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Abstract

A lattice-ordered power series algebra of a totally ordered field over a rooted abelian group may
be constructed in a way that is arbitrary only in requiring that a factor set be chosen in the field
and an extended total order be chosen on the group modulo its torsion subgroup. The resulting
algebra is a field if and only if the subalgebra of elements with torsion support form a field. It
follows that if the torsion subgroup may be independently embedded in the algebraic closure
of the totally ordered field, or if the resulting algebra has no zero-divisors, then the algebra is a
field. The set of supporting subsets for the power series may be characterized abstractly in such
a way that previous representation theorems of lattice-ordered fields into power series algebras
may be applied to produce representations into power series fields.
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Typically, the objects which are used to represent commutative ordered
algebraic structures are ordered products of totally ordered structures of the
same type. The totally ordered Hahn groups (cf. [8, page 591, [9]) which
represent totally ordered abelian groups, the lattice-ordered Hahn groups (cf.
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[7]) which represent lattice-ordered abelian groups, the Lorenzen representa-
tions (cf. [1, page 26], [3], [12]) of lattice-ordered abelian groups as subdirect
cardinally ordered products of totally ordered abelian groups, and the totally
ordered power series fields (cf. [6], [11], [13]) which represent totally ordered
fields are all examples of such objects. In the noncardinally ordered cases,
the possible supporting sets are restricted in such a way that the appropriate
order may be defined on the remaining elements of the product. With these
examples in mind, a general process for constructing lattice-ordered power
series rings was described in [16], [17] and [18] (cf. [4], [20], [21] and [22] as
well) and was used for representing certain lattice-ordered fields in [19].

The representations described in [19] embed certain lattice-ordered fields
in power series algebras of totally ordered fields over rooted abelian groups.
Obviously the best such representations would embed the fields in power
series fields rather than in power series algebras. The object of this paper is
twofold, first to describe a way of constructing lattice-ordered power series
fields which is less arbitrary than the general method described in [16] and
[17] (and very much a generalization of the concrete examples given in [18])
and second to use this construction to sharpen the representation theorems
of [19].

The paper progresses as follows. The first section lays the groundwork for
the construction by abstractly describing the subsets of the index group which
will support the elements of the power series algebras. The second section
describes the general construction of these algebras. The special case of this
construction which is of primary interest here is arbitrary only in requiring
that a factor set be chosen in the totally ordered field and an extended total
order be chosen on the index group modulo its torsion subgroup. Once these
choices have been made, the supporting sets are precisely those which have
only finitely many elements in any coset of the torsion subgroup and, mod-
ulo this subgroup, are inversely well-ordered with respect to the chosen total
order. The third section characterizes those instances in which these special
power series algebras are fields. Internally the subalgebra of elements with
torsion support must be a field; externally the factor set must arise from an in-
dependent embedding of the torsion subgroup into the algebraic closure of the
totally ordered field. Since each of these special power series algebras comes
equipped with a canonical lattice order, these results determine exactly when
a canonically lattice-ordered power series algebra is in fact a lattice-ordered
field. The fourth section contains two representation theorems derived from
those in [19]. The first is a general one and the second gives three equiva-
lent statements, two of which form the analogue for lattice-ordered fields of
the usual characterization in the theory of lattice-ordered groups of cardinal
sums of totally ordered groups. Specifically, lattice-ordered fields which are
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isomorphic to power series fields all of whose elements have finite support are
characterized as those lattice-ordered fields in which every positive element
exceeds at most a finite number of disjoint elements, no convex totally or-
dered subgroup is bounded, and all the (order) basic elements have positive
multiplicative inverses.

For the basic theory of lattice-ordered algebraic structures, we refer the
reader to the books by Fuchs [8], Conrad [5], Bigard, Keimel and Wolfenstein
[2], and Anderson and Feil [1].

We will use the following notation and terminology without further com-
ment. If G is a partially ordered group, then G* = {g € G | g > 0} and
G  ={g € G| g # 0}. A lattice subalgebra of a lattice-ordered algebra is
a subset which both is a subalgebra and a sublattice. We use N to denote
the natural numbers 1, 2,.... All algebras are associative and have unit
element 1, with subalgebras having the same unit element. Homomorphisms
between algebras preserve unit elements. All fields are commutative.

For use in the sequel, we record the following result from [8].

LEMMA 0.1. Suppose that (T, -, >) is totally ordered abelian group and
that A is an inversely well-ordered subset of (I', >) such that 1 > o for all
a€A. Then \J2, A" is also an inversely well-ordered subset of (', >) and
for each y € T, there are only finitely many positive integers n such that

yed”.

Prookr. This result is exactly what Fuchs proved to prove the lemma on
page 135 of [8].

1. Strongly supporting sets

In general, lattice-ordered power series algebras may be constructed from
totally ordered fields and supporting collections of subsets of rooted groups
(see [16], [17] and [18]). In Section 2 below, we will see that supporting
collections which satisfy an additional condition—the strongly supporting
collections—ensure that the resulting algebra is contained in an algebra which
is defined arbitrarily and which, as we will see in Section 3 below, is fre-
quently a field. In this section, we define and investigate strongly supporting
collections.

Recall first that a partially ordered group (A, - >) is rooted if forall § € A,
[0, 00) is totally ordered and that a subset I' C A is locally inversely well-
ordered if for all y € I', the set {d € I"| § > y} is inversely well-ordered.
Clearly the partially ordered set (2A , €) is a partially ordered semigroup
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with the respect to the multiplication AB = {aff |a € A, f € B}. A subset
X of 2* is than a supporting subset if it satisfies the following conditions,
where 1 denotes the identity of A:

(P,) every element of X is locally inversely well-ordered,
(P,) X contains all the atoms of (2A , 9);
(P,) X is an ideal of the lattice (2A, <);
(P3) X is a subsemigroup of (2A , )5
(Py) X if A,BeX,then {(a, B) € Ax B|af =1} is finite.
For a set A and a set of subsets X C 24 let Cou(X) denote the set of
all countable subsets of elements of X (where “countable” means finite or
countably infinite). A supporting subset X is then strongly supporting if it
satisfies the additional condition:

(P5) if @ # A€ Cou(X), there exists u € 4 such that | J(u '4)" € X.

n=1

Strongly supporting subsets are abundant. To see this, see /W (>) denote
the set of inversely well-ordered subsets of any totally ordered set (A, >).

