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ON ROOTED PROPERTIES OF COMPLEX ANALYTIC
SYSTEMS*

by XIAO-QIANG ZHAO
(Received 24th July 1992)

This paper is devoted to the study of rooted properties of phase surfaces defined by complex analytic systems.
We first obtain the Rooted Theorem of Analytic Systems. Then we prove the Generalized Strong Rooted
Theorem of (E™) (m=2), which implying the Strong Rooted Theorem of a Class of (E}).

1991 Mathematics subject classification: 34A20, 34C35, S8F25.

1. Rooted theorem of analytic systems

Consider differential equations in complex domain

dw .
T=FW) wec (1.1)

where C™ denotes the m-dimensional complex spaces, and F:C™—C™ is an analytic
function. By Cauchy’s theorem, equation (1.1) has a unique local analytic solution
satisfying T=0, W=W,, denoting W=W(T, W,), |T|<r (r>0). Taking W(T, W,) as an
element of analytic function, we obtain a global analytic function ®(7, W,) with D(W;)
as its domain of definition. It can be proved that D(W,) is an open subset of C'. If
®(T, W,) is analytically continuable along arcline L, we denote it by ®*(T, W,).

Definition 1. The set
Z(Wo)={W; W=0(T, W,), T e D(Wp)}
is called the phase surface of (1.1) through W,eC™.
Obviously, if W, is a finite singular point of (1.1), i.e. F(W,)=0, then (T, Wy)=W,,
TeC!, and hence Z(W,)={W,}.
Proposition 1. Let X be a phase surface of (1.1). If Wye Z, then £ > Z(W,).

Proof. For the simplicity, let £,=%(W,;) and Dyo=D(W,). For any W,eZ,, there
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exist T; € D, and simple curve L < Dy connecting 0 and T, such that W, =®X(T,, W,). By
the continuous dependence theorem of solutions on initial values [5], there exists a
neighbourhood U, of W,, such that

lim ®YT,W)=dYT, W,)
W-Wo
WelUo

uniformly for TeL. As WyeZ, there exist W,eZ(n=1,2,...) such that lim,_ , W,=W,.
Then there exists N >0 such that when n=N, W,e U,, Lc D(W,) and

lim @XT, W,) = (T, W)

uniformly for T € L. Especially,

lim ®XT;, W,) =OX(T;, Wp)=W,.

n—w

As W,eX, then ®X(T,, W,)eZ(n=N). Therefore W,eZ. So £oX,, and hence £oZ,.
This completes the proof.

Proposition 2. Consider equation (1.1) with m=1 and let Co={W; F(W)=0}. Then for
any Wye C'\C,, Z(W,)=C!"\C,.

Proof. For any given W,eC'\C,, choose a simply-connected domain such that
WyeG, W, €G, and Co n G= (I being empty set). So for any W e G, we can define

W
aw
HW)=\| ——.
= Fw)
Then, as dT/dW =1/F(W), HW)=T— T, is an integral of (1.1) and satisfies W=W,,
T = T,. Therefore, G = X(W,), and hence W, e Z(W,). Then (W,) = C'\C,.
It is easy to prove the following:

Lemma 1. Suppose that the sequence of points (WP, ...,w?)e C™ satisfies

lim (|w+ - + W)= + 0,

n—a

then there must exist a subsequence (W™,...,w)(k=1,2,...) such that lim,_ ., |w{™|=
+ 00 for some i(1 <i<m) and Wi /w{™ (k=1,2,...) converges for all j(1< j<m, j#i).

Definition 2. Let CP™ denote the m-dimensional complex projective space. A given
phase surface T of (1.1) is said to have the point at infinity (W?,..., W2,0)e CP™ as its
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limit point if there exists a sequence of points (W{,...,w)eX(n=1,2,..., ) such that
for some (1<i<m)

W20, lim [w|=+ o0
and for all j(1ZLj<m, j#i)
(n) 0
lim wi_W;
oW WP

Theorem 1. For any given point Wye C™ which is not a finite singular point of (1.1),
the phase surface T(W,) has some point at infinity as its limit point.

