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Abstract. In this article, we will provide a new proof of the fact that for any convex body K ¢ R",

G

nn

© a1 (vol, (K))"+!
n/(; r voln(Kn(ren+K))dr£m,

where (e;)}_; denotes the canonical orthonormal basis in R", P.:(K) denotes the orthogonal
projection of K onto the linear hyperplane orthogonal to e,, and vol; denotes the k-dimensional
Lebesgue measure. This inequality was proved by Gardner and Zhang and it implies Zhang’s
inequality. We will use our new approach to this inequality in order to prove discrete analogs of this
inequality and of an equivalent version of it, where we will consider the lattice point enumerator
measure instead of the Lebesgue measure, and show that from such discrete analogs we can recover
the aforementioned inequality and, therefore, Zhang’s inequality.

1 Introduction and notation

Given a convex body K ¢ R", i.e., a compact convex set with non-empty interior, the
quantity given by

[x] = [x[2voly1 (P (K)), xR,

defines a norm in R" as a consequence of Cauchy’s projection formula [12, Equation
(A.45)]. Here, | - ||, denotes the Euclidean norm, whose closed unit ball in R” will be
denoted by B, vol(A) denotes the k-dimensional volume (Lebesgue measure) of a
set contained in a k-dimensional affine subspace, and P,. (K) denotes the orthogonal
projection of K onto the linear hyperplane orthogonal to x. The closed unit ball of this
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2 D. Alonso-Gutiérrez et al.

norm is a convex body, called the polar projection body of K, which will be denoted
by IT*K.

As a direct consequence of [12, Theorem 4.1.5], for any convex body K < R”, the
quantity (vol,(K))" 'vol,(IT*K) is an affine invariant, i.e., for any non-degenerate
affine map T, we have that

(vol,, (T(K)))" 'vol, (IT* T(K)) = (vol,(K))" 'vol, (IT*K).

It was proved in [18] that among all #n-dimensional convex bodies, the affinely invariant
quantity (vol,(K))"*vol,(IT*K) is maximized if and only if K is an ellipsoid,
obtaining the following inequality, which is known as the Petty projection inequality
and is stronger than the isoperimetric inequality:

n—1 * VOI”(Bg) !
(VOln(K)) VOln(H K) < (V()lnl(Bgl)) .

In [21], Zhang proved a reverse Petty projection inequality, showing that among all
n-dimensional convex bodies, the same affinely invariant quantity is minimized if and
only if K is a simplex (i.e., the convex hull of # + 1 affinely independent points). Thus,

for any convex body K ¢ R”,
)

(1.1) 12 < (vol, (K))" 'vol, (IT*K).
ni’l

Several proofs and extensions of this inequality have been given in the last decades.
See, for instance [4, 13], where this inequality is shown to be extremely related
to the covariogram function; [3], where the inequality is extended to (and can be
recovered from) the setting of log-concave functions; or [15], where this inequality
is extended to different measures other than the Lebesgue measure. Let us recall here
that the covariogram function is defined as gx(x) = vol,,(K n (x + K)) and that it is
supported on the difference body K — K, which is the Minkowski sum of K and its
reflection with respect to the origin, —-K.

In this article, we will focus on the approach to this inequality given by the authors
in [13], which was also considered in [2] to provide a different proof of Zhang’s
inequality in the setting of log-concave functions. Our motivation is to obtain an
approach to Zhang’s inequality in the discrete setting, where we will consider discrete
measures instead of the Lebesgue measure. In this approach, the authors defined for
a convex body K ¢ R” and every p > -1, the radial p-th mean body of K, which we
denote by R, (K). It is defined by its radial function for every p € (-1, 00)\{0},

(1.2) fK (voly(Kn {x + 18 : 1> 0}))?dx V@ es™!

1
Pﬁ,,(K) (0) = vol, (K) (K)
and if p = 0, it is defined by po (6) := limp_.o pr,(x)(6)- Let us recall at this point that
aset L with 0 € L is called a star set with center 0 if for every x € L and every A € [0,1],
one has Ax € L. The radial function of a star set L with 0 as a center is defined for every
6 € S"7!, the unit sphere in R", as pr(0) = sup{r > 0 : r6 € L}. For any two compact
star sets Ly, L, with 0 as a center, L; € L, if and only if py, (6) < pr,(6) for every 0 €

https://doi.org/10.4153/50008414X25101624 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101624

A discrete approach to Zhang's projection inequality 3

$"~!. In particular, for any convex body K ¢ R”, we have that pyj«x(6) = m

for every 6 € S"71.
The authors showed in [13, Theorem 5.5] that if -1 < p < g then

(1.3) (n:q);Rq(K)g(an);Rp(K).

Furthermore, the authors showed in [13, Lemmas 2.1 and 3.1] that the integral defining
the radial function of R, (K) in (1.2) can also be written as an integral on Py. (K) and
as an integral on the interval [0, c0). More precisely, on the one hand, the authors
proved in [13, Lemma 2.1] that for every p > —1and every 6 € $""%, if we denote by (6)
the one-dimensional linear subspace spanned by 0, then

1 (vo (K 1 (y +(6))))"1dy.

P _
P, (10 () = vol, (K)(p +1) Jry. (k)

Therefore, when p — (-1)* and g = n, we obtain the following inclusion relation:
2n\ N

(1.4) ( ) Ry (K) < nvol, (K)IT* (K),
n

where the right-hand side appears since, for any 6 € $*7!,

, n+p\r
1 )
p;(r_rgﬁ( ; ) Pr,(x)(0)

1

[(d+n+p) (voh(Kﬁ(J’+(9))))p+ld)’)P

=, dim | (r 1+ m) T (1+p) (p+ D)voly(K) Jrp (50

o F(1+n+p) " %
_pjl(r,r})+ (F(l +1)T(2+ p)vol,(K) ngl(K)(VOh(Km (y+(0))))*? dy)
_(_(»-D)! N _ nvol,(K)

- (}vaoln_l(Pm(K))) = ol (Pe. (K)) nvol, (K)prr-(x)-

On the other hand, the authors also showed in [13, Lemma 3.1] that if p > 0 then
P9y —L f°° P Ivol, (K A (r0 + K))dr
PRy(x) vol, (K) Jo g

and then R,(K) coincides with the p-th Ball body of the covariogram function of
K, which we will denote by K,(gx), since this expression is precisely the one that
defines the radial function of the p-th Ball body of the covariogram function of K (see
Section 2.5). Therefore, the inclusion relation (1.4) reads

(vol,, (K))"*!
(vol,_1(Pg: (K)))™

which is equivalent to the main inequality that we consider in this article (see
Theorem 1.1). Besides, since K, (gx) = R, (K),

n n ° n-1 n-1
(1.6) pK"(g")(e):W(K)/o r"“vol,(Kn (r6 + K))dr V6eS",

VO e S,

2n oo
(1.5) (”)nf " vol, (K n (8 + K))dr <
0

nn
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and (1.4) can also be written in terms of the n-th Ball body of the covariogram function
as

(17) (znn)iK,,(gK) ¢ nvol, (K)IT* (K).

We would like to point out that if we denote by (e;)%, the canonical orthonormal
basis in R", by considering orthogonal transformations of a convex body, proving (1.5)
for any convex body K ¢ R” and any 6 € S"™! is equivalent to proving the following
inequality, which we state as a theorem, for every convex body.

Theorem 1.1 Let K € R" be a convex body. Then,

(vol, (K))™*!
(volu—1(Pes (K)))"

2n oo
(L)n f " vol, (K n (re, + K))dr <
0

nn

More precisely, given a convex body K ¢ R” and 6 € $"!, applying Theorem 1.1
to U(K) for any orthogonal map U such that U’(e,) = 6 and taking into account
that vol, (U(K) n (re, + U(K))) = vol, (K n (rU’(e,) + K)) and that P, (U(K)) =
P(ut(e,)): (K) we obtain (1.5). Integration in polar coordinates provides Zhang’s
inequality (1.1) (see Corollary 3.6).

Throughout the whole text, dG; will denote the measure on R¥ given by the
lattice point enumerator, Gx(A) = |A N Z*| for any Borel set A ¢ R¥, where we denote
by |- | the cardinality of a set, and dmj will denote the Lebesgue measure on R,
Whenever A ¢ R” is contained in the affine subspace x, + span{e, ..., i } for some
xo € span{ey, ..., ex }*, we will denote Gx(A) = G, (A - xp). We will denote by du
the measure on R” = R"™ x R given by du = dG,_; ® dm,. That is, for every Borel
set Ac R”,

1.8) u(A) = Z voli(An (y+(en))) = Z voli(An (¥ + (ex))),

yeeinZr yeP,L (A)nZ"

where the sum is understood as 0 if P.. (A) N Z" = @. Such measure is constructed
so that, when considering it in R"*, i.e., du = dG, ® dmy, then for any Borel set A ¢
R", we have that G,(A) coincides with the measure y of the hypograph of y4, the
characteristic function of A:

Gu(A) = ({(x,8) e R*™ : 0 <t < ya(x)}).

Moreover, for any Borel measurable f : R” — [0, co), we have thatif du = dG,, ® dm,
is the measure y considered in R™*! we have that

[ fGdGu ) = [ du(x,o),

where hyp(f) is the hypograph of f

hyp(f) = {(x,1) e R™ : 0 < 1< f(x)).
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We will also denote by Cj the set Cy := (=1,1)¥ x {0}"7F ¢ R" = RF x R"~*, which
is a k-dimensional open (in the topology induced in R¥ x {0}"¥ by the standard
topology in R") cube. The group of orthogonal matrices of order n will be denoted
by O(n) and the Steiner symmetrization of a bounded convex set K with respect to
the hyperplane e} (see Section 2.2) will be denoted by S,, (K).

Let us also point out that the authors proved in [13, Theorem 5.5] the inclusion
relation (1.3) by applying Berwald’s inequality (see Theorem 2.3 below) to the concave
function fp(x) = vol; (K n {x + A0 : 1 > 0}). In order to obtain the inclusion relation
(1.7) or, equivalently (1.5) and then, Zhang’s inequality, Berwald’s inequality in the
whole range of parameters -1 < p < g = n (and not just 0 < p < q = n) was needed.

The first aim of this article is to give a different proof of Theorem 1.1. The main
difference between this new proof and the one in [13] is that we will only make use of
Berwald’s inequality in the range 0 < p < g. Since a version of Berwald’s inequality
in this range was proved in the discrete setting in [5], under the condition that
the involved concave function attains its maximum at 0, we will be able to use this
approach in the discrete setting as well, obtaining the following theorem.

Theorem 1.2 Let K € R" be a convex body satisfying maxyc.. voly (K n (y +(e,))) =
vol; (K n(ey)). Then,

(Zn
2n/

nn) n [ (K A (e + K))dr < (#(Se, (K) + Cot))""

(G (P (K)))"

Remark 1.3.  Notice that, even though the condition max e: vol; (K n (y + (en))) =
voly (K n (e,)) does not imply that KnZ" # @ (take, for instance, K = (0,2) +
1B5 cR?), it implies that 0 € P,:(K). Thus, under this assumption, we have
Gn,l(Pe#(K)) >1.

Besides, this condition means that the concave function f : P,1 (K) — [0, 00) given
by f(y) =voli(Kn (y+ (e,))) attains its maximum at 0, which is a condition that
will be needed in order to apply the discrete version of Berwald’s inequality (see
Theorem 2.4).

Remark 1.4. Let us point out that, if G,_;1(P.:(K)) =1, by means of Lemma 4.3
below, we have that P,. (K) N Z" = {yo} for some yo € Z" n e;; and

n ) K (e K))dr = vl (K o + fea))™
0 n

(e, ()N
(Gua(Pey (K)))"

In such case, Theorem 1.2 does not provide a better estimate than this identity.

The measure dy =dG,_; ® dm; is closely related to the measure dG, (see
Lemma 4.2). As a consequence of this relation, we can obtain the following corollary,
which gives a version of Theorem 1.1 involving only the lattice point enumerator. This
version still implies Theorem 1.1.
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Corollary1.5 Let K € R" be a convex body satisfying maxe.. voli (KN (y + (e,))) =
vol; (K n{ey)). Then,

(n"n)n fom " 1G, (KN (re, + K))dr < (nn”) Pr-x(€n)Guo1(Pes (K))
. (Gn(Se, (K) + Cp) + Guoa(Per (K) + Cpumy) )"
(Gu1(Pex (K)))"

Theorem 1.1 can also be written (see Lemma 3.1 below) in the following way.