ProrosiTioN 1.1. If (A,. >) is a totally ordered abelian group, then
IW (>) is a strongly supporting subset of 24,

ProorF. It was shown in [18] that IW (>) is supporting, and by Lemma
0.1, if @ # A € IW(>) and pu is the maximal element of A4, then
U, (u~'4)" € IW(>). The weaker condition (P;) follows immediately.

The next two results describe how to construct strongly supporting subsets
for rooted abelian groups which may not be totally ordered.

First recall that if A, denotes the set of all elements of the abelian group
A which are of finite order, then it is well known [23, page 176] that A,
is a subgroup of A for which the quotient group A/A, is torsion-free. If
(A, -, >) is a partially ordered abelian group with convex subgroup I', we
may define a binary relation > on A/T" by letting

o’ > T if and only if there exists d € A such that ad > 1;
o' >yT" ifand onlyifay T >T.

If T is directed, then it is also well known [8, page 18] that (A/T, -, >) is
a partially ordered group. In the case of rooted groups, we also have the
following.
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ProrosiTION 1.2, If (A, -, >) is a rooted abelian group, then the quotient
group (A/A,, -, >) is a torsion-free rooted abelian group.

PrOOF. If nA, > A,, and yA, > A, then it is easy to see that nyA, > A, .
If nA, > A,, then nt > for some 7 €A,. Since 7 € A,, there exists n € N
such that t" =1, and hence 1 < #"1" = #". Similarly, if A, > A, as well,
then there exists m € N such that : < #~™. Then (#™")™' <1< ™. But
by [19, Proposition 8.2], the set of all elements of A which are comparable
to 1 is a totally ordered subgroup of A; hence n™" =1. Then n € A, and
hence it follows from [8, page 13, Theorem 2] that (A/A,, -, >) isa partlally
ordered group. To see that it is rooted, suppose that nA, < aA,, BA,. Then,
for some 0,7 € A,,1 < an_lr and 1 < ﬂn_la. Since [1, oo) is totally
ordered, we may assume without loss of generality that an_l‘t < Bn'o.
Then 1 < ﬂa‘lar_l and hence A, < ﬂa_lAt , that is, aA, < A, . It follows
that (A/A,, -, >) is a rooted abelian group. As was noted above, it is well
known that (A/A,, -) is torsion-free.

A partial order > on a set A extends a partial order > on A if a> S
whenever a > 8;if (A, -, >) is a partially ordered group, then we say that
> is an extended total order on A if > extends > and (A/A,,-,>) isa
totally ordered group. For any rooted abelian group (A, -, >), by Proposition

2, (A/4,, -, 2) is a torsion-free rooted abelian group, and hence by [5,
page 0.4] (A/A,, -, >) always has at least one extended total order. With
these observations in mind, we will describe in Proposition 1.4 below how to
construct strongly supporting subset for any rooted abelian group.

To prove Proposition 1.4, we need the following lemma. For it and Propo-
sition 1.4, we need the following notation: if (A, -, >) is a rooted abelian
group and 4 € 2, then A/A, = {aA, | @ € 4}.

LeMMA 1.3. Suppose that (A, -, >) is a rooted abelian group and that >
is an extended total order on (A/A,, -, >). Suppose further that B C A is
such that B/A, € IW(>) and A, > BA, forall B € B. If B"NJA, is finite
Jor all positive integers n and all § € A, then [, , B" NJA, is finite for all
dEA.

Proor. By Lemma 0.1, [, (B/A,)"]1 € IW(>) and for all & € A, there
are only finitely many n such that JA, € (B /At)" By way of contradiction,
suppose that there exists y € A such that [U _11NyA, is infinite. By hy-
pothesis, B" N 74, is finite for all n, and hence there exist positive integers

n{l] <n[2] <--- and elements 7, € yA, such that for all i, n,, € Bl
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Then for infinitely many n[i], A, = nnmAt € (B/At)"m. This is a contra-
diction and hence [UJ;, B"]NJA, must be finite for all § € A.

PROPOSITION 1.4. Suppose that (A, -, >) is a rooted abelian group and
that > is an extended total order on (A/A,, -, >). If X(>) is the collection
of subsets A C A such that AJA, € IW(>) and for all 6 € A, ANJGA, is

finite, then X{(>) is a strongly supporting subset of 2.

ProoF. Suppose first that 4 € X(>) but, by way of contradiction, that
A is not locally inversely well-ordered. Then there exists a strictly increasing
sequence @, < a, <a,;<--- in 4. In A/A, this sequence gives rise to the
increasing sequence g,A, < a,A, < @A, < --- in A/A,. It was shown in
[18] that every element of IW(>) is a locally inversely well-ordered subset
of (A/A,, >), and hence there must exist n such that g, A, = q,A, for all
k > n. But then 4Nna,A, contains the infinite set {a,,a,,,,8,,,,.-.},
which contradicts our choice of 4 € X(>). We conclude that (F;) holds for

X(2).

Clearly (P,) holds, and since (4 U B)/A, = A/A, U B/A,, (P,) holds
as well. To see that (P;) holds, suppose by way of contradlctlon that for
some d € A, ABNJA, contains an infinite subset {a,b,, a,b,, a;b,,...}.
Then for all i, a, € b;'6A,. But, for all i, AN b; '5A,, is finite, and hence
(by choosing a subsequence if necessary) we may assume for all i/ # j that
b;'6A, # b;'0A,, that is, that bA, # bA,. Since B/A, € IW(>), this
in turn means that (again by choosing a subsequence if necessary) we may
assume that b A, > b,A, > bA, > ---. The same argument for the g;’s
shows that we may assume that q A, > a,A, > a;A, > --- . But then A, =
a,bA, > a,b,A, = 64A,, a contradiction, and we conclude that (P;) holds.
For (P,), suppose that 4, B € X(>) and observe that by Proposition 1.1,
{(ad,, BA,) € A/A, x B/A, | aB € A} is finite. However, for any a € 4,
there are only finitely many y € A such that yA, = oA, and similarly for
f € B, and hence {(a, f) € Ax B|af €A} is finite. Since 1 € A, we
conclude that (P,) holds.

To see that (P;) holds, suppose that & # 4 € Cou(X(>)) and let u € 4
be such that pA, is maximalin A/A,. Then 2, [(1A,) ™ (4/A)DT" € IW(>)
by Lemma 0.1. But [UX,(u~'4)"1/A, = U2, [(1A,)~ (4/A)1", and hence
to show that 2>, (u~'4)" € X(>), it suffices to show that U2, Mn
04, is finite for all 6 € A. This follows from Lemma 1.3. For since X(>)
satisfies (P;) and (P;), (,u'lA)" € X(>) for all n and hence u_lA/At €
IW(>) and (/flA)" N d4, is finite for all 6 € A. But clearly, since J, =
u_luAt A > ,u_laAt for all a € 4, and hence we may apply Lemma 1.3 to
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' 4 and conclude that [, (1" 4)"1ndA, is finite for all 5 € A.