Proof. First we prove that Z(W,) is unbounded. Suppose £(W,) is bounded, then we
can infer that dD(W,)=(J. Assume it is not so, then there exist T*edD(W,) and a
simple curve L connecting 0 and T* such that L,=L—T*<D(W,) and &(T,W,) is
analytically continuable along L. Choose a sequence T,e L, such that T,— T*(n— o).
As the sequence of points W, =®L(T,, W,) e T(W,) is bounded, without loss of generality,
we can assume W,—» W*(n— o), W*eC™. By the continuation theorem of solutions [5],
T* e D(W,). This is contrary to the fact that T* e dD(W,) and D(W}) is an open subset of
C'. So D(Wy)=C'. As C! is simply connected region, by Riemann’s monodromy
theorem [1], (7, W,) is a bounded global function. By Liouville’s theorem, (T, W,) =
Const. So W, is a finite singular point of (1.1). This is contrary to our assumption
for Wj.

As Z(W,) is unbounded, by Lemma 1 given above, there exists a sequence
wP,..., w™) e £(W,) such that for some i(1<i<m)

lim |w{"|= + o0

n—* o

and for all j(1<j<m, j#i), wP/w{™ converges, saying, to W?eC*. So, by Definition 2,
Z(W,) has the point at infinity (W9,..., W2_,, 1, W?,,,..., W% 0) as its limit point. This
completes our proof.

Note 1. For the two dimensional complex polynomical systems, by using the theory
of real equation, Y.S. Chin proved the “Rooted Theorem” [2]:

Each solution surface either has some finite singular point as its limit point or extends
to infinity.

It is easy to see that Theorem 1 for m=2 is a strong form of Chin’s.

Example 1. For the analytic system

d—w—wcosx
T

dz

—=1

dT
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any phase surface has the point at infinity (0,1,0)e P2C as its limit point. In fact, this
system has the general solution

w=ce"?,
For any given c, the corresponding phase surface
2. ={(ce2); ze C1}.

Choose a sequence of points (w,, z,)=(ce* ", n)e Z,, then |z,,| =n-0o0, and

Ya_C¢  0(n— o).
n

2. Generalized strong rooted theorem of (E})(m=2)

Let the sign “deg” denote the degree of polynomial. Consider the polynomial systems:

dw;

dT=P,-(wl,w2,...,w,,,) (i=1,2,...,m) (E})

where P{w,,w,,...,w,) is m-variable polynomial (i=1,2,..., m),

max {deg Pwy,wy,..., Wm)} =n,
1Zism

and P,(w;,Wa,...,W,),..., Pp(Wi, Wa,...,w,) have no common factors. Let P¥(w,,...,w,)
be the n-degree homogeneous polynomial of P(w,,...,w,) and denote

W W, W

P{W,, W,,...,W,,M)=M"P,[ 22,22
W W, ) (M 2o

)(i=1,2,...,m).

Then Pl*(W‘, Wz,. ey Wm) = Pi(Wl’ Wz, sey W,,,,O).
Taking the transformation T;: (i=1,2,...,m)

A

wl—M ...,W,-_l

Woew L Wi W,
M s Vi M, i+1 M L RAAE ] M

then (E]) is transformed into

https://doi.org/10.1017/50013091500006064 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500006064

ON ROOTED PROPERTIES OF COMPLEX ANALYTIC SYSTEMS 259

:_v’;,{=v‘{ipi(m"”’ vVl'—l’ 1’ m+l"",Wm’M)
—P(Wy,... . Wie, LWy, s W, M) (j=1,2,...,m, j#i) (2.1)
%=MPE(W1""’VVi—l’ 1’ w/i+l,"'7erM)-

Make a new (m— 1)-dimensional polynomial system:

%17_4:/12=mPi*(Wl""’VVi—lrlyu/i-f-ls'-'awm)

P Wy Wie L, Wi, s W) (=12, am, i) 22
and let
ISi={(Wl""’ m_‘, 1, vVl'+l,...,Wm,0)€CPm;

(Wi os Wi i, Wisy,..., W,,) is a finite singular point of (2.2)}.

