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Group Gradings on Matrix Algebras
Dedicated to the 60th birthday of Robert Moody

Yu. A. Bahturin and M. V. Zaicev

Abstract. Let ® be an algebraically closed field of characteristic zero, G a finite, not necessarily abelian,
group. Given a G-grading on the full matrix algebra A = M, (®), we decompose A as the tensor
product of graded subalgebras A = B ® C, B = M, (®) being a graded division algebra, while the
grading of C =2 M,(®) is determined by that of the vector space ®”. Now the grading of A is recovered
from those of A and B using a canonical “induction” procedure.

1 Introduction

In various branches of algebra the researchers are interested in graded algebras and
the ways gradings can be given to algebras. Of special interest are gradings of simple
algebras. In the case of simple Lie algebras there are gradings by groups and semi-
groups arising from the root decomposition with respect to a Cartan subalgebra. But
there are other ways of grading simple Lie algebras, and in several papers authored by
J. Patera (see e.g. [5]) he and his co-authors produce, study and apply some gradings,
whose nature is rather different. In [8], [12], [4], [13], [6] the authors study gradings
in various classes of algebras both associative and non-associative.

In this paper we consider gradings of the full matrix algebra M, (®) of order n
over a field ® by an arbitrary finite group G. Our main Theorem 5.1 describes such
gradings in the case where ® is algebraically closed of characteristic 0. Gradings on
algebras have been studied in a number of publications for many years. Among early
books on this topic one can specifically invoke [10] where the authors study various
instances of the theory of graded rings. In their study of primitive graded rings, that
is, rings possessing a faithful graded simple module, they introduce graded matrix
algebras over graded division algebras and endow them with certain gradings (in our
terminology “induced gradings”). There are two particular cases of induced grad-
ings: one where the graded division algebra in question has trivial grading. These
gradings of a matrix algebra of order n are completely determined by the gradings of
the canonical n-dimensional module; they are called “elementary”. The opposite case
is where the primitive algebra is a graded division algebra. Then all nonzero homo-
geneous elements are invertible. It turns out that in this case the grading is “fine” in
the sense that every nonzero homogeneous component is one-dimensional. In [3]
the authors show that the gradings of a matrix algebra over an algebraically closed
field by abelian torsion-free groups are always elementary. In [14] the authors extend
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the previous result to the case of Artinian simple rings. In [1] the authors completely
describe G-gradings in the case where G is a finite abelian group. Among other re-
sults is the description of graded simple algebras and graded division algebras. In
this paper we start with an arbitrary G-graded matrix algebra M, (®) as above and
by direct argument decompose it as the tensor product M,(®) ® M,(®) where the
grading on the first tensor factor is fine and on the second elementary. The way
we introduce gradings on tensor products makes the first factor into a graded divi-
sion algebra D and the whole of M,,(®) into a graded matrix algebra M, (D) over D.
Thus the grading described in [10] becomes a general pattern for the matrix algebras
over algebraically closed fields of characteristic zero. With our theorem established,
one can now recover a G-graded irreducible simple module making M,(®) into a
G-graded primitive algebra (see concluding remarks in Section 5).

2 Elementary and Fine Gradings

In this section we recall about two of the most important types of gradings on the
matrix algebra and give some auxiliary statements that will be used in what follows.
In the next section we will establish a connection between the “fine” gradings and
projective representations. Let ® be an arbitrary field,

(1) R=M,(®) = PR,

gei

a G-grading on the algebra of n x n-matrices over ®, and G a group. We denote by
G" the n-th direct power of the G, and by E;; the matrix units of R, i, j = 1,...,n.

Definition 2.1 The grading (1) is called elementary, if there exists an n-tuple g =
(g1,--.,8) € G"such that E;; € Rgflgj. The grading (1) is called fine if for any
g € GwehavedimR, < 1.

It is obvious that the tuple (g1, . . ., gx) for a given elementary grading is defined in
a non-unique way. For example the n-tuple (gg, . . ., gg,) defines the same grading.
In particular one may always assume that g; = e is the identity of G.