Having established in Proposition 1.4 that every rooted abelian group gen-
erates a strongly supporting collection, we now turn our attention to deter-
mining whether an arbitrary strongly supporting collection might be related
to a collection of the form described in the proposition. We first note some
basic facts about arbitrary strongly supporting collections (Propositions 1.5
and 1.7 and Corollaries 1.6 and 1.8) and then use them to prove (Proposition
1.9) that strongly supporting collections may be characterized as those sup-
porting collections which are subcollections of strongly supporting collections
of the form described in Proposition 1.4.

ProPoOsSITION 1.5. If (A, -, >) is a rooted abelian group, if X is a strongly
supporting subset of 2, and if A€ X, then A has only finitely many elements
of finite order.

PROOF. Let 4, denote the set of elements of A which are of finite order,
and by way of contradiction, suppose that 4, has infinitely many members.
Then A, has a countably infinite subset C,. By (P,), C, € X, and hence

by (P,), there exists 7 € C, such that |J2°,(t7'C,)" € X . Note that since
7 € C,, 7 has finite order so that each element of 77! C, also has finite order
and hence has its inverse in U;’;l(r_lct)" . But since C, is infinite, ! C,
is infinite, and thus

{(a, B) et 'C, x G(r“c,)” |af = 1}
n=1

is also infinite. Since by (P,) and (F;), r“lCt € X, that the above set is
infinite contradicts (P,).

The following stronger result follows immediately from Proposition 1.5.

X is a strongly supporting subset of 28, If Ac X and n €A, then ANnA,
is finite.

COROLLARY 1.6. Suppose that (A, -, >) is a rooted abelian group and that

PrOOF. By (P,) and (P;), n'd = {n_l}A € X, and thus, by Proposition
1.5 n7'4n A, is finite. It follows that AN nA, is finite.

By Proposition 1.1, for a totally ordered abelian group (A, -, >), the set
IW(>) of inversely well-ordered subsets of (A, >) is a supporting subset
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of 2*. The next result and its corollary describe how a strongly supporting
collection generates an extended total order on the quotient group A/A, in
such a way that the elements of the strongly supporting collection, modulo
A, , are all inversely well-ordered with respect to the extended total order.

We need the following additional notation for Proposition 1.7 and its
corollary. For a rooted abelian group (A, -, >) and a supporting subset
X C 2%, welet X/A, ={A/A | A€ X}.

ProrosiTiON 1.7. If (A, -, >) is a rooted abelian group and X is a strongly

supporting subset of 2%, then there exists an extended total order ¥ on
(A/A,, -, >) such that X[A, CIW ().

PROOF. Define > on A/A, as follows:

nA, = A, ifandonlyif (1,7 ", 0" %, 17>, ...} eX;

t t

. . —1
YA, =14, ifandonlyif yn A, =A4,.

To see that » is well-defined, we need to show that if {1, 17_1 , 77_2 , n“3 ,
...}€X and t€A,, then {1, ()", (1) 2, (1) >, ...} e X . If nEA,,
then {1, (n7)~", (n7)™%, (n7)~>, ---} is finite and hence by (P,) and (P,),
{z, (nr)_1 , (m)_z, (7]1)_3, ...} € X. Sosuppose that ¢ A,. By (P,) and
(P)), {1,nt} € X; by (P, either {1, (7)™, (1), (y1)>,...} € X
or {1,n7, (r]t)2 , (nr)s, ...} € X. However, since 7 has finite order and
n does not, {1, nt, (rrc)2 , (171)3, ...} must contain an infinite subset of
{1, n, nz, 113, ...}, and hence

(e, Bye{t,nt, ), ), 3 (i, on ™, eB =1}

must be infinite. It follows from (P,) that {1, 7, (n‘t)z, (nr)s, ..} ¢ X,

and hence that {1, ()", (nr)_z, (rrc)_3 , ...} € X. We conclude that 3>
is well-defined.

To see that (A/A,, -, ) is a totally ordered group, suppose first that
n4a,, A, > A,. "ll"hen {1,217_1, ”—2’ r]_3, A y_l, y_z, y_3, ...}eX.
. - - -3 -1 -2 - -1
Since {1, (1)™, (1), (1) 5} € LT L T
4 » Y ,"'}9{11(’”}) ,(m’) 9('”)) ,..-}Gbe (P2) and (P3) and
thus WAi >A,. If nA, > A, and n—lAt > A, ,then {1, n', n"z, 71_3, b

{1, ryl, n, n3, ...} € X, and hence by (P,),

(e, el n,n o, yx{,n 007, L} aB =1}
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must be finite. But then {i, 7, n2 , r]3 , ...} must be finite, that is 7 € A,
and thus 7A, = A,. If a,v € A, then by (P), (P,), and (F), ei-
ther {1, (av™)™", (@™ )2, (@™, ...} € X or {1, ", (™",
(ou/_l)3 ,-.-} € X. In the former case, aA, > vA,; and in the latter case,
vA, > oA,. We conclude (cf. [8, page 13]) that (A/A,, -, =) is a totally
ordered group.

To see that > extends >, suppose that oA, > vA,. Then av 't > 1
for some 7 € A,, and hence 1 < av 't < (oa/_l‘c)2 < (cw—l‘r)3 <---. But
then, since 7 € A,, there exists n € N such that 1 < (av ™' < (ar™H?" <
(au_1)3" < ..., and thus, since the elements of X are locally inversely
well-ordered, {1, (av™')", (av™")*", ("), ...} ¢ X. By (P,), this im-
plies that {:, av™!, (au_1)2, (au_l)3, ...} ¢ X and hence, by (P), that
{t, ™™ (@™, (@™, ...} € X. It follows that oA, > vA, and
thus that » extends >.

