation S(y) = \y + m has the vector formulation

12) Y =A4Y+[0,...,0, —Hm]"

where ¥ = (yt0, ..., y@—1)T and
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The Lagrange identity for S is
S()z — ySG) = H[y, ]’

where

n—1

(13) [y,2] = 2, {ytigtme — yltememtiglily

If S(y) = Ny 4 m, then it is easy to verify that the quadratic expression

n—1 n—1 ’
(1.4) _(}\y +m)H37 _l_;_;_ ly[n],2 + Z Pn—z,y[i]lz - { Z y[2n—i—1]5’[i]}
0 =0 =0

holds. Our concern in this section is with the solutions of S(y) = \y + m
which are in &, (H; ¢, ).

Much of our analysis will depend on certain a priorz bounds on the S-
admissible members of & 5(H; ¢, 00 ). To establish these bounds we use a non-
homogeneous version of Theorem 1.1 of [2]. Consider the system of differential
equations.

(z) X' =wBX+10,...,0,f]7,

where X = (x1,...,%,)7 is a column vector, f and the entries of the m X m
matrix B = {b;;} are measurable, locally integrable, complex-valued functions
on [¢,o0), and w is a positive, continuous function on [¢, ). In addition,
suppose B satisfies

b _{ 0, ifj>s+1
Y\, ifj=44 1.

THEOREM A. Suppose X is a solution of (z) and that for some k < m, b;; is
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bounded on [c, 0) for all 1 < k. Let

I, = I,(t) = max {1, J‘twlxifds} G=1,...,m)

and suppose I,(0) < 0.
() If B < m, then for i = 1,...,k, the following order relations hold as
}—00:

Ii= O 00 and  |xif2 = O(Iy @720,
(ii) If k = m and

w| f |’ds < o,

then fori =1,...,mand ast— o0, I; = O(1) and |x,|* = O(1).

The proof of part (i) of Theorem A is identical to the proof of part (i) of
Theorem 1.1 of [2]. The proof of part (ii) differs from the proof of part (ii) of
Theorem 1.1 only in the consideration of the integral

t
f xm’ (bm—l.m)xm—-l
[4

which now contains the addition term

J‘: FOn—1,m)Xm—1.

However,

t 3 ¢ 1
< (S ) (S wlswar)
= O(In_i*) = O(I}).
The proof now proceeds as that of part (ii) of Theorem 1.1. We refer the reader

to [2] for the details.

We assume that p is a positive function with # continuous derivatives. The
function g is defined by g = (#H)'** and we consider the conditions:

‘ff (bm1,m)%m—1

41
(1.5) %"%1:0(1) ast—o, 1=1,...,n— L

24
4an
(1.6) For some K > 0,—;;?%,1 < K.
2 2 ’ ’ ’
a7 &L =o0() and”—’[J"—|+Lg—[+1£°—1] =0(l) ast—oc0.
ig gLp g Po

4n—2
gp
. dt = ©.
(18) fcm rDo
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(1.9) Ast— o0,

[gp4n—2/7p0](j) —_ 0(g7+1p4""2—”/r"+1p0), ] — 1’ B 1’
and
[p*/p]? = O(g?p*=*/r'py), j=1,...,n
(1.10) Forj=1,...,n—1,7@ = O(g?/ri-1p?) as t — 0.
Note that in (1.9) and (1.10), the order relations are equalities for j = 0. The
vector spaces D, Vi(\), and V;(\) are defined by
D5 = {yly is S-admissible and y € ¥ (H; ¢, o)},
Vi(\) = {yIS() = Wy and y € Z,(H; ¢, o)},
Va(\) = {2|S(z) = Xzand z € ¥»(H; ¢, 0)}.
In order to apply Theorem A, we transform the equation (1.2) by X = MY
where M is the diagonal matrix

a—n 2n+1 a—2n+1 4n—1
p g

M = diagonal {g”p, O Y Sl g—po— yeoo ’_—Zo—ph }

with @ = (2n — 1)/2. The vector X satisfies
(111) X' = (¢/rp*)BX + [0, . .., 0, —ge=2n+1pn=1 T / p]7

where B = (rp?/g)[MA M= + M’ M-1]. Calculations show B = {b;;} satisfies
bi,i+1 = :i:l, b” is bounded (by (17)),

bn+1,n+l—i = 7pip4i/P0g21 (’L = 1: RN (2 1)1
bon1 = r(pn — NH)p™/pog?, and otherwise b,; = 0. The integral relations
between X = (x1,...,%2,)7 and ¥ are
t 4i—4 2(n—i+1)
. Sf £ —gr — s, i=1,...,m,
(1.12) f (g/rp2)]xi]2d5 = i 4i—4g2(n—i+1) .
¢ lj B & s, i=n41,..., 2.
c 7?0