Theorem 1.6 Let K € R" be a convex body. Then,

Co) ; (vol, (K))"**
an fse,,(K) o en)l"dx < (vol—1 (Pex (K)))™

Let us point out that this theorem also follows from [11, Theorem 3] (see also [17,
Corollary 2.7] for a proof in the centrally symmetric case). We will consider a discrete
version of Theorem 1.6 in which all the measures involved are given by the lattice
point enumerator. We will prove the following theorem where, forany m > 0and p > 1,
B, (p) denotes the number

(19) Bo(p) = imJ’i(l— k)n_l(k)p_l,

m

convening that 0° = 1.

Theorem 1.7 Let KSR" be a convex body with 0¢€ P,:(K). Let us assume
that maxyep , (k)nzn Gi(Se, (K) N (¥ + (ex))) = Gi(Se, (K) N (en)). There exists

Mo > M = maXycs, (k)nzr (X, en) such that mg > 1

-1
- (6 (86, (K) + Cot) + Guea (Pey () + Cun))""
B (Gu1(Pes (K)))"
Remark 1.8.  Notice that the condition 0 € P, (K) implies that P,: (K) N Z" # @ and

Se: (K)NZ" # @.Infact, P,y (K) N Z" #+ gifand onlyif S, (K) N Z" # @. Notice that
this condition also implies that G;(S,, (K) n{e,)) > 1.

Remark 1.9.  Since the integral on the left-hand side is 0 if M = 0, in such case, we
can choose any m, > 1 and the left-hand side is well-defined and equal to 0. Thus, the
inequality in Theorem 1.7 is trivial if M = 0.

Remark 1.10. It will be seen in Corollary 5.7 that Theorem 1.7 also implies Theo-
rem 1.6 which, by Lemma 3.1, is equivalent to Theorem 1.1.

Finally, motivated by the fact that Theorem 1.1 provides an upper bound for the
radial function of the n-th Ball body of the covariogram function gx of a convex body
K in the direction e,, and the discrete version of it given by Corollary 1.5 provides an
upper bound for the radial function of the n-th Ball body of the discrete covariogram
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function gx(x) = G, (K n (x + K)) of a convex body K in the direction e,,, we initiate
the study of the family of the p-th Ball bodies of the discrete covariogram function. We
will show that, even though they might be non-convex, the convex hull of the p-th Ball
body of gk is included in a homothetic copy of the p-th Ball body of gx.c,. We will
also prove an inclusion relation similar to the one given by (1.3), whenever 0 < p < q.

The article is organized as follows: In Section 2, we will introduce some known
preliminary results on which our proofs will rely. In Section 3, we will provide our
new proof of Theorem 1.1. In Section 4, we will prove Theorem 1.2. In order to do that,
we will follow the approach used in this new proof of Theorem 1.1. In Section 5, we will
prove Theorem 1.7. Finally, in Section 6, we will introduce the family of the p-th Ball
bodies of the discrete covariogram function and study their convexity and inclusion
relations.

2 Preliminaries

In this section, we will introduce some well-known results that will be used in our
proofs.

2.1 The lattice point enumerator

Let us recall that the lattice point enumerator measure, dGy, is the measure on R¥
given, for any Borel set A ¢ R¥, by

Gr(A) = |AnZk,
where | - | denotes the cardinality of a set. Whenever A € R” is contained in the affine
subspace xg + span{ey, ..., ex } for some x; € span{ey, ..., ex }+, we denote G (A) =
G,, (A — X0 )

Remark 2.1. 'The measure dG, satisfies (see [20, Lemma 3.22] and [5, Section 3.1])
that for any convex body K ¢ R” and any bounded set M containing the origin

1) ligm K+ M)

r—o0 r

vol, (K).

In particular, taking M = {0}, for any convex body K ¢ R", we have

(2.2) lim G ( K)

r—o00

vol, (K).

Moreover, for any f : K — R, which is Riemann—integrable on K, we have that

23) hm—f f( )dG ()=lim~ T )f(x):[Kf(x)dx,

r—oo yh

where the first identity follows from the definition of the measure dG,. The second
identity can be obtained by extending the function f to a rectangle containing K as
f(x) = 0for every x ¢ K, which is Riemann-integrable on the rectangle, and applying
[10, Proposition 6.3], which is valid for Riemann-integrable functions on the rectangle.
Notice that 3, .x(12+) f(x) is a Riemann sum of the extension of f to the rectangle,
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corresponding to the partition given by the rectangle intersected with cubes with
vertices on +7".

As a consequence of Remark 2.1, many continuous inequalities can be recovered
from discrete inequalities (see, for instance, [5, Section 3.1]). We will see in this article
how Theorem 1.2 implies Theorem 1.1 or how Theorem 1.7 implies Theorem 1.6.

The measure given by the lattice point enumerator satisfies the following discrete
version of the Brunn-Minkowski inequality, which was proved in [14, Theorem 2.1],
and from which one can recover the classical one [19, Theorem 7.1.1]. It reads as follows.

Theorem 2.2 Let A € (0,1) and let K, L c R" be non-empty bounded sets. Then,
Gu (1= VK +AL+Cy)" > (1= 1)Gp(K) ¥ + AGn(L) 5.
2.2 Steiner symmetrization

Given a bounded convex set K ¢ R”, the Steiner symmetrization of K with respect to
the hyperplane e;, is defined as

fh-t

(2.4) Sen(K):{y+ en :yePe#(K),y+t1eneK,y+tzeneK}.

That is, S, (K) is the set that we obtain by first, shifting all the segments given by
K n (x + (ey)) in the direction parallel to (e, ) until their centers lie in the hyperplane
e:, and second, leaving such segments closed if they were closed and open otherwise.
If K is compact then S, (K) can be written as

L, (K "
(25) 8., (K) = {(y, D eR™ xR ¢ ye Py (K), Jf < YUKD (zy +len)) } .
The Steiner symmetrization preserves convexity and volume. Moreover, for every y €
P,:(K), we have that S, (K) n (y + (e,)) is an interval centered at y, which has the
same length as K n (y + (e, )). Besides, from the definition of S, (K), if K< R" isa
convex body then

S (K) (% €R” ¢ (x,64) >0}
is the hypograph of the function f : P, (K) — [0, co) given by

_vol (K (y+(en)
) - 5

which is concave by Brunn’s principle (see, for instance, [9, Theorem 1.2.2]). It is also
known that for any convex set K and any A > 0, we have that S, (1K) = AS,, (K) and
that for any two convex sets K, L ¢ R", one has that

>

(2.6) Se, (K) + 8., (L) €S, (K+1L).

A list of basic properties of the Steiner symmetrization of convex bodies can be found
in [6, Sections 1.1.7 and A.5]. Let us point out that for any bounded convex set,
since P,i(K) = S,,(K) ney, then S, (K) nZ" # & if and only if P,: (K) nZ" # @,
as mentioned in Remark 1.8.
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2.3 Berwald’s inequality

Berwald’s inequality provides a reverse Holder’s inequality for L, norms of positive
concave functions defined on convex bodies. It is stated in the following theorem.

Theorem 2.3 (Berwald’s inequality) Let K € R" be a convex body and let f : K —
[0, 00) be a concave function. Then, for any -1 < p < q, we have that

27) L) [ Fidx) < L) RS ;
) vol,, (K) Kf vax] s vol, (K) Kf vaxy

Berwald’s inequality was proved in [8, Satz 7] whenever the parameters in the
statement satisfy 0 < p < q (see also [1, Theorem 7.2] for an English translation). It
was extended to the whole range —1 < p < g in [13, Theorem 5.1].

For any convex body K € R" and any 6 € $"7!, the function fp : K — [0, c0) given
by fo(x) =volj(Kn{x+2A6 :1>0}) is concave, as a direct consequence of the
convexity of K and the Brunn-Minkowski inequality. Therefore, applying Berwald’s
inequality (2.7) for any -1 < p < g, we obtain the inclusion relation given by (1.3)
and, as explained in the introduction, applying inequality (2.7) to f,, with parameters
-1< p < g = n and taking limits as p - (-1)*, one obtains Theorem 1.1.

With the use of the discrete version of the Brunn-Minkowski inequality, Theo-
rem 2.2, an analog of Theorem 2.3 (in the range 0 < p < g) was proved in [5, Theorem
1.4], under the condition that the concave function attains its maximum at 0. Before
we state it, let us introduce the following notation: if K ¢ R” is a convex body and
f:K —[0,00) is a concave function, we denote f°: K + C,, - [0, o0) the function
given by
(2.8) f°(x) = sup f(x+u),

ueC,

==

where f : R" — [0, c0) is the function given by

— . f(x) ifxeK
f(x) _{0 if x ¢ K.
The function f° satisfies that it is a concave function whose hypograph is the closure
of the Minkowski sum of the hypograph of f and C,, x {0}.
With this notation, the discrete version of Berwald’s inequality reads as follows.

Theorem 2.4 Let K CR" be a convex body containing the origin and let f: K —
[0, 00) be a concave function such that maxycx f(x) = f(0). Then, forany 0< p < g,
we have that

Ul 5 ooy ;<((":P) S ()P ()
Gﬂ(K) xeKnZn - G“(K) xe(K+Cy)nZ"

Let us point out that the discrete version of Berwald’s inequality, Theorem 2.4,
implies the continuous version of Berwald’s inequality, Theorem 2.3 in the range 0 <
p < q. For that matter, see [5, Theorem 4.5] taking into account that in the continuous
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version of Berwald’s inequality, Theorem 2.3, we can assume without loss of generality
that the concave function attains its maximum at 0.

2.4 The covariogram function

Given a convex body K ¢ R”, its covariogram function gx : R" — [0, c0) is defined
as

gx(x) =vol,(Kn (x+K)).
The function gk is supported on the difference body of K, defined as

K—K:{x—y:x,yeK}:q((x—K)

(2.9) ={xeR" : Kn(x+K) + @}

It is clear that gx is an even function such that max,egs gx(x) = gx(0) = vol,, (K).
1

Moreover, as a consequence of the Brunn-Minkowski inequality, gz is concave on
K - K and, by Fubini’s theorem,

fR” gx(x)dx = /R fR xx(9) xxesx(y)dydx
- [, [ w0 n-x(xdxdy
(2.10) = [ xG)volu(y = K)dy = (vol, (K))".
Notice also that, by (2.9), for any 6 € $"™!, we have that

(2.11) Kn(r0+K)=g foreveryr>px_x(0).
2.5 Ball bodies of log-concave functions

A log-concave function g : R" — [0, ) is a function of the form g(x) = e *(*) with
u:R" > (—o00, 0] a convex function. The family of log-concave functions plays an
extremely important role in the study of problems related to distribution of volume
in convex bodies since, as a consequence of the Brunn-Minkowski inequality, the
projection of the uniform Lebesgue measure on a convex body in R” onto a k-
dimensional linear subspace is a measure with a log-concave density with respect to
the k-dimensional Lebesgue measure in that subspace.

Ball introduced in [7], for any measurable (not necessarily log-concave) function
g:R" - [0, 00), such that g(0) > 0, and for any p > 0, the set

(2.12) Ky(g) = {x eR" : pfooo g (rx)dr > g(O)}.

Clearly 0 € K,(g), as [, r?7'g(0)dr = oo. Besides, for every x € R" and every A > 0,
we have that

p/ooorpflg(r)tx)dr: )%/Ooosp’lg(sx)ds.
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Therefore, for every x € K,(g) and every A € (0,1], we have that

p [T rtsanar= L [T o g(endsz p [T tg(sx)ds > g00)

and Ax € K, (g). Thus, K, (g) is a star set with center 0 whose radial function is given,
for any 6 € S"7!, by

Pk, (g)(0) = sup {/1 >0: pfo P g(rA0)ds > g(O)}.

If [, sPg(sx)ds=0, then {1>0: p [~ rP7g(rA6)ds > g(0)} = {0}, and
PK,(g) () = 0. Otherwise,

iyt () =sup {120 p [T rrlg(r0)ds > g(0)]

=sup {)L >0 : % fooospflg(se)ds > g(O)}

:(gg)) fooosp_lg(SH)ds)P.