Definition 3. The set IS=|(J, IS, is called the set of singular points at infinity of
(E7)-

Definition 4. By induction, we define the set of generalized singular points at infinity
of (EV), denoting it by GIS.

(1) For m=2, define GIS=18S.

(2) Assume GIS for (m— 1) dimensional polynomial systems has been defined, then let
1S'=\ 1., IS;, where

IS:'={(W1’-", vVl'—lroa VVH.I,...,W,",O)GCP’";
Wy, s Wi, Winy,..., W,,,0) is a generalized singular point at infinity of (2.2)}

and define GIS=ISU 1S'.

Theorem 2. For any given point Wye C™ which is not a finite singular point of (EY),
the phase surface X(W,) has some generalized singular point at infinity as its limit point.

Proof. By mathematical induction.
(1) For m=2, by Theorem 1 in Section 1, without loss of generality, assume X =X(W,)

contains the points at infinity (1, W9,0) e CP2. Take the transformation T;:

1 W,
Wy =M W2=ﬁ;

then (E2) is transformed into
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a;

dTl = WZI_)I(I’ M’M)_ﬁz(li WZ’M)

(2.3)
dM

d_T‘_’:MPl(I, u/29M)

with a phase surface £, corresponding to X. As I contains (1, W9,0)eP?, then
(W9,0)eZ,. There are two cases:

(i) If (W9,0) is a finite singular point of (2.3), then, by the definition of IS,,
(1, w3,0)e IS,. Therefore the conclusion holds.

(i) If (W?9,0) is not any finite singular point of (2.3), then
WIP¥*(1, W9) — P%(1, W9) #0.
Let X, be the phase surface of (2.3) through (W9,0) then
Zo={(W,,0); W, e Zp}
where X, is the phase surface through W2eC! of the following equation

aw,
dT’

=W,P1(1, W) — P3(1, W)). (24)

As WIP¥(1, W3)— P%(1, W9) #0, by Proposition 2 in Section 1,
T,=CI\C,

where Co={W,; W,P*(1, W,) — P%(1, W,)=0}. Then

Zo={(W,,0); W& C'\C,}.
Since (W3,0)e£,, by Proposition 1 in Section 1,

L, 0Z,={(W,,0); WeC'}.
Then for any W, eC!, X has the point at infinity (1, W,,0) e CP? as its limit point.

On the other hand, as £, is unbounded, there exists a sequence of points (W45",0)e X,
such that
|[W4™) - +0o(n— o0).

Since £, o Z,, there exists a sequence of points (W™, M™)eX, such that
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|W(2,.)_ le(n)l <%’ |M(")' <£ (n=12,..)).

Then
|[W$|— + 00, M™—0(n— o0).
Therefore there exists a sequence of points (w{”, w’) e £ correspondingly such that

wm win 1
|W(2") = |M(2n)| g +wa JlWT:"){_=W_(2") —’0’ (n_’w)'

Then X has the point (0, 1,0)e CP? as its limit point.

So X has all points at infinity in CP? and hence all singular points at infinity as its
limit point.

From (i) and (ii), the conclusion of Theorem 2 for m=2 holds.

