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Semiclassical Limits of Eigenfunctions on
Flat n-Dimensional Tori

Tayeb Aissiou

Abstract. 'We provide a proof of a conjecture by Jakobson, Nadirashvili, and Toth stating that on an
n-dimensional flat torus ", and the Fourier transform of squares of the eigenfunctions |y |? of the
Laplacian have uniform /" bounds that do not depend on the eigenvalue X. The proof is a generaliza-
tion of an argument by Jakobson, et al. for the lower dimensional cases. These results imply uniform
bounds for semiclassical limits on T"+2. We also prove a geometric lemma that bounds the number of
codimension-one simplices satisfying a certain restriction on an n-dimensional sphere §" () of radius
v/}, and we use it in the proof.

1 Introduction

We let A denote the Laplacian on the n-dimensional flat torus T" = R"/Z". The
eigenvalues of —A are denoted by 0 = Ay < A\; < A; < -+, and the corresponding
eigenfunctions are denoted by ;. We normalize |||, = 1.

The following proposition was proved in [21] for n = 2, in [10] for » = 3, and in
[L1] for n = 4.

Proposition 1.1 Let2 < n < 4. Then the Fourier series of |p;j|* has uniformly
bounded I" norms, where the bound is independent of \;.

We remark that it is well known that the multiplicity of A\; becomes unbounded
for n > 2, and therefore so does ||¢ ;|-

It was conjectured in [10] that the conclusion of Proposition [L1] holds for arbi-
trary n. The main result of this paper is the proof of that conjecture.

Theorem 1.2 For any n > 5, there exists C = C,, < oo such that for every eigenfunc-
tion Ap; + Xj; = 0 with |||, = 1, the Fourier series of g := |p;|* satisfies

Il < Cmllep;3-

We stress that the bound C does not depend on the eigenvalue A;. The bound
C(n) is computed at the end of the proof and tends to 2 as n — oo.

Theorem [[.2]implies (by an argument in [10]) a statement about limits of eigen-
functions on T"*2. Consider weak limits of the probability measures du; = |¢;|*dx,
and denote the limit measure as A; — oo by dv. One can prove that all such limit
measures dv are absolutely continuous in any dimension with respect to the Lebesgue
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measure on " (see [10]). Accordingly, by the Radon—Nikodym theorem, one can
conclude that dv has a density h(x) € L'(T") such that dv = h(x)dx. Then we
consider the Fourier expansion of h(x):

(1.1) h(x) ~ Z ¢, .

TEL

In dimension #n = 2, it was shown in [10] that the density of every such limit is a
trigonometric polynomial with at most two different magnitudes for the frequency.
It was also shown in [IO}[I1]] that on T” for 3 < n < 6, the Fourier expansion of the
limit measure dv is in ["~2, that is,

(1.2) Z b, "2 < 0.

TEL"

The proofs in dimensions 4 < n < 6 used Proposition and results in [10]] that
reduced estimates for limits on T"*? to estimates for eigenfunctions on T". The esti-
mate ([.2)) implies that on T, the density of any limit dv has an absolutely convergent
Fourier series, whereas on T*, we conclude that i(x) € L>(T%).

Combining Theorem [[2]with the results in [10]], we immediately obtain the fol-
lowing result.

Theorem 1.3 Given the Fourier expansion (L1)) of the limit measure dv on T"2, we
have

( > IbTI") v < C(n) < oo.

TELM?

A generalization of B. Connes’ result [6], proved in [10], shows that the constant
C(n) appearing in Theorem [[.3 on T"*? coincides with the constant in Theorem [[.2]
on T". The bound C(n) will be computed at the end of the proof and we will find
that it tends to 2 as n — oo.

An important question about eigenfunctions of the Laplacian is the following:
given ((x) satisfying Ap; + Ajp; = 0 and |l¢|l, = 1 on a general n-dimensional
smooth Riemannian manifold M, what is the asymptotic growth rate of the L? norms
of the eigenfunction? That is, how fast does ||¢;||1» grow as the eigenvalue \; — oo?

On a two-dimensional compact boundaryless Riemannian manifold, C. Sogge
showed in [17] that for 2 < p < oo, [|pj|, < C/\(;(p)H(ijz,where

1/1 1
(5-15) 2<r<s,

a\2 p
o(p) =
1<173> 6 <p <o
2\2 p/ T~

This bound turned out to be sharp on the round sphere S2.
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In a remarkable result, Zygmund [21]] provided a uniform bound for the L*-norm
of the eigenfunctions of the Laplacian on T2. That is,

lell2

The bound (L.3)) provided in [21]] is independent of the eigenvalue.
Before we mention the next result, we define

(1.4) My = sup 12l
(A+N)p=0 el
ponT"

The question of the growth rate mentioned earlier can be translated into: what is the
asymptotic behavior of M,, ,(A)? It is sometimes possible to obtain uniform bounds
(independent of \) for M,, , () for a restricted set of eigenvalues.