In any case,

(2 [ ogonas)
(2.13) pK”(g)(e)_(g(O)/o sP g(s@)ds) .

The importance of these sets (K (g)) >0, which we will call p-th Ball bodies of g, in
the study of log-concave functions relies on the following two facts: First, whenever
g:R" - [0, 00) is an integrable log-concave function such that g(0) > 0, the star
set K,(g) is a convex body for any p > 0 (see [9, Theorem 2.5.5, Lemma 2.5.6, and
Proposition 2.5.7]). As a particular case, notice that if K € R" is a convex body with
0 € K, then for any p > 0,

(2.14) K, (xx) = K.

Second, for any homogeneous function h : R" — [0, 00) of degree 1 and any p >
—n, we have, by integration in polar coordinates (see [9, Proposition 2.5.3] for the
particular case when h is a norm on R”), that

_ g(x)
/I<n+P(g) h?(x)dx = ‘[Rn hp(x)@dx.

In particular, if g:R" —[0,00) is an integrable log-concave function,
such that g(0) >0, taking p=0 (see [9, Lemma 2.5.6]), we obtain that

- (x)
vol, (Ku(g)) = [ga g(o)dx.
The covariogram function gx of a convex body K ¢ R" satisfies that gx(0) =

vol,(K) > 0, gk is integrable, and g;( is concave on its support. In particular, gx is
log-concave. Consequently, the radial function defined by (1.6) defines the n-th ball
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body of gk, which is a convex body whose volume is, by (2.10),

(2.15) vol, (K (gx)) = [ KX 4 ol (K).
Er gk (0)
Furthermore, for any integrable log-concave function g : R" — [0, c0) such that
£(0) > 0 the following inclusion relation between Ball bodies holds (see [9, Proposi-
tion 2.5.7]):if 0 < p < q then

1 1
WKq(g) c pr(g)-

Moreover, since by [13, Lemma 3.1] for any p > 0, we have R,(K) = K, (gk ), where
R,(K) is defined by (1.2), the inclusion relation (1.3) shows thatif 0 < p < g

(216) (" . q);Kq(gK) c (" ;p);Kp(gK)-

This inclusion relation has been extended for the family of the p-th Ball bodies of a-
concave functions (i.e., functions such that f* is concave on its support) with & > 0 in
[16, Theorem 1.2]. We refer the reader to [9, Section 2.5] for more information on the
family of the p-th Ball bodies.

3 Another proof of Zhang's inequality

In this section, we will provide a different proof of Theorem 1.1, which leads to Zhang’s
inequality. In the same way as the proof in [13], it is based on the use of Berwald’s
inequality (Theorem 2.3). However, the choice of the concave function will only
require the use of Berwald’s inequality with positive parameters. Since Theorem 2.4
provides a discrete version of Berwald’s inequality for positive parameters, we will
later be able to use the same approach in order to obtain Theorem 1.2, which provides
a discrete version of Theorem 1.1.

We begin with the following technical lemma. Part of its proof can be found in [13,
Lemmas 2.1 and 3.1]. Nevertheless, we will provide a complete proof for the sake of
completeness.

Lemma 3.1 Let K ¢ R" be a convex body and let p > 0. Then,

S [ KA G ) dy = p [ ol (K (e )

Proof By Fubini’s theorem, for any p > 0, we have

p/wrp_lvol,,(Kn(ren+K))dr

—p[ b 1[ VOll(Kﬁ (re, + K)n (y + (en)))dydr
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:p/‘”,l’—lf max{vol;(Kn (y+{e,))) - r,0}dydr

0 P,1(K)

B vol; (Kn(y+(en))) o Lk »
_/Pge;(K)‘/; pr (VO]( ﬂ(y+<en>))_r) rdy

- /I-’%(K) ((VOI](Kﬁ ()/ + (en))))p+l - ﬁ(VOll(Kﬂ (y + (en>)))p+1) d}/

1

= p+1
Cp+1dr,m0 (voly(Kn (y +{en))))"" dy,

which proves the first equality. Besides, we also have that

voly (Kn(y+{en)))

P Py = 0P : P
2 [ o lenlrdx=2 | © / sy 117414y

voly (Kn(y+({en)))

zzf’“fp © ’ tPdtdy

1
- p+l
51 Jo, o (ORI O+ (e,

which proves the second equality. [ ]

Remark 3.2. Notice that, by the equality between the last two quantities in the
statement of Lemma 3.1 with p = n, we obtain that Theorem 1.2 can be rewritten as
Theorem 1.6.

We are now ready to provide our proof of Theorem 1.1.
Proof of Theorem 1.1  Let f : P,:(K) — [0, c0) be the function given by

f(y) =voli(Kn (y+({en)))

which is concave by Brunn’s principle [9, Theorem 1.2.2]. Then, by Berwald’s inequality
(Theorem 2.3) applied on P,: (K) with p =1and g = n +1, we have that

L n+l i B
(Volnl(Pe;(K)) paod OV S G ®)) oy Y

Equivalently, taking into account that l( " ) =L (2:) and that, by Fubini’s theorem,

n\n-1 n+l

Ip L (K) f(y)dy = vol,(K), we obtain

(" 1 (vol, (K))™!
n" n+l [P L (K) Sy < (VOln—l(Pe; (K)))" .

en

By Lemma 3.1, this inequality is equivalent to

Co) o= (vol, (K))"
?n/; r VOI"(Km(re”JrK))drS(Vol,,,l(Pe#(K)))"'
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Remark 3.3. 'The main difference between our proof of Theorem 1.1 and the one
in [13] is the concave function on which we apply Berwald’s inequality (Theorem 2.3).
In [13], the authors applied Berwald’s inequality to the function f,, : K — [0, o0)
given by f,, (x) =voli(Kn {x + Ae, : A > 0}) while we considered the function f :
P (K) — [0, 00) given by f(y) = voli(Kn (y + (e,))). With this choice, we do not
need to take negative exponents when applying Berwald’s inequality in order to prove
Theorem 1.1. The same approach will lead to Theorem 1.2 by means of Theorem 2.4.

An application of Berwald’s inequality (2.7) to the same function f : Pp:(K) —
[0,00) given by f(y) =volj(Kn (y+ (e,))) with exponents p+1< q+1 for any
0 < p < g provides the following theorem, which extends Theorem L.1.

Theorem 3.4 Let K € R" be a convex body. For any 0 < p < q, we have

(”:q)ﬁ(HVOIn(K))"“ # (n+P)P+1(nVO1 (K))PH m
Piy(gr (en) < TPk, (gi) (n)-

(vol,1(Pey (K))) 71
In particular, taking p = 0, for every q > 0,

(voly1 (P (K))) 71

("Zq)ﬁ(nvoln(K))"“ B oo oK)
(voln_l(Pe#(K)))q% a(8) "7 ol (Pes (K))

ot, equivalently,

(vol, (K)) ™
- (VOln I(Pel (K)))q
Remark 3.5. By considering rotations of a convex body K ¢ R", the last two inequal-

ities in Theorem 3.4 being true for every convex body K are also equivalent to the
inclusion relation

n+q
n”l q[ “yol,, (K n (re, + K))dr

(” ' q);Kq(gK) ¢ 1 vol, (K)IT* (K),

for any g > 0, which is stated in (1.3). More precisely, given a convex body K c R”
and 6 € "', applying the last inequality in Theorem 3.4 to U(K) with U € O(n)
such that U’(en) =0 and taking into account, as mentioned in the introduction,
that vol,, (U(K) n (re, + U(K))) = vol, (K n (rU’(e,) + K)) and that P, (U(K)) =
P(yt(e,)): (K) we obtain an inequality between py, (g.)(6) and prx(x)(6), which
gives the latter inclusion relation. However, the relation between the convex bodies
K, (gk) and K, (gx) whenever 0 < p < g given by the first inequality in Theorem 3.4
is different from the inclusion relation given by (1.3), as we do not obtain an inequality
between radial functions raised to the same power, which would provide an inclusion
relation.

Finally, we show how Theorem 1.1 implies Zhang’s inequality (1.1).
Corollary 3.6  Let K € R” be a convex body. Then,

()

L2 < (vol, (K))" Vol (IT°K).

https://doi.org/10.4153/50008414X25101624 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101624

A discrete approach to Zhang's projection inequality 15

Proof By Theorem 1.1 we have that for any U € O(n),

(= (vol (U(K)))"*
?nfo " vol, (U(K) n (re, + U(K)))dr < (vol,—1(Pex (U(K))))"

Equivalently, taking into account that P, (U(K)) = P(yt(e,)): (K), vol,(U(K) n
(re, + U(K))) = vol,(Kn (rU'(e,) + K)), and that vol,,(U(K)) = vol,,(K),

(vol, (K))™*!
(volu1 (P(ut(e,yy- (K)))"

Therefore, since for every 6 € S"! there exists U € O(n) such that U'(e,) = 6, we
have that for every 6 € $"%,

@n fom " vol, (K n (rU'(e,) + K))dr <

n?’l

(vol,, (K))"*!
(vol,_1(Pg: (K)))"

2n oo
(”)nf " vol, (K n (r8 + K))dr <
0

nn

Taking into account (1.6) and that pry+x(0) = for every 6 € S"”!, we have

1
volu—1(Py1 (K))

2n\ _
(n) pr (g () < mvol, (K)prre iy (8) V6 € 571,

which is equivalent to the inclusion relation

2n % *
( ) ) K, (gx) € nvol, (K)IT* (K)
given by (1.7). Taking volumes and using (2.15), we obtain the result. [ ]

4 A discrete approach to Zhang’s inequality

In this section, we are going to prove Theorem 1.2, which involves the measure
dy =dGu_1 ® dmy. As stated in (1.8), for every Borel set A € R",

u(d)y=" 3 voh(An(y+(ea)))= 3 voh(An(y+(en))),

yeernzZ" yeP, L (A)nZ"

where the sum is understood as 0 if P, (A) N Z" = @.

Notice that there exist convex bodies K € R” such that KNZ" = @ and u(K) > 0,
as the example K =[-2,2] x [%, %] c R? shows. This occurs since, even though
KnZ" = @, wehave P, (K) nZ" #+ & (and therefore S, (K) N Z" # @).

Notice also that there exist convex bodies K € R"” such that KnZ" #+ @ and
u(K) =0, as K=(2,0) + 1B c R? shows. However, if K < R" is a convex body
with ¢(K) =0 and K nZ" # &, then necessarily every x € K nZ" belongs to oK.
Furthermore, every such x € K nZ" satisfies that K n (x + (e,,)) = {x}.

Recall that for every bounded convex set K ¢ R”, from the definition of the Steiner
symmetrization (2.4), we have that P,: (K) nZ" # @ if and only if S, (K) nZ" # &
and that P,: (K) nZ" ¢ S, (K) nZ". Besides, vol; (K n (y + (ey))) = vol;(S,, (K) n
(y +(en))) for every y € P, (K). Therefore, if P,:(K) N Z" # @, in the same way as
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vol, (K) =vol,(S,, (K)), we have that y(K) = u(S,, (K)) since
u(Ky=" > voli(Kn(y+{ea))) = u(Se, (K)).

yePe# (K)nzZn
If Pi(K)NZ" =g, then trivially u(K)=0=u(S,,(K)). In any case, u(K) =
#(Se, (K))-

Let us also point out that this measure y allows to write the right-hand side of
the inequality in Theorem 1.2 interchanging K by its Steiner symmetrization S,, (K),
providing a smaller upper bound for the integral in the left-hand side, since for every
convex body K ¢ R", we have that p(S,, (K) + Cp—1) < u(K + Cp,—1), as we show in
the following lemma.

Lemma 4.1 Let K ¢ R" be a bounded convex set. Then, u(S.,(K)) = u(K) and
#(Se, (K) + Cp1) < (K + Cpy).

Proof On the one hand, if P,: (S,, (K) + C,1) = @ then u(S,, (K) + C,-1) = 0 and
the inequality is trivial. Let us assume that P (S.,(K) + C,-1) # @. Notice also
that since C,_; is contained in the hyperplane e, we have that S., (C,—1) = Cp-1.
Therefore, by (2.6), we have that

Se, (K) + Cyot = Se, (K) + Se, (Cp_1) € Se, (K + Cp_y).
Since p(S., (L)) = u(L) for every bounded convex set L € R", we have that

H(Sen(K)+Cn—l) S/"(Sen(K+Cn—l)) :H(K+Cn—1)~ -

Let us recall (see Remark 2.1) that the measure dG, satisfies that for any convex
body K ¢ R” and any bounded set M containing the origin

lim G,,(rKn+ M) _

r—00 r

vol, (K).

