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Abstract

We give a conditional bound for the average analytic rank of elliptic curves over an arbitrary number field. In
particular, under the assumptions that all elliptic curves over a number field K are modular and have L-functions
which satisfy the Generalized Riemann Hypothesis, we show that the average analytic rank of isomorphism classes
of elliptic curves over K is bounded above by (9 deg(K) + 1)/2, when ordered by naive height. A key ingredient in
the proof is giving asymptotics for the number of elliptic curves over an arbitrary number field with a prescribed
local condition; these results are obtained by proving general results for counting points of bounded height on
weighted projective stacks with a prescribed local condition, which may be of independent interest.
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2 T. Phillips

1. Introduction
1.1. Average analytic ranks of elliptic curves

Let E be an elliptic curve over a number field K. The Mordell-Weil theorem states that the set of
K-rational points E(K) of E forms a finitely generated abelian group E(K) = E(K) ® Z", where
E (K)o is the finite torsion subgroup and r € Zs is the rank. The study of ranks of elliptic curves has
become a central topic in number theory. Despite this attention, ranks remain a mystery in many ways.

Birch and Swinnerton-Dyer [BSD65] famously conjectured that the rank of an elliptic curve equals
its analytic rank (i.e., the order of vanishing of its L-function at s = 1).

To get an understanding of ranks of elliptic curves in general, one can hope to determine the average
rank of elliptic curves. As there are infinitely many elliptic curves, in order to make sense of this average,
one must order elliptic curves in some way. Throughout this article, we order elliptic curves by their naive
height, as defined at the end of Section 2. The average analytic rank of elliptic curves over the rational
numbers was first bounded by Brumer [Bru92], who gave an upper bound of 2.3 under the assumption
of the Generalized Riemann Hypothesis for elliptic L-functions.! Under the same conditions, this bound
was improved to 2 by Heath-Brown [HB04], and then to 25/14 ~ 1.8 by Young [ YouO6]. In a remarkable
series of papers [BS15a, BS15b, BS13a, BS13b], Bhargava and Shankar bounded the average size of
2-, 3-, 4- and 5-Selmer groups of elliptic curves, leading to an unconditional upper bound of 0.885 for
the average rank of elliptic curves over Q.

Surprisingly little is known about average ranks of elliptic curves over number fields beyond Q. In
Shankar’s doctoral thesis [Shal3], he extends his work with Bhargava on bounding 2-Selmer groups
to show that the average rank of elliptic curves over number fields is bounded above by 1.5. However,
Shankar’s result counts reduced Weierstrass equations, which differs from counting isomorphism
classes. In particular, counting reduced Weierstrass equations coincides with counting isomorphism
classes of elliptic curves only for the finitely many number fields with unit group {+1} and class num-
ber 1 — namely, Q and the imaginary quadratic extensions Q(ﬂ) ford € {2,7,11,19,43,67, 163}.
Outside of these cases, there can be multiple reduced Weierstrass equations within the same isomor-
phism class of elliptic curves.

In this article, we prove a conditional bound for the average analytic rank of isomorphism classes
of elliptic curves over an arbitrary number field. This appears to be the first known bound on average
ranks of isomorphism classes of elliptic curves over arbitrary number fields, as well as the first bound
for average analytic ranks of elliptic curves over number fields other than Q.

Theorem 1.1.1. Let K be a number field of degree d. Assume that all elliptic curves over K are modular
and that their L-functions satisfy the Generalized Riemann Hypothesis. Then, the average analytic rank
of isomorphism classes of elliptic curves over K, when ordered by naive height, is bounded above by
9d +1)/2.

One of the main difficulties in extending methods for counting elliptic curves over the rational
numbers to elliptic curves over more general number fields is that one may no longer have a bijection
between reduced short Weierstrass models and isomorphism classes of elliptic curves. We overcome
this difficulty by exploiting the geometry of the moduli stack of elliptic curves. In particular, the
(compactified) moduli stack of elliptic curves is isomorphic to the weighted projective stack P (4, 6).
From this perspective, questions about counting elliptic curves of bounded height turn into questions
about counting points of bounded height on weighted projective stacks. Such questions can then be
studied using various tools from Diophantine geometry.

One of the key ingredients in the proof of Theorem 1.1.1 is estimating the number of elliptic curves
with prescribed local conditions over number fields. To state our results on counting elliptic curves, we
introduce some notation. Let K be a number field with ring of integers Ok, discriminant Ak, class
number &g, regulator Rk, and which contains wg roots of unity. Let Val(K) denote the set of places

Brumer also assumed that all elliptic curves over Q were modular, which was unknown at the time, but later confirmed in a
series of papers by Andrew Wiles and his students.
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Table 1. Local conditions.
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of K, let Valy(K) denote the set of finite places, and let Val,, (K) denote the set of infinite places. Let
lk denote the Dedekind zeta function of K. Let H(-) denote the Hurwitz-Kronecker class number (see
Subsection 5.1 for the definition). For a prime p C Ok, above a rational prime p € Z, we will write
deg(p) for the index of fields [Ok /p : Z/p], which we will refer to as the degree of p.

Theorem 1.1.2. Let K be a degree d number field, and let p be a prime ideal of Ok of norm q such
that 2 ¥ g and 3 1 q. Let & be one of the local conditions listed in Table 1. Then the number of elliptic
curves over K with naive height less than B, and which satisfy the local condition & at p, is

KKyBS/6 +0 (egB%_ﬁ),

where

o hx (2r*72772)2 R 101%7271 ged(2, i)
@k |Ak|{k (10) '

and where Kk and € are as in Table 1.
We also give asymptotics for counting elliptic curves with a prescribed trace of Frobenius:

Theorem 1.1.3. Let K be a degree d number field, and let p be a degree n prime ideal of Ok above
a rational prime p > 3. Set ¢ = Nk ,o(p) = p", the norm of p. Let a € Z be an integer satisfying
la| < 2+/q. Then, the number of elliptic curves over K with naive height less than B, good reduction
at p, and which have trace of Frobenius a at p, is

s5_ 1
KK,M,BS/6 +0 (e,,,aB6 3d ),
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Table 2. Constants for Theorem 1.1.3.

n a Kna €n.a
10
any la| <2ygand p f a S la-DH (@ -4q) /4 H (a* - 4q)
10
odd a=0 @ -DH(-4p)/q* H (-4p)
odd a#0and pla 0 0
10 _ _ _ _ _
@ =4q o (P 6-4G) -36G)) P64 36
10
even a’=gq ﬁ(q—l)(l—(f))/qz 1_(%3)
q'° - _
a=0 Sea-0(1- )/ 1= (Y
even a® ¢ {4q,q,0} and pla 0 0

where

hi (27472 772) R 10747271 oed (2, w )
K=
@k |Ak|{k (10)

s

and where k,,q and €, are as in Table 2.

Theorem 1.1.2 and Theorem 1.1.3 generalize a result of Cho and Jeong [CJ23b, Theorem 1.4] for
elliptic curves over Q to elliptic curves over arbitrary number fields. For more results on counting elliptic
curves with prescribed local conditions, see the work of Cremona and Sadek [CS23].

1.2. Counting points on weighted projective stacks

Our results for counting isomorphism classes of elliptic curves are special cases of a more general
theorem for counting points of bounded height on weighted projective stacks.

In [Sch79], Schanuel proved an asymptotic for the number of rational points of bounded height
on projective spaces over number fields. This was generalized to weighted projective stacks by Deng
[Den98] (see also the work of Darda [Dar21], which gives a proof using height zeta functions). In this
paper, we extend these results to count points of bounded height which satisfy finitely many prescribed
local conditions (see Theorem 4.0.5).

Remark 1.2.1. Let us briefly mention some additional results related to counting points of bounded
height on weighted projective stacks. Recently, Bruin and Manterola Ayala [MA21, BMAZ23] have
generalized Deng’s result to count points whose images, with respect to a morphism of weighted
projective stacks, are of bounded height. Using the geometric sieve, Bright, Browning and Loughran
[BBL16] have proven a generalization of Schanuel’s theorem which allows one to impose infinitely
many local conditions on the points of projective space being counted. In [Phi22], the author combines
these results to count points whose images, with respect to a morphism of weighted projective stacks,
are of bounded height and satisfy prescribed local conditions. Such a result has applications to counting
elliptic curves with certain prescribed level structures and local conditions. Building from this result,
Cho, Jeong and Park [CJP23] have given a conditional bound for average analytic ranks of isomorphism
classes of elliptic curves over number fields with a prescribed level structure.

1.3. Asymptotic notation

Let f : Ryo —» Rand g : R.g — R be real valued functions. Throughout the article, we will
write f = O(g) (or f < g) if there exist constants C, D € R such that for all x > D, we have
| f(x)] < C - g(x). We refer to any such C as the implied constant. If the implied constant depends on a
parameter #, then we will write f = O,(g) (or f <; g).
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1.4. Organization

In Section 2, we cover basic facts about weighted projective stacks and heights defined on weighted
projective stacks. In Section 3, we prove a result for counting points of bounded height satisfying
prescribed local conditions on affine spaces over number fields. In Section 4, we prove our main result
for counting points of bounded height on weighted projective stacks (Theorem 4.0.5). In Section 5, we
apply Theorem 4.0.5 to count elliptic curves with prescribed local conditions. This is where we prove
Theorem 1.1.2 and Theorem 1.1.3. Finally, in Section 6, we use the explicit formula for L-functions,
together with our results for counting elliptic curves with prescribed local conditions, to bound the
average analytic rank of elliptic curves over number fields. This is where we prove Theorem 1.1.1.

2. Preliminaries on weighted projective stacks

In this section, we recall basic facts about weighted projective stacks with an emphasis on heights.