There is a strong relationship between elementary gradings and gradings induced
from vector spaces. Namely, any G-grading on a finite-dimensional vector space V
determines a G-grading on the algebra End V' of all linear transformations of V.
Specifically, let V' = @gec Vg. We call an operator ¢ € End V homogeneous of
degree wt(p) = h, if (V) C Vj, forall g € G. We denote by 7, the canonical
projection V' — V,. Then for any f € End Gand any g, h € G the operator 7, f7, is
homogeneous, with wt (g fm;) = gh™!, and the decomposition

f= Z o fh

g,heG

defines a G-grading on End V.
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Proposition 2.2 The matrix algebra M,,(?) = R = P eec Re with an elementary
grading is isomorphic as a G-graded algebra to the endomorphism algebra End V' of
some G-graded vector space V.

Proof Let R = M,(®) = ®g€G R, be given an elementary grading by means of an
n-tuple (g1,...,¢,) € G" thatis, E;; € Rgflgj. We denote by V = ®" a vector space
of dimension 7, on which R acts canonically, V. = Span{vi,...,v,}, E;;(vj) = v;,
i,j=1,...,n Ej(w) =0fork # j. IfV = @gec Vg is given a G-grading such
that v; € ngﬂ then wt(v;) = gl-_1 = Wt(Ei]-(vj)) = gi_lgjgj_1 = wt(E;j)wt(v;).
This means that the original elementary grading on M, (®) is defined by a grading
onV = ®" and the proof is complete. ]

For proving our main results we need some technical remarks.

Lemma 2.3 ([14, Lemma 1]) Let R = M, (D) be a matrix ring over a skew field D
with some G-grading, R = @gGG Rq. If all scalar matrices in R are in the identity
component R, and all matrix units E;;, i = 1,. .., n, are homogeneous then the grading
is elementary.

Lemma 2.4 ([14, Lemma 3]) LetR = ®gEG Ry be a ring with a finite G-grading, e
the identity element of G, and R, the identity component with respect to this grading. If
R has no nonzero nilpotent ideals then also R, has no nonzero nilpotent ideals. If R is a
ring with the identity E then E € R,. If R Artinian then R, is Artinian as well.

The proof of the next statement for rings R and A can be found in [11,
Lemma 3.11] or in [7, Ch. 4, Sect. 4]. The same arguments can be applied also to
the case of algebras.

Lemma 2.5 Let R be an algebra over F with the identity element E and A a subalgebra

of R isomorphic to M,(F). If E;j, i,j = 1,...,n, are the matrix units from A and
E=E +---+EthenR = AC ~ A® C ~ M,(C) where C is the centralizer of A
in R.

Lemma 2.6 Let M,(P) = A = @geGAg be a matrix algebra over a field ® with a
“fine” G-grading. Then H = Supp A is a subgroup in G and all homogeneous nonzero
elements in A are invertible.

Proof By Lemma 2.4 the identity matrix is in the identity component A,, therefore,
A, consists of the scalar matrices. Let 0 # a € Ag be an arbitrary homogeneous
element. If a is a degenerate matrix then any matrix xay is also degenerate. Then
RaRNR, = 0and RaRis a proper ideal in R, a contradiction. Hence a is an invertible
matrix. It follows that if Rg, Ry # 0 then also Ry, # 0, thatis, H = SuppRis a
multiplicatively closed subset in G. Since |H| < oo, H is a subgroup in G. ]

Recall that a unitary graded algebra R = @ gec Rgisa graded division algebra if all

non-zero homogeneous elements of R are invertible. As a consequence of Lemma 2.6
we immediately get:
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Corollary 2.7 Let A = M,(®) = P e Ag be a matrix algebra over an algebraically
closed field ® with some G-grading. Then A is a graded division algebra if and only if
the grading is “fine”.