In particular, Mockenhaupt proved in [13] the following. Given a finite subset
D = {q1,42,...,qx} of prime integers with g; = 1 (mod 4), we consider the set
Ap consisting of all eigenvalues A € N such that all prime divisors q of A with the
property g = 1 (mod 4), belong to D. Then for all A € Ap and for all p < oo, we
have M, , < C(p, k) < oo, where C(p, k) is a constant.

A legitimate question to ask is whether or not there exists a uniform bound for
M, , for general #n and p. The question is still open, although there exist results
about the rate of growth of M,, ,(\) as A\ — co. Bourgain showed in [3] that on T"
with n > 4, we have M, , < A"=2/4=1/2% for p > 2(n + 1) /(n — 3).

We notice that Theorem[I.2]does not imply a bound on eigenfunctions since there
is no converse to the Hausdorff~Young inequality. For 1 < p < 2 < g < oo with
p~l+q7 ! =1, wehave [|b;|ln < [|¢]7.-

Although the bound C(#) from Theorem [[.2] does not depend on the eigenvalue
A, it does not give us information about the bound M, , in (L.4).

In recent papers, J. Bourgain and Z. Rudnick [4}/5] considered upper and lower
bounds for the L? norms of the the restriction of eigenfunctions of the Laplacian to
smooth hypersurfaces of T" with nonvanishing || |/r2s) < ||| for all eigenfunc-
tions @, of the Laplacian on T" with A > A for some A that depends only on the
hypersurface X.

There exist bounds for the L norm of the eigenfunctions as well. Hormander
showed (see [[8)9]) that on any compact Riemannian manifold M, we have

[@alloo < C AT/,

where # is the dimension of the manifold M. This bound is attained for some man-
ifolds, such as S”, but not for others, such as T". Manifolds for which this bound is
sharp are called manifolds with maximal eigenfunction growth.

Y. Safarov studied the asymptotic behavior of the spectral function, the remainder
in Weyl’s law, and of eigenfunctions, in many papers including [14}[15]].

In a series of papers C. Sogge, J. Toth, and S. Zelditch [18H20] studied the follow-
ing question: what characterizes the manifolds with maximal eigenfunction growth?
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They established that the manifolds with maximal eigenfunction growth must have
a point x where the set of geodesic loops at that point has a positive measure in Sy M.
The converse turned out to be false, as they constructed a counterexample in [19].
An older question of the same type is: how fast does the spectral function and the
remainder term in Weyl’s formula grow as A — o0o? The spectral function is given by

Ny = > 0i®e().
0<y/Aj<VA

If we consider the diagonal when x = y, we obtain N, (A). If we integrate the
latter over the volume of the manifold M (assumed to be compact), we obtain the
eigenvalue counting function N(\) defined by N(A) = #{\; < A}. The remainder
term in Weyl’s formula is given by R(A\) = N(A) — ¢, vol(M) A2 where ¢, is a
constant that depends on the dimension #.

The asymptotic behavior of the spectral function and the remainder term were
studied by many people; see [1L[7,[9,[12}[16]] and the references therein for a detailed
exposition of the subject.

The results of this paper appear in [2]].

2 Proof of the Main Result

Let us define the notation that will be used throughout the argument. For ¢;(x),
an L*-normalized eigenfunction of the Laplacian on an n-dimensional torus T" =
R" /7" with eigenvalue ), we let its Fourier expansion be:

P~ Y aetn.

nez”
2
[n]"=A;

The Fourier series of g(x) = |¢;(x)|* (recall the definition from the introduction) is
as follows:

‘(pj(x)|2 -~ Z bTei(x‘T),

T=£—1

€17 =[nl*=A;

b, = Z agdy,,

o,
=[n|*= J

Z |a,|* =

ez
2
[n"=A;

|
—_

We will write S”*l(/\j) for the (n — 1)-sphere of radius \/Aj and S, for the
set of lattice points on §"~'();). In the spirit of this new notation, the last three

https://doi.org/10.4153/CMB-2011-152-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2011-152-9

Semiclassical Limits of Eigenfunctions on Flat n-Dimensional Tori 7

equations may be written as follows:

i ~ Y b7,

T=E—1)
SUASLIERY
bT = E le[in,
Em ESu—1x;
E—n=1
§ 2
|an| =1.
N ESn—17;

Without loss of generality, we can assume the coefficients a;¢ to be real, and then

we have |a¢| = |d¢| = |a_¢|. For the case where 7 = 0, we have
(2.1) bo= > agd;= Y l|a’=1.
0=r=¢— €Sy,

The proof of Theorem [[2] requires a lemma that will be proved at the end of this
section.

