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A MULTIPLE SEQUENCE ERGODIC THEOREM

BY
JAMES H. OLSEN

ABSTRACT. Let (X, %, ) be a o-finite measure space,
{T,,..., T, } aset of linear operators of L (X, &, w), some p, 1 =p =
oo, If

n—1 n—1

lim _1— Z z T - - T

oy m=0 m =0

exists a.e. for all feL,, we say that the muitiple sequence ergodic
theorem holds for {T}, ..., T, }. If f=0 implies Tf =0, we say that T
is positive. If there exists an operator S such that |Tf(x)|<S |f] (x)
a.e., we say that T is dominated by S. In this paper we prove that if
Ty, ..., T, are dominated by positive contractions of L,(X, &, u), p

fixed, 1<p <o, then the multiple sequence ergodic theorem holds
for {T,,..., T, }-

1. Introduction Let (X, &%, ) be a o-finite measure space, {Ty, ..., Ti} a set
of linear operators of L,(X, %, n), some p, 1 =p=oco. If

1 n,—1 n —1
Hm  ——— ) - ) T TR
M=%y Ay =0 my =0

exists and is finite a.e. for all fe L,, we say that the multiple sequence ergodic
theorem holds for {T;, ..., T.}. Multiple sequence ergodic theorems arise from
the study of random ergodic theorems, i.e. the study of the existence of

n—1

lim Y Taey: +* Taof

R =g
where {a(i)} is a sequence with values from {1,...,k}, in the case the
operators Ty,..., T, commute. In the present paper, however, we do not
require that T, ..., T, commute.

If f=0 implies Tf=0, we say that T is positive. If | T||, =1, then we say that
T is a contraction of L,(X, %, ). If there exists an operator S such that
| Tf(x)| =S |f(x)| a.e., we say that T is dominated by S, or that S dominates T.

We note that if T is dominated by S, then S is necessarily positive. Examples
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of such operators are the positive operators themselves, of course, Dunford-
Schwartz operators (i.e.: simultaneously contractions of L, and L.) and the
Lamperti operators considered by Kan [4]. In the case that the operators
T,, ..., T, are simultaneously contractions of L,(X, %, w) and L.(X, %, ) and
p is fixed, 1 <p <o, Dunford and Schwartz ([2]), have proved that the multiple
sequence ergodic theorem holds for {T,,..., T;}. Recently, Sato ([6]) has
proved a related result in the case T}, ..., T, are commuting positive contrac-
tions of L{(X, %, u) satisfying the L,-mean ergodic theorem. In the present
paper, we use Sato’s techniques together with an extension of the dominated
estimate for positive contractions obtained by Akcoglu ([1], see Section 2 for
details) to prove that if Ty, ..., T, are linear operators of L,(X, %, u), p fixed,
1<p <, dominated by the positive contractions, S, ..., S, of L, (X, %, n),
then the multiple sequence ergodic theorem holds for {T, ..., T,}.

2. A dominated estimate. Let {T, ..., T,} be linear operators of
L, (X, %, ), 1<p<oo. Define the operator My, _r,(f) by

1 n,—1 n —1
Y T T ().

177" Mk my=0 m, =0

Then Akcoglu has proved the following:

THEOREM 2.1. Let T be a positive contraction of L,(X, &, ), p fixed, 1 <p <.
Then

[ vtapr au= (p—fl)j I du.

Proof. See [1].
We extend this result as follows.

THEOREM 2.2. Let Ty,..., T, be contractions of L,(X, %, ), p fixed, 1 <p<
o, such that each T; is dominated by a positive contraction of L, (X, %, w). Then

j (M, o f) du= <L>k"j 117 du

p—1
Proof. We first note that since
n,—1 nkfl n,—1 nkfl
Z Z T?"""T::"kfsz Z St Stlf| ae.
m;=0 my =0 m;=0 my =0

where each T, is dominated by the positive contraction S;, we can and do
assume that f and each T; is positive.