For Lemma 1.1 below we need the functions Gy and H, which for fixed ¢ are
defined for ¢ £ s =< ¢. Their definitions are:

Go(s) = (L — s/t)"" [ 5‘;—;0; ]@),

G (s =§;[er_1], k=1...,n—1,
_adq et

Ho(é‘) - ds{(l S/t) PO(S) }y

H,(s) = %[er_l], E=1,....n—1
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A property of G, which follows from (1.7), (1.9), and (1.10) that we shall need
is that for some c;;

1k 4n—2—2k—2]

(1.13) |G?| < & (—

r]'+1p0 )1 j=01"-sn_k_11

where the constant in (1.13) is independent of &.
Fork =0in (1.13),1 £j = n — 1 (for k = j = 0 we may take co = 1),
and from (1.7), (1.9), and s = ¢,

G5 = 3 (J ) d]: (A= s/ g : [‘:]

u=0 71’0

Z‘o (ﬁ_u[ﬁ%";ﬂ]@)
T o of )

o sg(s)
= 0(["” S ]<s>)

and the constant in the order relation is independent of £.
Assuming now (1.13) holds for some k,0 < £ < n — 1, we have by applica-
tion of (1.10) that

G = (G, j=0,...,n—k—2
= il (J‘Z l)r(H-l—u)Gk(u)
0

u=

VQ

J+1 J+1-u ut+1+k 4n—2—2k—2u
= Z 0 2G+1—u) £ : I
- Jj—u J+l—u u+

%0 N7 p 7 Po

jHk+2 4n—4—2k—2j
_ O( gt )
- J+ ’
r Po

and again the constant in the order relation is independent of ¢. This induction
establishes (1.13), and in a similar manner we may show there are constants
dy; such that

]+h+1 4n—2 j—2k—2

r1+1p0

and the constant d; is independent of ¢. For a later integration by parts, we
note that G,(t) = Hy(t) = 0fork =0,...,n — 2.

LeMMA 1.1. Suppose conditions (1.0), (1.5), (1.7), (1.9), and (1.10) hold and
assume vy and z are nontrivial members of D s. Let

1.14)  |H?| < dyy 5 L i=0,...,n—k—1,

4n

t 4n ¢
Jl = ]l(t) = J:: ;,BP? ly[n]|2 and J2 - Jz(t) — ‘£ r_l;? |z[n]l2'
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Then fori =mn,...,2n — 1,

!
(1) J‘ y[ilg[j]deS

forall j, k such thati +j+ k = 2n — 1, and

= O] ast— oo

= O(J,"P™) ast— o0

t
(“) f y[i]y[j]deS
for all j, k such that i+ j + k = 2n — 1.

Proof. Applying part (i) of Theorem A to (1.11), we have from (1.12) that
for 1 £ 7 < n (note that g*/r = H),

t 4i—4 2(n+1—1) I3
W) [ e s = s
¢ r c TP

t n—1/n
- £ 2
= O([L fpz ]xn+1] :, )

O(Jl(n—l)/n) — 0(]1),

and similarly forzand 1 £ 7 < #,

t 4i—4 2(nt+1—1)
(1.16) f B & 12 = (0 = 0(J).

r

Consider now (i). With j + & = » — 1, it follows from (1.13) that

[ [ k+l 4n—2—2k
< f 'yn] J]lo( Po )dS

_ J:lO( l[n]ID g Izml)_

Since j = n — 1, and application of the Cauchy inequality and (1.16) to the
right hand side of (1.17) establishes (i) for 7 = n.

Assume now (i) holds for some 7, n £ 7 < 2n — 1 and that (: + 1) +
i+ k& =2n — 1. Then

1.17) l f Y26 ds

t

2n—i—1
T{Pi+l—nfy[ n—i—1}] [1] } [J]G ds

t
(1.18) 'f UG s

t
= l f P11y Y Gds + 0(1)

!
+ f y[ﬂ{rzlﬂGk}rds .

Since {rzUG,}’ = zU+1G, + 211G, the induction hypothesis applies to the
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last integral on the right hand side of (1.18). From (1.5), (1.13),and 7z + 1 +
j+ %k =2n — 1 we obtain

(21— 1] (4] o e, £
n—i—1] = [ j —i—1] =
7D iv1-nYy 7G| = 0\ =Sag=r [y 2’ l )
P rbo
2(2n—i—1) _(i+1-n) 2j n—j
_ p £ [2n—i—-11) P & =[]
- o (FTEE e B ),

Hence an application of the Cauchy inequality, (1.15), and (1.16) yields that
the first integral on the right hand side of (1.18) is O([J1J:]*/%). This inductive
step completes the proof of part (i). Part (ii) follows from a similar inductive
argument.