(2) Suppose that Theorem 2 for (m—1) holds. By Theorem 1 in Section 1, without
loss of generality, assume X =X(W,) has the point at infinity (1, W9,..., W?%,0)e CP™ as
its limit point. Take the transformation T;:

Wit w, =y, P
1 M’ Z_M,-- s m_M)
then (E)) is transformed into
Z—;‘f{=Wj}_’l(l,Wz,...,Wm,M)—Pj(l,Wz,...,W,,,,M)(2§j§m)
(2.5)
M

F=Mpl(la Wz,..., Wm,M)

and I corresponds to I,. As £ has (1,W9,...,W°% 0)e CP™ as its limit point, then
(WS,..., W2 0)eZ,. There are two cases:

(i) If (W$,...,W2,0) is a finite singular point of (2.5), then, by the definition of IS,,
(1L, WS,...,WS,0)elS,.

(i) If (W9,...,W?2,0) is not any finite singular point of (2.5), then (W9,..., W9) is not
any finite singular point of the following equation

dw, N
d—T-}=Wij(l, Wy,..., W) = P, Wy, ..., W,), (2S j<m). (2.6)

Let T, be the phase surface of (2.5) through (W$,..., W2,0), then
To={Ws,...,W,,0); (Ws,...,W,)eZo}

where I is the phase surface of (2.6) through (W9,...,W?). As (2.6) is a (m—1)-
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dimensional polynomial system, by our assumption, X, has some generalized singular
point at infinity (W9, W9,...,W?2,0)e CP™! of (2:6) as its limit point. Without loss of
generality, assume that W90 and there exists a sequence of points (W4",..., W) eZ;
such that

() w® W .
IWz'l |—>+00, V_V?_'Wé (B=j=m), (n—c0).

As (W3,...,W5,0)eZ,, by Proposition 1 in Section 1, £, >Z,. Therefore for any given
n, (n=1,2,...,00), since (W4",..., W™, 0)eZ,, there exists (WY,..., W® M™) X, such
that

|W§_n)_ W}(")I <% (2gjgm), IM(n)| <%.
Then |W$’|— + co(n— ) and

(n) (n 1(n) 770
we—-wi W 0+

() ) " 70 /0
lim 20 i oz Wit WS W5 m
nvw W3 aee W W5 41 0+1 W,

wim
Therefore there exists a sequence of points (w{,...,w®) e X correspondingly such that

(n) (n)
o _ |W wi

] = =0 c0)

2
- o0, ——=
2 Wy W
and
(n) (n) (170
w Wi W; .
Y =T L (35 j<m) (n->00).
w32 w5 w3

Then I has the point at infinity (0, W9,...,W2,0)e CP™ as its limit point. By the
definition of IS}, (0, W?9,...,W?%,0)eIS;.

From (i) and (ii), the conclusion of Theorem 2 for m holds.

By mathematical induction, Theorem 2 for all m=2 is true. This completes the proof.

From (2) in the process of the proof above, we can obtain the following:

Lemma 2. Let X be a phase surface of (ET) which is not a finite singular point of it. If
T has the point at infinity (WS, W$,..., W2, 0)e CP™ as its limit point and W?#0 for
some i (1 £i<m), then it must have some point at infinity in I1S; L IS; as its limit point.

Note 2. Let £ be a phase surface of (ET). If £ has some finite singular point or
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singular point at infinity P of (ET) as its limit point, we call P as a “root” of Z. For
m=2, Y. S. Chin proved the “Strong Rooted Theorem” [4]:

Each solution surface of (E2) has some finite singular point or singular point at
infinity as its root.

As GIS=IS for (E2), it is easy to see that Theorem 2 for m=2 is a strong form of
Chin’s.

Note 3. For (E7) in real domain, there is no parallel result to Theorem 2. This can
be seen from the following two simple counterexamples.

Example 2. For the two-dimensional system

dw_
dT

gz _,,
aT

by concrete calculation, IS ={(1, 1.i,0)}. This system has the general phase surfaces

Towi+zi=c.
Let

Z. is extended into X, in CP?
T W24 Z2—cM? =0,

It is easy to verify that I, has both singular points at infinity (1, +i,0)€ CP? as its limit
points.