Lemma 2.1 Given n points {&}1 | on §"~1(X\;) N Z", no two of which are diametri-
cally opposite, that form a codimension-one simplex, assume that there exist T € 7" and
another n points {n; }_, on 8"~1(\;) N 2" such that

(2.2) fif’r],‘::tT, ISI'SI’I.
Then there can be at most 2"~ such different vectors T satisfying (2.2).

Remark 2.2 Given m > n points on "~ '()\;) N 2", we will still have the same
bound, 2”1, on the number of possible 7’s. In other words, adding more points
augments the number of restrictions, which, in principle, might reduce the number
of possibilities for the different 7’s.

Remark 2.3 We also notice that the bound we obtained is independent of the eigen-
value A;. This fact is crucial in the proof of Theorem[L.2]

The proof of Theorem[I.2]is by strong induction, the base case being done in [[10]
for the case n = 3 and in [L1]] for the case n = 4. First we will provide a proof for the
case n = 5. This will give a feeling of how the proof of the general case goes.

Proof of Theorem[1.2lfor the case n = 5 The aim of the following calculations is to
bound the sum ) |b-|*. Given (2.1]), we will consider the sum with nonzero 7:

(23) SblP> (Y ﬁ|asj|ar,j|)

40 A== j=1
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The trick that we shall use is to bound the right-hand side of (2.3]) by

5 5
(2.4) D %(H jac P+ T  lau )
i=1

A0 G—m=r i=l

Then we interchange the order of summation in (2.4)), and finally we use Lemma[2.]
to obtain a finite upper bound.

In doing so, we will encounter several configurations of the points &’s on
$*(X\j) N 7°. Each configuration needs to be studied separately. An obvious case
is when two or more points &; coincide. Then equation reduces to

(25) SN dagllanP( Y (]i[lasilla7;il))

T#0 So—1o=T §—ni=&—no i=3

and one can bound the terms |ag,||a,, | inside the product of (2.3)) by 3 (|ag, |* + |a,, [*).

Then we can bound this case by

55 el (XD JacPlal).

T#0 §o—mo=T §MESay;

where the former is bounded by 2%

Now we may suppose that no two points coincide. We end up with five points
in R°. These points will either lie in a 4-dimensional affine subspace (where they
will form a 4-simplex), a 3-dimensional affine subspace, or a 2-dimensional affine
subspace.

In the case where the points form a 4-simplex, we can use Lemma[2.Jland inter-
change the order of summation in ([2.4) as follows:

%Z > 2 (ﬁ|ﬂf,|2+iﬁlam|2).

§i€San; THO —mi=xT  i=1

The former will be bounded by

5
DI (0
i—1

§i€San;

which by the L* normalization will not exceed 2*.

In the case where the points ¢; lie in a 3-dimensional affine subspace, namely «,
they will form a codimension-2 simplex. There will be three different configurations
that need to be considered.

The first case is when {&}i=1,5 € « and at least one of the —1; ¢ a. With-
out loss of generality, we may suppose that —7s ¢ «. Then the simplex formed by
(&1, &, &5, €4, —s5) s a parallel translate of the simplex formed by (1, 72, 13, 74, —&s5)
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and these simplices do not lie in a 3-dimensional subspace. They form a non-degen-
erate 4-simplex. Hence, we are reduced to the case just studied above and we obtain
the same bound, that is, 2*.

In the next case, we suppose that the points {§;} € o, {—ni} € a, but {n;} &
aforalli = 1,...,5. The trick we will be using is to consider the subspace that
contains both « and 7, say, namely, 7. The subspace 7 is a 4-dimensional subspace
that contains 0, since both 7; and —n; lie in . Thus, v N $*(};) is the great 3-
sphere, where the great k-sphere is defined to be the intersection of §"(};) with a
k-dimensional hyperplane passing through the origin. Hence, by Lemma [2.1] and
Remark[2.2] we have the same bound on the number of 7’s as to have four points on
S3.1;» and this will lead to a bound of 2°.