2.1. Heights on weighted projective stacks

Given an (n + 1)-tuple of positive integers w = (wy, ..., w,), the weighted projective stack P(w) is
the quotient stack

def ~ ,n
P(w) = [(A™ = {0})/G].
where the multiplicative group scheme, G,y,, acts on the punctured affine space, A" — {0}, as follows:

G X (A™! = {0}) — (A™! —{0})

def W
(/la (x()"*"xn))'_)/l*w (x()"-~,xn) ; (/l 0x0a'~~7/l nxn)'

In the special case when w = (1,. .., 1), this recovers the usual projective space P".

The point [(ag, . ..,a,)] € P(wo,...,w,) has stabilizer u,,, where m = gecd(w; : a; # 0). When K
is a field of characteristic zero, we have that u,, is finite and reduced over K. It follows that, over fields
of characteristic zero, P(wy, ..., w,) is a Deligne-Mumford stack.

For any field F, let P(w)(F) denote the set of isomorphism classes of the groupoid of F-points
of P(w). More concretely, P(w)(F) is in canonical bijection with the quotient

(F™ = {0}/ F%,
where F* acts on F™*! — {0} by the weighted action

F*x (F™! = {0}) — (F™' - {0})
(A, (ag, . ..,a,)) — (AMaq,...,1""a,).

Throughout this article, unless otherwise stated, we assume all weighted projective stacks P (w) are
defined over a number field K.
For each finite place v € Valy(K), let p,, be the corresponding prime ideal, and let 7r,, be a uniformizer

for the completion K, of K at v. For x = (xo, . .., x,) € K" — {0}, set |x;|w.» def 70, |5V D and set

[xXlw,y = 1/w;

def | max;{|x;|w,v} if v € Valy(K)
max;{|x;|,’ '} if v € Valo,(K).
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Definition 2.1.1 (Height). The (exponential) height of a point x = [x¢ : --- : x,] € P(w)(K) is
defined as

def
Hiy () S [T 100, xm)lw,u

veval(K)
It is straightforward to check that this height function does not depend on the choice of representative
of x.

Definition 2.1.2 (Scaling ideal). Define the scaling ideal Iy (x) of x = (xo, . .., x,) € K1 — {0} to be
the fractional ideal

S (%) def I—[ p‘Tini{LV(xi)/WiJ}.
v€eValy(K)

The scaling ideal Iy (x) can be characterized as the intersection of all fractional ideals a of Ok such
that x € a0 X --- x a"» C K"*! It has the property that

Sw(x) ' ={a e K:a"ix; € Ok forall i}.

The height can be written in terms of the scaling ideal as follows:

1 1w
Hitw ([x0 : -+ 2 %p]) = ———e—— max{|x;[}/"}.
v N jo(Sw(x)) vevl;!(x) it
It is straightforward to check that this agrees with the height from Definition 2.1.1.

Remark 2.1.3. The height Hty, was first defined by Deng [Den98]. In the case of projective spaces,
P" ="P(1,..., 1), this height corresponds to the usual Weil height. In more geometric terms, this height
on weighted projective stacks can be viewed as the ‘stacky height’ associated to the tautological bundle
of P(w) (see [ESZB23, §3.3] for this and much more about heights on stacks).

The (compactified) moduli stack of elliptic curves, X1, (z), is isomorphic to the weighted projective
stack P (4, 6). This isomorphism can be given explicitly as

XgL,(z) — P(4,6)
y?=x>+Ax+B— [A:B].
Under this isomorphism, the tautological bundle on P (4, 6) corresponds to the Hodge bundle on Xy, (7).

The usual naive height of an elliptic curve E over K with a reduced integral short Weierstrass equation
y%2 = x> + Ax + B is defined as

def
Hi(E) S [ max{A, BE}.
veValy, (K)

One can show that this naive height is the same as the stacky height on Xgr,(z) with respect to the
twelfth power of the Hodge bundle [ESZB23, §3.3]. For any short Weierstrass equation y2 =x3+ax+b
of E, the naive height is given by

HU(E) € Hiyg) ([a : b])'2.

3. Weighted geometry of numbers over number fields

Let K be a number field. In this section, we prove asymptotics for the number of K-rational points of
bounded height with prescribed local conditions on affine spaces with respect to a weighting. For these
asymptotics, we give a power savings error term which is independent of the local conditions.
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3.1. O-minimal geometry

We briefly cover the basics of o-minimal geometry which will be needed in this article. A general
reference for this subsection is [vdD98, §1]. Let m denote Lebesgue measure on R".

Definition 3.1.1 (Semi-algebraic set). A (real) semi-algebraic subset of R" is a finite union of sets of
the form

{xeR": filx)=---= fx(x) =0and g;(x) > 0,...,g(x) >0},

Whel‘ef1,...,fk,g1,...,g1 ER[X],...,X,,].

Definition 3.1.2 (Structure). A structure is asequence, S = (S, )nez.,, Where each S, is a set of subsets
of R" with the following properties:

(i) IfA,BeS,,thenAUBe S, andR" — A € S, (i.e., S, is a Boolean algebra).
(ii) fAeS,and B€ S,,then A X B € S,.1pm.
(iii) If 7 : R™ — R™ is the projection to m distinct coordinates and A € S,,, then 7(A) € S,.
(iv) All real semi-algebraic subsets of R” are in S,,.
A subset is definable in S if it is contained in some S,,. Let D C S,,. A function f: D — R™ is said to
be definable in S if its graph, ['( f) &f {(x, f(x)) : x € D} C R™™" is definable in S.
Note that the intersection of definable sets is definable by property (i).

Definition 3.1.3 (O-minimal structure). An o-minimal structure is a structure in which the following
additional property holds:

(v) The boundary of each set in Sj is a finite set of points.

The class of semialgebraic sets is an example of an o-minimal structure (see, for example,
[vdD98, §2]). The main structure we will use is Rexp, which is defined to be the smallest structure
in which the real exponential function, exp: R — R, is definable. Observe that the function log(x) is
definable in Reyp since its graph,

[(log(x)) = {(x,log(x)) : x € Ruo} = {(exp(y),y) : y € R} ¢ R?,

is clearly definable in Reyp.
Theorem 3.1.4 [Wil96]. The structure Rexp is 0-minimal.

From now on, we will call a subset of R” definable if it is definable in some o-minimal structure.

3.2. Weighted geometry-of-numbers

The following proposition is a version of the Principle of Lipschitz, which gives estimates for the number
of lattice points in a weighted homogeneous space.

Proposition 3.2.1. Let R C R" be a bounded set definable in an o-minimal structure. Let A C R" be a
rank n lattice with successive minima A1, . . ., A, (with respect to the origin-centered unit ball in R"). Set

R(B) =B, R={B=#,x:x€R}.
Then, for sufficiently large’ B,

R
#(ANR(B)) = %(A)B‘W' +0 (an det(A)-lglwl-Wmm),

where the implied constant depends only on R and w.

2Here, just how large sufficiently large is depends on the lattice A.
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Proof. This will follow from a general version of the Principle of Lipschitz due to Barroero and Widmer
[BW 14, Theorem 1.3]. Since my (R(B)) = B™!my (R), [BW 14, Theorem 1.3] gives the desired leading
term. Let V; (R(B)) denote the sum of the j-dimensional volumes of the orthogonal projections of R(B)
onto each j-dimensional coordinate subspace of R". The error term given in [BW 14, Theorem 1.3] is

0 1+nZVA(R(i)) , (1)

Jj=1 7

where the implied constant depends only on R. In our case, one observes that V; (R(B)) = O(V;(R(B)))
for all i < j. Moreover, V,,_1(R(B)) = O(Y; <, BYI™"1) = O(BMI=vmin)  where the implied constant
depends only on R and w. By dimension considerations, we see that if B¥™*min = O(V;(R(B))), then
we must have i > n — 1. From these observations, it follows that

n—1
Vi(R(B))|  (Va-1(R(B))
0 1+Z A A _0(,11...,1n_1 )

By Minkowski’s second theorem [MinO7] (for a more modern reference see, for example, [Cas59,
p' 203])9
n

A1, > —M8M
L S i L (B)

where 98, is the unit ball in R”. From this, we obtain the desired expression for the error term,

Vit (R(B)\ _ (B 7¥min
0(/11"'/1n—1)_0( det(A) ) =

det(A),

Definition 3.2.2 (Boxes). A (Zg)-box is a subset B, C Zy, for which there exist closed balls
Bp’j ={xe€ Zp : |x—aj|p < bp’j} C Zp,

wherea; € Z, and b, ; € {p~* : k € Z>o}, such that B,, equals the Cartesian product [T}, Bp,j-LetS
be a finite set of primes. An S-box is a subset B C [, s Zj, for which there exist Zl,-boxes 53, such that

s=[]8=]]] 18
pes pes j=1

Lemma 3.2.3 (Box Lemma). Let Q. C R" be a bounded subset definable in an o-minimal structure.
Let S be a finite set of primes and B =[] ,,c5 By an S-box. Then, for each B € R, we have

#{er”m(B*me):xer[B,,}

peS

- mL(Qw)nmP(Bp) B™ 40 max{l_[ bm} l—[mp([)’ ) | B 1w |,
peS peS peS

where the implied constant depends only on Qe and w.