We show last that X/A, C IW(3=). Suppose by way of contradiction that
¥ C A/A, for some 4 € X but that y ¢ IW(>). Then there exists an
infinite strictly increasing sequence - = w,A, = ¥, A, in ¥. Since ¥ C
A/d,, for every element WA, € ¥, there exists a € 4 such that A, = yA,,
and hence by (P,) we may assume that P = {y,, ¥,, ...} € Cou(X). By

(Ps) there exists u € P such that U:';l(y_lP)" € X. If y €¢ P and
t//ku_l ¢ A,, then

{<a, Bye Jw™ '™y < {1, my " (v, (ww )L .Y B = ,}
n=1

is infinite, and hence by (P,), {1, ;u//k—l , (ut//k_l)z, (;uyk'l)3, ...} ¢ X.
Then by (Py), {1, mwy )™ (w72 (), Y e X If g, € P
and yu~' €A, then {1, (uo™")™", (uo™")7?, (we™"), ...} is finite and
hence is in X by (P,) and (P,). In both cases, we must have uA, > y A,
for all y, € P. But then the sequence y,A,, ¥,A,, ... cannot be strictly

increasing. This is a contradiction and therefore we conclude that X/A, C
IW (%),

CoROLLARY 1.8. If (A, -, >) is a rooted abelian group and X is a strongly

supporting subset of 22 then X /A, is a strongly supporting subset of 2(8/4.722)

Proor. By Proposition 1.7, » extends > and (A/A,, -, ) is a totally
ordered group. As we observed in the proof of Proposition 1.4, every element
element of JW(>) is a locally inversely well-ordered subset of (A/A,, >).
Therefore, since X/A, C IWI(3>) by Proposition 1.7, X/A, must satisfy
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(Py). Clearly X/A, satisfies (P,) and (P;). To see that X/A, satisfies
(P,), note that, if ¥ C 4/A, for some 4 € X, then § = {a € 4|al, €
¥} € X and ¥ = S/A, so that ¥ € X/A,, and that, if 4, B € X, then
A/A,UB/A, = (AU B)/A, € X/A,. Tt is well-known (cf. [4] and [13]) that
any pair of inversely well-ordered subsets of a totally ordered group satisfy
(P,). Since (A/A,, -, >) is a totally ordered group and X/A, C IW(3=) by
Proposition 1.7, it follows that X/A, satisfies (P,). Since, forany a € 4 €
X, [Un=1%@"'4)"/A, = U2, (aA) " (4/A)]", it follows X/A, satisfies
(Py).

Finally we note that, as a consequence of the results above, every strongly
supporting collection is contained in a collection of the form described in
Proposition 1.4.

ProPOSITION 1.9. If (A, -, >) isarooted abelian group and X is a strongly

supporting subset of 2% then there exists an extended total order = on
(A/A,, -, 2) such that X C X(¥%).

Proofr. This result follows immediately from Proposition 1.7 and Corol-
lary 1.6.

According to Proposition 1.4, every rooted abelian group has a supporting
collection of the form X (3=), and according to Proposition 1.9, every strongly
supporting collection is contained in a strongly supporting collection of this
form. This raises the question whether there are any strongly supporting
collections not of the form X (3=). The collection of finite subsets is certainly
supporting. However, if the group is torsion, then this collection is clearly
of the form X(3), and if the group has even one element of infinite order,
then this collection is not strongly supporting (cf. the proof of Proposition
4.4 below). In spite of this, however, there do exist strongly supporting
collections which are not of the form X(3=). One of these is described in the
next example.

ExampLE 1.10. Let (A, -, >) be a totally ordered group which contains an
uncountable inversely well-ordered subset and consider X = Cou(IW(>)).
Since A is totally ordered, the only extended total order on A/A = A is
> itself and X(>) = IW(>). Therefore, since X # IW(>) be our choice
of A, X # X(%) for any extended total order > on A/A,. But X clearly
satisfies (F,), (P,) and (P,); since the product of countable sets is certainly
countable, X satisfies (P,); since X is contained in the set /W (>) which
satisfies (P,) by Proposition 1.1, X satisfies (P,); and finally, since the set
IW(>) both contains X and satisfies (P;) and since the countable union
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of countable sets is countable, X satisfies (P;). Thus, X is a strongly
supporting collection which is not of the form X(3=) for any extended total
order > on A/A,.

2. Power series algebras

We first recall the general construction of power series algebras over a
totally ordered field.

Let (A, -, >) be a rooted abelian group with identity z, let X be a sup-
porting subset of 2% andlet G bea totally ordered field. Form the product
[I,7T;for c€A and reL,let @, 7 €[], be the vectors

_ 1 ifd=c _ r ifd=1
qo{lifiza o _frise
0 otherwise, 0 otherwise;
let A={@|a€A}. For ve[],T,let Supp(v) = {6 € A|v; # 0} denote
the support of v and let ,[], T denote the set of all vectors v € [I, T such
that Supp(v) € X . Define addition on ,J], T coordinatewise:

(u+v); =us+v;

define multiplication on xH A T via convolution:

Zrﬂaﬂ’

aff=0
where {r, ,} € T is a factor set:

(@) r, . B >O forall a, BeA;

(b) r aﬂyaﬂ To 878y forall a, B,y €A;

(c) rs, —"5 forall § €A;

(d) T =78.a forall o, €.
The resulting structure, (][, 7, {r,, ﬂ} , +, ), is a commutative ring with
7 =1 as the multiplicative identity (cf. [4], [5], [13], [16], [20], [21], [22]).
With the pointwise scalar multiplication: (fu); = tu; forall t € T, u €
xI[s7T and 6 €A, (4], T, {1, 4}, +, ) is clearly a commutative algebra
over T.

If ue,J[,T and o € Supp(u), then, since Supp(u) is locally inversely
well-ordered, there is a maximal element u € Supp(u) such that u > o. We
may thus define a binary relation > on ,[[, T as follows:

u >0 if and only if u > 0 for all maximal elements u € Supp(u);

u>vifandonlyifu—v > 0.
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The resulting structure, ([], T, {r, ﬂ} , ++, >), is a commutative lattice-
ordered algebra over T, where forall u € ,J[, T

(v 0) { us if u, >0, where u > J is maximal in Supp(u)
U =
g 0 otherwise.

(See [4], [5, Page 0.12], [9], [13], [16], [17]), [18], [19], [20], [21], [22]. When
Ribenboim’s convolution rings [20], [21], [22] are based on a group, they
are a special case of this construction; he requires the supports to be locally
inversely well-ordered and to have no infinite disjoint subsets.) If (A, >) is
trivially ordered, that is, if @ = 8 whenever « > f#, > is the pointwise order
on ,J[,L,and hence forall ue€ ,J[, L, (uVO0);=1u;Vv0 (cf. [2], [5], [8D-

The construction given above is very general and, because of the necessity
of choosing a supporting collection, somewhat arbitrary. To describe less
arbitrary cases of this construction, suppose that (A, -, >) is a rooted abelian
group and that T is a totally ordered field.