Proof If the grading is “fine” then A is a graded division algebra by Lemma 2.6. As-
sume now that any non-zero homogeneous element of A is invertible. By Lemma 2.4
the identity component A, is a semisimple subalgebra containing all scalar matrices.
By our hypothesis A, is a division algebra over ®. Since ® is algebraically closed we
have dim A, = 1. By Lemma 4 from [1] all non-zero subspaces A, are of dimension 1
and the proof is complete. ]

3 “Fine” Gradings and Projective Representations

In the final section we will show that the problem of describing all gradings on a
matrix algebra can be reduced to describing the gradings of two special kinds: ele-
mentary and “fine”. In case of an abelian grading group a lucid construction of any
“fine” grading was presented earlier [1]. Here we will show that the classification
of all “fine” gradings in the non-abelian case is equivalent to a well-known group-
theoretical problem.

Definition 3.1 Let G be a finite group and V a vector space over ®. Recall (see, for
example, [2]) that a mapping f: G — GL(V) is called a projective representation of
GonV if f(e) = E, where e is the identity of G and E is the identity transformation
on V and f(g)f(h) = a(g, h)f(gh) for any g,h € G where a(g, h) is some non-
zero scalar. A projective representation is called irreducible if V has no non-trivial
subspaces invariant under all f(g), g € G.

It is not difficult to show that for a group of order n the dimensions of irreducible
projective representations are bounded by /7. Any Abelian group of the type Z,, X Z,,
has an irreducible n-dimensional representation. It is a hard problem to classify all
groups of order n?, which have irreducible n-dimensional projective representations
and to list these representations.

By Lemma 2.6 from Section 2 the support of any “fine” grading of a matrix algebra
is a finite subgroup H in G. The next theorem shows that the classification of all
“fine” gradings on matrix algebras is in some sense equivalent to description of all
finite groups with irreducible projective representations of maximal degree.

Theorem 3.2  Any “fine” grading on a matrix algebra R = M, (®) over an arbitrary
field ® determines an irreducible projective n-dimensional representation of the group
H = Supp R of order n*. If ® is algebraically closed and G is a group of order n* then
any irreducible n-dimensional projective representation of G determines a “fine” grading
on the matrix algebra M,,(®).

Proof Let M,(®) = R = EBgGG R, be a “fine” grading on a matrix algebra. Then

by Lemma 2.6 we have that H = Supp R is a subgroup in G and dim Rj, = 1 for any
h € H. Let us fix in each subspace Ry, h € H, h # e, any nonzero matrix and denote
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itby f(h). For h = ewe set f(e) = E. Then f(g) f(h) = a(g, h) f(gh) for some scalar
a(g, h), since all components are 1-dimensional. Since f(g) and f(h) are invertible
by Lemma 2.6, their product is nonzero, that is, a(g, h) # 0, and we have obtained
a projective representation of H. The irreducibility of f is obvious, and the proof of
this claim is complete. Now let G be a group of order n? and f: G — GL,(®) an
irreducible projective representation of G of dimension # over an algebraically closed
field ®. Then the linear span

A = Span{f(g) | g € G}

is a subalgebra in the matrix algebra M, (®). Since the space ®" is a faithful simple
A-module over an algebraically closed field & it follows that k = n, A = M,,(®) and
all the elements f(g), g € G, are linearly independent, that is

() M,(®) = A= PA4,

g€eG

where Ag is a 1-dimensional subspace in M,,(®), generated by f(g). Now from Defi-
nition 3.1 of the projective representation we have that A;A;, C Ay, forany g, h € G,
that is, the decomposition (2) is a G-grading on M,,(®), and the proof of Theorem 3.2
is complete. ]

4 Induced Gradings on Tensor Products

Let A = P, e A be any G-graded algebra, B = M,,(®) = P, B, be a matrix
algebra over ® with an elementary grading given by an n-tuple (g1,...,g,) € G,
thatis, E;; € B e Then the direct computations show that R = A ® B will be given

a G-grading if one sets
Ry = Span{a ® E;j | a € Ay, g 'hg; = g}
Definition 4.1 The grading just defined will be called induced.