Example 3. For the three-dimensional system

[(dwi _ o w
dT 3 2
dw

|ar =
W3 _ o —w
dT_ 2 1
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by concrete calculation, IS,=1S,=1I15,={(1,1,1,0), (1,(—1 i\/§i)/2,(— 1 -'F\/gi)/Z, 0)}.
This system has general phase surfaces

witwi+wi=c,
’ Wl +W2+W3=C2.
W, Wi,
M M’

_Wl — _—
Wl—M w,= W=

then X is extended into ¥’ in CP3

5 W2+ W3i+W3i—cM?*=0
) W1+ W2+W3—02M=0.

It is easy to verify that X has two singular points at infinity
(1,(-1zx ﬁi)/Z,(— 1F \/§i)/2, 0) e CP? as its limit points.

3. Strong rooted theorem of a class of (E2)

In this section, on the basis of Section 2, we discuss the strong rooted property of (E7)
further. We give first the following:

Lemma 3. If deg P¥(1,w,,w3)<n—1, then IS, IS, U IS;; if deg P¥(1,w,,wy)=n, then
IS, ={(0, W,, W,,00e CP3; W,,W,eC'}. For IS, and 1S3, the conclusions hold

analogously.

Proof. Consider the following two-dimensional system:

dw.
77 = WaP (L, Wo, Wa)— PY(1, W, W) = E(Wy, Wy)
(3.1)
dw;
d_rr13= W3Pr(l’ VVZ’ W3)—P§(l, WZ’ W3) EF(WZ: WJ)

By the definition of IS] in Section 2,
1S} ={(0, W,, W;,0); (W,, W3, 0) is the infinite singular point of (3.1)}.

Let k=max{deg E(W,, W,), deg F(W,, W;)}, then k<n+1, and

_ W, W.
E(W,, Wy, M)=M*E[ 2,2 |=
o0, i, )= b6, 32
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MM MM
=W, Mo+ Mrk
PY(M,W,,Ws)  PY(M, W,,W;)
=W, n—k+1 - n—k .
M M

F(w,, %M)=M*F(% m)

M M
PT(Ma WZa W3) Pg(Ms W29 %)
=W3 Mn—k+l - Mn—k *

By the definition of IS of (E2),

18, ={(0, W,, W,,0); (W,, W;,0) € CP? and W, F*(W,, W3)— Wi EX(W,, W,) =0}.
As
E‘(Wz, W3)=E(W2, W3,0), F*(WZa W3)=F(Wz, Wa, 0),
then
WL F*(W,, Ws) — WoEX(Wy, W3) = (W, F(W,, Wy, M) — WAE(W,, Wy, M))|a— o

=<W3P:(M’ WZ’ WS) _ W2 ;(M9 W2a WS))

Mn—k Mn—k

M=0

There are three cases:
(1) If k=n+1, i.e. deg P¥(1,W,, W3)=n, then

IS, ={(0, W, W,,0)€ CP% W,, W, € C'}.
(2) If k=n, then
IS’l = {(Os VVZ’ W3’ O)E CPS’ W2Pg(09 VVza W3)— %P;(O, W2: W3) =0}

and deg P¥(1, W,, W;) <n—1. As P¥(W,, W,, W3) is homogeneous polynomial of degree n,
hence P¥(0, W,, W,)=0.

As
1S, ={(W), 1, W;,0); W, P5¥(W,, 1, W) — Pt(W,, 1, W,) =0 and
W3P§(VV1, l’ %)_P;(”/l, 1’ VVS)=O}
and
1S3={(I’Vl, VVZ; I,O)a Wlpg(Wla VV2, 1)—PT(WI’ W29 1)=0 and
then
1S, A {(0,1, W3,0); Wse C'}<IS,
and

IS7 N {(0, W,, 1,0); W,eC'}cIS,.
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Therefore 1S, < IS, U IS,.
(3) If k=n—1, then deg P¥(1, W,, W;)<n—1, ie.