(A) If F denotes the collection of finite subsets of A, then clearly F
is supporting. Since the elements in the resulting power series algebra are
precisely those vectors with finite support, a power series algebra determined
by F is denoted by (Z,7, {r, 4}, +, ).

(B) If > is a total order on A, then by Proposition 1.1 IW(>) is a
strongly supporting subset, and hence, for any factor set {f, ﬂ} CT, we
may use it to form a lattice-ordered power series algebra, usually denote

> I, T, {ta’ﬂ} , > >). It is well-known (cf. [13] and [8, page 137,
Theorem 10]) that the resulting structure is a totally ordered field.

(C) In [18], it was shown how to construct a lattice-ordered power series
field over a torsion-free rooted abelian group. This process may be generalized
to an arbitrary rooted abelian group (A, -, >) as follows. By Proposition
1.2, (A/A,, -, >) is a torsion-free rooted abelian group and hence has an
extended total order »>. By Proposition 1.4, this total order generators a
strongly supporting collection X(3=) C 2%. For any factor set {r, } crT,
we may thus form a lattice-ordered power series algebra, usually denoted by

GIIA T, {2, g}> > 2). Note that there is no ambiguity in notation between
(B) and (C). For if (A, -, >) is totally ordered, then » must coincide with
> (cf. Example 1.10) and , [], 7 must coincide with > [, T

We first observe that any lattice-ordered power series algebra generated
by a strongly supporting collection is contained in an algebra of the form
described in (C).

ProrosITION 2.1. If T is a totally ordered field, if (A, -, >) is a rooted

abelian group, and if X is a strongly supporting subset of 2%, then there
exists an extended total order = on (A/A,, -, >) such that for any factor
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set {t, s} ST, (45> T, {t, g}, +, > 2) is a convex lattice subalgebra of
(pHAT’ {ta,ﬁ}’ +,5 0, Z)

Proor. This is an immediate consequence of Proposition 1.9 and the
properties of strongly supporting subsets.

If A is a torsion-free, then a lattice-ordered power series algebra of the
form ( I, 7, {ta’ﬁ}, +, -, >) is just the usual power series field as de-
scribed in (B) with a lattice order rather than the usual total order. This
process was described in detail in [18], where it was also shown how to vary
the construction to create examples of lattice-ordered fields in which 1 # 0.
The other extreme case occurs when A is torsion. In that case, the power
series algebra must be of the form } , T'.

PROPOSITION 2.2. If T is a totally ordered field, if (A, -, >) is a torsion
rooted abelian group, and if X is a strongly supporting subset of 2%, then for

any factor set {ta,ﬂ} CT, (I, T, {ta,ﬂ}, +,,2)=0QT, {ta’ﬂ}, +, -,
>).

Proor. By (P,), >, T € ,II, T, and by Proposition 2.1, there exists an
extended total order > on A/A, such that ,J[,7 €, [, 7. It therefore
suffices to show that , J], 7' C 3, T'. But, by definition, since A is torsion
X (%) is precisely the set of finite subsets of A, and hence in fact, [ [[, T =

Y, 7.

3. Power series fields

To this point, we have considered the structures , [[, T as algebras;
we now want to consider them as fields. Our object in this section is to
determine when power series algebras of the form (_[][, 7, {¢,, ﬂ} , +50)
are fields and thus when lattice-ordered power series algebras of the form
(IIaT. {2, g}, +,-, 2) are lattice-ordered fields. We begin by consider-
ing the elements with torsion support.

We first note that such elements are algebraic over 7. For the proof of
this result, we use the notation o{a) to denote the order of the element o
of the group A.

PROPOSITION 3.1. Suppose that T is a totally ordered field, that {1, ﬂ} cT

is a factor set, that (A, -, >) is a rooted abelian group, and that = is an ex-
tended total order on (A/A,, -, 2). If TI,T|,={v e II,T |Supp(v) C
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A}, then _TIT/, is a convex lattice subalgebra of [, T which is alge-
braic over T .

ProoF. Clearly , [], 71, isa convex lattice subalgebra of | J], . Observe

that forany a € A andany n>0,@" = ta,a-- Ly o 1?. Thus, if T€A4,,
then 7 is a root of the polynomial x°® _ t, t(’ € T[x] and hence T
is algebraicover T. If v € _ [, T|,, then Supp( ) is finite by definition of

X(%), and hence v is a finite linear combination of elements of the form

7. It follows that v is algebraic over T .

We note next that when an index group is torsion, we are really dealing
with only one power series field.

ProProsITION 3.2. Suppose that T is a totally ordered field, that {z, ﬂ} cT
is a factor set, that (A, -, >) is a rooted abelian group, and that > is an
extended total order on (A/A,, -, >). Then ?HA T|, =Y,T. If Ais
torsion, then [, T=3%,T l

Proor. This result follows from Corollary 1.6 and Proposition 2.2.

By Proposition 3.2, the following two resuits characterize both those sit-
uations in which [I, T is a field for a torsion index group A and those
in which ,_ [[, 7', is a field for an arbitrary index group A. The first result
(Proposmon 3.3) determines when a given power series algebra over a torsion
index group is a field; the second (Proposition 3.4) determines when, for a
given torsion group and totally ordered field, there exists a factor set allowing
the construction of a power series field.

For the results which follow, we need the notation F“ for the algebraic
closure of a field F.

PROPOSITION 3.3. For a totally ordered field T, a factor set {t, ;}C T,
and a torsion abelian group A, the following statements are equivalent
(1) (AT, {1, g}, +,) is a field,
(1) (AT, {t, g}, +:) has no zero-divisors
(iii) there exists a one-to-one function i: A — T such that
(1) {i(z) |t € A} is a linearly independent subset of T* over T ;
(2) forall ¢, €A, t, = i(0)i(v)i(c1)”"

ProoF. By Propositions 3.1 and 3.2, >°, T is an algebraic over T. It is
well-known (cf. [10, page 8, #VII}) that in this case, (i) is equivalent to (ii).
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(1) = (iii). Since A is a rooted abelian group with respect to the trivial
order, Proposition 3.1 allows us to define a map i: A — T°° by letting
i(r) =7. Clearly {T |7 € A} is a linearly independent subset of >, T over
T and hence of T over T. As well, i(1))=7=1, and for 6, T €A,

i(0)i(1)i(ot)” ' = o707 | = ta,tﬁﬁ_l =1, .-

(iii) = (ii) Since {t, ,} is a factor set, we may form the lattice-ordered
power series algebra (3, T, {t, 4}, +, -, >). Define I: 3, 7 — T* by
letting I(a,@, +---+a,a@,) = a,i(a;) +--- +a,i(a,). Clearly I preserves
addition and scalar multiplication, and since

I@y) = I(t, ,a7) = t, 4i(ay) = (@)i()i(ay) " i(ay) = (a)i(y) = [@I(7),
I also preserves multiplication. By (1), I establishes a one-to-one ring-
homomorphism from Y, T into T”. But, since 7° is a field, it has no
divisors of zero, and therefore ), T has no divisors of zero.