Proof. We have that B, = [1}_; By,; with By ; = {x € Zp, : |x —ajlp < bp,;}, where a; € Z,, and

bp,j € {p™% : k € Zsp}. Observe that for each j € {1,...,n}, the set Z N By, is a translate of the
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sublattice (b: j) C Z. By the Chinese Remainder Theorem, the set Z N [],c5 B).; is a translate of the

sublattice < [Ipes b;l j> C Z. Taking a Cartesian product, we find that the set

n

[lzn]]Bri]=2"n]]Bs

j=1 peS peS

is a translate of a sub-lattice of Z" whose successive minima are [],cg b;}l J In particular, the n-th
successive minimum of the sublattice is

w11}

peS

and the determinant of the sublattice is

n

]_[ ]_[ bl = ]_[ my(Bp)~".

Jj=1 peS pES
The lemma then follows from Proposition 3.2.1. O

Let A be a free Z-module of finite rank n. Set Aow = A®z R and A, = A ®z Z),. Equip A, and A,
with Haar measures m., and m p, respectively, normalized so that m, (A,) = 1 for all but finitely many
primes p. As A, = Z, we define a (Ap)-box to be a subset of A, isomorphic to a (Z7,)-box.

Lemma 3.2.4. Let A be a free Z-module of finite rank n, let Qo C Ao be a bounded definable subset,
and, for each prime p in a finite subset S, let Q,, = [[;{x € Zp : |x —ap jlp < wp,j} € Ap bea
(Ap)-box. Let w = (w1, ..., wy,) be an n-tuple of positive integers. Then,

#Hx € AN (B #y Q) 1 x € Q, for all primes p € S}

Moo (QRo0) mp(gp) | { _ mp(Qp) s
= BW| + 0 ax w lA R N B|W| Wmin
i pPsJ ’
el | Lt a1 | e

where the implied constant depends only on A, Qc, and w.

Proof. Fix an isomorphism A = Z". The measures m., and m, on A and A, induce measures on R"
and Z, which differ from the usual Haar measures by me (A /A) and m, (A ), respectively. It therefore
suffices to prove the result in the case A = Z", and mo = mr and m, are the usual Haar measures; but
this case is precisely the Box Lemma (Lemma 3.2.3). O

If K is a number field of degree d over Q with discriminant Ak, then its ring of integers Og may
naturally be viewed as a rank d lattice in K def Ok ® R = ]_[V|C,o K, . This lattice has covolume
|Ak |'/? with respect to the usual Haar measure mo, on K (which differs from Lebesgue measure
on Ko = R"*2"2 by a factor of 2"2) [Neu99, Chapter I Proposition 5.2]. More generally, any nonzero
integral ideal a € Ok may be viewed as a lattice in K., with covolume Nk g (a)|Ak| 172 For an n-tuple
of positive integers w = (wy, ..., w,), define the lattice

w def

a a"' x---xa" c K2,

where we view each a' as a subset of K. This lattice has covolume Nk ;g (a) IWH A |"/2. For example,
in the case that a = Ok and w; = 1 for all i, one has the lattice a% = O% of covolume |Ag RES
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For any rational prime p, we have Ok ®zZ;, = [1,,, Ok »- Equip each Ok ), with the Haar measure
my, normalized so that mp(Ok p) = 1. This measure induces a measure on Oy . which we will also
denote by m,. Similarly, the measure m., on K. induces a measure on K;,, which we will denote by m,.

For v € Valy(K) a finite place, let g,, denote the size of the residue field Ok /p,,. Let a, denote the

image of a in Ok .
Definition 3.2.5 (Local condition). An (affine) local condition at a finite place v € Valy(K) will refer to
a subset Q,, C C’)I"(’pv. We call a local condition £, irreducible if it is an ((’)I"(’pv )-box — that is, if there
exista; € Ok p, and w; € {g;* : k € Z»0} such that Q, = [1j{x € Okp, : lx—a;l, <w;} C O;lf,pv'
Remark 3.2.6. Though our results will mostly concern irreducible local conditions, by taking unions
and complements, one can easily extend these results to many other local conditions.

We now apply Lemma 3.2.4 to the rank nd lattice a%¥, and with the (nd)-tuple of weights
W=(Wi,...,W,W2,...,W2,...,Wy,...,W,),obtained by repeating each of the weights in the n-tuple
w exactly d times. Observing that |W| = d|w| and Wi, = Win, We obtain the following proposition:

Proposition 3.2.7. Let Q., C K be a bounded definable subset. Let S be a finite set of prime ideals
of Ok. For eachp € S, let Qp = [[j{x € Ok p : |x —ap,jlp < wp,j} € Ok , be an irreducible local
condition. Then,

#x € d” N (B *y Qo) : x € Qp for all primesp € S} = kB + 0 (eBd‘wl_W‘“‘"),

where

Moo (Qoo) (l_[ mp(€2p N a;v))

" Neo@Pag PR \LL mp(ap)
» my(Qp N aY)
€ = max wy _,
J {g "’f} g my(ay)

and where the implied constant depends only on K, Qo and w.

4. Counting points on weighted projective stacks

In this section, we prove our results for counting points of bounded height on weighted projective stacks.

Definition 4.0.1 (Local condition). A (projective) local condition at a place v € Val(K) will refer to a
subset Q,, € P(w)(K,).

For a projective local condition Q, € P(w)(K,), we denote the affine cone of Q, by Qiﬁ c
(A™! — {0})(K,) (i.e., Q3 is the preimage of Q with respect to the map (A™! — {0}) — P(w)).
For v € Valy(K), the set Q““,ff N (9]’?’11% is an affine local condition, but not an irreducible affine local
condition (see Definition 3.2.5).

Example 4.0.2. Let v € Valy(K) be a finite place. Consider the projective local condition
Q, ={[a:b] e P(1,1)(K,) :v(a) =0, v(b) = 1}.
Then,
QTN Ok, ={(Aa,ab) € O, :v(a) =0, v(b) =1, 1 € K}}.
Though this is not an irreducible affine local condition, it contains the irreducible affine local condition

@ € ((a.b) € O%, i v(a) =0, v(b) = 1}.
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Letting 7, be a uniformizer of Ok ,,, we have

QT N0k, = U(ﬂ’v *(1,1) Qif,fo)’

>0

where 78, #(1 1 Qiﬁo is an irreducible affine local condition for each 7.
This example motivates the following definition:

Definition 4.0.3 (Irreducible projective local condition). A projective local condition Q,, € P(w)(K,)
is said to be irreducible if there exists an irreducible affine local condition Qiﬁo such that

aff n+l _ t aff
Q) NOg, = U(ﬂ'v *y Qv,o)'

120
In analogy to the archimedean setting, for any ideal a,, € Ok ,, set

def
a¥ = a)? x---xa c KM

Proposition 4.0.4. Let Q,, C P(w)(K,,) be a nontrivial irreducible projective local condition with

n
ff
Qi = ]—[{x €Ok, Ix—ajly <wj}.
Jj=0

Fort € Zx, set Qﬁ‘,ﬂ, =7l %y, Qif:fo. Then we have the following:

(a) There exists a j for which |a|, > w;.
(b) Fort # s, we have Q?,f’ft N Qif’fs =0.
(c) Fors,t € Zyo with s < t, we have Qﬁ‘,ﬁs N (7)Y = 0.

Proof. (a) We first prove the contrapositive of part (a). Suppose that |a |, < w; forallj. Ifeachw; =1,
then Qif’fo = O?i = Qi n (’)I"(“v but then Q, = P(w)(K,) would be the trivial projective local
condition. Therefore, there must exist an index j for which w; # 1. By possibly reordering, we may
assume w; # 1. As |aj|, < w; < 1, we have that |1 — a1|, = 1 > w; (by the ultrametric triangle
inequality). Let b € Ok, — {0} be such that |b — a;|, < w;. Then (b,0,...,0) and (1,0,...,0) are
points in the affine cone K”*! — {0} of P(w)(K,), each above the point [1 : 0 : --- : 0] € P(w)(K,),
but only one is contained in Q2. We conclude that Q3 cannot be the entire subset of the affine cone
above a projective local condition.

(b) We now show that if |a |, > w; for some j, then for ¢ # s, we have Q?,f’f, N Q‘;‘f’fx = (. Observe that

n
twj —twj
Qifft = l_[{x €Ok, lx—m,"ajl, <q, " w;}
Jj=0

is a product of v-adic balls centered at niwj a; with radius q;tw'f wj. Without loss of generality, we may
assume s < t. Using |a;|, > w;, we have that

twj SWj _ o —swy —SWj —tw;j
|7rv aj—m, aj|v_QV '|aj|v>QV wj>QV wj.

In particular, the distance between the centers of the balls

Wi

twj —twj SWj )
xeOk,y:ilx=m,"ajl, <q, 'wj}and{x € Ok, : |x -7\, 'ajl, <q, 'w;}

is larger than either of the radii, and thus, the balls must be disjoint (since we are in an ultrametric space).
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(c) We will show that if Q‘"“ﬁ N (7)Y is nonempty, then Q, is not a projective local condition. Let
y=00,...,¥n) € Q“ﬁ N (x)% and let y" = (yg,...,y,) € O;’;'L be such that y = 7!, sy y’. It will

suffice to show that y’ is not in Q2.
By part (a), we may choose jto be such that |a;|, > w;. From this, together with the fact that

yj € 7rv " satisfies |y - ajlv <q) wj,implies that we must have |y |, = q;sw"lajlv. Therefore,
(t—s

|yj|V =4y Iw; laj|,. Since s < ¢, this implies that |Y}|v + |7TCWjaj|v for any r € Zs, and thus, " is
not contained in Q3 N (’);l(”v = U, Q. .
For any set of projective local conditions (Q,),, define the sets

QY (x e P(W)(K) : x € Q, forall v € Val(K)},

o Zix e P(W)(K) : x € Q, forall v € Valw(K)},
Qo def {x e P(W)(K) : x € Q, forall v € Valy(K)}.

def . o
Set ok w = ok /ged(wk, wo, . .., w,), where we recall that wk is the number of roots of unity in K.