It is obvious that A = A ® E is embedded in R as a G-graded algebra. Similarly,
if A is an algebra with identity then also B = 1 ® B is a graded subalgebra in R. We
notice that if S = Supp A and T = Supp B are two commuting subsets in G then the
induced grading assumes a more habitual form of

(A®B), =P A ®B.
st=g

In particular, if S and T are arbitrary groups and G = S x T, then A ® B will be
naturally endowed with a G-grading for any S-graded algebra A and T-graded algebra
B. Thus the induced grading is a natural generalization of the tensor product of
graded algebras to the case of noncommuting supports, but under the restriction
that B is a matrix algebra with an elementary grading.

Note that gradings on A® B = M,,(A) of similar type were considered also in [10]
in case where A is a graded division algebra.
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5 Noncommutative Gradings on the Matrix Algebra

The main result of this paper is as follows.

Theorem 5.1 Let M,(®) =R =P e Re be a matrix algebra over an algebraically
closed field ® graded by a group G. Then there exists a decomposition n = pq, a sub-
group H C G of order p* and a q-tuple g = (g1, ..., 8;) € G such that M,,(®) is iso-
morphic as a G-graded algebra to the tensor product M,(®) ® My(®) with an induced
G-grading where M,(®) is an H-graded algebra with “fine” H-grading and My(®) is
endowed with an elementary G-grading, determined by g.

Proof Let us set A = R, where e is the identity element of G. By Lemma 2.4 A is
semisimple and contains the identity of R. We decompose A into the sum of simple
components, A = Al & - - @ AV, Since  is algebraically closed, all A" = M, (®)
are matrix algebras, i = 1,...,k. Denote by ey, ..., e the identity elements of the
algebras AV, ... A® respectively. Then R?”) = ¢;Re; is a simple subalgebra in R,
which is homogeneous in the G-grading. By Lemma 2.5, R = AOCH = A g C®
where C*) is the centralizer of A”) in R®), Here C'¥) is simple and homogeneous in the
G-grading and C® N A is of dimension 1. Then by Lemma 2.6 from [1], C¥) is an
algebra with a “fine” grading and Supp C” = H is a subgroup in G by Lemma 2.6.
We now decompose the identity elements of the algebras A1 ...  A® into the sum
of minimal idempotents, that is, the diagonal matrix units. For this we denote by egﬁ,

1 < a,f < g; the matrix units of A, i = 1,... k. Thene; = €/, +--- + eiz,-q,' Since
erR---ReyReiRe;R - - - Rey = exRey #£ 0,

in R one can find homogeneous elements x13, X33, . . . , Xk—1 k, Xk k—1, - - - , X32, X21 such
that x;; € e;Re; and

€KXk k—1€k—1 * * * €2X21€1X12€2X23 * - Xk—1 k€ 7 O.

Now let us notice that Supp R = SuppC® = H®, i = 1,... k. We set
wt(x12) = ag,...,wt(Xp—1 k) = ap, wt(x21) = by, ..., wt(xgr—1) = br. Since
X21X1; € e;Re; = R thent, = bya, € HY. Let 0 # z, € C?, with wt(z,) = t; .
Then z, is invertible by Lemma 2.6 and commutes with e,. We replace now x,; by
xh, = zp%1 and x3, by x}, = x3,z, . Then again

! !
EkXk k—1€k—1 * * * €3X5,€2X)| €1X12€2X23 * * * Xk—1 k€k F O

and x},x;, € R® where wt(x},) = wt(x2)~! in G. Similarly we may replace x}, by
x4y = z3x}, and x43 by x}; = x432; ' (where z; € C®)) in such a way that wt(x}}) =

wt(x3) L. As a final result of the procedure described we obtain Kkk—1,- -+, X1, for
which
(3) €KXk k—16k—1 " - e2%21€1X1282 - e # 0
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and Xy iXi i1 € R, N RV, Then, obviously, XiinXir1i € R, ARD i=1,... k—1.
By (3) there exist a1, . .., ak, 01, . . ., B such that

k - k—1 2 = 1 1 2 k
(4)  enpXek—1€5_ 5 " €5,5,521€3,5, €a 0, X12€0,0,%23 " Xk—1kC0pey, 7 O-
We set
i+1 i+1

i I TS B TS N A
Yiji+l = €a,€0;0;%ii+1 €y i € 1 Vitli = €15, €6, 8, Xit+1,i€3,6,€6,15

in which case the elements y15, ..., ¥k—1k, Y21, - - -, Ykk—1 are homogeneous,

(5) eyl = v, e yiiel = v
and by (3)
(6) Vig—1"""YuY12y2s - Yk—1k 7 0.