We continue this section by relating dy and dG,, with an error which is controlled by
the term G,,_1 (P, (K)) for any convex body K. This will imply that the measure du
behaves in the same way as the measure dG,, in the limit considered above.

Lemma 4.2 Let K € R" be a bounded convex set. Then,
Gn(K) - anl(Pe,ﬁ(K)) < .”(K) < Gn(K) + anl(Pe,# (K))
Consequently, for any convex body K ¢ R" and any bounded set M containing the origin
lim u(rK + M) _

r—o0 rn

vol, (K).

Proof First ofall, notice that if P, (K) N Z" = @, then K n Z" = . Thus, G, (K) = 0,
Gu-1(Pe;(K)) =0 and u(K) =0 and both inequalities hold. Let us assume that
P, (K)nZ" + @. Since K is bounded and convex, for every y € P..(K)nZ", if
GiI(Kn (y+(en))) = k(y), then, if k(y) > 1, we have Kn (¥ + (e,)) contains a seg-
ment of length k(y) — 1 (see figure 1 below) and then

voly (K1 (y+ (ea))) > Gi(K 1 (3 + (ea))) - 1,
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R R T 75%
R T T N
I 2 k(y)

Figure 1: From top to bottom, we represent the segment of length k(y) —1 contained in
Kn(y+(en)), the segment Kn (¥ + (en)), and the segment of length k(y) +1 containing
Kn(y+(en)).

while if k(y) = 0, then the latter inequality is trivial. Furthermore, independently of
whether k(y) = 0 or k() > 1, there exists a segment of length k(y) +1 containing
k(y) + 2 points in Z", which contains (see figure 1 below) K n (y + (e,)). Then,

voli(Kn (y+(en))) <GI(Kn (y+{en))) +1.

Therefore, summing in y € P,: (K)nZ", from the definition (1.8) of y, we obtain

that
uwK)y=" > voli(Kn(y+{en)))
yePz#(K)nZ"
> Y G(Kn(y+{en)))~Gua(P,, (K)nZ")
)/EPE#(K)OZ”
and

uKy=" 3 voli(Kn(y+(es)))

yePeﬁ(K)mZ"

< Y GiKn(y+({en))) +Gua(Py (K)NZ).
yePe#(K)r‘lZ"

Since ¥ )ep , (k)nz Gi(K 0 (y + (en))) = Gu(K), we obtain that
Gn(K) - Gn—l(Pe; (K)) < .L‘(K) < Gn(K) + Gn—l(Peﬁ (K))

Finally, taking into account (2.1) for any bounded set M containing the origin, we
obtain that for any convex body K ¢ R",

Gua(Pey(rK M) 1 Guea(rPey (K) + Py (M))

lim
r— 00 rh r—oo rn—l
and then
K+ M G,(rK+M
lim UK, GnUREM) ). .
r—o00 rn r—o00 rh

The following lemma is the analog of Lemma 3.1 when the measure y, instead of
the Lebesgue measure, is considered. It is proved in the same way, since both dm,, =
dmy_; ® dmjand dy = dG,_; ® dm; are product measures on R" = R" 1 x R, where
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the second factor in both measures is the one-dimensional Lebesgue measure. We
include the proof here for the sake of completeness.

Lemma 4.3 Let K € R" be a convex body and p > 0. Then,

Y obKn () =p [ (K (e + K))dr

P+1 e,z

=2F f sen)|Pdu(x).
[ ol enlPdut)
Proof First of all, notice that if Pe#(K )NZ" = @, then u(K) =0, and therefore,
for every r >0, we have that y(Kn (re, + K)) =0. In such case, we also have
Pei (S, (K)) NnZ" = @ and u(S,,(K)) = 0. Thus, all the identities are trivial. Let us
assume that Pe. (K)nZ" + @. From the definition of u given in (1.8), we have that for
any r >0,

w(Kn(re, +K)) = (Z) vol; (K n (re, + K) N (y + {(en)))
yeP,z# K)nz»

= > max{vol;(Kn (y+(e)))—r,0}.
yePe#(K)mZ"

Then, for any p > 0, we have
p f P u(K n (re, + K))dr
0

:Pfooorl’*l Z max{vol;(Kn (y+(e,))) —r,0}dr

yeP,L (K)nZ»

vol; (Kn(y+(en)))
=y [ el (K (5 + (ea))) - e
0

yGPB#(K)ﬂZ"
= X ((VOll(Kﬂ(}’+<en>)))P+l—p(VOh(Kﬂ(}“f(en))))PH)
yeP, (K)nin p+1
1 +1
=— (voli (K (y + (en))))"™,
p+1 yePe#(ZI;)ﬂZ” 1

which proves the first identity. Finally, notice that

voly (KN(y+({en)))

2 [ MwelPdu() =2 Y[, P

yePe#(K)ﬁZ"

voly (KN (y+{en)))
2
=20y tPdt
yeP,i (K)nZ" 0

=—— > (voly(Kn (y+{eq))))?,

PH1 e,z

which proves the second identity. [ ]
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Before proving Theorem 1.2, let us recall that if K € R” isa convexbodyand f : K —
[0, 00) is a concave function, the function f°: K + C,, — [0, 00), defined in (2.8), is
the concave function whose hypograph is the closure of the Minkowski sum of the
hypograph of f and C,, x {0}.

Proof of Theorem 1.2 Let K ¢ R” be a convex body satisfying
maxvol; (KN (y+ (e,))) =voli(K n{e,)),
yeey

and let
Ki=S.,(K)n{xeR" : (x,e,) 20}

= {()’»t) eR"'xR: ye P, (K),0<¢t< voli (K n (2y+ (e,,)))}'

Notice that K is the hypograph of the concave function f : P,: (K) — [0, 00) given by

o) = volj (K n (2y+ (en)))‘

By Theorem 2.4 applied on P, (K) with p =1and q = n, we have

( (n—l) Z fn+1(y))

Gn—l(Peil (K)) yeP, 1 (K)nZ"

? D ).

<—
Gn—l(Pe,ﬁ(K)) ye(PB# (K)+Cp1)nZn

Equivalently, taking into account that %( " ) =L (2"), we obtain that

n-1 n+l\ n

) voli (KN (5 + {en)))""!
ra Z n+1

yePe#(K)mZ"
n+l
1
S (o > 2f°() |-
Gro1(Pes (K))" (ye(Pe#(K)+C,,1)ﬂZ"

On the one hand, by Lemma 4.3,

ni—l > Voll(Kﬂ(y+(en)))"+1:n/0 " u(K N (re, + K))dr.
yeP,1 (K)

On the other hand, notice that the hypograph of f° is the closure of
Li=Ki+Cp1=8.,(K)n{xeR" : (x,e,) 20} +C,;
= (S, (K) + Cpo) n{x eR" : (x,e,) 20},
and then

> 2f°(y) = 2u(L1) = (Se, (K) + Cur).
ye(Pe# (K)+Cp—1)nZ"
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Therefore,

)

nn

(u(Se, (K) + Cy))"
(Gua(Per (K))) .

n foo " u(Kn (re, + K))dr <
0

Remark 4.4. Let us recall that in Theorem 1.1 the direction e, does not play any
special role and, as mentioned in the introduction, having Theorem 1.1 for any convex
body is equivalent to having inequality (1.5) for any convex body and any direction
6 € S"~1. However, in the discrete case, the coordinate direction e, plays a special
role since, at the core of the proof of the discrete version of Berwald’s inequality
(Theorem 2.4), it is essential that P,1Z" can be identified with Z"!in order to apply
the discrete version of Brunn-Minkowski inequality (Theorem 2.2) in e, identified
with R""!. However, this is not the case for Py.Z" with a generic 6 € S""!. The
special role of the direction e, is also reflected in the definition of the measure y as
dy = dG,_; ® dmy, which depends on the choice of the direction e,. If we chose a
different direction 6, a definition of the measure y analog to the one given by (1.8)
(or even with the sum in y € Pg. (K nZ")) would not be identified with a product
measure where the first factor is dG,,_;, since Py.Z" would not be identified with
Z"7L. This fact would not allow the use of the discrete version of Brunn-Minkowski
inequality (Theorem 2.2) in e; identified with R™"!.

Remark 4.5. Let us also point out that, even though the direction e, plays a special
role in the definition of the measure y, by Lemma 4.2, the measure dy is closely related
to the discrete measure dG,, which is the counting measure on Z" and, taking into
account Remark 2.1, we will be able to recover Theorem 1.1 from Theorem 1.2.

Let us now obtain Corollary 1.5, where the only measures involved are the ones
given by the lattice point enumerator.

Proof of Corollary 15 Let KCcR" be a convex body satisfying
max,.: vol; (K n (y + (e,))) = vol; (K n (e, )). By Theorem 1.2, we have that

(Zn
2n/

nn) " [Ow " u(K 0 (re, + K))dr < (#(Se, (K) + Caa))"™

(Gra(Pey (K)))"

On the one hand, by Lemma 4.2, we have that

#(Se, (K) +Cp1) < Gu(Se, (K) + Cpy) + Gn—l(Pe;(Sen (K) +Cn))
= Gu(Se, (K) +Cpo1) + Gpa(Pes (K) + Cpa).

On the other hand, by (2.11), we have that Kn(re, + K) =@ if r> px_k(e,).
Therefore, using Lemma 4.2 and the fact that K n (re,, + K) € K, we have

oo PK—K(en)
nf " u(K N (re, + K))dr = ”/ " (K0 (rey + K))dr
o 0

pr-x(en)
s [ G (KA (e K)) - G (Pey (K 1 (re 4 K))r
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pr-x(en)
> nf PN (Gu(K N (reg + K)) = Gy (Pes (K)))dr
0

px-k(en)
n f PGy (K N (reg + K))dr = plt_c(en) Gt (Pes (K))
0

:nfooorn—lG,,(Km(ren+K))dr—pI'é_K(e,,)G,,_l(Pe#(K)). .

Finally, we are going to see that Theorem 1.2 implies Theorem 1.1 and therefore, as
seen in the proof of Corollary 3.6, Zhang’s inequality (1.1).

Corollary 4.6 (Theorem 1.1) Let K € R” be a convex body. Then,

vol, (K)"*!

(2n) 0o
) "ol (K (rey + K))dr < —— .
/; nr'""vol, (K n (re, + K)) r<voln71(Pe,&(K))n

nn

Proof Let K< R" be a convex body. Since the inequality we want to prove
is invariant by translations, we can assume without loss of generality that
maxyep , (k) = voli(K N (y + {en))) = voli(K n (e,)). Then, for any A >0, we have
that

yegz})jK)voll(/\Kﬂ (y+{en))) =voli(AK N (e,)).

Thus, by Theorem 1.2 and Lemma 4.1, for any A > 0,
i B n+l

(" ) f nr" u(AK N (re, + AK))dr < (u(Se,(AK) + Cp-1))

n" Jo (Gn—l(Pe;(/\K)))ﬂ

< [/I(AK + Cn_l)n+l
" Gpo1(Per (AK))™

By Lemma 4.2, we have that for every r > 0,
u(AK N (re, + AK)) 2 G,(AK N (re, + AK)) = Gy_1(Pes (AK N (re,, + AK)))
and that
H(AK + Cpy) < Gu(AK + Cpy) + Gy (AP (K) + Cppy).

Then, we obtain that
2n oo
Q / nr" (G, (AK 0 (re, + AK)) = Gp_1(Po: (AK N (re, + AK))))dr
n" Jo "
. (Gn(AK + Cpy) + Gt (AP (K) + Cpy) )™
- Gn-1(AP.: (K))" '

R . . n(n+1) .
Therefore, dividing the latter inequality by A" = i,,(i,:l), we obtain that for any A > 0,

the quantity

(n"? [ GO 0 (e + 1K) = G (Pey (UK 11 (e + AK)))

(4.1)
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is bounded above by

(Gu(AK + Cyoy) + Gt (AP (K) + Cyy) )"
A2G 1 (AP (K))"

>

which equals

1
Gn(’lK+cn—1) Gnil(APe#(K)-Fc"il) "
bQ + IO

(4.2)

Gu-1(AP,1 (K)) n
(=)

On the one hand, we are going to prove that

. ® n-1
/\12?0 T fo nr" G, (AK n (re, + AK))dr

(Zn) oo
(4.3) =12 f nr"vol, (K n (re, + K))dr

n" Jo
and that
(4.4) Alim 2 foo nr" G 1 (Per (AK N (re, + AK)))dr = 0.