Theorem 4.0.5. Let K be a degree d number field over Q. Let S C Valy(K) be a finite set of finite places.
For each v € Valoo(K) U S, let Q,, ¢ P(w)(K,) be a projective local condition. Suppose that QT is a
bounded definable subset of K5*' and that Q. is irreducible for all v € S with

n
Qiffo = n{x €Ok ilx—ayjlv Swy j},
j=0
where a, j € Ok , and w, j € {q;% : k € Zso} (see Definitions 4.0.3 and 3.2.5). Then,

O (eqBlog(B)) l{lwz(l_’l)
#{x € P(w)(K) : Ht,(x) < B,x € Q} = kB™ + iy KR
0] (EQB d ) else
where the leading coefficient is

hk (2r1+r2ﬂ.r2)n+l Rx |w|r1+r2—1

@ wl Ak |22k (Iwl])

s

where

Ko = I—[ m,({x € Qz\l;ff : Htw,v(x) <1}) I_l (Qaﬁ A On+1
Lo ek i, < 14™

veS

where the factor in the error term is

- Nk jo(py)™ off
e sz}?‘x{l—[ K/(LQ;:TJ }NK/Q(P )l 1_[ v

t=0 ves

and where the implied constant is independent of the local conditions Q,, with v € S.

Proof. Let cq, ..., ¢, be a set of integral ideal representatives of the ideal class group of K. Then, we
get the following partition of P(w)(K) into points whose scaling ideals are in the same ideal class:

h
P(w)(K) = u{x € P(W)(K) : [Sw(x)] = [¢]}.
i=1
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This is well defined since the ideal class of a scaling ideal [Jw(x)] does not depend on the representative
of x [Den98, Proposition 3.3].
For each ¢ € {¢y, ..., ¢;}, consider the counting function

MQ, ¢, B) & #{x € P(W)(K) : Hty(x) < B, [Sw(®)] = [c], x € Q}.

Note that

h
#{x € P(W)(K) : Hty(x) < B,x € Q} = Z M(Q, ¢, B).
i=1
Following Schanuel [Sch79], we shall find an asymptotic for M (£, ¢, B) by counting integral points
in affine space and then moding out by an action of the unit group, followed by an action of principal
ideals.
Consider the (weighted) action of the unit group O% on K n+l _ {0} given by

u sy (x0, ..., %) = (uxq, ..., u""x,),

and let (K™ —{0})/ O% denote the corresponding set of orbits. Let Q" be the affine cone of Q. We may
describe M (L, ¢, B) in terms of O -orbits of an affine cone. In particular, there is a bijection between

{[x0: -+ :x,] € P(W)(K) : Hty(x) < B, [Sw(x)] = [c], x € Q}
and
Hity o0 .
{[(xo, cooxp)] € (KT - {0})/0% : WQES) < B, Jw(x)=¢, x€Q ﬂ}
given by

[x0: - :xn] > [(x0,...,x0)],
and therefore,

Hity, oo (x)
Nk o(c)

Our general strategy will be to first find an asymptotic for the counting function

IA

M(Q,c,B) = #{x e (K™ = {0})/0% - B, 3y(x)=c, x¢€ Qaff}.

Hty, o0 (x)
Nk o(c)

def

M'(Q,¢,B) = #{x e (K™ - {0})/O% - <B, 3y(x)Cc, xe Qaff}

and then use Mdbius inversion to obtain an asymptotic formula for M (€, ¢, B).

We are now going to construct a fundamental domain for the (w-weighted) action of the unit group
O% on K*! — {0}. This will be done using Dirichlet’s Unit Theorem. Let @ (K) denote the set of roots
of unity in K.

Theorem 4.0.6 (Dirichlet’s Unit Theorem). The image A of the map

A: O - R

u = (log |uly)y evat, (k)
is a rank r & r1+ry — 1 lattice in the hyperplane H defined by ¥, cyq., (k) Xv = 0 and ker(1) = @ (K).

https://doi.org/10.1017/fms.2024.127 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.127

14 T. Phillips

For each v € Val,(K), define a map

ny: K™ - {0} 5> R
(x0, - ., xn) > logmax |x; Uwi
v
Combine these maps to obtain a single map

e [ &y -(op - rnen
v EVale (K)

x - (v (xy)).
Let H be the hyperplane in Dirichlet’s unit theorem, and let
pr: R — H

be the projection along the vector (dy )y eval., (k), Where d,, = 1 if vis real and d, = 2 if v is complex.
More explicitly,

pr = —[= > x .
v’ eVale (K)

The reason for choosing this projection is to ensure that a certain expanding region (which we are about
to construct) will be weighted homogeneous (see Lemma 4.0.7).

Let {uy, ..., u,} be abasis for the image of O% in the hyperplane H, and let {iiy, .. ., } be the dual
basis. Then the set

FE G eH:0<ij(y) < 1forallje{l,....r}}

is a fundamental domain for H modulo A, and F def (pr o n)~'F is a fundamental domain for the
(w-weighted) action of Ok on [, evai. (k) (K™ —{0}).
Define the sets

D(B) ¥ {xe [T &r' =0} : Hty o) < B

veValy, (K)

and F(B) “rn D(B). The sets D(B) are O -stable, in the sense that if u € O and x € D(B), then

u xw x € D(B); this can be seen by the following computation:

Hity oo (4 *y x) = 1_[ max |uw"xv,i|i/w"
1

Voo

[ Tty [ ] max by

Voo Voo

= [ [ max ey i)™

v |oo

= Hity o (X).

Similarly, for any ¢ € R, we have that

. 1/w; 1/w;
Hty oo (2 #w x) = | |maX|IWva,i|v/w = | | |£]y | |maX |xv,i|v/w = |t|dHtw,oo(x)-
i i

Voo Voo Voo

This shows that D(B) = B'/4D(1) for all B > 0.
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However, F is stable under the weighted action of 7 € R*, in the sense that ¢ xy F = F. To see this,
note that for any x € HNDO(KC“ -{0}),
n(t #w x) = (dy)y|e log([2]) +n(x).

Since the projection pr is linear and annihilates the vector (dy ), ., We have that

pr o 5(t #w x) = pron(x),
as desired. From our observations, we obtain the following lemma:

Lemma 4.0.7. The regions F(B) are weighted homogeneous, in the sense that F(B) = B4 «,, F(1)
forall B > 0.

We are now going to count lattice points in F(B). In [Sch79], this is done by using the classical
Principle of Lipschitz [Dav51] (see also [Lan94, VI §2 Theorem 2]). One of the cruxes of Schanuel’s
argument is verifying that a fundamental domain (analogous to our (1)) has Lipschitz parameterizable
boundary, so that he can apply the Principle of Lipschitz. Though one can modify this part of Schanuel’s
argument to work in our case, we will instead take a slightly different route, using an o-minimal version
of the Principle of Lipschitz (Proposition 3.2.1). This allows one to give a more streamlined proof of
this part of Schanuel’s argument, which may be useful in future generalizations.

Lemma 4.0.8. The set F (1) is bounded.
Proof. Let H C [, Ry be the subset defined by 3, |, x, < 0. Note that F(1) = 7~ (H npr~!(F)).
It follows from the definition of 7 that, in order to show F (1) is bounded, it suffices to show that the set
def ~ -1/ F T+
S=Hnpr (F) c R
is bounded above (i.e., there exist constants ci, . . ., ¢, 4, such that for each
X= (X1, s Xpm4r) €S,
we have x; < ¢; for all i). For this, note that any x € S can be written as
1
x=pr() + (dy)y = D xr,
Voo

and thus, the components of S are bounded above, noting that the first term, pr(x), has components
bounded above, and the second term has negative components. m

Lemma 4.0.9. The set F (1) is definable in Rexp .
Proof. We make the following straightforward observations:

o The product ]—IV|W(K3+1 — {0}), viewed as a subset of R1*22)("+1) "5 semi-algebraic since it is
clearly the complement of a semi-algebraic set.

o The set D(1) is semi-algebraic.

o The set

F=f{xe| [k {0} : pron(x) € F}

v oo

n+l1 . ~ 1/wi 1 1/wi .
=<x€ l_[(KVJr -{0}): 0 <5ty log(mlax lx: 1,/ = d,, 7 Zlog(mlax le-lv,w) < 1Vj

v|oo v|oo v
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is definable in Rexp since it can be described in terms of polynomials and log, and log is definable in
Rexp (as observed in Subsection 3.1).

It follows that the intersection F (1) = F N D(1) is definable in Reyp. O

We now analyze M’ (€, ¢, B). Note that if 3y (x) C ¢, then we must have that x is contained in the
lattice

M= x.ox (M,

Therefore, we can write M’ (Q, ¢, B) as

Hty o (x)

M/(Q,C,B) Z#{X € (Cw - {0})/(9[)({ . W

<B,xe€ Qaﬁ}.