The last scenario that needs to be considered in the case where {{;}i—1, 5 € ais
when {—771'}1-:1“_‘75 € a and at least one of the 1; € «, say ;. Since both 7; and —n;
are in o, 0 € « and all of +7);, £& € a. Hence, a N S4()\j) is the great 2-sphere.
Once again, Lemma[Z.J]and Remark[2.2] will lead us to a bound that is equal to 22,

It may happen that the points lie in a 2-dimensional affine subspace say, 3. We
will study the possible cases in the same manner we did previously. In the first
3-dimensional subspace ; that contains both /3 and 7, say. Then 0 € ~;, which im-
plies that £;, £ all lie in v N $*(X;), which is the great 2-sphere. We are back in
one of the cases studied previously and once again, Lemma [2.]and Remark 2.2] will
guarantee us a bound of 2.

In the very last case, we lose a bit of control on where the 7; might be. We let
& € B, but at least one of the —n; & 3, —ns say. Then the points {&;,£5,&5,&4, 75}
lie in a 3-dimensional affine subspace and we are back to the case where the & € a.
Hence, we have a total bound equal to 2% + 23 + 2% = 28.

Summing all the bounds, we obtain C(n) ~ 2.384729.... [ |

Proof of the General Case We shall now turn into the proof of the general case, that
is, the sum (2.6)) given below is convergent for any n. The proof is by strong induction.
That is, we suppose that the sum (2.6) is bounded in any dimension k < n.

(2.6) Sobt=1+ 0 > b
TEL'NS" (X)) 0#TEZ" NS —1()A})

As in the proof of the n = 5 case, we have

(2.7) Z‘brln SZ Z HlafiHaT]i"

TH#0 740 &—ni=T i=1

The same trick is used as before, that is, we will bound the right-hand side of (2.7)) by
([2.8), then interchange the order of summation in the latter, and finally use Lemma
2lto obtain a finite upper bound,

(2.8) S 3 S(ILlasP + TT 1)
i=1

A0 =t © =1
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Once again, several cases need to be studied. We will do so in the same manner as
for the n = 5 case. Instead of five points, we now have n points {£;}?_, on the surface
of the sphere S"71()\;)

The trivial case where two or more points coincide gives a bounded contribution
to the sum (2.6) that is equal to 2%2, by the same computations as in the n = 5 case.
In the subsequent cases, we may assume that no two points ; coincide.

The second trivial case is when the points {{;} form a non-degenerate codimen-
sion-1 simplex. A change of order of summation in (2.8)) and Lemma 2] yields a
bound equal to 2"~ 1.

The nontrivial cases are when the points {;} lie in smaller subspaces. Providing
an upper bound to each of these cases finishes the proof. The first of such nontrivial
cases is when the points {¢;} lie in an (n — 2)-dimensional affine subspace, namely
Qy—y. Let us suppose {&}1 | € a,—; withall the {—n;} € a,—> as well. If any one of
the ;s or —&,’s is an element of «,—,, then the origin 0 € «a,,—,, which implies that
Qpy_p NS 1 (A;) is the great (n — 2)-sphere. Hence, we have n points on S, ), and
by the induction hypothesis, this gives us a bounded contribution to the sum (2.6)).
Suppose now that none of the 7,’s or —¢&;’s is an element of «v,_,. Then we consider
the subspace f3,_, containing both «;,,_, and 7; say. We get an (n — 1)-dimensional
subspace including 0, and 3,—, N §"7'(};) is the great (n — 2)-sphere. Remark[2.2]
implies that the resulting case is one of the cases in our induction hypothesis and this
gives a bounded contribution to the sum (2.6)).

In order to prove it for the rest of the cases, i.e., when the points {¢;} lie in a
(n — k) < (n — 2)-dimensional affine subspace, namely «,_, we will use a second
(reversed) induction on the dimension of the affine subspace o, where the points
{&} might lie. That is, assuming we have a bounded contribution from all the a1
for some k with 3 < k < (n — 1), we will prove that we have a bounded contribu-
tion from the case where the {{;} € a,_. Once again, we have the two subcases,
depending on whether or not —7; belong to c,_.

For the first subcase, we may assume without loss of generality that —1; & a,—.
Then the simplex (—n;,&,, ..., &,) is a parallel translate of (—&;, 1, ..., 7,) and the
last two simplices lie in an (n — k + 1)-dimensional subspace. Hence, we are re-
duced to the second induction hypothesis which yields a bounded contribution to
the sum (2.6)).