—00 n 0 "

As a consequence, we will obtain that (4.1) converges, as A — oo, to

2n 0o
(—”) f nr"vol, (K n (re, + K))dr.
n" Jo

On the other hand, we have that, by (2.2),

. Gn—l(/lpe,l, (K))
lim ———————

A—o0 /\n—l = V01n71 (Pe# (K))

and, by (2.1) (with M = C,,_;),

. Gn(/lK + Cn—l) anl(APe; (K) + Cnfl)
i o A

=vol,(K) +0-vol,_1(P.: (K)) = vol,(K).

vol, (K)"*!

Therefore, (4.2) converges to Vo1 (P, (K"

as A - oo. As a consequence, we will
obtain

(Zn
2n/

oo 1. (K n+l
n) f nr" ol (K 1 (rey + K))dr < —— n(K)
nt Jo

vol,_1(Pes (K))"
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Let us prove (4.3): By (2.11), AKn (re, + AK) = @ for every r > py(x—x)(en)-
Therefore, changing variables r = As, for any A > 0, we have

1
o

pack-k)(en)
L[ g (3 (k0 L+ k) Jar
" Jo

pr-x(en)
) / 1 Ga(A(K /\(sen-rK))) i
0 n

foo nr" G, (AK n (re, + AK))dr =
0

For any s € [0, px-x (e, )], we have by (2.2) that

Alim G,.(A(K ﬂ)fjen +K)))

=vol,(Kn (se, + K)).

Also by (2.2),

. Gu(AK)
lim =222
im Y\

A—o0

= vol,, (K).

Thus, given g > 0, there exists ¢ > 0 such thatif A > A,

nsn,IGn()l(Kﬁ(Sen-i-K))) SnSnilGn()LK) <

T S ns" " (vol, (K) + ).

The function f(s) = ns" ™ (vol,(K) + &) is integrable in [0, px_x (e, )]. Thus, by the
dominated convergence theorem and using again that, by (2.11), K n (se, + K) = @ if
s> px-x(en), we obtain

lim /w nr" G, (AK n (re, + AK))dr

A—o0 A2 Jo

pr-x(en) 1
= [ ns""vol, (K n (se, + K))ds
0
= f ns"'vol, (K n (se, + K))ds,
0

which, renaming s as r, proves (4.3).
Let us now prove (4.4): Again, by (2.11), we have that AK n (re, + AK) = @ if r >
pa(k-k)(en) and then, for any A > 0, we have

0 f " "Gy (Pes (AK (1 (rey + AK)))dr
0

< —
/\Zn
1
= T
Gu-1(AP.(K)) [ Prk-x) (en) el Gn—l(/lpe,ﬁ(K))Pr{(K_K)(en)
< —= f nr'" dr =
AZn 0 /\211
21 anl(/\Pe,ﬁ(K)) n
= XTPK—K(eH)'

Pack—k) (€n) .
f nr" " Gy (Pez (AK N (re, + AK)))dr
0
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Since by (2.2),

. 1 Gn—l()tpeﬁ (K)) n n
AIEEO XTPK—K(W) =0-vol,_1(Pes (K))pk_x(en) =0,

we have that

lim foo nr" ' Gy_1(Pes (AK N (re, + AK)))dr = 0.
0

A— o0 AZn

Now that we have proved (4.3) and (4.4), the proof is complete. [ ]

5 A different discrete approach to Zhang’s inequality

In this section, we are going to prove Theorem 1.7. This gives a discrete version of
Theorem 1.6. Let us recall that, as mentioned in Remark 3.2, Theorem 1.6 is equivalent
to Theorem 1.1. The proof will follow the lines of the proof of Theorem 2.4, which
was given in [5]. For any convex body K ¢ R" such that P,. (K) nZ" # @, the role
of the function f in Theorem 2.4 will be played by the function f; : P,:(K) — [0, o)
givenby fi(y) = 3vol;(K n (y + (e,))), whose hypograph will be S, (K) n {x e R" :
(x,en) 2 0}. Therefore, the hypograph of the function f;°, defined as in (2.8), is
the closure of (S, (K)+ Cy1) n{x € R" : (x,e,) > 0}. The role of the binomial
coefficient in Theorem 2.4 will now be played by the inverse of the number, defined in

(1.9) as
S ()

k=0 m m

for a certain m = mq(p) > 1, whose existence (depending on a fixed parameter p > 1)
needs to be proved. Once the existence of such mq(p) is proved, we will be able to

1
n-1

1
construct an appropriate - -affine function (i.e., a function g, such that g, is affine

on its support), given by
n-1
51 2 () = (1-W) Guo1(Pez(K)) 0 < x < mo(p)
0 ifx > mo(p).

This function g, which will have a crossing point 7 (p) (see Lemma 5.5 below for the
precise definition of such crossing point) with the function f given by

(52) (1) = Gua((Se,(K) + Co) n{x eR" : (x,e,) =7}), 720,
which is a modification of the function given by
(5.3) f(r) =Guoa(Se, (K) n{x e R" : (x,e,)=7}), r>0.

The function f counts, for every r > 0, the number of integer points in the projection
onto {x e R" : (x,e,) =0} of the intersection of S, (K) with the hyperplane {x ¢
R" : (x,e,) =71}

Besides, such function g, will satisfy that, the value of

(% Shoo gk gp(k)) " will be independent of g and will depend only on
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the fixed parameter p. For every g > 1, we will have (See equations (5.9) and (5.10)
below and Lemma 5.5 for the precise definition of the function g,)

(BI(I(DZ)(_K)) i akt lgp(k)) (nB1((PZ)(K ipk‘l 17 k))

Making use of the fact that g, will have a crossing point with f, we will be able to prove
that

(’“(q)_liqkq lgp(k)) ((q)_liqkq 1f(k))
Gn ( el(K) G l(Pel(K))
obtaining in this way the proof of Theorem 1.7.

Let us point out that, from the definition of B,,(p), we have that if p > 1, then
B (p) = 0forevery m € (0,1) andif p = 1, then B, (1) = L for every m € (0, 1), since

-1
we convene that (%)1 =1. For any p > 1and m > 1, we have that B,,,(p) > 0.

Notice that Berwald’s inequality, (2.7), applied in e} identified with R"™! to a
concave function h defined on P,. K, shows that the quantity

("5
(Volnl(Pe# ©) /f-’e#(K) h?(x)dx

is non-increasing in p € (-1, 00).
The following lemma shows that, as m tends to oo, the value of B, (p) converges

to the inverse of (" IJIP ), which is the binomial coefficient in this quantity.

o |

Lemma 5.1 For any n > 2 and any p > 1, we have that

[x] n-1 p-1 . -1
lim By (p) = lim 23(1—5) (5) :(" ljp)
X— 00 X—00 X n-—

k=0 X X

Proof Let f:[0,1] - Rbe the function f(x) = p(1 - x)"'xP~!, which is Riemann-

integrable in [0,1] with
-1
[ = (*150)

Since the norm of the partition of the interval [0, 1] given by P, = {0, ﬁ, ﬁ, e 1}
tends to 0 as x tends to oo, and

Lhlem) (@) - Eals) (@)

is a Riemann sum of f associated with P, we have that

mE 0] (@) -8
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[ Il _

Moreover, as lim,_,, ©= = 1, we obtain that
|x] n-1 p-1 -1
lim B =1 ={1-- — = .
xglgo x(p) xgl;lo };) X X X n-1 u

From now on, we will consider convex bodies satisfying some hypotheses. We will
say that a convex body K satisfies the hypotheses (H) if it satisfies

a) maxyep,, (kynzr G1(Se, (K) 0 (y +{en))) = Gi(Se, (K) N (en));
b) M = maxcs, (k)nzr{X,en) > 1.

In the following lemma, we prove under the hypotheses (H), for any p > 1, the
existence of the number mg(p) that we will need in order to construct the ﬁ—afﬁne

defined in (5.1), which will have one crossing point with the function f defined in (5.2).
Before stating the lemma, let us make the following remark regarding the supports of
the functions f and f.

Remark 5.2. Let us point out that, since S,,(K) < S,,(K) + C,_1, we have that
f(r) < f(r) for every r € [0, 00) and then
supp(f) < supp(f).-

Notice also that, from the definition of M, there exists y € P.:(K)nZ"
such that y+ Me, €S, (K)nZ". Besides, S, (K)nZ"n{xeR": (x,e,)=
M +1} =@. Therefore, since M+1¢N, we have that f(M+1)=0 and
[0, M] csupp(f) € [0,M +1). Nevertheless, even though f(M+1)=0, it
is possible for any integer k> M that f(k)>0, as the example given by
K =S.,(K) = conv{(0,1), (1, +k),(1,+1)} c R? shows.

Notice also that if r > 1 maxycp,, voli (K n (y + (e,))), since Cy_; € e;, we have

Se,(K)n{xeR" : (x,e4) =1} =2
and
(Se,(K)+Cp)n{xeR" : (x,e,) =1} =02,
and then f(r) = f(r) = 0. Therefore,

supp(f) € supp(f) < [0, %;ngx vol; (K n (y + (en>))] :

Lemma 5.3 Let K< R" be a convex body with 0 € P,:(K) satisfying the hypothe-
ses (H):

a) maxyep,, (k)nzr G1(Se, (K) N0 (y +{en))) = Gi(Se, (K) N (en));

b) M := max,cs, (k)nz»{X,en) 2L

Then, for any p > 1, there exists mo(p) > M such that my(p) > 1and

mo ()" By (p) (P) = )) £ ZPk" (k)

(pel (K
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where f : [0,00) - N U {0} is given by

F(r) = Guoa((Se, (K) + Cuy) n{x € R" : (x,e,) = 1}).

Proof Let K ¢ R" be a convex body with 0 € P, (K) satisfying the hypotheses (H)
andlet f : [0, 00) — R be the function given by

f(r) = Gpo1(Se, (K) n{x e R" : (x,e,) =1}).

By Remark 5.2, f satisfies that f(r) < f(r) for every r > 0. Besides, since M > 1, we
have that f(1) > 1. For any p > 1, let also h, : (0, 00) — [0, 00) be the function given
by

|x] n—1
(5.4) hy(x) = x"B.(p) :Z (1—5) kP,

Our purpose is to prove the existence of some mg(p) > M such that my(p) > 1and

hy(mo(p)) = Z pkP (k).

n I(P (K))

Notice that for any p > 1, h, is clearly continuous at any x € (0, 0)\N. If xg = kg € N

then
k n-1 ko—1 k n-1
hm hy(x) = hm Z p(l—f) k=Y p(l——) kP!
x=ky k=0 x k=0 ko
0 k n-1
- Zp(l—,;) K271 = iy (ko)

k=0 0

and

ko k n-1 ko k n-1
lim hy(x) = lim Zp(l—f) kP_I:Zp(l—f) kP!
x—xg x—kg 1 2o X ko
= hy(ko).

Thus, for any p > 1, h, is continuous at xo = ko and then h, is continuous on (0, c0).
Besides, since for every p > 1, the function h,, is defined as h,(x) = x? B, (p) for every
x € (0, 00), we have that for any p > 1, Lemma 5.1 implies that

(5.5) lim h,(x) = oo.
X—00
Let us now distinguish two cases, depending on whether p >1 or p =1: Assume
first that p > 1. Since B, (p) = 0 for every x € (0, 1], we have that for every x € (0,1],
(5.6) hy(x) =0.

Since, by definition, M is a non-negative integer and, by b), we are assuming that
M >1, we have that f(1) > f(1) >1> 0 and then

pf)

p-1
)Z*"" )2 G ()

G- I(Pel(K)
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By the continuity of &, on (0, c0), (5.6) and (5.5), there exists #1(p) > 1 such that

hy(mo(p)) = ipkp (k) > 0.