We now stratify Q. For each ¢ € Z, set
n
aff t aff . wijt -wjt
QY =m, #w Q) = l_[{x €Ok, lx—m7ayjl, <q, " w,;}.
Jj=0

Fort = (t,)yes € Z‘;SO, set

def
QTS (xe QM :xe QM

V.t

forallv € S}.
Since each Q, is irreducible, we have
o nop = | | o
tezfy
Set
€ = max{]_[ thWja)_l-} (]_[ m*’(gftv n C;V))
RS AT e )

Note that each @ (K)-orbit (with respect to the w-weighted action) of an element of (K — {0})"*!
contains wk w elements. Thus,

M (Q,¢c,B) = Z

#S
tez$

@

ff
#{Q" N F(Ngg(c)B) N "} +0 (etB|w—wmm/d))’
WK ,w

where each error term accounts for the points of M’ (L, ¢, B) contained in the intersection of Qi‘ﬁ and

the subvariety of the affine cone of P(w)(K) consisting of points with at least one coordinate equal to

.. . N d ~Wmin
zero; by Proposition 3.2.7, this error is at most 0(6¢(Bl/d) IWI=tmin )

By Lemma 4.0.8 and Lemma 4.0.9, we may apply Proposition 3.2.7, with a = ¢ and the local
conditions QT N F (1) for v|eo and @, for v € S. Doing so, we have

ff w
aff wY _ mw(gggf mf(l)) mp(gz\i/,tv N Cp) [w| |w|_wmin
T N F(Nkjo(9B) Nty = |[Ag |(+D)/2 1—[ my(cy') B +O(€‘B ‘ )

Let v(¢) denote the v-adic valuation of the ideal ¢ C Ok (i.e., the valuation of any (and all)

embeddings of ¢ into Ok ). By Proposition 4.0.4(c), if ¢ < v(c), then mp(Q*ft N¢y) = 0. However,
when 7 > v(¢), we compute
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mp(Q ﬂcw) 1 n
= m {x e c D — na; [y < q YTwi}
mp(C;V) mp(C;V) P l_(! v Jlv v J
1 v(c)w; tw; —tw;
mp(cw)mp l_[{xEOKp |7, x—my,Vagly £q, T wj}
_ ff
= mp(Qi,t—v(c))'

By Proposition 4.0.4, we know that the Qaff are disjoint for distinct values of ¢. Therefore, summing
over all € Zs, it follows that

2,

t>0

my (Q ney)

— 0aff y — Qaﬂ‘monﬂ ,
mp(c;v) va( V,S) mp( v K,v

s>0

and we obtain the asymptotic

W@ g < MO0 f(l))(

o wlAg|)2

[ o2 nglv))Blw +0 (eQBl‘”‘—Wmm/d). 3)
peS

Note that as m. is the product of measures (1, ), |0, One has

Me(Q N F (1) 1 omy({x € Q4 He, (x) < 1})
me(F(1) b My ({x € K3 HE, (1) < 1))

and thus,

m, ({x € QT : Ht, (x) < 1})
m, ({x € K™! : Ht, (x) < 1})

meo(QN 0 F(1) = meo(FD ] | @)

Voo

Computing the volume of F (1) as in [Den98, Proposition 5.3], we obtain
me(F(1)) = (27472772) ™ Ry [w|1 7271,

This differs by a factor of 2("*D"2 from Deng’s result since we are using the usual Haar measure on Ko,
rather than the Lebesgue measure.

Observe that the leading cofficient of the asymptotic (3) equals {k (|w|)«/hk, where « is as in the
statement of Theorem 4.0.5.

Note that for x € ¢¥, 3w (x) = ac for some ideal a € Ok. Then, Hty(x) = Hty o (x)/Ng g(ac).
Therefore,

M(Q.¢,B)= > M(Quac,B/Ngg(@)= > M(Qac, B/Nkg(a)),
aCOk aCOk
NK/Q((I)SB

where the inequality Nk, g(a) < B comes from the fact that M (€, ¢, B) = 0if B < 1, since all points
have height greater than or equal to 1.

Since the ideals of Ok form a poset (ordered by inclusion), we may use Mobius inversion (see, for
example, [Sta97, §3.7] for details about Mobius inversion for posets). Applying Mobius inversion, and
using our asymptotic (3) for M’ (Q, ¢, B), we have that
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- x(whe( B \M g \Wwin/d
M(Q,¢,B) = Z /J(a)( hi (NK/Q(C()) +0 (GQ(—NK/Q(Q))

acOk
Nk jg(a)<B
Cr (|w))k Il 1 1
T MO @™ ) ————
hi O;K N jo(a)™ OQZO:K Nra @™
Nk g(a)>B
+0 EQB|W|_Wmin/d Z 1
Lo Nijgla)Wimwmn/d
Nk jg(a)<B

if w=(1,
_ gK(|w|)KB|w|( I —o(B-'W+1))+ O (eaBlog(B))  nyiLY
hk Cx (Jw]) O (eqB!WI=wmn/d)  elge,

{0 (eqBlog(B))  ifw=(1,1)and K = Q,

K
=—BM4
O (eqB!WI=wmn/d)  elge.

hx

Summing over the hg ideal class representatives ¢;, we arrive at Theorem 4.0.5. O

5. Counting elliptic curves

In this section, we apply Theorem 4.0.5 to the moduli stack of elliptic curves.

5.1. Counting elliptic curves with a prescribed local condition

An application of Theorem 4.0.5 gives the following result:

Corollary 5.1.1. Let Ek (B) denote the set of isomorphism classes of elliptic curves over K with height
less than B. Then,

#Ex (B) = kBY/® + 0(BY/71/3d),

where

o QR R 107 ged (2, )
ok |Ak |k (10)

Proof. Recall that the moduli stack of elliptic curves, Xgp,(z), is isomorphic to the weighted projective
stack P (4, 6). Also recall that the naive height on Ay, (z) corresponds to the twelfth power of the height
on P (4, 6) with respect to the tautological bundle (i.e., the height Ht(4 6)). Therefore, the desired result
follows from applying Theorem 4.0.5 to P (4, 6) with trivial local conditions (i.e., S = 0). O

We now use Theorem 4.0.5 to count elliptic curves with a prescribed local condition.

Theorem 1.1.2. Let K be a degree d number field, and let p ¢ Ok be a prime ideal of norm q such
that 2 ¥ g and 3 1 q. Let & be one of the local conditions listed in Table 1. Then the number of elliptic
curves over K with naive height less than B and which satisfy the local condition & at p is

KKgBS/G +0 (egB%_ﬁ),
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where

_ hg (2472 172) R 107727 ged (2, wi )
@k |Ak|{k (10)

>

and where kg and € are as in Table 1.

Proof. Good reduction case. Note that the number of elliptic curves over F, with good reduction is

#{(a,b) €Fy xFy :4a>+27b> 20 (mod ¢)} = ¢* - q.

For each pair (a, b) in the above set, fix a lift in (’)2 , which, by an abuse of notation, we will also
denote (a, b). Then, consider the irreducible local COIldlthl’l

1
Qi (a, b) £ {(xo,xl) €0k, tlo—al, < =, [x1 = by < 5}

Q| =

We find the p-adic measure
aff 1
Wlp(gp,o(tl, b)) = ?

For t € Zs, the sets

: 1 1
Q' (a,b) =7} *a.6) Qpio(a.b) = {(Xo,xl) €Ok, lxo—g"al, < 7 e = ¢®bly < qml}
each have p-adic measure
aff 1
my (8.1 (a. b)) = 4102

Applying Theorem 4.0.5 to each Q“ o(a,b), and summing over all the g* — q possible (a, b) pairs, it
follows that the number of elliptic curves of bounded height over K with good reduction at p is

kB3 + 0 (eB%—ﬁ), (5)
where
N ff q‘o g-1 4"
Ky = Y Y my(Q3h(a,b)) = (¢ —q)Z o = (@ —q)— — = T
(a,b) =0 =0 4 9 q
and
o0 & o g5 g
—q
€= Z Zmax{q4t+1’q6t+1}mp(g (a, b)) = (4? —q)z 10”2 q“—l .

(a,b) t=0

As the error term can be rewritten as O (qB%’ﬁ ), we may replace the coefficient € in the asymptotic (5)
with e = q.

Kodaira type III* case. By Tate’s algorithm [Tat75], an elliptic curve over K, given in short Weierstrass
form, E : y? = x> + ax + b, has type III* reduction if and only if v, (a) = 3 and v,,(b) > 5. Observe that

#{(a,b) € Ok Jp° x Ok [P s vp(a) = 3, vy(b) = 5} = q(g - 1).
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For each pair (a, b) in the above set, fix a lift in (9%{ ,» Which, by an abuse of notation, we will also
denote (a, b). Then, consider the irreducible local condition

; def 1 1
Qi (a.b) = {(xo,xl) €Ox, :lxo—al, < 5 bl ;}.

We find that the p-adic measure of this set is

aff 1

mp(Qp,O(a,b)) = W
q
The sets
aff 2 4t 1 61 1
Q,,(a,b) =TT, %(4,6) Q ola,b) =1(xo,x1) € Ok, t lxo—¢g™al, < W’ lxi =g bly < W

each have p-adic measure

mp(th(a, b)) = W

Applying Theorem 4.0.5 to each Qa o(a, b), and summing over all pairs (a, b), yields the following
asymptotic for the number of elliptic curves of bounded height over K with reduction of Kodaira type IIT*

at p:
kk B30 + 0 (eB%*a‘ﬁ), (6)
where
1 q10 q- 1 qu
=, Zmp(szp,w b))—q(q—l)z T =@ D = s o
(a.b) 1=0 " 9%¢°-1 g q"-1
and
) @645
qg-1
Zmax{q4t+5,q6t+5}mp(g (a, b)) = (4% —q)z 10410 ﬁ
(a,b) 1=0

5 1
As the error term can be rewritten as O (¢ > B34 ), we may replace the coefficient e in the asymptotic (6)
with e = 1/4°.
The other cases can be proven similarly to those given above. O

We now turn to estimating the number of elliptic curves with a prescribed trace of Frobenius. For
b,c € Fy, let Ejp . denote the short Weierstrass model y2 = x3 + bx + ¢, with disciminant A(b,c) =
—16(4b3 +27¢?) and trace of Frobenius aq(Ep ). We study the counting function

H(a.q) € #{(b.c) € By xFy : A(b,c) #0, ay(Ep.c) = a}. 0

This function is closely related to Hurwitz-Kronecker class numbers, which we now recall. Let K be an
imaginary quadratic field with ring of integers Ok, and let O be an order in K with class number 4(O).
The Hurwitz-Kronecker class number of O, denoted H (disc(Q)), is defined as

. h(o’
H(disc(0)) = 3] #(o'x) . 8)
OcO'cOk
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This definition of the Hurwitz-Kronecker class number agrees with the definition given in [Len87] but
is half as large as it is sometimes defined (such as in [Cox89]). Let ¢ = p™ be a power of a prime p > 3.
Then, a beautiful result, following largely from work of Deuring [Deu41], expresses the number of
elliptic curves over a finite field F, with a prescribed trace of Frobenius in terms of Hurwitz-Kronecker
class numbers:

(g = DH(a® - 4q) iflal <2y/gand p { a
(g—1DH(-4p) ifnisoddand a =0
ql—_zl(p+6—4(_§) —3(%‘)) if  is even and a® = 4q
H(a.q) = (q - 1)(1 - (‘?3)) if n is even and a® = ¢ ©)
(q—l)(l—(%‘)) ifnisevenand a =0
0 otherwise.