LeMMA 1.2. Suppose (1.0) holds,y € D, and S(y) = Ny + m with Re A = 0

and (p*™m/po) € L+(H; ¢, ).
() If (1.5), (1.6), (1.7), (1.9), and (1.10) hold, then

o 4i—4 2(n—i+1)
(1.19) f L YU s <o, i=1,...,m,

¢ r

4an
1.20 f"- 245 < o0,
( ) . rp02 [
and fori =1,...,n,
(1.21) lg(2n+1—2i)/2p2i—1y[i—1]I — 0(1) ast— 0.

(ii) If (1.5) and (1.7) hold, and (1.6) is replaced by | (p, — H)p*"r/po*"| < K
(K > 0), then in addition to (1.19) and (1.21) we have fori = n 4+ 1,...,2n

4i—4 2(n—1i+1)
(1.22) f” g s < 0
c T’Po

’

and
(1.23) |genti=20/2p2i-1y[i=1/p | = O(1) ast— o0,

Proof. 1t is sufficient to have y # 0, and from (1.15), (1.19) will follow from
(1.20). Let J; be as in Lemma 1.1. From (1.4) and an integration by parts,

n—1

t [n] 2
azo [ ot mms+ L5 o p00r o - e pas
t n—1
=0(1) — Y=g (5)ds.

¢ =0

By part (ii) of Lemma 1.1, the right hand side of this equation is O (J,¥*—D/@m),
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Also by (1.5) and (1.15) for1 €7 < n — 1,

t v 41 2(n—1)
f Pamdly (L = /8" (6™ /po)ds = O ( f bt — jymrds)

— O(Jl(n—-l)/n) — O(Jl(Qn—l)/Zn)’
By (1.6), and (p*m/p,) € L 2(H; ¢, © ), there is a K; > 0 such that

Re f: [(=\H + p)|y]* — mHF](1 — s/t)" (0" /po)ds > —Kx.

Using these inequalities in (1.24) gives

J. G — s/ = O,

Applying Lemma 2.3 of [2] with F = p®|y™|2/rp,? now yields J;(c0) < o0,
Applying part (i) of Theorem A to the system (1.11) and using

S @ mltas = 1) <o

gives |x; = O(1) as t—> o for ¢ =1,...,n From the transformation
X = MY, this gives (1.21).

For the proof of part (ii), we need only note that with B asin (1.11), part (ii)
of Theorem A applies to give for¢ = 1,..., 2x,

fw (g/ro")|x4’ds < 0 and |x;] = O(1) ast— 0.

Lemma 1.2 has a number of conclusions independent of our use of it.
A straightforward application is to consider (1.1) with pp =1 and H = 1.
Choosing p = 1, we may conclude that if the coefficients in (1.1) are bounded,
then [S(y) — \y] and y both in.¥, (1;¢, ) implies that

f [y %ds <0 and |y'"V| = 0@1) ast— o

for i = 1,...,2n. The reader may compare this with the lemmas in (1, pp.
1425 and 1428].
For the equation (H = 1)

(1.25) (=1)"y® + py = 0,

Lemma 1.2 applies with p = t* provided A < 1/2. Hence we may conclude
that if —p(t) < K/t4(K > 0), then an ¥ 5(1; ¢, o0 ) solution y of (1.25) also
satisfies forz =0,...,n — 1,

(126) J-cutuAly(i),st <o and t(21+1)A'y(1)l — 0(1) ast— o ;
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while if |p(¢)] < K/t**4, then (1.26) holds for ¢ = 0, ..., 2n — 1. In this case
(1.26) also holds for i = 2n since ((4"+DA|y@W| = 4n4|p|ta|y| and 74|y |2 =

18 1p[2ly ],

TaEOREM 1.1 Suppose conditions (1.0) and (1.5)—(1.10) hold and Re X = 0.
Then dim Vi(\) = dim Vo(N\) £ n with equality for » # 0.

Proof. The correspondence y — ¥ is one-one from V;(\) onto V.(\); thus
dim V;(A\) = dim Vy(\). Suppose to the contrary that dim V;(A\) > n. Then
the proof of Lemma 2.1 of [2] applies to yield ay € Vi(\) and z € V,(\) such
that [y, z] = 1. From (1.3) then follows

aen [ s e

t n—1

= | X BTN =y — /0" (g™ /rpo)ds.

¢ =0

By part (i) of Lemma 1.1 (with £ = 0), the right hand side of (1.27) is
O([J1J2]*"?), where J; and J; are as in Lemma 1.1. By Lemma 1.2, J;(c0) < o0
and Jy(00) < oo ; thus the right hand side of (1.27) is bounded independent
of ¢. This is a contradiction to (1.8) and the inequality is proved. The equality
follows from our earlier remark that dim V;(\) = # if A is not real.