Ga- I(PEL(K

Let us assume now that p = 1. Then, B, (1) = ; for every x € (0,1] and, since for
every x € (0, 00), the function h; is defined as hj(x) = xB, (1), we have that for every
x €(0,1],

(5.7) hi(x) =xB,(1) =1
Since by b), we are assuming that M > 1,
1 el + f(1
e 570 Gy 519 oy
where we have used that f(1) > 1and that, from the definition of f,
£(0) = Guor(Pey (K) + Cpo) 2 Gy (Per (K)).
By the continuity of h; on (0, 00), (5.7) and (5.5), there exists m(1) > 1 such that

hi(mo(1)) = Zpkp f(k)>o0.

1
Guo1(Pex (K)) £
In both cases, since mg(p) > 1, such my(p) satisfies that B, (,)(p) > 0 and

e pk i)
Gn—l(Pe,ll (K))Bmo(p)(P)

Let us now see that mo(p) > M. Assume that mq(p) < M. By a), we are assuming

max Gi(Se, (K)n (y+(en))) = Gi(Se, (K) N (en)).
yePe#(K)mZ

mo(p)? =

Thus, from the definition of M = max,s, (k)nz» (X, €x), together with the hypotheses
(H), we have that Me, € S., (K) n{x e R" : (x,e,) > 0}. Consequently, the convex
hull of P,; (K) and the point 14 (p)ej, is contained in S, (K) n {x € R" : (x,e,) > 0}.
Therefore, for every 0 < k < |mo(p) ],

Se, (K)n{xeR" : (x,e,) =k} 2 (1— mok(p))Peﬁ(K) x {k}.
Thus,
(Se,(K) +Cp)n{xeR" : (x,e,) =k} 2 ((1 - mok(p)) P, (K)+ Cn—l) x {k}.

We obtain, as a consequence of the discrete Brunn-Minkowski inequality (Theo-
rem 2.2), that

k

ity Grea((0))

fri(k) > (1— molzp)) n- 1(Pe¢(K))i1
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(5'8) ) Gn—l(Pe;(K))ﬁ-

5 (1_ _k
mo(p)
Since | mo(p)| < mo(p) < M and

fr(M) > f71(M) 2150,

we obtain that

[mo(p)]

M B ) .
> kP (k) > Y pkPTf(k)

k=0 k=0

and then, as a consequence of (5.8) and using (5.4), that

Y2 pkPF (k) S Yato pkP1f(K)

m e >
O G B (KD By ()~ Gra(P (KB (p)
mo L7 Lmo(p)) ppp-1 (1 _k _\""
T Gl (e
Gn—l(Peﬁ(K))Bmo(P)(p) - Bmo(P)(p)
= mo(p)?,
which is a contradiction. Therefore, mq(p) > M. [ ]

Remark 5.4. Notice that we have obtained in the proof that, in any case, mq(p) > L
Therefore, B, ()(q) > 0 for every p >1and every g > 1.

The following lemma shows that the

—L--affine function g, defined in (5.1), with
mo(p) the number obtained in Lemma 5.3, has a crossing point with the function f
defined in (5.2). Such function g, is constructed so that for every g > 0

(5.9) kZ kT gp(k) = 1m0 (p) By (p)(4) Gn-1(Pey (K)),
=0

with mg(p) provided by the previous lemma satisfying that

(oo}

(5.10) > pkP7 f (k) = mo(p)? Buuy(p) () G1(Pey (K)).

k=0
Lemma 5.5 Let K € R" be a convex body with 0 € P, (K) satisfying the hypotheses

(H) and, for any p > 1, let mq(p) be given by Lemma 5.3. Let f, f : [0,00) - Nu {0}
be the functions given by

o f(r) = Gpa(Se, (K) n{x e R" : (x,e,) = 1}),
o f(r) = Gua((Se, (K) + Cp) n{x e R" : (x,e4) =1})
and let g, : [0, 00) — [0, o) be the function defined in (5.1), given by

g (x) :{(1‘»10’2;;))  Gua(Pey(K))  if0<x < mo(p)

0 if x > mo(p).
Then, there exists ro(p) € [0, 00) such that

f(k) = gp(k)
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foreveryk e Nu{0} with0 < k < ro(p) and
8&p(k) 2 f(k)
for every k € Nwith k > ro(p).

Proof Let K ¢ R” be a convex body with 0 € P, (K) satisfying the hypotheses (H)

andlet f, f, and gp be the functions defined in the statement. Let us denote, for every
r>0,

Dr:Sen(K)ﬂ{XERn : (x,en):r})
and
D, =(S.,(K)+Cy)n{xeR" : (x,e,) =1} =D, + C,_,.

Therefore, f(r) = G,_1(D,) and f(r) = G,_1(D,) for every r > 0.
Notice that, as mentioned in Remark 5.2,

supp(f) € supp(f) < [0, % max vol; (Kn (y+ <en>))]

and then, for every r > maxep , (k) svoly (K n (y+(en))), we have

0= f(r) < g(r).

Therefore, we can define

Fo(p) =inf{r>0: f(r) < g,(r)} € [0, 00).
From the definition of 7y (p), we trivially have that for every 0 < r < 7o (p),

F(r) > gy(r).

In particular, for every r = k e Nu {0} with 0 < k < 7 (p), we have that

f(k) > gp(k).

Notice also that M is defined in (H) as M = maxcs, (k)nz» (%, e€x) and, as men-
tioned in Remark 5.2, supp(f) <€ [0, M +1). Then, for every k € N such that k > M,
we have

8p(k) 2 f(k) = 0.

Therefore, if 7(p) > M, then we can take ro(p) = 7o(p). Let us assume that
Fo(p) < M.

Let us assume first that 7o(p) = M e N. If f(M) < g,(M), then we can take
ro(p) = Fo(p). If, on the contrary, f(M) > g,(M), we have, by Remark 5.2,

f(M) > f(M) > g, (M)

and we can take any ro(p) > Fo(p) = M.

Let us assume now that 7o (p) < M. In such case, let us take ro(p) = 7o(p) and let
us see that for every k € N with ro(p) < k < M, we have that g,(k) > f(k). Notice
that for every 0 < r < M, the set D, is a convex open (in the topology induced
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in R"™! x {r} by the standard topology in R") bounded set, and that Pe#(f),l) 2
P, (D,,) if r < r,. Moreover, for any 0 < r; < maX,ep, (k) %Voll(K N(y+(en))), we

have U,,s, Pet(Dy,) = Pe:(Dy,). Therefore, the function f is continuous from the
right at every 0 < r; < max,p , (x) 2voli (K n (y + (ey))) and, from the definition of

7o(p) as an infimum, we obtain that if ro(p) = 7o(p) < max,ep , (k) Ivoly (K n (y +

(ex))), then
(5.11) F(ro(p)) < gp(ro(p))

and

ro(p) =min{r >0 : f(r) <gp(r)}.

Notice that, as explained in Remark 5.2,
[0, M] < supp(f) € supp(f) < [0, % mg.XVOh(Kﬂ (y+ (en)))] .
YeP,L

Thus, M < max,.ep , k) 3Voli (KN (y + (e,))) and, since ro(p) < M, then ro(p) sat-

isfies (5.11). If ro(p) < r < M, then, taking A = @ € [0,1), we have, by the convexity
of S, (K) + C,_1, that

Dyy(p) 2 (1=2)Dg + AD, = (1= A)Dg + AD; + Cyy_1.
By the discrete Brunn—-Minkowski inequality (Theorem 2.2), we have
F7 (r0(p)) 2 Gua(1=1)Do + AD, + Cyt) =
> (1= A)f75(0) + Af = (r).

Taking into account that ro(p) < r < M < mo(p),

=1 _(_ ro(p) (1))
" () = 1+ 22 ) 6, 2y 1)

= (1—)L)Gn—1(Pe,i,(K))ﬁ + /\(1— mLo) Gn—l(Pff.ﬁ(K))ﬁ

= (L= 2)f7(0) + Agg™ ().
Thus, by (5.11), we have that for every ro(p) < r < M,

(1= A)f71(0) + Agi () = g (ro(p)) = F71 (ro(p)) = (1= ) f71(0) + Af 73 (r).
Therefore, for every ro(p) < r < M,

8&p(r) 2 f(r).

By (5.11), this inequality also holds for r = ro(p). Therefore, if 7 (p) = ro(p) < M, for
every k € N such that ro(p) < k < M, we have that

8p(k) 2 f(k). "

We are now able to prove the following theorem, which will give Theorem 1.7.
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Theorem 5.6  Let K € R" be a convex body with 0 € P,. (K) satisfying the hypotheses
(H). Let p > 1 and mo(p) be given by Lemma 5.3. Then, for any p < q, we have that

(Gt S o) < Gty Emro)

where the functions f, f : [0, 00) - NuU {0} are given by
o f(r) = Gpa(Se, (K)n{x eR" : (x,e,) = 1}),
o f(r)=Gno1((Se, (K) + Cyoy) n{x e R" : (x,e,) =1}).

Proof Let K ¢ R” be a convex body with 0 € P,. (K) satisfying the hypotheses (H)
and let p > 1. By Lemma 5.3 and Remark 5.4, there exists mq(p) > 1 such that

mo(P)? By (p) (P) = )2 ZPk" (k) >o0.

(Pel (K)

Let also g, be the function defined in (5.1), given by

N (1-55) Gua(Pey(K))  i£0 < r < mo(p)
& (") {0 ! ifr>mo(p),

which, from the definition of B,,,(,)(q) for g > 0, satisfies (5.9). That is, for every
q>0,

2 4K 55(6) = m0(p) B ()G (P (K)).

Therefore, taking g = p,

o [mo(p)] ) .
D kP gp(k) = > kPTlgp(k) = Y KPTUf(K).

k=0 k=0 k=0

Let now g > p. By Lemma 5.5, there exists ro(p) such that f(k) > g, (k) for every
ke Nu{0} with 0 <k <ro(p) and g,(k) > f(k) for every k e N with k > ro(p).
Taking into account that f(k) < f(k) for every k > 0, and understanding the first sum
as 0if ro(p) = 0, we have

W'i) K7 (k) - g (k) - émk‘f‘l(gp(k)—f(k))
- W'i) KPR (k) - gy (K)) - kém KPR (g, (K) - £(K)
<ro(p)"? Wz K7L (F(K) - g (k) = ro(p)" kzém K7 (g5(k) - £(K))
= ro(p)"? mg_ K (F(R) - gp(K)) + ro((p) ™ kzém K7 (k) - gy(k))
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[ro(p)1-1 . ol ~
<ro(p)** kZ kP (f(k)—gp(k))ﬂo(P)q_pk [Z% | K (f(k) - gp(K))
=0 =[ro(p

S (FO6) - gy(0)) <0

Therefore, we have that

[ro(p)1-1 .
>, kITf(k)+ Z K1 (k) < Z k17 g, (k)
k=0 k=[ro(p)]

and then, since f(k) > f(k) for every k > 0,
S kTUf(k) <Y kT gy (k).
k=0 k=0

Consequently, since mq(p) satisfies (5.10), g, satisfies (5.9), and B,,,()(q) > 0 for
every g > 1, as mentioned in Remark 5.4,

Gy I(Pel(K)) Gn I(PEL(K))

= Bouo(p) (P) ™S00 pKP T f(K) g
G- (Pe; (K))

(’”"(P)(q)_li k7 £ ( k)) (m"(p)q)li kT~ 1gp(k)) = mo(p)

We can finally prove Theorem 1.7.

Proof of Theorem 1.7 Let KSR" be a convex body with 0¢€ P, (K) such
that MaXyep,, (K)nz" Gi1(S.,(K)n(y+{en))) =Gi(Se, (K)n(e,)) and let
M = max,cs, (k)nz»(%,es). If M =0 then, as mentioned in Remark 19, any
value of mg > 1 gives the inequality, even though m, is not defined by Lemma 5.3.
Let us assume that M >1. Therefore, K satisfies the hypotheses (H). Let p =1,
£, f:[0,00) = Nu {0} be defined as in Theorem 5.6 by

o f(r) =Gna(Se, (K)n{x eR" : (x,e,) =71}),

o f(r)=Gn1((Se, (K) + Cpoy) n{x e R" : (x,e,) =71}),

and let mg = mo(1) > 1 be the number given by Lemma 5.3. Applying Theorem 5.6
with p =1and g = n + 1, we obtain that

mo(n+1)7 & " By,() &

(Gt S+ e s00) ™ < & Py 8270

Equivalently,

(B, ()" 520 F(K))""
(Goa (P (K))"

From (2.5), S,, (K) is symmetric with respect to the hyperplane {x e R" : (x,e,) =
0} and then, from the definition of f and taking into account that for any y € Z"™

B, (n+1)7" i(n +1)k" f(k) <
k=0
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and k € N, we have (y, k) # (y, —k) and that the term corresponding to k = 0 in the
following sum is 0, we obtain

kik"f(k) LS e

2 xeSe, (K)nzZ» 2 JS., (K)

1 (. e)|"d G ().