This formula can be derived from [Sch87, Theorem 4.6], which counts the number of isomorphism
classes of elliptic curves over F, with a prescribed trace of Frobenius. From this, one can deduce
formula (9) by noting that the isomorphism class of each Ej, . contains exactly g — 1 elliptic curves. To
see that each isomorphism class contains exactly g — 1 elliptic curves, note that £}, . = E4 . if and only
if (d, e) = (1*b, 2°¢) for some A € F*, and since p > 3, the pairs (1*b, 1°¢) will be distinct for distinct
e IF;. (See [Cox89, Theorem 14.18] for a proof of formula (9) in the case that g = p is a prime.)

Theorem 1.1.3. Let K be a degree d number field, and let p be a prime ideal of Ok of degree n above
a rational prime p > 3. Set q = p". Let a € Z be an integer satisfying |a| < 2+/q. Then, the number
of elliptic curves over K with naive height less than B, good reduction at p, and which have trace of
Frobenius a at p is

5_ 1
KKn’aBS/6 +0 (en,aB6 3d ),

where

hi (27472 772) R 10747271 ged (2, w )
K=
@k |Ak|{k (10)

s

and where K, 4 and €, 4 are as in Table 2.

Proof. For each of the H(a, g) pairs (b, ¢) in the set
{(b,c) €Fy xFy : A(b,c) #0, aqg(Ep,c) = a},

fix aliftin O% ,» which, by an abuse of notation, we will also denote (b, ¢). Then consider the irreducible
local condition

def 1 1
Qi (b, ) {(xo,m € Ok o= bl < i —ely < 5}.
We find that the p-adic measure of each of these local conditions is
(@ (b)) =
I’I’lp p.0\0> C = ;

More generally, for t € Z5, the sets

1 1
sz,ft(h C) = JTC *(4,6) Q;%(b» C) = {(XOsxl) € O%(,v txo — Cl4tb|v < W, [x1 — q6t0|v < F}
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each have p-adic measure

my (R (b, ©)) = g2

Applying Theorem 4.0.5 to each ngf (b, c¢), and summing over all the H(a, g) possible (b, ¢) pairs, it
follows that the number of elliptic curves of bounded height over K with good reduction at p and trace
of Frobenius « at p is

«k'B3% + 0 (eB%*%), (10)
where
0 qlo
> my (@ (b)) = H(a, q)Z oz = H(a, q>_—1’
(b,c) 1=0
and
S 4r+1 _61+1 ff S 616”1 113
2D max{g¥*! g% ymy (4 (b,0)) = H(a.q) )~ 155 = H(a.q) .
(b.e) 1=0 =0 4 9 -

From this, the desired asymptotics can now be derived using (9).
For example, in the case that a is an integer satisfying |a| < 24/g and p { a, we have that H(a, q) =
(g — 1)H(a® - 4q). Thus,

, H(a,q) ¢  (¢q-1)H(a*-4q) q'°
K = =
2 q0-1 7 g0 1

= Kn,a

and

e=(q- 1)H(a2—4q)q4q_ T

5 1
As the error term can be rewritten as O(H (a® - 4q)B€‘W), we may replace the coefficient € in the

asymptotic (10) with €, , = H(a> - 4q). O

6. Average analytic ranks

In this section, we use our results from the previous section on counting elliptic curves with prescribed
local conditions in order to give a bound for the average analytic rank of elliptic curves over number
fields. Our strategy will mainly follow that of Cho and Jeong [CJ23b, CJ23a] and is related to Brumer’s
strategy (see Remark 6.1.3).

6.1. L-functions of elliptic curves

In this subsection, we recall basic facts about L-functions of elliptic curves. Our exposition mostly
follows [Mil02, Appendix A].

Let E be an elliptic curve of discriminant A g over a number field K. For each finite place v € Valy(K),
let E, denote the reduction of E at v, let g, be the order of the residue field k, of K at v, let
N, =#E,(F;,),and leta, = g, + 1 — N,. If E has bad reduction at v, set
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1 if E has split multiplicative reduction at v,
b, = {—1 if E has nonsplit multiplicative reduction at v,

0 if E has additive reduction at v.
For each v € Valy(K), define a polynomial L, (E/K,T) by

L,(E/K,T) @f J1-ayT+ qyT?  if E has good reduction at v,
1-b,T if E has bad reduction at v.

The Hasse—Weil L-function L(E /K, s) of E over K is defined as the Euler product

def

LEK)Z ] LoE/Kg)™

veValy(K)

The logarithmic derivative of L(E /K, s) is

L d B d \
I(E/K’S)z_ Z %(log(l_bvq\/))_ Z a(log(l—aqu +qv 2))
v€eValy(K) veValy(K)
V(AE)>0 V(AE)=0

The first sum can be rewritten as

d d [ bk o bk log(qy)
SDECUIERC RS Y bl BRI
veVal (K) ds veValy (K) ds\ = kav* veVal (K) k=1 qv*
V(AE)>0 v(AE)>0 V(AE)>0

For the second sum, factor 1 —a, T +¢,T?% as (1 —a, T)(1 =B, T), where @, + 8, = a, and a,,8, =

Then,

-y di(log(l—avq;s+ql’2“))=— > Z(a +'8k)10g(qV)

VEVa]()(K) § veValO(K) k=
v(Ag)=0 v(Ag)=0

We thus obtain the following expression for the logarithmic derivative of L(E /K, s):

SN S oo 5 Z(a +ﬁv>log<qv>

veval(K) k=1 4v veValy(K) k=
v(AE)>0 v(AE)=0

Define the von Mangoldt function on integral ideals a € Ok as

Ak (a) = .
0 otherwise.

def {log(qv) if a = pk for some &,
For prime powers, set

ak + g% if E has good reduction at p,,,
b"ﬁ if E has bad reduction at p,,,

ar (k) ={
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and for a not a power of a prime, set ag (a) = 0. Then our expression for the logarithmic derivative of
L(E/K,s) becomes

v o aE@Ak ()
—(E/K.s) = ZO]K Nera(@® " (11)

where the sum is over the nonzero integral ideals of Ok.

Let I'(s) &ef fom t5~1e™" dt be the usual gamma function. Let I'k (s) be the gamma factor

Tk (5) € ((2m) T (s)) K2,

Let fg/k be the conductor of E over K, and define a constant

def
Ak = Nijo(Fex)A%.
Define the completed Hasse—Weil L-function, A(E /K, s), as

def s/2

AE[K, ) E A% Tk (s)L(E/K, 5).

We now assume that our elliptic curve E is modular over K, so that the L-function L(E/K,s) is
automorphic. This implies that the Hasse—Weil conjecture holds true for E, and thus,

A(E/K,s) =e(E)A(E/K,2 —5),
where €(E) € {1} is the root number. We see that the logarithmic derivative of A(E/K, s) is

AN log(AEg k)

T (E/K.5) = — +11:—Ili(s)+%(E/K,s)=—AX’(E/K,2—S). (12)

We now state the explicit formula for L-functions of elliptic curves over number fields:

Proposition 6.1.1 (Explicit Formula). Let ¢: C — C be a partial function that is even and analytic in
the strip | Im(s)| < 1 + € for some € > 0, and assume that on this strip |¢(s)| < (1 + |s])~1*9) for
some 6 > 0 as |Re(s)| — co. For x € R, assume that ¢(x) € R, and set

50 [ omemivax,
R
the Fourier transform. Let E be a modular elliptic curve over a number field K. Suppose that the
L-function L(E /K, s) associated to E satisfies the Generalized Riemann Hypothesis, so that all nontrivial

zeros pj of L(E /K, s) are of the form

pj=1+iy; for somey; € R.