P¥(0,W,, W;)=0.
Hence we can assume
PY(W,, Wy, Ws) = W [ P}(W,, W3) + P, (W, W, Wi)]

where PY (W,,W;) and P¥,(W,, W,, W;) are all homogeneous polynomials of degfee
(n—1) and

deg PrZ(l, VVZ, W3)§n_2~
Let
PY(W,, Wy, W;) = P3,(W,, W3) + P3,(W,, W,, W)

PY(W,, Wy, Wy) = P5|(W,, W3)+ P5,(W, W), Wi)
where P} (W,, W;) and P%(W,, W,, W;) are all homogeneous polynomials of degree n and
deg PE(1, W,, W3)<n—1
which imply P%(0, W,, W3)=0 (i=2,3). As

k=max(deg E(W,, W;),deg F(W,, W;)) <n—1,

therefore

W, Pt (W,, W) — P3,(W,, W3) =0,

W3 Pt (W, W) — P35 (W, W3) =0.
Hence

W3 P3 (W, W3) = W, P (W, W)
Therefore

Wi P3(Wy, Wy, Ws) — Wy PY(W,, Wy, Wa) = W3 P, (W), Wy, Wa) — WL PS,(W), W, Wi)
So, by the definition of IS, and IS,
IS2= {(Wl’ 1, W3, 0); Wle(Wl, 1, VV3)_PT(W1, 1, W3)=0 and
W3P3,(W,, 1, W3) — P3,(W,, 1, W3)=0},

IS3={(Wla VVZ’ 1,0)’ Wlpg(u/l’ VVZ’ 1)_PT(VVD WZ’ 1)=0 and

W, P5,(W,, w,, 1)—P§2(W1, w,, 1)=0}-
Therefore
{(01 l, W3,0), W3 Ecl} CISZ’
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and
{(0, W, 1,0); Wy e C'} < IS,
Hence
{(0, W,, W;,0)e CP*, W,, W€ C'} IS, U IS;.

In particular, IS, < IS, U IS,.
From (1), (2) and (3), the conclusion of Lemma 3 holds.

Theorem 3. If (E2) satisfies one of the following three inequalities:

ngPT(I,Wzywa)é"—l,
deg P;(Wh 17W3)§n_ 1,

deg P;(wb W2, l)én_ la

then for any given point Wye C® which is not a finite singular point of (E?), the phase
surface X(W,) has some singular point at infinity as its limit point.

Proof. Without loss of generality, we assume degP%(w,,w,,1)Sn—1, then
P%(w,,w,,0)=0, and, by Lemma 3 above, IS5<IS, L IS,.

By Theorem 1 in Section 1, X=X(W,;) has some point at infinity
(WS, W9, W3,0)e CP? as its limit point. There are two cases:

(I) If W3#0, by Lemma 2 in Section 2, £ must have some point at infinity in
IS, U IS’ as its limit point. As IS, IS, U IS,, then the conclusion holds.

(IN) If W3=0, without loss of generality, assume W?#£0, again by Lemma 2, £ must
have some point at infinity in IS, v IS) as its limit point. If £ has limit point in IS,,
then the conclusion holds. If £ has limit point in IS}, saying (0, W3, W$,0), there are
two subcases:

(1) If W30, by (I), the conclusion holds.

(2) If W$=0, then W3#0, ie. £ has (0,1,0,0)e CP? as its limit point. Take the
transformation T5:

LA A
1= M’ Z_M’ 3= M’
then (E2) is transformed into

aw, - _
W= WIIPZ(WI’ 1’ W3,M)_P1(VVh 1, W3, M)
aw, - _
"'1‘7T,=%P2(W1,1,W3,M)—P3(m,1, Wi, M) (3.2)
dM

ﬁzMFZ(Wb la u/:!’M)
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and X corresponds to Z,. As T has (0,1,0,0)e CP? as its limit point, (0,0,0)eZ,. There
are still two cases:

(i) If (0,0,0) is a finite singular point of (3.2), then, by the definition of IS,,
(0,1,0,0)e IS,, and the conclusion holds.