In the same way, since S,, (K) + C,,_; is also symmetric with respect to the hyperplane
{x eR" : (x,e,) =0} and taking into account that for any y e Z"™' and k€N,
we have (y,k) # (y,—k), but (»,0) = (y,—0) and the term corresponding to the
following sum is not 0, we obtain

g:f(k) = L (G, (K) + Co) + Gt (Pus (K) + Cot) ).

NS

Therefore,
(n+1)Bp,(n+1)7" ,,f n
2 bl n n -
By, (1)-(++D) Se,,(K)|<x en)|"dG,(x) <
. (Gu(Se, (K) + Cut) + Gy (Pes (K) + Cpa))"™
B (Gna (P (K)))"

Finally, let us see that Theorem 1.7 implies Theorem 1.6. Let us recall that, by
Lemma 3.1, Theorem 1.6 is an equivalent form of Theorem 1.1, which implies, as seen
in Corollary 3.6, Zhang’s inequality (1.1).

Corollary 5.7 (Theorem 1.6) Let K € R" be a convex body. Then,
2n n+l

(“)271/ |(x, en)|"dx < (vol, (K)) .
n" Se, (K) (VOln—l(Pe,ll (K)))n

Proof Let K CR" be a convex body. Since the inequality we want to prove is
invariant under translations, we can assume, without loss of generality, that

max vol(Kn (y+(e,))) =voli(Kn{ey)).
yeP,1 (K)

Therefore, for any A > 0,

ydr{:agm voli (AK N (y + (en))) = vol; (AK n (e,)).

Since for every y € P:(AK), the segment S, (AK) N (y + (ey)) is centered at y, we
have

max  Gi(S., (AK) n (y+{en))) = Gi1(S¢, (AK) N {en)).
yeb (1K)

In particular,

e, 5 e G (Sea AKY 0 (7 (ea))) = Gr(Sea A e
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By Theorem 1.7, there exists mg,y > maX,cs, (ik)nz» (X, €n) such that

UL [ (el dG) <
(Gu(Se, (AK) + Co1) + G (Pey (AK) + Cur))""
B (Gu1(Pey (AK)))" '
Therefore, taking into account that S,, (1K) = AS,, (K) for any A > 0 and dividing

An(n+l)

both sides of the inequality by A*" = S > we have that for every A > 0,

(n+1)Bm0A(n+1) 1 f X
. 2" —,eN"dG, <
Bmm(l)—(”ﬂ) An Asen(K)K)L enll (x)

(G;.(ASE,, (K)+Cu) 1Gn1(Pe¢(lK)+Cnl))"+l

An A An-t
< 7
Gt (AP (K))
An-1

Taking the limit as A —oo and taking into account that
lim) oo MaXycs, (Ak)nze (X, €n) = 00, and therefore lim, o, mg,) = oo, we obtain,
using Lemma 5.1,

(n+ (1) w oo (ol (S, (K)) +0)™! — (vol, (K))™!
ot el s S N e (P (KN

where we have also used (2.1) and (2.3), since the function |{x, e, )|" is Riemann-
integrable on S,, (K).
Equivalently,

(Znn) . . (VOln(K))nH
et o Meentdx < (volyr (Pes (K)))" .

6 Ball bodies of the discrete covariogram

In this section, we initiate, for any convex body K € R” with 0 € K, the study of the
p-th ball bodies of the discrete covariogram function gx : R” — [0, o) given by

(6.1) Sx(x) =G, (Kn(x+K)) = ZZ Xy-k(x).
yeKnZ"

Since y — K is measurable for every y € R”, as it is a compact set, g is a measurable
function. Besides, it satisfies that gx(0) = G,(K) > 0, since 0 € K. Therefore, we can
consider, for p > 0, the p-th Ball bodies of gk, which are defined by (2.12) and are given
by

K,(gk) = {x eR” : p /(; P g (rx)dr > gK(o)}

:{xeR” :pﬁwrp‘lGn(Km(rx+K))dr2Gn(K)}.
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The p-th ball bodies of gk, K, (gk ), are not necessarily convex bodies. Nevertheless,
they are star sets whose radial function, by (2.13), is given, for any 6 € "™, by

4 _ P e p-1
pr(gK)(G) enTs) fo PG (Kn (r6 + K))dr.
Remark 6.1.  Let us point out that if K n Z" = {0}, then, by (6.1), §x = y-x and then,
by (2.14), K, (gx) = —K for every p > 0.

We will also consider the discrete covariogram function of the open set K + C,,
gx+c, : R" — [0, 00), given by

grec, () =Gu((K+Co)n (x +K+Cu)) = > Xy-(xecn) (%),
ye(K+Cy)NZ"

which is also measurable since y — (K + C,) is measurable for every y € R",as K + C,,
is an open set, and satisfies that §x.c,(0) > 0, since 0 € K € K + C,,. The p-th Ball
bodies of gk ¢, are given by

Kp(giec,) = {x B 5 p [~ 1o, (m)dr > g, (0)
= {x eR" : p'/;oo PG, ((K+Cy)n (rx+ K+ Cp,))dr > G, (K + Cn)},
which are star sets with radial function given, for every 6 € S"~!, by
pﬁp(gKWn)(H) = m fom PG, ((K+Cy)n (r8+ K+ C,,))dr.

Notice that, since K € K + C,, then §x(x) < gx+c, (x) for every x € R". Thus, for
every 0 € S"!, we have

Gn(K)Pip(gK)(e) <Gu(K+ C")Pip(g"mcn)(e)
and then

G,.(K+C,)

Gn(K) ) KP(gK+Cn)‘

(62) Ky(gx) < (
The purpose of this section is to prove, on the one hand, that even though K, (gx) is
not necessarily convex, its convex hull is contained in the same dilation of K, (gx+c, )
that appears in (6.2) and, on the other hand, that even though we do not know whether
an inclusion relation such as the one given by (2.16) holds for the p-th Ball bodies of
the discrete covariogram, a similar inclusion relation holds when substituting K, (¢x)
by the dilation of K, (gx+c, ) given by the right-hand side of (6.2). More precisely, we
will prove the following.

Theorem 6.2 Let K € R" be a convex body such that 0 € K. For any 0 < p < q, we have

that
(") k@ e (") (W);K"@““)'
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Let us start by showing that the convex hull of K, (gx) is contained in the same
dilation of K,(gx+c,) that appears in (6.2). The proof will follow the lines of the
proof of the convexity of the p-th Ball bodies of log-concave function (see [9, Theorem
2.5.5]), relying on [9, Theorem 2.5.4], which gives a lower bound for the integral of a
function % on [0, c0) in terms of some mean of the integrals of two functions w and
gon [0, c0), provided that for any r, s > 0 the function h, evaluated at the same mean
of r and s is bounded below by some geometric mean of w(r) and g(s). However,
some modifications in the proof will be induced by the necessity of adding the open
cube C, to the set in the left-hand side in the discrete Brunn—-Minkowski inequality
(Theorem 2.2).

Proposition 6.3 Let K € R" be a convex body with 0 € K. Then, for any p > 0,

G.(K+Cp)\?

COHV(Kp(gK)) S ( Gn(K) ) KP(gK*'Cn)'

Proof First of all, let us define K, (gx-c, ) as the following set:
Rp(@ice) = {xeR" s p [ 17 gc, (m)dr > gx(0)}
= {x eR" : p[om PG, ((K+Cy)n (rx + K+ Cp))dr > Gn(K)}.
Notice that since the right-hand side in the inequality defining this set is §x(0) rather

than gx.c, (0), this set is not K,(gx+c,) but a dilation of it. Indeed, for any x € R"
and any A > 0,

p [ e, Qe = £ [ g o, (sx)ds

and then,if0 < 1 <1,
p f ke, (Arx)dr > p f P e, (rx)dr.
0 0

Thus, if x € K,(gx-c, ) we have that also Ax € K, (§xc, ). Therefore, K, (gx-c,) isa
star set with 0 as a center. Moreover, as in (2.13), for any 6 € $"%,

PRy (gec,) (0) = sup{k >0:p fo P gac, (Arf)dr > gK(o)}

= sup {/\ >0: /{% fo P gicic, (s0)ds > §K(0)}

( @) Jo o e Se)ds)

1

(G (K)f PG, ((K+Cp)n (r0 + K + Cy ))dr)

(G ((;K(+I_<§j )) P, (xecy) (0)-
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Therefore, K'P (gk+c,) is the dilation of K, (gk+c, ) in the right-hand side of (6.2):

G.(K+Cy)

6. () ) Ky(gx+c,)-

Kp (§K+Cn ) = (

Let x,y € K,(gx), A, p€[0,1] such that A +u=1, and y = % Let us define the
functions:

o h(t) = Zksc, (17 (Ax + py)), t >0,
o w(r)=gx(r'x), r>0,

* 8(s) = gk(s7y), s > 0.
Denoting by Mfy(r, s) for any r, s > 0 the number
M'_Iy(r,s) =AMV +usT) 7y,

our purpose is to show that for any r, s > 0, we have that

As? Y
(6.3) h(Mfy(r,s)) Zw(r)mg(s)h’kw

in order to apply [9, Theorem 2.5.4] and obtain

(6.4) /()”h(t)dtzMiy(foww(r)dr,fowg(s)ds).

IFKn(r"x+K)=@orKn(s'y+K) =@ thenw(r) =0or g(s) = 0and inequal-
ity (6.3) is trivial. Otherwise, calling
s
s b=t
_
0 S Pl
we have that A; + y; = 1 and, since K is convex,
(K+Cp)n(Mr?x+ us’y+K+Cy) 2
2M(Kn(r"x+K)) +um(Kn(s’y+K)) + C,
and then, by the discrete Brunn-Minkowski inequality (Theorem 2.2),
G ((K+Cy)n(Mr’x+ s’y +K+Cy,)) 2
>G(M(Kn(r"x+K))+um(Kn(s"y+K))+Cp)

> (Alcj(Km (Px+K)) + mGr(Kn (s'y+ K)))n
>GM(Kn (rx+K))GY(Kn (s'y +K)).

Therefore,

A _ o~
O (19) = e 551y O+ 9)

=g A r’x + pr’ sY
= SK+Cy AsY + ur? AsY + ur? 4

= gx+c, (MrTx + s’ y)
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) -
> g (rMx) g (sy)
As? ur?
= 317 x) P () T
As? pr?
= W) g(s)

Thus, by [9, Theorem 2.5.4] we have (6.4). Equivalently, taking into account that
-y <0,

(fooogmcn(ty(/\x +yy))dt)_y < A(/OoogK(ryx)dr) y

+/4(f0°og”z<(syy)d5) '

Changing variables, using that y = %, and taking into account that x, y € K, (gx),

([ g, (O e umde) " <a( [T prgrnar) ©
0 0

ol [ aona)
< AGn(K)_% + !”Gn(K)_% = Gn(K)_%‘

Therefore,

[t g, (10 + up)dt > Gu(K)

and

G.(K+C,)

Gn(K) )P Kp(g~K+C,,)- | ]

Ax + py € Kp(gxsc,) = (

Remark 6.4. Let us point out that a reverse inclusion of K,(gk+c,) in a dilation of
the convex hull of K, (gx) is not possible as the following example shows: Consider
K = conv{(0,0), (1,1),(3,-1)} ¢ R% Since K nZ* = {(0,0)}, by Remark 6.1, for
any p > 0, we have that K,(¢x) = —K and then

conv(K,(gx)) = -K < {x e R* : (x,e,) <0}.

Therefore, if K,(gk+c,) is contained in a dilation of conv(K,(gx)), necessarily
PK,(gx+c,) (62) = 0. However,

(0,0) e (K+Cy)n(re; + K+ C,) foreveryre[0,1)

and then gxc, (re2) > 0 for every r € [0,1). Thus, px, (z¢.¢,)(€2) > 0 and K (gx-c,)
is not contained in any dilation of conv(K,(gx)).