Let r(E) def ords—1 (L(E /K, s)) be the analytic rank of E. Then, we have

r(E)p(0)+ ). ¢(y))
pﬂtl
_ #0) LT 1 v aE(0)Ak () log(Nk/g())
g R W e |

aCOk

where the sum on the left-hand side is over the zeros p; # 1 with relevant multiplicity.
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Proposition 6.1.1 is a slight generalization of [IK04, Theorem 5.12] (see also [Mes86] and [Mil02,
Appendix A] for the specific case of L-functions of elliptic curves). In [[K04], the condition on the test
function ¢ is that it is a Schwartz function. However, as observed in [GG07, Lemma 1], the proof of
[IKO4, Theorem 5.12] can be adapted to work for the set of functions ¢ satisfying the conditions in
Proposition 6.1.1. We will use the following modified version of the explicit formula:

Corollary 6.1.2 (Modified Explicit Formula). Maintaining the notation from Proposition 6.1.1 and
letting X be a parameter, we have that

log(X
E160)+ Y o150
)/j¢0
—~ (13)
_¢(O)log(Ap/x) 2 Z ag(a)Ag(a) "(log(NK/Q(a))) +O( 1 )
log(X) log(X) 45 Nkjo(a) log(X) log(X) )*
Proof. From the explicit formula (Proposition 6.1.1), it follows that
log(X)\ _ ¢(0)log(Ag/x) 1 [Tk og(X)
V(E)¢(0)+;0¢(’)’j o )— Tog(X) +7_T/Ri(1 )¢( ) y
2 ag(a)Ag(a) — 10g(NK/Q(a))) ”
0800 2 Nrjo@ S

A classical estimate for the logarithmic derivative of the gamma function is

= O(log(|y| +2)).

From this, and the fact that ¢ is absolutely integrable (since |¢(s)| < (1 + |s])~(1+9)), it follows that

Iy og(X) 1
/R_(“ ”( o )dy O(Iogoo)'

Substituting this into (14) gives the modified explicit formula. O

We now use the modified explicit formula to obtain an expression that bounds the analytic rank. Let
E be an elliptic curve with minimal discriminant D,k and of height less than or equal to X. For each
such E, we have that Nk o(Dg/k) < X, and therefore,

log(Nk jo(DE/k)) < log(X) +O(1).

But since the conductor fg/x divides the minimal discriminant Dg g, one has Nk ,q(fg/x) <
Nk o(DE/k ), and thus,

log(Nk /o(fe/k))/log(X) < 1+0(1/log X).

It follows that log(Ag k) /log(X) < 1+ O(1/logX). By Corollary 6.1.2, this observation gives the

inequality
1100+ Y, ofr, 50
vi#0
- 2 ag(a)Ag(a) ~(log(Nkjg(a)) 1
=0 foex) Z@ Ngje(a) ( log(X) )+0(logX)'
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We further simplify by rewriting the sum on the right-hand side as

Z ag(a)Ak (a) A(IOg(NK/Q(a))

aE(p ) log(gy) ) "(klog(QV))
Nk o(a) log(X)

log(X)

aCOk ) veValy(K) k=1 ay

By the Weil Conjectures for Elliptic curves, |a,| = |8]| = /¢y (see, for example, [Sil09, §V Theorem

2.3.1(a)]). From this, and the fact that |b,| < 1, we have |ag (p¥)| < 2q Using this, we bound the
k > 3 part of the sum:

ae(py) log(qv)  ~klog(gy)) _ 5 210g(qv)“¢“
q log(X) k/2 ©
veValy(K) k>3 v vevalg(K) k>3 qv
- 2og(,)
= 3/2 -1/2 Plleo
veValy(K) CIV (1-
=0(1),

where || f|| is the usual L*-norm defined as

c

f o Einf{a > 0:mp({x : [f(x)] > a}) =0},

where m is the Lebesgue measure on R. Also note that for any finite set of places S C Valy(K), we
clearly have

aE(DV)log(qv) ~(klog(gv)\ _
Vzessz '¢( log(X) )_0(1)'

Therefore, setting

UiE 0 Y ag (py) log(gv) A(klog(q‘,))

veValy(K) qv log(X)
2)((1\/, 3)(61\/
we have
X —- 2 1
HE10)+ Y o1 50| < B0 - [ (U (B0, ) + Ua(E.6.X) 40 )

v;j#0

We now average over isomorphism classes of elliptic curves. For each elliptic curve E, let
pE,j = 1 +iyg ; be the nontrivial zeros of the L-function L(E/K,s). Let Ex (B) denote the set of
isomorphism classes of elliptic curves over K with height bounded by B. Setting

def 2

S B = - U E’ 9B

OB e BywEx (B) Ee;(B) Hnen
2 long)r(klog(qv)) iz (vh)
log(B)#Ex (B) | o b log(B) | £ln)

2tqy., 31qy
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we have that

Z Z ¢( ’log(B))

E€Ex (B) yE, 20 (15)

1
Ay 2 B+ B (B)

Ecék (B)

S¢(0)—S1(¢,B)—Sz(¢,3)+0(1 )

0g(B)

Remark 6.1.3. So far, we have followed the same strategy as Brumer [Bru92]. The main difficulty in
estimating the Sk (¢, B) is estimating the sums of the EE(p\’f ). Brumer does this by relating the sums
to certain exponential sums. Following Cho and Jeong [CJ23b, CJ23a], we will take a slightly different
approach, instead estimating the sums using our estimates for the number of elliptic curves with a
prescribed trace of Frobenius (Theorem 1.1.3).

For our applications, we shall use the test function

. 2
sin(7rvy) .
o= {50)ify0
V2 /4 ify =0,

whose Fourier transform is

5) = {%(% - %) for |t < v

0 for |t] > v.

Observe that this test function satisfies the conditions of Proposition 6.1.1 (despite not being a Schwartz
function).
Our strategy will be to show that

¢(0)

—S1(¢, B) — $2(¢, B) = +o(1).

This will imply the following upper bound for the average analytic rank of elliptic curves over the
number field K:

(0) 1
50 277

6.2. Class number estimates

In this subsection, we give some estimates for the counting functions H(a, g), which were defined in
Subsection 5.1 equation (7). These results will be used in the next subsection.

Proposition 6.2.1. For any a € Z, we have

H(a 6]) <. 6]3/2+e

as a function of q for any € > 0.

Proof. By formula (9) for H(a, q), it suffices to show H(a? — 4q) < q'/**€ and H(-4p) <. q'/**¢,
and for this, it will suffice to show that for all possible n, we have H(n) <, |n|'/**€. As n must be the
discriminant of an order in an imaginary quadratic field, it must be negative, non-square and congruent
to 0 or 1 modulo 4.

Let sqf(n) denote the squarefree part of n (e.g., sqf(12) = 3), and let sq(n) be such that
n = sqf(n) - sq(n)? (e.g., sq(12) = 2). For non-square negative integers D that are congruent to
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0 or 1 modulo 4, let Op denote the imaginary quadratic order of discriminant D. We can rewrite
equation (8) as

h(on/dz)
Hw= Y 1Oue)
d|sq(n) -ﬂ#(gﬂ/d2
n/d?*=0,1 (mod 4)

Define a quadratic character

XD 7 — CX
[
m= |—].
m
Observe that
imts ~ 0, (9= 3 X200 25 wmy [ Lae (16)
s=1 o m=1 m m=1 m x

For any positive integer r € Z51, the P6lya—Vinogradov inequality gives

< 2+/|D|1og(|D]).

In particular, the functions f,(x) = X! _, xp(m)/x* are dominated by 2+/|D|log(|D]|)/x? on Rs;.
Therefore, by the dominated convergence theorem, we may switch the sum and integral in (16), so that

;XD(m)/mw édx=/lm ZXD(m)))%dX

Splitting this integral and again applying the Pélya—Vinogradov inequality, we find that for any € > 0,
oo X 1
lim(s = 1)do, (5) = / (me) dx+ / 2 xp(m)| s

< / /WJ_ 20D,

< 10g(|D|) +log(|D])
< |D|¢.

From this and the analytic class number formula [JP20, Theorem 1.1], we have the following upper
bound for class numbers of orders in imaginary quadratic fields:

h(Op) < |D|'/?*e.

Let 7(n) denote the number of divisors of n, and recall that 7(n) <. |n|€ for any € > 0. Combining the
above observations, we have

Hm s Y h(Oup) < t(sq(m)n]' € < n]'/2*e. .

d|sq(n)
n/d?*=0,1 (mod 4)

The next proposition gives estimates for certain sums involving H(a, ¢).
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Proposition 6.2.2. Let g be a power of a prime p > 3. For any € > 0, we have the following estimates:

> H(a,9)=q*-q,
la|<2+/q

D, aH(a.q)=0
la|<2+/q

Z a2H(a,q) = q3 +0 (q%“).
la|<2+/q

Proof. The first sum: We have that

> H(a,q) =#{(b,c) € Fy xFy: A(b,c) # 0} = ¢ - q.
lal<2yg

The second sum: Pairing positive and negative terms, we have that

D, aHla.g)= ) (aH(a.q)~aH(a.q) =0
|a|<2+/q 0<a<2/q

where we have used that H(a, g) = H(-a, q).

The third sum: This sum is the most subtle. As observed in Subsection 5.1, each isomorphism class
of elliptic curves over F, contains exactly g — 1 elliptic curves, which can be thought of as the size of
the orbit of an elliptic curve E with respect to the weighted G,,,(F,) action, with weights 4 and 6. Let
&r,, denote the set of isomorphism classes of elliptic curves over Fy. By the orbit stabilizer theorem,

q-1
H(a,q) = _—
EEZSFq #Autg, (E)
aq(E)=a

Therefore, we can rewrite the third sum as

. . a> aq(E)
Z a*H(a,q) =(q—1) Z Z #Autz (E) =(-D Z #Autr, (E)

la|<2vq la|<2+/q E€&r,
aq(E)=a

The final sum can be estimated using work of Birch [Bir68] and Thara [Iha67], as we now explain. Write
g = p”. Define an indicator function

1 ifriseven

02z(r) =
22(r) {0 if r is odd.

Let Ty (m) be the m-th Hecke operator on the space of weight k cusp forms of level 1, and let Tr(7y (m))
denote the trace of Ty (m).