COROLLARY 1.1. Suppose S is asin (1.1), H = %, and po = 1" (n < 2n + 6).
If Rex=0,|p] =0@) A =i1=n—1), —p,(t) = Kt (K > 0), where

yi=[4 +n@dn — 41 — 2) + 448]/(4n — 2) = 1,...,n),
then dim Vi(\) = n with equality for X # 0.

Proof. It may be verified that conditions (1.5)—(1.10) hold with p = #2,
A= (n~1—208/2n)/(4n — 2).

For (—1)*y® 4 py = NHy Corollary 1.1 yields the limit point condition
at infinity (H = ) if —p((t) £ K(+d/G=b_ The 2nd order equation
(t"y') + py = NHy is in the limit point condition at infinity (H = #%) if
7 <246 and p(¢) £ K27 This reduces to the well-known criterion
p(t) £ K¢ for ¥y + py with H = 1. We note that Corollary 1.1 requires that
po can not be too large with respect to the weight function H.

Corollary 1.1 indicates that with a large weight function H, the coefficients
p: (1 =1,...,n)also may be large and preserve the inequality dim V;(A\) < #.
This conclusion parallels the work of Walker [4], where the asymptotic
behavior of solutions of S(y) = My is given for a large weight function H.

2. Singularities at zero. We return now to equation (0.1) where ¢ = 0.
Let the coefficients ¢; be as before and assume also 1/qo, q1,...,¢, are
Lebesgue integrable on (e, b) for each ¢ > 0. Let % be a positive function (0, b).
The quasi-derivatives y!1 are defined as in the introduction. The equation
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L(y) = My has the vector formulation ¥/ = A ¥ where ¥ = (yl9, ... yln—1)T
and 4 is analogous to 4 in section 2, We transform ¥ by Z(t) = — ¥(1/¢);
then Z satisfies (1.2) where 7 = 2, po(t) = qo(1/t), H() = (1/2)h(1/t),
m = 0,and p;(¢t) = (1/82)q;(1/t) fori =1,...,n.

If 21 denotes the first component of Z, then

[ momora = [ 1oyt
1/b 0

hence dim V;(A\) is the number of linearly independent solutions y of L(y) =
My in Za(h; 0, b).

THEOREM 2.1. Suppose qo and h have n and n — 1 continuous derivatives,

respectively and there is a positive n times continuously differentiable function o on
(0, b) such that the following conditions hold.

41
@.1) J;l#[a—=0(l) ass—0, 1=1,...,n— 1.

4n
(2.2) For some K > 0, ——g—l%(:— < K.

@ _ Ui[l‘ﬂ 7| Jﬂﬂ]_
(2.3) W_O(l) and e e +—h—+ P = 0(1) ass—0.

b 3 1/2n 4n—2
(2.4) f b e g = w
0 qdo
(2.5) Ass—0,
dj 2:1/2n 4n—2 27 (j41) /2n 4n—2—2j .
E;j-[sh " /qo] = O(sh o /q0), j=1,...,n—1,
and
dj 4n j/2n _4n—2j .
=3 [0 /gl = O™ /q0), j=1,...,m.

Then the number of linearly independent £ 2(h; 0, b) solutions y of L(y) = \hy
(Re X = 0) is =n with equality for N &£ 0.

Proof. Let p(¢) = o(1/t). Then calculations show that (1.5)—-(1.9) follow
from (2.1)-(2.5) respectively. Since 7 = {2, condition (1.10) reduces to
showing

1/2n 1/n
t=0(g%~) and 1=0(&Iripl-) ast— 0.

However, both of these order relations follow from ¢2/sk'/?2" = O(1) as s = 0
which follows from (2.3). Thus Theorem 1.1 applies and the proof is complete.
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COROLLARY 2.1. If b = s% gy =s" (p = 20+ 8), Re N =0, |¢;] = O(s7%)
ass—>0(1=2=n—-—1), —¢,() £ Ks(K > 0), where

vi=[4 + n(dn — 40 — 2) 4 446]/(4n — 2) G=1,...,n),

then the equation L(y) = Ny has at most n linearly independent solutions in

gz(h; O, b)

Proof. If ¢ is chosen by ¢ =54, A= (g —1—4§/2n)/(4n — 2), then
conditions (2.1)-(2.5) hold.

Application of Corollary 2.1 to (s"y')" 4 gy yields the limit point condition
at0 (H = s%) if n =2 24 6 and ¢ = Ks?*t2- For H = 1, this requires n = 2
and thus no criterion for ¥/ 4 gy is obtained. Similar restrictions are imposed
on higher order equations.
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