It follows from (6) that

Yij = Yiin1Yistivz  Yi—1j 7 05 ¥ji = Yjj—1" Vieri # 0

forall 1 <i < j < kand it easily follows from (5) that y;; are linearly independent.
We notice now, that y,, = y21712 # 0, y» € A® and €2, ynel, = y2. This means
that y,, coincides with €2, up to a scalar factor. If we divide y,, by this factor we
may assume that y,, = e?,, while the relations (5), (6) remain valid. Similarly, y;; =
y12¥21 = «el,. Butsince y,, is an idempotent also y3, = yy;, thatis, y;; = ef,. If we
multiply the remaining y;,, ; by respective scalars, if necessary, we obtain

i i+1
Yii+1Yi+1,i = €115 YVi+l,i)Vii+1 = €1 -

We obtain linearly independent elements y;;, 1 < i,j < k, with multiplica-
tion table y;;y,s = dj,yis, such that y;; € e;Re; and e’ilyijefl = yij. The sub-
space Span{y;j,1 < i,j < k} is a graded subalgebra in R, isomorphic to M(®),
such that the matrix units y;; are homogeneous in the G-grading. Therefore by
Lemma 2.3 there exist g, = e, §2,...,8 € G such that wt(y;;) = gflgj. We recall
that R = ADCH | the simple subalgebras AD and CY are pairwise commutative,
AW ~ M,,(®) is in the identity component R,, C 0 =~ M () with a “fine” grading
and e; +- - - +e; the identity matrix of R = M,,(®). It follows that pyg1+- - -+ prgx = n
and the matrix rank in R of ¢}, € A® is p;,i = 1,..., k. Therefore

dime’ilRe{1 = pipj.
In particular, the dimension of the (C”, C//))-bimodule Cy;;C"Y is at most p;p;,
since y;; € e}, Re], and C¢}  Re],CVV) = ¢}, C'RCVe],. On the other hand since all

homogeneous elements in C') and C'/) are invertible by Lemma 2.6 we have

dimC(i)y,»jC(j) > p,z,pg
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Hence p; = p; = p for any i, j and all CcW ...,C® have the same dimension.
Besides, ‘ '

dim C%y;CY = p?,
that is, Cy;;C"/) is irreducible as a left graded C”’-module and as right graded C'/)-
module. Hence

(7) Cyij = yiCY.

Considering the fact that the homogeneous components in C”) and C/) are 1-
dimensional, one can use (7) to construct a well-defined mapping C*) — C'/), which
is an isomorphism of graded algebras. Let us denote now for j = i + 1 each such iso-

morphism by ¢; ;11 and we set o1 = 1, @2 = Y12, Y3 = P3P12 = P3P, .., Pk =
©k—1,kPk—1. Then for any x € CY and fori < j one has

(8) 0iX)yij = yijp;(x).

We can construct similar isomorphisms ¢;1;: cit) 5 Wi =1,... k-1,
and consider an arbitrary a € C. Then

9) ayii = ayiin Yieri = Vi1 Piie1 (@ yicri = Vi (ir1iiie (@) .