The following result is due to Birch (in the » = 1 case) [Bir68] and Thara (for » > 1) [Tha67] (see
[KP17, Theorem 2]):

Theorem 6.2.3 (Birch-Ihara). With notation as above, we have that
1 (E)*
2z Z _dalZ)
q £, #Autz, (E)
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equals
1 1 r-2 ] ) r ) )
7|2 THTP") = TH(Ta(9)) + 3 (p3 > min{p’, p 2P = 3" min{p’, p’_’}3))
i=0 i=0
r-2

1
+pTr(Ta(p™™2) = Tr(Ta(q)) + 5(1?
0

r ) r=2 )
+> P =P r
i=0 i=0

We now show that for any € > 0,

,
min{p’, p" 7} = > min{p’, pr‘i})
i=0

aq(E)2 2 3/2+
o =4 +0(@T).
EEZ% #Autz, (E)

Using the Ramanujan—Peterson—-Deligne bound for Hecke eigenvalues [Del74], one can show that for
any prime power p* and any € > 0,

Tr(Ti(p%)) <i p** D25 < pstk=Dizee)

(see, for example, the introduction of [Pet18]). In particular,
p3Tr(T4(pr—2)) _ TI'(T4(£])) < p3p(r—2)(3/2+6) +q3/2+6 < q3/2+5
and

PTr(T2(p" ™)) = Tr(Ta(q)) < pp =22+ 4 g1/2re < gl12+e,
We now estimate the sums in Theorem 6.2.3. As a function of g, the sum Y,/_, min{p’, p"~'}* has

on the order of log(g) terms, and each term is bounded above by (p"/ 2)3 = ¢3/2. Therefore,
u . .
D min{p’, p" P < g7 log(g) < ¢*/**<.
i=0
Similar reasoning shows that

r=2

P’ Z min{p’, p" 27} < pPlog(q)p*"P? <« g3/**€,
i=0

We also compute

r-=2 r
p Y min{p’, p" 2} = > min{p’, p" Ty == > min{p’,p" 7} = -2,

i=0 i=0 ie{0,r}
and
r ) r—2 ) )
Yr-pd =) p=l+g
i=0 i=0 ie{0.r}
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Combining the above estimates, we find that

l Z aq(E)z :O(q3/2+e
q g, #Aute, (E) q

2
) +0(q"*) - S++g)=¢q +0(q'*).

From this, we obtain

Z a’H(a,q) = (q - 1)(612 + 0(q3/2+f)) =¢>+0(q°**). o
la|<2+/q
6.3. Estimating S|(¢, B) and S,(¢, B)

Lemma 6.3.1. Let p C Ok be a prime ideal of norm Nk o(p) = q such that 2 { q and 3 1 q. Then, for
any € > 0, we have the following upper bound:

_ 1
T5(p) <. 535/6+q3/2+eB5/6—1/3d.

Ee€k (B)

Proof. Let EI"(‘“h(B) denote the set of elliptic curves over K of naive height bounded by B and multi-
plicative reduction at p. Then, we have

D, @aw= ), ) am+ ) a.

Eefk (B) la|<2+/qg E€EK (B) EES;‘;““(B)
ap(E)=a

By Theorem 1.1.2, we have that
Ta 1
Z ag (p)| < #EQU (B) < —BY/0 + BY/071/34, (17)
Eegmil(B) q

By Proposition 6.2.2, Proposition 6.2.1 and the proof of Theorem 1.1.3, we have that

T H(a,q) ¢" . )
ag(p) = Z a(K > T_135/6 +0 (q 'H(a, q)B%® 1/3d)
la|<2g E €€k (B) la|<2yg - 4

ap(E)=a
=0+ o(aq—lH(a,q)BS/ﬁ—l/“)

< max {H(a,q)}B>*1/3
la|<2+/q

<. q3/2+eBS/6—1/3d'
This, together with the bound (17), implies the lemma. O

Lemma 6.3.2. Let p C Ok be a prime ideal with norm Nk jo(p) = q such that 2 ¥ q and 3 { q. Then,
we have the following estimate:

EE(PZ) = —KqBS/6 +0 (q1/2+€B% + qu%*ﬁ)’
Ecéx (B)

where the implied constant does not depend on q.
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Proof. Let& ‘,5;"‘”1(3) (resp. E2"'(B)) denote the set of elliptic curves over K with good reduction (resp.
multiplicative reduction) at p and height bounded by B. In this case, we have that

dooaeh= D, D @)+ Y a®).
Ee&k (B) la|<2+/q Ee&‘i""d(B) Eegmit(B)
ay(E)=a

Since ag (p?) = ag(p)? = 1 for all E € EP!'(B), we have, by Theorem 1.1.2, that

_ —1 ¢" i
> @R =#Em(B) = K"? qlqo — B+ 0B =0 (8). s

EcEMIY(B)

In the case that E has good reduction at p, a straightforward computation shows that az (p*) equals
ay(E)? — 2q. Therefore, by Proposition 6.2.2 and the proof of Theorem 1.1.3, we have that

2. 2, @M= ) ) (@(Er-2)

lal<2Vq Eegs”? (B) lal<2vd et (B)
ap(E)=a ap(E)=a
Z (a* - ( H(a 9 _q" — _B%+0 ( “H(a q)BS/6—1/3d))
10 _ ,
la|<2yg q 1
8
= %1 Z azH(tl,Q)—Zq Z H(a,q) B% +0(q2B%—ﬁ)
9" - la|<2yg lal<2vg
_ll(j BS/6+0( 1/2+EB%+qu%_$).
q 1
Observe that
q"° -0k 10
= - — 1 + 0 —
q'0-1 kZ::‘) 4 (@)
Therefore,
> @G =-kgBY0+0 (g B + 2B ).
\angﬁEegl;éoud(B)
ap(E)=a
This, together with the bound (18), implies the lemma. -

6.4. Bounding the average analytic rank of elliptic curves
We now prove our main result.
Theorem 1.1.1. Let K be a number field of degree d. Assume that all elliptic curves over K are

modular and that their L-functions satisfy the Riemann-Hypothesis. Then the average analytic rank
of isomorphism classes of elliptic curves over K, when ordered by naive height, is bounded above by

(9d + 1)/2.
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Proof. By Lemma 6.3.1 and the observation that 5 is supported on the interval [—v, v], we have that

__ 2 log(gv) . +(10g(gy) —
SO B) = BB 24 g, ¢(log(3)) D, a&(m)

vEValo(K) EESK(B)
24qv, 3tqv
<. 2 log(gv) A(log(qv))(le +q3/2+eB5/61/3d)
log(B)#Ek (B) | ) v log(B) /\qv
24qv, 3tqy
< 2 log(gy) (LBS/6+qi/2+eBS/6_1/3d).
log(BY#Ex (B) | 2t~ av \av
qy <BY”
2tqv, 3tqv

By Corollary 5.1.1, we know that #£x (B) = kB> + O(B>/~1/34)_ Using this and the prime ideal
theorem, we have that

2 1 w1 1 + BB/2+e)v-1/3d
S1(¢, B) <e .Og(q ) 4 ?;/2+EB_1/3‘1 < + 19)
1 q
og(B) v eValg(K) qv qv log(B)
qv<B”
24qv, 31qy

By Lemma 6.3.2, we have

_ 2 log(gy) ~(2log(gy) = (>
$20.8) = [ R B ¢( log(B)) 2, @D

2
veva(k) v

Ecéx (B)
24qv, 3tqy
2 log(g+) A(210g(qv))( 5 lye 5 551
= . —kqyBs +O(q: Bé +¢g5Bts73d)]|.
log(B)#Ek (B) VE\;(;(K) g% log(B) v v
z*qu 3*qv

Assuming € < 1/4 and using #£k (B) = «B/® + O(B>/°71/34) we have

$200.8) = (o > log(zcm ' 5(21"%(%))(_% +0(qy/*" + q%B‘”M))
log(B) 93 log(B)
VEVa]()(K)

24qv, 31qv

-2 1 ~[( 21 1 1
" log(B Z 9. '¢( log(ZV)) * O\ iog B Z ( 3/2-€ +1°g(‘1V)B_1/3d)
og( )veValo(K) qv 0g(B) 0g veValy(K) \4v

2tqv, 34qv qv SBV/Z
_ -1 D (vlog(qv) _ log(g,)? ) ‘o (1 +BV/2‘1/3").
log(B) | i)\ 24v qv log(B) log(B)

qv<B?
24qv, 31qv

Arguments using the prime ideal theorem show that

M =log(X)+0(1)

veValy(K) v
qv <X
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and

5 log(gv)* _ log(X)?

> + O(loglog(X)).

veValy(K) qv
qv <X

From this, it follows that

5 (vlog(qv) ~ 10g(61v)2)
2qy qv log(B)

veVal()(K)

qv<B”?

24qv, 3tqv
v 1 log(B¥/%)?

= —(log(B"*) +0(1)) - O (log log(B"/?
3 108"+ 0(D)) = ot | S5+ OCtoglog(B"/%)

V2 v2
(Z log(B) + O(l)) - (§ log(B) + 0(1))

2
) log(B) + O(1).

Therefore,
—¢(0) 1+ Bv/2—l/3d
S2(¢, B) = o
2(¢, B) > loz(B)
Taking v = (3d(3/2 + €))~! and combining the above estimate for S, with our bound (19) for S|, we
obtain
0
5168~ :(0.8) = 22 v 0(1).

Substituting this into (15) and taking the limit superior as B goes to infinity gives the following upper
bound for the average analytic rank of elliptic curves over K:

1 1
—+-=3d3/2+€)+ =,
S t3 B/2+e)+ 5
for any 0 < € < 1/4. Since the limit superior exists, and since € can be taken arbitrarily small, we obtain
the bound (9d + 1) /2. O
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