ProrosITION 3.4. For a totally ordered field T and a torsion abelian group
A, the following statements are equivalent .
(i) there exists a factor set {t, ,} C T suchthat (3, T, {t, g}, +) is
a field;
(ii) there exists a one-to-one function i: A — T** such that
(1) {i(z) | T € A} is a linearly independent subset of T® over T ;
(2) moi:A— T*T" is a group-homomorphism, where n: T** —
T®*/T* is the canonical epimorphism.

PrOOF. (i) = (ii). Let i: A — T*" be a function satisfying the conditions
of Proposition 3.3 (iii). Those conditions state that i is one-to-one and (1)
holds. To see that (2) holds, observe that

i(0)i(0)T" = i(0)i(v)i(a1) i(et)T" = t, (DT  =i(e)T".
(ii) = (i). For 0, 7€A,let t, = i(@)i()i(er) " i()™". By (2), {t s} S
T ; we claim that {z, .} is a factor set. By (2), t,,>0and ¢z, ,=1=¢
and since T is commutative, ¢ _ =¢ . Finally,

a,y — y,a

(IS

by ola,y = i(a9)i(0)i(aya) ™ i)™ i(@)i(2)i(ar) ™ i)'
= i(a)i(ay0) ™ i) i(Mi(@)i)

i(@)i(y0)i(ara) ™ i) iWI@)i(ra) T W) =1, Lty -
Therefore {¢, ,}1sa factor set and that (ii) implies (i) follows immediately
from Proposition 3.3.

Our next step is to show that the above results characterize the fields
» [Ia T is the sense that _ [, T is a field whenever ,_ [], T, is a field.
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PROPOSITION 3.5. Suppose that T is a totally ordered field, that {t, ﬂ} cT
is a factor set, that (A, -, >) is a rooted abelian group, and that % is an

extended total order on (A/A,, -, >). Then ST isa field ifand only if
» 1a T, is a field.

ProOOF. By Proposition 3.1, - I1, T, is an algebraic subalgebra of - [I.7,
and hence if | [[, T is a field, then _ [], 7/, must also be a field.

Conversely, suppose that - [I,T/, is a field and let 0 # v € - I, T.
Then there exist u € A, a € _[[,T/,, and v~ € _[I,T such that
v=afi(l+v”) and for all é € Supp(v "), A, - 64, . Observe firstly that by
Lemma 0.1, [U;2, Supp(v™)"1/A, = Use,(Supp(v™)/A,)" € IW(3) and for
all 6 € A, there exist only finitely many » such that A, € Supp(v™ )"/A,.
Observe secondly that by (P;), Supp(v™)" € X(3») for all n and hence
that Supp(v™)" N 04, is finite for all n and all 6 € A. Then by Lemma
1.3, Uy, Supp(v™)"1Nn 04, is finite for all 6 € A, and we conclude that
Use, Supp(v”™)" € X(3). As well, if y € Supp(v™)" for some n, then
YA, € Supp(v»”™)" /4,, and hence for all y € A, there exist only finitely
many n such that y € Supp(v™)". We conclude that 372 (—v"~)" is
well-defined and is an element of » [14 T and hence that (1+ v” )"l exists

[1,T/, and hence in ], 7.

in II, T. By hypothesis, a”! exists in

?
Clearly (t”’#_l)_l,u_l €, [IT and hence u
-1 —1——1 ~y—1
that v =a 7 (1+v7) €, [, T.

exists in , [, 7. It follows

We are now in a position to characterize those power series algebras of the
form (_II, T, {t, 4}, +, ) which are fields and thus those lattice-ordered
power series algebras of the form (_[], 7', {¢, gl s >) which are lattice-
ordered fields. As above, our characterization is phrased in two ways: the
first (Corollary 3.6) describes when a given power series algebra is a field; the
second (Corollary 3.7) describes when, for a given group and totally ordered
field, there exists a factor set allowing the construction of a power series field.

COROLLARY 3.6. For a totally ordered field T , a factor set {t, st €T, an
extended total order = on A[A,, and a rooted abelian group (A, -, >), the
following statements are equivalent :

1) GILT, {ta,ﬂ}’ +, ) is a field,
(i) (IIATI,, {t, g}, +, ) has no zero-divisors;
(iii) there exists a one-to-one function i: A, — T*" such that
(1) {i(r)| T €A,} is alinearly independent subset of T over T ;
(2) forall o,T€A,, t, . =i(0)i(r)i(ar)™" .
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Proor. The equivalence of these statements follows immediately from
Propositions 3.2, 3.3, and 3.5.

COROLLARY 3.7. Suppose that T is a totally ordered field, that (A, -, >) is
a rooted abelian group, and that = is an extended total order on (A/A,, -, >).
Then the following statements are equivalent :

(i) there exists a factor set {t, ,} C T suchthat (_II,T,{t, g}, +.")
is a field;
(ii) there exists a one-to-one function i: A, — T* such that
(1) {i(x) |t €A} is alinearly independent subset of T over T ;
(2) moi:A,— T*/T" isagroup-homomorphism, where n: T*" —
T®*|T* is the canonical epimorphism.

Proof. The equivalence of these statements follows immediately from
Propositions 3.2, 3.4, and 3.5.

A final application of Proposition 3.5 is the following.

CoRroLLARY 3.8. Suppose that T is a totally ordered field, that {1, ,} C T
is a factor set, that (A, -, >) is a rooted abelian group, that = is an extended

total order on (A/A,, -, >), and that X is a strongly supporting subset of 24,
If yII\T isafield thensois [, T.

ProoF. By Corollary 1.6 and (P,) and (P,), ., [I, T, is a subalgebra of
x 14 T'; by Proposition 3.1, all the elements of > [1, T, are algebraic over
T. Since ,[], T is a field, it follows that - [1, T, is a field and hence, by

Proposition 3.5, that ,_ J[, 7 is a field.