Let us now turn our attention to the second subcase. If all the {1}/ | and
{—mi}t, lie in o, with none of the 7;’s in o,_x, we consider the subspace 5,_x
containing both o,y and 7, say. This is an (n — k + 1)-dimensional subspace that
includes 0. We can see that 3,_; N S”_k“(/\j) is the great (n — k)-sphere. Hence,
we have 7 points on S, »; and by the strong first induction hypothesis, we obtain a
finite contribution from this subcase to the sum (2.6]).

We note that if all the {&;}/_ | and {—n;}}"_, lie in v, with at least one of the 7;’s
in oy,_g then 0 € o,_; and oy, N S”’l()\j) is the great (n — k — 1)-sphere, and
this case gives a bounded contribution to the sum (2.6]) by once again the strong first
induction hypothesis.

We have exhausted all the possible cases, each giving a bounded contribution to
the sum (2.6]). Therefore, the sum is bounded and this finishes the proof of the con-
jecture in [[10]. [ |
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We may now provide a proof for the geometric Lemma2.11

Proof of Lemma[2Z.1] Suppose we are given {¢;}_,, # points on S,_; 5, no two of
which are diametrically opposite, and such that the simplex with vertices {& }7_; is
non-degenerate. That is, the points {&;}"_, cannot be in any (affine) subspace of
dimension strictly less than n — 1. Then given n equal parallel “chords” {v;}", of
Sn—1.; (not equal to §;&;, Vi, j) such that §; is an endpoint of v;, we denote the other
endpoint of v; by 7; and the diametrically opposite points of &; (respectively ;) by &/
(respectively 7)/). The question we would like to pose is: where on S, x, can {n; }/_,
lie? We will see that there are finitely many places where the {;}'_; can be. In fact,
there are [n/2] different scenarios, and we will study each of them.

If &m; are equal for all 4, then 1, = n; + £&; foralli = 1,.. ., n. Hence, the points
m +&&; lieon S,y ), foralli. Since S"‘l(/\]-) is strictly convex, there is at most one

point (other than &;), namely 7;, for which the points 1, + &, foralli = 1,... ,nlie
onS,_1, A

In the next scenario, we suppose &1; are equal for all i, except at one point k,
where &1; = 1x&k. Then the points y +&,&; forall i # kand ny + &€/ lieon S, .
Again by the convexity of §”7'(};) and the fact that {¢;} forms a codimension-1
simplex, there is at most one point (other than &), namely 7, for which the points
m+&¢& fori # kandn + 517512 lie on S,—1 5. However, the last equation gives us at
most one possibility for 7, for every k = 1,. .., n. Hence, we have a total of n = (’f)
possibilities for 7;.

In the next case, we assume &;7); are equal for all i # k, I, where &1; = mi&x = ni).
Here again 1), = n; + &, forall i # k,land 1, = ] + {/& = 1] + £/&, making the
points 7y + &&; for i # k, L m + §1§, and gy + &§ lieon S, ;. The convexity of
$"~1(\;) implies the uniqueness of such 7; # & for every pair k, I. Hence, we have
(;’) possibilities for 7 in this scenario.

Similarly, we will get (’;) for the next and so on, until (Z) However, the (Z) case
is the same as the very first case ({) in which we will simply change the sign of all

the vectors &7);. The (n — 1)-th scenario is similar to the second scenario, and so on;
hence, counting every case twice. The total number of possibilities will be the sum of
the possibilities in every scenario and is

1= /n o

The bound follows from the proof of Theorem [[.2] using the bounds given by
Lemmal[2.1] We do not claim that C(n) is a sharp bound. The result will be:

Cn) = (22—” + (%” - 4) 2" + 5) l/n.

It is clear that C(n) — 2 asn — oo.

Acknowledgements I would like to thank professor Dmitry Jakobson for pointing
out this problem to me, for the stimulating conversations we had, as well for his
moral support.

https://doi.org/10.4153/CMB-2011-152-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2011-152-9

12

T. Aissiou

References

(1]
(2]
(3]
(4]

(5]
(6l

(7]
(8]
9]
(10]
(11]
(12]
[13]
(14]
(15]

[16]

(17]
(18]
(19]
(20]

(21]

V. Avakumovi¢. Uber die Eigenfunktionen auf geschlossenen Riemannschen Mannigfaltigkeiten.
Math. Z. 65(1956), 327-344.  |http://dx.doi.org/10.1007/BFO1473886

T. Aissiou, Semiclassical limits of eigenforms and eigenfunctions on n-dimensional Tori. M.Sc. Thesis.
McGill University, Montréal, QC, 2009.