The following lemma shows that even though it is defined from the discrete
covariogram, the volume of K, (§x) equals the volume of K.
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Lemma 6.5 Let K< R" be a convex body with 0 € K. Let h: R" - [0,00) be a
homogeneous function of degree p > 0. Then,

1
[Kwp(ék) hla)dx = G.(K) fR h(x)Gu (K0 (x + K))dx.

In particular,

vol, (K, (gx)) = vol,(K).
Proof Integrating in polar coordinates, we have that
Pruep a0 (9
f h(x)dx = nvol, (B}) / / " h(r0)drdo(6)
Kn+p(gK) sn=t Jo
PKn+p(§K)(9) -1
= nvol, (BY) f [ PP (9) drdo (6)
sn1 Jo

n n n+p
ool () [ o (O)H(O)d(6)

- nvGol((KB) ) fs[ P P7LG, (K 0 (76 + K))h(8)drda ()
= nvgl(gf) 2) /SIf "G, (Kn (r0 + K))h(r0)drdo(0)
) Gn(K) fR h(x)Gn(Kn (x+K))dx.

Notice that if #(x) = 1, which is homogeneous of degree 0, we have that

vol, (Ky(4x)) = ﬁ [ GalKn G+ K

B Gy (K) Rr yezzzn xx(¥) xxex(y)dx

" G, (K) yEZZ:nf xx(¥) xy-x (x)dx

= RS) yén 1k (y)vol, (K) = vol, (K). -

Let us now prove the inclusion relation given in Theorem 6.2. The proof will follow
the lines of the proof of Theorem 2.4. We begin with the following lemma in which,
for any p > 0 and any 6 € $"~!, we construct a %—aﬂine function on its support, g, g,
with the property that for any g > 0,

n+q %
(é (K) / qar'™' gy, e(r)dr) = Mpgs
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where

_(n+p b
Mp,6 ~—( " )Pk,,(gmcn)(e)»

being K, (§x-+c, ) the dilation of K, (gx+c, ) defined in Proposition 6.3. Such function
has a crossing point ro( p, ) (see Lemma 6.6 for the precise definition of such crossing
point) with a modification of the function gg.

Lemma 6.6 Let K € R" be a convex body such that 0 € K and let 6 € S"~*. For any
p>0,let

n+p 0o %
o 8 i)

and gy.6 ¢ [0, 00) = [0, 00) be the function given by

n
gp0(r) = (1 - m:a,e) Gu(K)  HO<r<mpp
’ 0 otherwise.

Then, there exists ro(p, 6) € [0, co) such that

8k+c, (r0) 2 gp,0(r)
forevery 0 < r<ro(p,0) and

8p.6(r) 2 gk (rf)
foreveryr>ro(p,6).

Proof Let K ¢ R" be a convex body with 0 € K, 6 € S""' and p > 0. Let m, o and
8p,0 be defined as in the statement. First of all, notice that since 0 € K, we have that
0 € int(K + C,) and then m, g > 0. Notice also that for every convex set L, every
6 € S"!, and every 0 < r; < 1, we have that LN (1,6 + L) 2 Ln (r,60 + L) and then
the functions gx(rf) and gx.c,(r0) are decreasing in r € [0, 00). Moreover, since
K c K+ C,, we have that Kn (x +K) € (K+C,) n(x+ K+ C,) for every x e R"
and then gx(x) < k¢, (x) for every x € R". Furthermore, since K is a compact
convex set, gx(r8) is continuous from the left in r € [0, o) and since K + C,, is an
open bounded convex set, §x.c, (r6) is continuous from the right in r € [0, c0). Let
us call

(6.5) Mg =max{r>0: gg(rf) 21}
and
Mg =sup{r >0 : gxsc,(rf) >1}
and notice that, necessarily, m, g > My. Otherwise, if m, g < Mg < M, then Kn

(mp,0 + K) # @ and for every 0 < r < m,, g, we have that

(K+Cy)n(r8+K+Cy,)2 (1—r)K+ L(Kn(mp,98+K))+Cn
mp,g mp)g
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and then, by the discrete Brunn-Minkowski inequality (Theorem 2.2),

g"ch (r6) > G, ((1— )K+(Kn(mp 90 +K))+C, )
" Mp,o Mp,0

2(1— 4 )G,,(K)vl'+G,,(Km(mp,99+K))i
mp’e mp,o

> (1— r) Gu(K)5.
Mp,0
Therefore, for every 0 < r < m,, g, we have that
8k+c, (r0) 2 gp0(r)

and then, taking into account that gx ¢, (r0) > 1for every 0 < r < Mg,

n+p
mﬁ,o = é ) / prP gx e, (r0)dr
n+p ¥,
o Wy a0
H+P
>c§ R L

n+p
: 5o o d e gt

LY G I
n 0 My 6 P

which is a contradiction.
Since we trivially have that for any r > Mg,

0= gxsc, (r0) < gp,0(7),
we can define
ro(p,0) =inf{r >0 : gxic,(r0) < gp,0(r)} < 0.

From the definition of ro (p, 8) as an infimum, we trivially have that for every 0 < r <

ro(p,0),
gx+c, (r0) > gp,e(")-

Besides, since gx.c,(r0) is continuous from the right on [0,00) and gx(x) <
gx+c,(x) for every x € R", from the definition of ro(p, 0) as an infimum, we obtain

(6.6) gx(ro(p,0)0) < gxrc, (ro(p, 0)0) < gp0(ro(p, 0)).

and ro(p, 0) is a minimum.
Notice that also, from the definition of My, for every r > My, we have that

gp,0(r) 2 gx(r0) = 0.
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Therefore, if ro(p,0) > My, the theorem is proved. Thus, we will assume that
To (p, 9) < M.
Ifro(p, 8) = My then, by (6.6), we have that

gx(Mg0) < gxic,(Mg0) < gp.0(Mpg)

and the theorem is proved.

Let us assume, then, that ro(p, 0) < My and let us prove that if ro(p, 0) < < My
then g, 6(r) > gx(r0).

If ro(p, 0) < r < My then, taking A = ro(p6) ¢ [0,1), we have

r

(K+Cy)n(re(p,0)0+K+Cp)2(1-A)K+MKn(r8+K)) +C,

and then by the discrete Brunn-Minkowski inequality (Theorem 2.2),

§i+cn(ro(p, 0)0) > G, (1= MK + A(Kn (r@ + K) + Cp))"
> (1= 1)Gn(K) " +AGu(K 1 (16 + K))*
= (1-1)g2(0) + AgL (16).

Taking into account that ro(p, 0) < r < Mg < m, g

gho(ro(p.00) = (1= LD ) 6, 2

r

=(1-1)Gp(K)" + 1 (1 - )G,,(K)'lr

mp,g
= (1-1)g£ (0) +Agy 4 (7).

Thus, by (6.6), if ro(p, 0) < r < My

(1= V)EE(0) + Agk o(r) = g% 4 (ro(p.0)) > &, (ro(p. )0)
> (1-21)gg (0) +Agx (r0)
and then

gp,e(r) > gx(r0). [ ]

Remark 6.7. Let us point out that for any 6 € "™}, we have that gx(r0) > 1 if and
only if (KNZ")n (r6 + K) = Kn (rf + K) nZ" # @, which happens if and only if
rf € (KNZ") - K. Therefore, since gx(rf) is decreasing in r € [0, 00 ), we have that
(KNZ")-K is a star set with 0 as a center and the number My defined in (6.5) is
Mg = p(knzr)-k(0). In the same way, ((K + C,) nZ") - (K + C,,) is a star set with
0 as a center and Mg = p((k+c,)nzn)-(k+c,) (6)-

Now, we can prove the inclusion relation given by Theorem 6.2.
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Proof of Theorem 6.2 Let K € R” be a convex body with 0 € K. Let § € "%, Fix
p > 0and let, as in Lemma 6.6, m,, g be defined as

n+p 0o
() o)

and g, : [0, 00) — [0, 00) be the function given by

gp0(r) = {(1_ mp,o) Gu(K)  if0<r<mpp
0

P

otherwise.

Notice that, changing variables r = m 2,65 for every g > 0, we have that

(") ")

) [T dr= —* fmw w1{1- ") G,(x)d
Gn(K)‘/O‘ qr gP)e(r) r Gn(K) 0 qr mp,@ 71( ) r

n+ o "
:( q)mz’efo gsT'(1-5)"ds

n

— 1
= mp)e.

In particular, taking g = p, we have that

fowrp_lgp,g(r)dr: fooorp_lgmcn(r@)dr.

Let g > p. Taking ro(p, ) provided by Lemma 6.6, we have

ro(p,0) oo
L e 00 g dr— [T (8000 - g(r0)) dr

ro(p,0)
ro(p,0) _ 17 -
:/0 rTP et (gxic, (r0) — gpo(r)) dr
_ ro(p.8)
(2 0)77 [ 7 (g, (16) ~ gpa(r)) dr
=ro(p 07 [ (g.0(r) - (1)) dr
ro(p,0)
=ro(p 0 [ 7 (i, (10) - gpo(r) dr

en(p 0T [ 7 (5(r0) - gpo(n) dr

IA

IA

ro(p,6)
r(p )1 [ 7 (e, (10) ~ gp(r)) dr

en(p 07 [ (G, (10) - gpo(n) dr

ro(p,0)TF fo P (gxsc, (r0) — gpo(r)) dr = 0.
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Therefore, we have that

ro(p,0) o oo
[ rq‘ng+cn(r9)dr+[ rq‘ng(rG)drsf ri g, o(r)dr
0 ro(p,0) 0

and then, since §x(x) < gx+c, (x) for every x e R",

Lqu_ng(re)drSfoqu_lgp,g(r)dr.

Consequently,

n

n+aq\i
( q) PK,(5x)(0) =

IA

(n:q) ® gl :
Gn(K)fo qri gk (r0)dr

n+q - %
CE ZK)) fo qrqlgp’e(r)dr) = myp
n+p - .
(g ZK)) [o prp_lé'mcn(re)dr)

"YGu(K +Cy) \?
( )Gn(K)+ ) pr(gmc,,)(e)'

45

Since this is true for every 6 € S"”!, we have the inclusion relation stated in the

theorem.

Finally, let us point out that, as it was shown in [13], the inclusion relation given by
(1.3) provides the following inclusion relation for the difference body K — K by making

q —> o<

K—KE(

n+p

)PRP(K), forall p > -1

and, since R, (K) = K, (gk) for every p > 0,

K-Kc (n+p)PKp(gK), forall p > 0.
n

Let us show that as a corollary, making q - oo in Theorem 6.2, we can obtain an

inclusion relation for the set

(KnZ")-K= |J (x-K),

xeKnZ"

which is a slightly smaller set than the difference body

K-K={J(x-K).

xeK
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Corollary 6.8 Let K € R" be a convex body such that 0 € K. For any p > 0, we have
that

" c n+p§ M% 5
(KnZ )—K_( " ) ( Gn(K) ) Kp(gK+Cn).

Proof Let K € R" bea convexbody with 0 € K, 6 € $"!, and p > 0. We have seen in
Theorem 6.2 that for any 0 < p < g, we have that

nq)i ")Gu(K + Co) |
( ;q) PKq(gx)(G)S(( )Gn(K)+ ) PK,(gxrc,) (0)-

Taking limits as g — co we have that lim,_ (”;‘1)E = 1. Besides, calling as in (6.5),
Mg = max{r >0 : gx(rf) > 1}, if we consider the measure dv(r) = gx(r6)dr on the
interval [0, Mg ], denote by L9(v) the corresponding Lebesgue space on ([0, Mg], dv),
and take h(r) = r, then

1
q-1

Mgy
My = luc = Jim [Wl1anc = Jim ( Ji rqng<re>dr)

Therefore,

. T q ® ais
Jim pic, (g ;L‘Eo(cn(K)fo ' g"(’e)dr)
. q My -1~ %
:qlggo C (K)/(; r gK(rG)dr

q% s q
= lim —— (/ rqng(rG)dr)
= G,(K)a \Jo

= My.

q-1
q

Taking into account Remark 6.7, we have

o) < ("PYGu(K+Ca) \" o
P(KﬁZ")*K( )— Gn(K) PKP(§K+Cn)( )

Since this is true for every 6 € "1, we obtain the result. [ ]
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