4, Embeddings of lattice-ordered fields

Any lattice-ordered field L in which 1 > 0 has a unique maximal totally
ordered subfield M(L). There are several different proofs of this—see [14]
(cf. [15]), [24], and [19]. In [19], the embeddability of L in a power series
algebra over M (L) was characterized in over twenty different ways. One of
those ways is given in the first result below.

To state this result, recall the following terminology and notation (cf. [2]
and [5]). An element b of a lattice-ordered group G is basic if 0 < b
and [0, b] is totally ordered; if every positive element of G exceeds a basic
element, then any maximal disjoint set of basic elements of G is called a
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basis for G and G is said to have a basis, the set of basic elements of any
lattice-ordered group G is denoted by B(G). (Note that since a basis for
a lattice-ordered field in the sense defined above need not be a basis of the
field as a vector space over some subfield, this terminology is ambiguous to
a certain extent. In the sequel, we will avoid this ambiguity by using the
word “basis” exclusively in the order-theoretic sense defined above.) For any
SCG,S ={z€G||z|Als| =0 forall s € 5};if g € G, then g~ = {g}*.
If G hasabasis B andif g € G,then B(g) = {b e B|gAb #0} = Bng**.
An element ¢ of a lattice-ordered field L is said to be totally positive if both

O<tand 0<t !,

PROPOSITION 4.1. For a lattice-ordered field L in which 1 > 0, the follow-
ing statements are equivalent.

(i) There exist a rooted abelian group (A, -, >), a supporting subset X
of 2%, a factor set {m, s} € M(L), and a one-to-one homomor-
phism A: L — (I, M (i) , {m,, ﬂ} , +,+, >) of lattice-ordered alge-
bras over M(L) such that A(L) contains A.

(ii) The basic elements of L are totally positive; there exists a basis B
of L such that b~ is unbounded for all b € B ; and for all positive
elements u,v of L, B(uv) C (B(u)B(v))Ll and {(a, c) € B(u) x
B(v)|ace lll} is finite.

ProoF. This result follows from [19, Proposition 7.2]

One obvious question raised by this result is when the algebra of condition
(i) is a field. Using the results of Section 3, we have the following partial
answer to this question.

PROPOSITION 4.2. Let L be a lattice-ordered field in which 1 > 0, and
suppose that L satisfies the following conditions: the basic elements of L are
totally positive; there exists a basis B of L such that bt is unbounded for
all b € B ; for all positive elements u,v of L, B(uv) C (B(u)B(v))ll and
{(a, ¢) € B(u) x B(v) | (ac)** = lll} is finite; and if C is a countable
subset of B(u) for some u € L, then there exist ¢ € C and v € L such that
U:';l(c_lC )" € B(v). Then there exist a rooted abelian group (A, -, >),
an extended total order > on (A/A,, -, >), a factor set {m, gt S M(L),
and a one-to-one homomorphism A: L — (_[[,M(L), {m, z},+,-,2) of
lattice-ordered fields such that A(L) 2 >, M(L).

ProoF. By Proposition 4.1, there exist a rooted abelian group (A, -, >),a
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supporting subset X of 2*, a factor set {m, g} € M(L), and a one-to-one
homomorphism A: L — (][, M(L), {ma, ﬂ’}, +, -, >) of lattice-ordered
algebras over M (L) such that A(L) contains A. Note that by [19, Proposi-
tion 3.5], if M(L)"={z€ L|0<s<z<t forsome s,t € M(L)}, then
M(L)" is a convex subgroup of B(L), and that by [19, Theorem 7.1} and
its proof, we may assume that A = B(L)/M(L)‘ and that X is the set of all
A C A for which there exists 0 < u € L such that A C {bM(L) | b € B(u)}.
However, the final condition on L clearly implies that X is strongly sup-
porting and hence by Proposition 2.1 that there exists an éxtended total order
» on (A/A,, -, 2) such that (, [, M(L), {m, 4}, +, -, >) is a convex lat-
tice subalgebra of ([, M(L), {m, B } +, - >) We use Corollary 3.6 to
complete the proof. By Proposition 3.1, if 7 € A, then T is algebraic over
M(L). This we may define i: A, —» M(L)*" by letting i(r) =7. Since A is
one-to-one, i is one-to-one and clearly {i(t) | 7 € A,} is linearly independent
over M(L). As well, for 6,7 €A,,

-1

i(a)i(r)i(at)—lz‘aT&?_1=t FI0T =t

a,t’

70
It follows from Corollary 3.6 that ([, M(L), {m, ,}, +, -, 2) is a field.

The additional condition in Proposition 4.2 is unwieldy and inelegant,
and for this reason it would be best if it could be eliminated. Proposition 4.4
and Corollary 4.5 below go a step in this direction by showing that the other
conditions do indeed imply a similar, albeit weaker, version of the additional
condition.

LeEMMA 4.3. Let T be a totally ordered field, let {ta, ﬁ} C T be a factor
set, let (A, -, >) be a rooted abelian group, and let X be a supporting subset
of 2. Ifec A and u= (148" existsin (4TI, T, {t, 4}, +. "> 2), then

either {1, ¢, & ..} C Supp(u) or {1, ¢ “oeT!, e, ...} € Supp(u).

ProoF. If e =1, then ¥ =1/2 and {1,8,82,...}={1,e_',s’2, )=
{1t} = Supp(u). Suppose ¢ # 1. Since | = u+ug, 0 # 1, = u, +u
and hence u, # 0 or u,-1 # 0. If u, # 0, then, since 0 =1, = u, +

su, #0. Repeating this proof n times shows that u. # 0, and hence
that {z €, e, .. -} C Supp(u) . On the other hand, if u -, # 0, then, since
0=1,-1 =u-1+u-2, u-—#0. In this case, repeatlng the proof n times

shows that u,-» # 0, and hence that {1, e !, g2 » --+ } € Supp(u).

ProrosITION 4.4. Let T be a totally ordered field, let {t, ;} C T bea
factor set, let (A, -, >) be a rooted abelian group, and let X be a supporting
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subset of 2°. If (GIIL T, {t, s}, +, 5, 2) is a field and ® C A has at most
two elements, then there exists ¢ € ® such that |- (p"ld)) €eX.