J. Bourgain, Eigenfunction bounds for the Laplacian on the n-torus. Internat. Math. Res. Notices
1993, no. 3, 61-66.

J. Bourgain and Z. Rudnick, Restrictions of toral eigenfunctions to hypersurfaces. C. R. Math. Acad.
Sci. Paris, 347(2009), no. 21-22, 1249-1253.

, On the nodal sets of toral eigenfunctions. To appear in Invent. Math. ArXiv:1003.1743.

B. Connes, Sur les coefficients des séries trigonométriques convergents sphériquement. C. R. Acad. Sci.
Paris Sér. A-B 283(1976), no. 4, 159-161.

J. J. Duistermaat and V. W. Guillemin, The spectrum of positive elliptic operators and periodic
bicharacteristics. Invent. Math. 29(1975), no. 1, 39-79.  http:/dx.doi.org/10.1007/BF01405172

L. Hormander, The analysis of linear partial differential operators. IV. Springer-Verlag Berlin
Heidelberg, 1985.

, The spectral function of an elliptic operator. Acta. Math. 121(1968), 193-218,
http://dx.doi.org/10.1007/BF02391913

D. Jakobson, Quantum limits on flat tori. Ann. of Math. 145(1997), no. 2, 235-266.
http://dx.doi.org/10.2307/2951815

D. Jakobson, N. Nadirashvili, and J. Toth, Geometric properties of eigenfunctions. Russian Math.
Surveys 56(2001), no. 6, 1085-1106.

B. M. Levitan, On the asymptotic behavior of the spectral function of a self-adjoint differential
equation of the second order. Izvvestiya Akad. Nauk SSSR Ser. Mat. 16(1952), 325-352

G. Mockenhaupt. Bounds in Lebesgue spaces of oscillatory integral operators. Habilitationsschrift,
Univ. Siegen, Siegen 1996.

Y. Safarov, Asymptotics of the spectrum of a pseudodifferential operator with periodic bicharacteristics.
J. Soviet Math. 40(1988), no. 5, 645-652.

, Asymptotic of the spectral function of a positive elliptic operator without the nontrap
condition. Funct. Anal. App. 22(1988), no. 3, 213-223.  |http://dx.doi.org/10.1007/BF01077725

Y. Safarov and D. Vassiliev, The asymptotic distribution of eigenvalues of partial differential operators.
Translations of Mathematical Monographs 155. American Mathematical Society, Providence, RI,
1997.

C. Sogge. Concerning the LP norm of spectral clusters for second-order elliptic operators on compact
manifolds. J. Funct. Anal. 77 (1988), 123-138.  |http:/dx.doi.org/10.1016/0022-1236(88)90081-X

C. Sogge, J. Toth, and S. Zelditch, About the blowup of quasimodes on Riemannian manifolds. ].
Geom. Anal. 21(2011), no. 1, 150-173.  |http://dx.doi.org/10.1007/512220-010-9168-6

C. Sogge and S. Zelditch, Riemannian manifolds with maximal eigenfunction growth. Duke Math. J.
114(2002), no. 3, 387-437.  http://dx.doi.org/10.1215/S0012-7094-02-11431-8

J. Toth and S. Zelditch, Riemannian manifolds with uniformly bounded eigenfunctions. Duke

Math. J. 111(2002), no. 1, 97-132.  |http://dx.doi.org/10.1215/S0012-7094-02-11113-2

A. Zygmund, On Fourier coefficients and transforms of functions of two variables. Studia Math.
50(1974), 189-201.

Department of Mathematics, McGill University, Montréal, QC
e-mail: aissiou@math.mcgill.ca

https://doi.org/10.4153/CMB-2011-152-9 Published online by Cambridge University Press


http://dx.doi.org/10.1007/BF01473886
http://dx.doi.org/10.1007/BF01405172
http://dx.doi.org/10.1007/BF02391913
http://dx.doi.org/10.2307/2951815
http://dx.doi.org/10.1007/BF01077725
http://dx.doi.org/10.1016/0022-1236(88)90081-X
http://dx.doi.org/10.1007/s12220-010-9168-6
http://dx.doi.org/10.1215/S0012-7094-02-11431-8
http://dx.doi.org/10.1215/S0012-7094-02-11113-2
https://doi.org/10.4153/CMB-2011-152-9

