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1. Introduction. In [3] Gilbert Baumslag asserted that, for non-zeroi integers
@, B, v, 8 such that a + y #0+  + 8, the group G = (a, b:a°bPa?b?) is residually finite
(RF). This result has been quoted in the literature: for example, in [2]. At the “Groups
85" meeting at St. Andrews, the second author learned, indirectly, that Professor
Baumslag could not recall all the details of the rather complicated (unpublished) proof he
had constructed and that he referred those asking for a proof to the present authors. It
thus seems worthwhile formally to record the following fairly short proof of the above
claim.

2. The proof. We first observe that by forming G, = (x: ) *,ss.,G and G,=
G, *p=yerr (y: ), we embed G into the group E = (x, y:x*y®x“y?) where A+ C=
B+ D =(a+ y)(B+ 8)+0. It then suffices to prove E is RF. Without loss of generality
we may suppose that A+ C=B+D>0, that A=B>0and that A=zB=D=C. If we
set y=x"'s we have E = (x, s :x*(x !s)®x (x~'5)?). Since the total exponent sum on x
in the relator is zero, we may regard E as an HNN extension, by (x), of a certain base

group b. o

Suppose, for the moment, that A > B so that D > C. Writing 5; = x'sx™', as usual, we
find that:

(1) fD>0thenA—-B+C-1=0 and

b= (sa-1,54-2,- -, 50841 - -Sa—p-Sa—B+C-15a-B+C—2- - .50)-

Here the associated (free) subgroups are H={(s,_,,...,5;) and K= (545, ..., So).

(2) If D <0 (so that C<0) then B> C +1 and

b= (SA-D <5 84-8+C'Sa-1- - -SA—BS,ZI—B+CSZI—B+C+1- . -S:D,

with associated subgroups H = (s4—1, ..., Sa_g+c+1) and K= (542, ..., Sa-p+c)-

Note that, in each of these cases, the presence in the relator of a single occurrence of
both the generator with the maximum suffix and that with the minimum suffix imply that
H =K. Thus H=K =0 and H is normal in G. Hence G is an infinite cyclic extension of a
finitely generated free group and so is well known to be RF.

Thus we may suppose that A= B and C=D. If A= B = C= D, we have the residual
finiteness of G by Corollary 3 of [1]. Otherwise we have A =B > C =D so that E is an
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1 If any one of a, B, v, 8, is zero G reduces to a group well known to be residually finite.
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HNN extension by (x) of the base group
b>0=<sA—1,---;SO:SA—ISA—2~~-s0~sC—1'~~s0> if C=D>0 or
bo=(Sa_1,---»50,-,5c:85a_1---So.85¢"...571) if C=D<0.

In the latter case, we again have a single occurrence of the maximum and minimum
suffices, showing that b is RF.

Now look at b., The associated subgroups are H=(s,_;,...,s;) and K=
(Sa_2,...,50) and H and K are free on these generators. If we set, for 0<i<A -1,
u;=s;8;_1...50 we find that K is freely generated by {u,_,, ..., uo} and H is freely
generated by

{Ua_qug', ua_oug?, ... uc_qugt, ..., uug'},
hence by

{uzlwg, uasug?, ..., uc_qug’, ..., uug '}
since the relation in b.¢ is u4_ uc—; = 1. Thus H is freely generated by
{(uetiug Y)Y, uaausly oo uc—yug Y, o, ugugt}

={ub_y, usoug’, ..., uug '}
Note that, since s4_; = ucl,ual,, we have H < K = x~'Hx. Thus the normal closure H®
of H in G is the ascending union of isomorphic finitely generated free groups, OO x'Hx'.
=

Now suppose g(#1) is an element of G. If g ¢ HC it is trivial to find a finite
homomorphic image, Gg, of G in which g #1. Thus suppose g € H®. We assume,
without loss of generality, that g € K. Since K is finitely generated and free, there exists a
verbal subgroup V(K) =V, say, of finite odd index in K such that g ¢ V. Consider HV/V.
It is generated by

(Ui Vo uaougV, .. ucoug'V, oo uug'vy
={ucV,uaoug'V, ..., uc_ug'Vv, ..., uug'v}
since uc_,V has odd order. Thus HV/V can be freely generated also by
{uc_i\V,ua,V,...,ug'V, ..., u,V}.

This implies that HV/V =K/V. Thus H/(H NV (K))=K/V(K) = H/V(H). Now clearly
V(HysHNV(K). Since |H/(HNV(K))|=|H/V(H)|<> we deduce that
V(H)=HNV(K).
Let W= V(x~'Hx')= V(O x‘ini) =V(H®). Then W is fully invariant in H®
i=0 i=0
and hence normal in G. Further, W is such that |H®/W|=|H/V(H)| as is easily seen.

Thus gW is a non trivial element in the group G/W which is an infinite cyclic extension of
a finite group and this is RF. This completes the proof.
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