Since a and ;. ; ( i+l (a)) areinC", y; € AY and AOCH = AD W, it follows
from (9) that @1 ; ( i+l (a)) = a. In its turn this implies that

@i(X)yiic1 = Viic10ii—1(9i(%)) = yiic1@ii—19i—1,ipi—1(x) = yii—1i—1(x),

so that (8) holds for all i, j = 1,. .., k. Let us consider in R a non-graded subalgebra
C = M, (®), whose elements have the form

F=x+pa(x) + -+ pp(x),

where x runs through the whole of CW. Since yij € eiRej, pi(x) € eRe; and the
idempotents ey, . . . , e are orthogonal, it follows from (8) that

(10) Xyij = yij%
forany 1 <i,j <k, x € C. Itis easy to observe that the elements of the form
eglyije{g, l1<a<g, 1<p<g,

are linearly independent in R and homogeneous in the G-grading. Besides, their

linear span D is an algebra isomorphic to M, (®) where g = q; + - - + g;. Indeed
the isomorphism will be defined if we map efn Vi je{ 5 to matrix unit E,,, € M,(®P)
where p = q; +---+gi_1 +to, v = q +---+g;_1 + (. Since Xe},; = p;(x)e},;,
e{ g% = e{ 59 i(x) and efll is in the centralizer of C¥ it follows from (10) that

U I RN R
Xen1Yij€13 = €a1ij€15%,
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thatis, D is in the centralizer of C in R. Since dim D = g%, dim C = p?,dimR = p?¢?,
R = CD is isomorphic to CV ® D. Let : C" ® D — R be the isomorphism,
<)0(x & E,u,l/) = JZEHV where

(11) Eu,,:efllyije{ﬁ p=qt---t+tqta, v=q+---+qj_1+p0,

a matrix unit in D. Since all E,,, are homogeneous, the grading on D is elementary,
wt(E) = gu_lg,, for the element (11). Besides one may assume that g, = gi, g, = g;»

since e/, € AV, e{ﬂ € AY) and

wt(E) = wt(yi;) = g 'g;-

Let us set H = H" = Supp C'V and compute the weight of the element XE,,, =
©(x® E,),ifx € CV, wt(x) = h € H:

wt(XE,,) = wt(:&eglyije{ﬁ) = wt(<p,~(x)efnyije{ﬂ) = wt(pi(x)yij) -

Let us set Wt(cpi(x)) = h'. Then xy;; = @1(x)y1; = y1ipi(x) by (8), whence
hg 'gi = g 'gih’, thatis, h' = g 'hg; since g1 = e. Thus wt(pi(x)y;j) =
g 'hgig g = g 'hgj = g, 'hg,. We remark now that if we consider on cV®D
the induced grading (see Section 3) then

wt(x® E) = g;lhg,,

forx € C,ﬁl). This means that ¢ is an isomorphism of graded algebras, and the proof
of Theorem 5.1 is complete. ]

By Theorem 5.1 any graded matrix algebra A = M, (®) is a tensor product of a
matrix algebra B = M,(®) with an elementary gradings and a matrix algebra D =
M, (®) with a “fine” grading. On the other hand, by Corollary 2.7 D is a graded
division algebra and B ® D = M, (D) can be considered as the algebra of all ®-linear
transformations of the free left D-module of rank q. We can generalize the notion of
elementary grading in the following way.

Definition 5.2 Let R = ®g€G R, be a G-graded algebra over ®, and g =
(g1,---,8) € G The grading on the matrix algebra A = M,(R) is called elementary
defined by the tuple g if

A; = Span{rE;; | r € Ry,g; 'hgj =t}
where E; j are the matrix units, 1 <1, j < gq.

Using this generalization, Theorem 5.1 and Definition 4.1 of induced grading we
can say that any grading on a matrix algebra is elementary.
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Corollary 5.3 Let A = M,(®) = @geGAg be a G-graded matrix algebra over an
algebraically closed field ®. Then A = M, (D) with an elementary G-grading in the
sense of Definition 5.2, where n = pq and D is the p x p-matrix algebra equipped with
the structure of a G-graded division algebra. ]

Corollary 5.4  Let M,,(®) be graded by a finite group G whose order is not divisible by
a square. Then any grading of M,,(®) by G is elementary in the sense of Definition 2.1.
That is, any such grading is induced by a G-grading of ®". ]

Finally, we note that A = M,(®), as in Corollary 5.3, is a G-graded primitive
algebra and it has a faithful graded irreducible module V = D® F1 = D1. The action
of A on V is natural and the grading is given by x ® e; € A -1, if x € Dy
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