(ii) If (0,0,0) is not any finite singular point of (3.2), let £, be the phase surface of
(3.2) through (0,0,0) e C3, as P¥(w,,w,,0)=0, then

Zo={(W,0,0); W, eZo}
where X is the phase surface through W, =0 of the following one-dimensional equation

s = W, PW,1,0)— PHW,, 1,0 63
and

(W, P(W,, 1,0)— P¥(W,, 1,0))|w, o= P¥(0,1,0) #0.

By Proposition 2 in Section 1, Ty=C'"\C, where Co={W,eC'; W,P¥W,,1,0)—
P*(W,,1,0)=0}, and hence Z{,=C". Since (0,0,0)e Z,, by Proposition 1 in Section 1,

22320={(14/l’0’0)’ Wl Ecl}'
Therefore for any W, e C!,  has the point at infinity (W, 1,0,0)e CP? as its limit point.

On the other hand, let £ be the phase surface through (0,0) of the following
two-dimensional equation

dw,
F = WiPW,, L W) = PH(W,, 1, W)
(3.4)
aw,
F= WiPKW,, |, W;)— PY(W,, 1, Wj).

Then
Zo= {(Wl, W;,0); (W), Wi)e 6}

As Tp={(W,,0); W,€Z;}, ¢ has the point at infinity (1,0,0)e CP? as its limit point.
With the similar argument to the last part of proof of Theorem 2 in Section 2, Z has the
point at infinity (1,0,0,0) e CP? as its limit point.

So I has all points in {(W,, W,,0,0)e CP* W,,W,eC'} as its limit points. Especially,
as IS3#J, £ has all points in IS; as its limit points. Since IS5<IS;UIS,, the
conclusion holds.

This completes our proof.

Example 4. For the three-dimensional system
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[aw, __,
dT 2
Jdws_

ar !
d_%_=

0
dr

.

n=1, P(wy, wy, w3)= —w;, P3(w), Wy, w3)=w,, P§(w;,wy,w3)=0. As deg P§(w,,w,, 1)=
0<1, by Theorem 3 above, any phase surface which is not through (0,0,0)e C?® has
some singular point at infinity in IS, U IS, U IS, as its limit point. In fact, by concrete
calculation,

ISl =1S2={(1’ ii’oao)}
18,={(0,0,1,0)}.

This system has general phase surface

Zwlitwi=c,

W3 =Cj.
Let
24 W. W.

T is extended into ¥’ in CP?
W24 W3i—c;M?*=0
W3 - CzM = 0.
It is easy to verify that £ has two singular points at infinity in IS, =IS, as its limit
points,

In the real domain, there is no parallel result for the system in Example 4. This is
because any solution curve of it is bounded.

4. Some remarks

According to Y. S. Chin’s new approach to Hilbert’s 16th problem [2,3], for the
2-dimensional real polynomial system

; (En)
X
_d_t = Qn(u’ x)
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let
w=u+iv z=x+iy T=t+it(i=/—1).

Then (E,) is extended naturally into the complex polynomial system

dw
ﬁ - P,,(W, Z)

J (ED)
z
dT =Q,(w,2).

By investigating the structure of the totality of the set of all solution surfaces of (E}), we
can deduce conclusions for (E,).

If (EY) is given, the finite singular points and singular points at infinity of it are fixed,
and the number of them is finite generally. We can investigate the topological properties
of the singular points first, then to obtain the topological properties of the solution
surfaces attached with the singular points, and hence, by Strong Rooted Theorem of
(E?), to deduce some important results for the family of solution curves of the
corresponding real system (E,).

As an application of Strong Rooted Theorem of (E2) in Section 2, we have discussed
the existence of global general solutions of complex polynomial systems and obtained
their representation theorem for complex normal polynomial systems (see X. Q. Zhao
and Y. S. Chin, Science in China (Series A), 36 (1993), 394-407).
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