Proor. If @ has one element, then |J7( 'ld))" ={i}eXx. f ®=
{7, n} and e=yn~ ", then {3~ qfl(l)) ={1,e,&,...} or Une ( (o~ '®)"
= {1, e !, 6_2, ...}. Since XHAT is a field, there exists by Lemma 4.3
u € 41, T such that either {1, ¢, 82, ...} C Supp{u) or {1, 8_1,8_2, ...}
C Supp(u) . Proposition 4.4 then follows immediately from (P;).

COROLLARY 4.5. Let L be a lattice-ordered field in which 1 > 0, and
suppose that L satisfies the following conditions: the basic elements of L are
totally positive; there exists a basis B of L such that b is unbounded for
all b € B; and for all positive elements u,v of L, B(uv) C (B(u)B(v))LL
and {(a, c) € B(u) x B(v) | (ac)** = 111} is finite. If F C B has at most
two elements, then there exists v € L and m € F such that |J,. ,(m~ 'Fy ¢
B(v).

ProoF. The corollary follows from Proposition 4.4 and {19, Theorem 7.1]
and its proof.

Corollary 4.5 indicates that the final hypothesis of Proposition 4.2 is in
general too strong, if not redundant. If L is algebraic over M (L), then our
final result shows that we can dispense altogether with this hypothesis and
several others as well. In fact, the equivalence of (i) and (ii) below shows that
the structure theorem for lattice-ordered groups [5, page 3.27] carries over
to lattice-ordered fields with only one additional hypothesis, namely, that the
basic elements be totally positive. Note that if L is finite-dimensional over
M(L), then it is certainly algebraic over M (L), and hence the following
result generalizes [19, Theorem 10.1]. Recall that a set of positive elements
{g,} of alattice-ordered group G is disjoint if 0 = 8,M8s Whenever a # B.

PROPOSITION 4.6. For a lattice-ordered field L in which 1 > 0, the follow-
ing statements are equivalent.

(i) There exist a trivially ordered torsion abelian group (A, -, >), a fac-
tor set {ma,ﬂ} C M(L), and an isomorphism A: L — (5, M(L
{m, ﬂ} , +, - >) of lattice-ordered fields.

(ii) The basic elements of L are totally positive; no convex totally ordered
subgroup of L is bounded; and each positive element of L exceeds
at most a finite number of disjoint elements.
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(iii) The basic elements of L are totally positive; L has a basis B ; for all
positive elements u,v of L, {(a, c) € B(u) x B(v) | (ac)** = 14}
is finite; and L is algebraic over M(L).

ProOOF. By Propositions 3.1, 3.2 and 4.1, (i) implies (iii).

(iii) = (ii) . By hypothesis, the basic elements of L are totally positive; by
[19, Proposition 4.4], no convex totally ordered subgroup of L is bounded.
To see that each positive positive element of L exceeds at most a finite
number of disjoint elements, we make the following observations.

(1) If b € B, then there exists n such that B, b" € M(L). For since b is

algebraic over M(L), there exist B, € M(L) such that ,Bkbk + ﬂk_lbk_1 +

-+ B,b+B,=0. Then B, b* + 8, ' +...+ B b=—p, € M(L) and
hence 8,b" € M(L) for some n. It follows that " G M(L).

(2) If 1<ueL and i > 0, then B(u)DB(u ). For if B € B(L) is
such that b < u'~", then b < bu < u'

BIf1< u € L, then there ex1sts n > 0 such that for all ;i > n,
B(u’) = B(u" ) For since u is algebraic over M(L), there exist n > 0
such that for all i > n, there exist Vs U; € M(L) such that ' +

- l
v,_ U~ '+ tw (U+v,=0. Then u'=-v,_ 1u' 1—--.—-1)0,andhenceby

(2), B( He Uk=0 B(u*) = B(u'™"). It follows that B(u") cBWHc---c
B(u"™"). By (2), we must have B(u') =B(u'~')=---= B@u""").

AHIf 1< u e L, then there exists # > O such that {b' | b € B(u)
>0} CB(u ) IfbeB()1ssuchthatb<uandz>0 then o' < u',
and hence {b' | b € B(u), i > 0} C [UZ, B@u")I**. Observation (4) then
follows from (3) above.

Now suppose by way of contradiction that 0 < v € L exceeds an infinite
number of disjoint elements. Then ¥ = v+1 also exceeds an infinite number
of disjoint elements and hence B(u) is infinite. Then by (1),

{(c,d)e Bu)x [{b' |beB(u),t>0}""NBl|cde 1™}

is infinite, and hence by (4) there exists » > 0 such that {(c, d) € B(u) x
Bu")|cd € 11"} is infinite. This contradicts the third hypothesis of (iii),
and hence we conclude that every positive element of L exceeds at most a
finite number of disjoint elements.

(ii) = (i). By hypothesis, the basic elements of L are totally positive,
and by [5, page 3.27, Proposition], every positive element of L is the join
of a finite number of basic elements. The remaining three conditions of
Propositions 4.1 (ii) follow from this observation, and hence by Proposition
4.1, there exist a rooted abelian group (A, -, >), a supporting subset X of
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24 , a factor set {m_ ﬂ} C M(L), and a one-to-one homomorphism A: L —
( X]'[ AM(L), {ma, ﬂ}’, +, -, >) of lattice-ordered algebras over M (L) such
that A(L) contains ) , M(L). Since every positive element of L is the
join of only a finite number of basic elements, in fact, A(L) = >, M(L).
If ¢ €A, then u = (1 +%7" exists in Y.AM(L), and hence Supp(u)
must be finite. But by Lemma 4.3, either {1, ¢, &’ , »...} C Supp(u) or
{1, e} , P , ---} € Supp(u). It follows that ¢ must be torsion. It is well-
known (cf. [8, page 15]) and easy to see that every torsion partially ordered
group is trivially ordered.

We conclude by noting that the power series fields whose constructions are
described above give many examples of lattice-ordered fields which satisfy
the hypotheses of Proposition 4.2. There are many other examples of lattice-
ordered fields whose basic elements are not totally positive (cf. [19, Example
10.3]). These observations lead to the question whether there are lattice-
ordered fields whose basic elements are totally positive but which fail to
satisfy one or more of the other hypotheses of Propositions 4.2. I have been
unable to find such examples. In particular, I have not found an example
of a lattice-ordered field which fails to satisfy the condition on countable
subsets of sets of the form B(u) but does satisfy the other hypotheses of
Proposition 4.2. As was indicated above, Corollary 4.5 seems to suggest that
such an example may be difficult, if not impossible, to find.
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