We proceed by induction on k, noting that the case k=1 follows from
Theorem 2.1. Assuming that
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we note that
n‘fl nkfl nlfl

1 1
Z .. Z T'lnl .. T'k"kfs— Z TT'MTz ..... ka

L O (% m;=0 my =0 ny my=0

(the induction is on the number of operators involved), so
nl-

1 1 n —1
- Z Z T - - - Tf

p

Ryt N m=0 m =0
nlfl p
m
sup Y, TPMq, r.f| du
ny m;=0

again by Theorem 2.1, and the proof is completed.
3. Result

THEOREM 3.1. Let Ty,..., T, be linear operators of L,(X, %, ), p fixed,
1<p<w=, each of which is dominated by a positive L, contraction. Then the
multiple sequence ergodic theorem holds for Ty, ..., T,.

Proof. We proceed by induction, noting that the theorem is true for k =1 by
Akcoglu’s theorem ([1]). Next suppose that the multiple sequence ergodic
theorem holds for any set of k —1 operators bounded by L, contractions, let
{T,, ..., Ty} be a set of such operators, and let f=h+g—T,g where T,th=h
and ge L, (X, &, ), noting that the set of such f’s are dense in L,(X, %, u) by
the mean ergodic theorem ([5], Theorem 9-1). Then

1 n,—1 n, —1
—_— Y Y T TN
Ny Mg omy=0 m =0
l n—1 n —1
=) - Y 17 Th+g—Tig)
Ny Mg my=0 m =0
1 n,— n,_,—1
- Z P z T'lnl---T;("if]lh
ny 0 Mg—1my=0 My—1=0
1 n,—1 n_,—1
—_— Z e Z TT“"T?Ei'g
Ny My m;=0 my =0
n—1

1 11
_—Y Y TP TR Tg

Ny Mg m,=0 My

Now the first two terms on the right of the last equality converge a.e. as
Ny, ..., —> o (the second to zero) by the induction hypothesis, so we
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consider only the last.

n —1

1 1 no 1
e YT TR TRg(x)

My

- 1
=—Ms, s (Sklgh(x) ae.
Ry Mg my=o0 My

where each T, is dominated by the positive contraction S; and the operator
..., 1s as defined in Section 2, and

p 1 p(k—1)
J du=— (—"——) JISZkgI"du
np \p—1

p(k—1)
=ilh) [era
ng \p—

by Theorem 2.2 and since S, is a contraction. Therefore,

i J’(;l;MS. ..... sk,,(SL‘*\gl)ydu

n =1

1
— Mg, s, ,,(Sﬁk IgD
My

is finite, so

1
lim — Mg, s (Silgh)=0 ae.,

n—ep

and
1 n,—1 n_,—1
hm _ Z . Z T'lnl “e Tz‘iU'I‘Ekgl
M A M =0 m =0
.1 m
= lim — Mg, s (Si*[g)=0 a.e,
= 1y
SO
l n,—1 no, 1
lim ——— Y -+ Y TP TP TRg=0 ae.
e Rl { SURER (% m,=0 myg =0
Now we have
1 n,—1 n -1
lim ———— Z Z T - - Tf
M=% My 2 My g = m =0

exists a.e. for f in a dense subset of L,, and

n,—1 n, 1
sup | 1 Z Z T - Tl <o
Mt [y 0 Moy, =0 m, =0
a.e. forall fe L,(X, %, u) by Theorem 2.2. This is sufficient to imply the desired
result by [2], Theorem IV.11.3 (for more on Theorem IV.11.3’s application in
this case, see the proof of Theorem VIIL.6.9 in [2], p. 681). This completes the
proof of the theorem.
The author wishes to express his gratitude to Professor J. R. Baxter of the
University of Minnesota for many helpful suggestions, Professor Royataro Sato
of Okayama University for letting him see preprints of related results and to
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the Mathematical Sciences Department of North Dakota State University for
actively supporting this research.

Added in Proof. It has come to my attention since submission of the
manuscript for this article that the main result, Theorem 3.1, is essentially
contained in Theorem 3 of S. A. McGrath, Some ergodic theorems for commut-
ing L, contractions, Studia Mathematica, T. LXXX (1981), pp. 153-160. The
statement of the theorem is essentially the same, although McGrath requires
T,,..., T, to be positive. This requirement is not significant, however, and
McGrath’s proof is essentially the same as the proof of Theorem 3.1 of the
present paper, and essentially includes the proof of Theorem 2.2.
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